for improper inte.
reover, since M (x)
1S A, B such that

ave
fe, )] dx

X)dxy < ¢
) E

[1.4.

S, that ¢ < d gre
s If

A. B such that

Partial Derivatives and Partial Integrals 391

Section 11.1

for all v € [c, d] which satisfy |v — yo| < §. Then

[F(y)— F(yol < +

B
f (fx,y) = flxoyo))dx
A

B
F(v) —/ fx,v)ydx
A

B
+ \F(.\‘o) - / fx.yo)dx
A

8+8+8
< - - - =
373737

for all v € [c. d] which satisfy |y — yo| < 4. ]
The proof of Theorem 11.5 can be modified to prove the following result.

*11.9 Theorem. Suppose that a < b are extended real numbers, that ¢ < d-
are finite real numbers, that f : (a,b) x [¢,d} — R is continuous, and that the

improper integral
b
F(y)= fix, vydx

a

exists for all y € [c.d). If fu(x,y) exists and is continuous on (a, b) x [¢.d] and if

b Bf

—(x,y)dx
a 3)*(A )

¢(y) =

converges uniformly on [c, d), then F'is differentiable on [c, d] and F'(v) = ¢(v);
that is,

d b b ()f

— | fx.ydx =

—{(x,y)dx
dy Ju a 0y

forall y € [c.d].

For a result about interchanging two partial integrals, see Theorem 12.31 and
Exercise 12.3.10.

EXERCISES

11.1.1. Compute all mixed second-order partial derivatives of each of the
following functions and verify that the mixed partial derivatives

are equal.

xX+y
x2 41

a) f(x,y) =xe’ b) f(x,v) = cos(xy) c) flx,y) =
11.1.2. For each of the following functions, compute f, and determine where

it is continuous.
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x4 +y4
a) ey ={324,2 (x, ) # (0,0)
0 (x, y) = (0,0)
x2 —_ y2
5 0,0
b) fen =Ty, (x,y) # (0,0)
0 (x,y)=(0,0)

11.1.3. Suppose that r > 0, that a € R", and that f: B.(a) - R™. If all first-
order partial derivatives of f exist on By(a) and satisfy f, ;(x) = 0 for

all x € B,(a) and all Jj=12,...,n, prove that f has only one value on
B, (a).

11.1.4. Suppose that H = [a, b] x [c,d] is a rectangle, that f : H — R is
continuous, and that g : [a, b] — Ris integrable. Prove that

b
F(y) =/ 8(x) f(x, y)dx

is uniformly continuous on (c, d].
11.1.5. Evaluate each of the following expressions.

! 3.2
a) lim [ "> gy
y=0Jp
d [l
b) d—/ sin(e’y -y’ + 7 —e)dx  aty=1
Y Jo
3 3
) = \/x3 +y34+23-2d7 at (x,y)=(1,1)
1 .

11.1.6. Suppose that f is a continuous real function.

a) If fol S(x) dx = 1, find the exact value of
2 R )
lim / flx = 1De* 9T gx.
y—=0Jp
b) If fisC! on R and Jo© f(x)sinxdx = e, find the exact value of
b4
e+ lirr})f Fx)cos(y® + ¥ + x)dx.
=0 Jo

c) If fOl f(V/x)e*dx = 6, find the exact value of

d (! s y2
E/ fMe T dy  atx =o.
0




