both exist

at any such
E

itives ol J.

finition of

ve crashed.
O compute

rmula:

cannot be
F

Section 11.2 The Definition of Differentiability 401

Proof. 1f (x.y) # (0.0), then we can use the one-dimensional Product Rule
to verify that both f, and f, exist and are continuous, for example,

Thus f

. I
2x sin

—X 1
CcOoS + e
Vx4 2 NECEERY Jat 4y

is differentiable on R2 \ {(0.0)}. Since f(x, 0) has no limit as x — 0,

f\ (-\. " _\') =

the partial derivative f, is not continuous at (0, 0). A similar statement holds
for fy. Thus to check differentiability at (0, 0) we must return to the definition.
First, we compute the partial derivatives at (0, 0). By definition,

(1. 0) — (0.0 1
£00.0) = tim LD = TOD iy i — =0
=0 t 1—0 7]

and similarly, f,(0,0) = 0. Thus, both first partials exist at (0, 0) and
V1(0,0) = (0,0).

To prove that f is differentiable at (0, 0), we must verify (4) fora = (0.0).
But it is clear that '

[k =[O0 =VFO0 b _ frmmg, L

i (h, k)| NP
as (1. k) — (0.0). Thus f is differentiable at (0. 0). ]
EXERCISES
11.2.1. Suppose, for j = 1,2....,n, that f; are real functions continuously

11.2.2

11.2.3.
11.2.4,

differentiable on the interval (—1, 1). Prove that

g(x) = fl (x1)- - fn(xn)
is differentiable on the cube (—1, 1) x (=1.1) x .- x (=1, 1).
Suppose that f, g : R — R are differentiable at a and thereisaé > 0

such that g(x) # 0 forall0 < |x —al < 8. If f(a) = g(a) = 0 and
Dg(a) # 0, prove that

)N _ D)

im = .
x=a (gl [1Dgla)l]
Prove that f(x.v) = /[xy] is not differentiable at (0. 0).
Prove that
X2+ 37 :
. — O<jix. Wl <m
fx,¥) = {siny/x2+ 2
0 (x.y) = (0.0)

is not differentiable at (0, 0).

S —
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11.2.5. Prove that

x4 +y4
fan={E@iyps ©N#0.0
0 (x, ) = (0,0)

is differentiable on R? for all o < 3/2.
11.2.6. Prove thatif @ > 1/2, then

_ ) lxyi®log(x? + y?) (x,y) # (0,0)
Jeen =14 *,) = (0,0)

is differentiable at (0, 0).
11.2.7. Prove that

x3 — xy? ,
fy)=1%T4,7 (x,y) #(0,0)
0 *x,y) = (0,0)

is continuous on R? and has first-order partial derivatives everywhere
on R?, but f is not differentiable at (0, 0).

11.2.8|. This exercise is used several times in this chapter and the next. Sup-
pose that T € L(R"; R™). Prove that T is differentiable everywhere on
R" with

DT@)=T for aeR"

11.29. Letr > 0, f: B,(0) > R, and suppose that there exists an « > 1 such
that | f(x)| < ||x||* for all x € B,(0). Prove that f is differentiable at 0.
What happens to this result when o = 1?

11.2.10. Let V beopeninR”, a€ V,andf: V — R™. 11.3

*11.19 Definition.

If u is a unit vector in R” (i.e., ||u| = 1), then the directional derivative of f at a
in the direction u is defined by

fa + ru) — f(a)

Dyf(a) := }21(1) ; %

when this limit exists.

a) Prove that Dyf(a) exists for u = e, if and only if f,, (a) exists, in which case
af
De, f(a) = E(a)-

b) Show that if f has directional derivatives at a in all directions u, then the first-
order partial derivatives of f exist at a. Use Example 11.11 to show that the
converse of this statement is false.




here

S

Sup-
e on

uch
1t 0.

ta

st-
he

Section 11.3 Derivatives, Differentials, and Tangent Planes 403

¢) Prove that the directional derivatives of

xzv

Foy =112 (x.y) # (0,0)
o (x,¥) = (0,0)

exist at (0, 0) in all directions u, but f is neither continuous nor differentiable

at (0, 0).
11211 Letr > 0, (a,b) € R?, f : B.(a,b) — R, and suppose that the first-
order partial derivatives fx and fy exist in B,(a, b) and are differen-

tiable at (a, b).

a) Set A(h) = fla+h,b+hy— fla+h,b)— fla,b+h)+ fla.b) and
prove for h sufficiently small that

Ah)
o = fyla +h, b+thy - fy(a,b) — V fy(a,b) - (h, th)

— (fv(a. b+1th) = fy(a, b) =V fy(a, b) - (0, th))+ hfyx(a, b)

for some t € (0, 1).
b) Prove that

. Ah)
1 = fy(a,b).
1/1—->mO h? f\,\(a )
c¢) Prove that
9? 92
S a0y = 2L an.
dx Jy ayox

11.3 DERIVATIVES, DIFFERENTIALS, AND TANGENT PLANES

In this section we begin to explore the analogy between Df and f'. First we
examine how the total derivative interacts with the algebra of functions.

11.20 Theorem. Leta € R, a € R", and suppose that f and g are vector func-
tions. If £ and g are differentiable at a, then f+g, of andf.gare all differentiable

at a. In fact,

D(f + g)(a) = Df(a) + Dg(a), (7)
D(af)(a) = a Df(a), (8)

and
D(f - g)(a) = g(a) Df(a) + f(a) Dg(a). 9)

[The sums which appear on the right side of (7) and (9) represent matrix
addition, and the products which appear on the right side of (9) represent matrix

multiplication.]




