Math 125B, Winter 2015.

Homework 7 Solutions

11.2.2. Fix an € > 0. There exists an § > 0 so that
[f(x) = (z —a)Df(a)|| < elz — a

and
lg(z) = (z — a)Dg(a)|| < €[z —af

provided that |z — a| < 0. Thus
[z —al[[Df(a)l| = elz —a] <|[f(2)]] < |z —al[|Df(a)]| + €[z — al

and
|z — al||Dg(a)|| — €|z — a| < ||g(2)[| < |z — al |[[Dg(a)]| + €[z — al.

Therefore

IDf (@)l ¢ _ [If @) _ [[Df(a)l] +¢
1Dg(a)ll +¢ = [lg(@)I] ~ [[Dg(a)l] — €

If @) [[1Pf @)l +¢

It follows that

lim sup <
v—a |lg(@)|] ~ [|Dg(a)]| — e
and, as € > 0 is arbitrary,
s @1 _ DS (@]
w=a lg(@)I| ~ [[Dg(a)l|
Similarly
bing /@1 5 IDF@I1
e=a|lg(x)|] ~ [|Dg(a)l|

Thus the limsup and liminf are equal, and their common value is the limit.

11.2.3. We have that f(x,0) = 0 for every z; thus f,(0,0) = 0, and similarly (or by symmetry)
fy(0,0) = 0. If fis to be differentiable, Df(0,0) = [0 0}, and so

0= lim 2®Y . V1zyl

(.9)(00) \/22 + 32 (@y)=>(00) /22 + 2

If (z,y) = r(a,b), with a® + b? = 1, then the above expression is |ab| and so the limit does not exist.
Therefore f is not differentiable at (0,0).

11.2.4. We have that f(z,0) = 22/sin |z| for every z # 0 and of course £(0,0) = 0. Call g(x) = f(z,0)
and let’s try to compute ¢’'(0) = f;(0,0). By definition, ¢’(0) equals the limit, as 2 — 0, of
g(x) x

r  sin|z|




However, the limit of this expression as x — 0+ is 1 and limit as x — 0— is —1. Therefore the limit
as ¢ — 0 does not exist, f,(0,0) does not exist and thus Df(0,0) does not exist.

11.2.5. Clearly, f € C>®(R?\ {(0,0)}), so the only issue is differentiability at (0,0). For x # 0,
f(z,0) = [z|*72% Asx — 0, | f(x,0)/z| = |2[3>72* — 0 and so f,(0,0) = 0. By symmetry £,(0,0) = 0.
Thus we need to show that

. f(z,y) : ' +y
0 = hm —_— = hm P e ——
(@) —(0.0) /22 + 32 (@)—(00) (22 + y2)1/2+e

If (z,y) = r(a,b), with a® + b> = 1, then the above expression is positive and equals r>~2%(a* + b*) <
2r372% which is independent of @ and b and goes to 0 as r — 0 (as 3 — 2a > 0). Therefore f is
differentiable at (0,0) with derivative D f(0,0) = [0 0].

Remark 1. Another (a bit less general) method to solve this problem is to show that f € C1(R?).
Compute
22(22%y? — axt — ay? + 22%)
fw (.’IJ, y) =
(22 + y2)atl

for (z,y) # (0,0) and, as we have seen that f,(0,0) = 0, we need to show that

lim z(,y) = 0.
(x7y)—>(070)f (.9)

By symmetry, this will hold for f, as well. Using the same method as above, we get |fz(z,y)| =
r372%124(2a%b? — aa* — ab* +2a*)| < 1473729 which is independent of a and b and goes to 0 as 7 — 0.
Therefore f € C*(R?) and consequently differentiable.

Remark 2. The function is not differentiable for o > 3/2. The easiest way to see this is to look at the
directional derivative

4 4
po 3-2q @+
D(a,b)f(()?()) - }I_E%t (CL2 + b2)a7

which does not exist if a > 3/2; when a = 3/2, it exists but is clearly not a linear function in (a, b).

11.2.7. As f € C*(R?\ {(0,0)}), the only issue is continuity and differentiability at (0,0). If we write
(z,y) = r(a,b), with a®4+b? = 1, then f(z,y) = r(a®—ab?) and so | f(z,y)| < 2r, and so f is continuous
at (0,0). As f(x,0) =« for every z, f;(0,0) =1, and as f(0,y) = 0 for every y, f,(0,0) =0. If f is
differentiable at (0,0), then

o f@y) - : —2zy°
0= lim —FXF—= lm — 2.
(z9)=0.0) /22 + 32 (2)=(00) (x4 y2)3/2
But the above limit does not exist, as if again (x,y) = 7(a, b) with a®+b? = 1, the expression is —2ab?.

Remark. Another way to prove non-differentiability is through directional derivative

Do /(0,0) = lim f(“;tb) S a

t—0

which is not a linear function of (a,b).



