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Section 11.5 The Mean Value Theorem and Taylor’s Formula 423
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>+ % 11.5.6. Letr > 0, a.b € R, f : By(a,b) - Rbe differentiable, and (x,y) €
1ula, ! B, (a, b). ’
d |

an ! a) Letg(r) = ftx+ (1 =na,y)+ fla,ty+ (1 —=1b) and compute the

i derivative of g.

; b) Prove that there are numbers ¢ between a and x, and d between b
). : and y such that

e, y) = fla,b) = (x —a) fxle, ) + (& — b) fy(a.d).

v) = (This is Exercise 12.20 in Apostol [1].) i
— 11.5.7. Suppose that0 < r < 1 and that f : B;(0) = Riis continuously differ- i
and entiable. If there is an @ > 0 such that | f(X)] < Ix||* for all x € B-(0),

i prove that there isan M > Osuch that | f(x)| < M|x| forx € B, (0).
11.5.8. Suppose that V is open in R", that f : V — Ris C? on V, and that
fr;(@) =0 forsomea € Hand all j = 1,...,n. Prove that if His a

;(:Ili compact convex subset of V, then there is a constant M such that

Y.

|f(x) — f(@)] < Mlx—al?

i g s Nl e

forallx € H.
yo) 11.5.9. Let f : R” — R. Suppose that for each unit vector u € R", the direc-
tional derivative Dy f(a+ ru) exists for s € [0, 1] (see Definition 11.19).
Prove that

fa+u)— f(a) = Duf(a+tru)

for some r € (0, 1).
11.5.10. Suppose that V is open in R2, that (a,b) € V,and that f : V — Ris c?
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"and
1tarix, on V. Prove that
i} — 4 2
lirr}) — fla+rcosf, b+r sin @) cos(20) d6 = fxx(a, b)— fiy(a. b).
r—0mrs Jo o _
11.5.11. Suppose that V is open in R?, that H=[a, b}x[0,c] C V, thatu: V—R 3 '
is C2 on V. and that u(xo, o) > 0 for all (xo, to) € 3H. i A
i a) Show that, given ¢ > 0, there is a compact set K C H’ such that g';; ’
e u(x,t)z—sforall(x.r)eH\K. i
5 d_‘f' b) Suppose that u(xy, 1)) = —¢ < 0 for some (x1.1;) € H?, and choose -
) for ; - ~ 0 so small that 2rt; < £. Apply part a) to & := £/2 —rfy 1O ;
ind a ‘ choose the compact set K, and prove that the minimum of '
.
setin wx, 1) = ulx, 1) +rt —1) *
{—a, ;

on H occurs at some (x2, 1) € K.




