Math 25, Fall 2014.
Dec. 16, 2014.

FINAL EXAM
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NAME(print in CAPITAL letters, first name first):

NAME(sign):

ID+#:

Instructions: Each of the 8 problems has equal worth. Read each question carefully and answer it
in the space provided. You must show all your work for full credit. Carefully prove each assertion you
make unless explicitly instructed otherwise. Clarity of your solutions may be a factor when determining
credit. Calculators, books or notes are not allowed. The proctor has been directed not to answer any
interpretation questions.

Make sure that you have a total of 10 pages (including this one) with 8 problems.
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1. Assume z; = a and )

Tnyl = 52z, for n € N.

(a) Assume o = 1. Show that 0 < z, < 2 for all n € N, and that the sequence is decreasing. Then
show that lim,,_,o =, exists and compute the limit.
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Problem 1, continued.
(b) Now assume a = 0. Show that the sequence is increasing and that it converges to the same limit

as in (a).
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2. (a) Assume A C R. Define precisely what this statement means: A is an open set.
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(b) Is the set [0,1) open?
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(c) Is the set UL (n,n + 1/n) open?

\6@’ A%j Ui oa GP fyem 9y > (M S S
AN ‘HA/"S d,a/yq) ~d W

(d) Determine the boundary and the interior of the set [0,2] \ {1}.
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3. (a) Assume A C R and x € R. Define precisely what these two statements mean: z is a limit point
of A; A is a closed set.
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(b) Assume A is béunded above. Assume that sup A ¢ A. Show vth_at sup A is a limit point of A.
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(c) Assume A is bounded above and closed. Prove that sup A € A. A Seumr pr A ?A
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(d) Assume A is bounded above and open. Prove that sup A ¢ A. LQ)F < aw A .
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4. (a) Assume A C R. Define precisely what this statement means: A is compact.
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(b) Is the set {-%= : n € N} compact?
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(c) Is the set [0,1] U {2} compact?
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(d) True or false: If A®is compact, then A is open and unbounded.
T AT 1 Crnagan ok OAT clowk DA gan .
Ao ) A gannst e bomdidr AT agbomdid (o
A U Ac = (R ol A ades be b raandid ) tohadichon ,

{e) Assume A is compact and € > 0. Prove that there exist finitely many elements x1,...,2, € A so
that A C UL (x; — €, 2 + ¢€).
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5. For each of the following series, determine (with proof) whether it converges absolutely, converges
conditionally, or diverges:
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6. Assume that a, > 0 for all n € N. For each statement below, prove it or find a counterexample.
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(a) If Z(an — 5) converges, then lima, = 5.
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(b) If any1 < ay, for all n € N, then the sequence (a,,) is Cauchy.
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(c) If Z an converges, then Z Van converges.
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(d) If limsup n?a, = 1, Z an converges.
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7. (a) Assume (ay) is a sequence of real numbers and a € R. Define precisely what this statement
means: lima, = a.
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(b) Assume lima, = a. Explain why this statement is false: There exists an € > 0 so that there are
infinitely many terms of (an) outside (@ —€,a +¢€).
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Compute a = lima,. (You may use algebraic and order limit theorems, but give
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8. Assume (a,) is a sequence of real numbers.
(a) True or false: If the sequence is bounded, then it has a convergent subsequence.
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(b) True or false: If the sequence is unbounded, then it has no convergent subsequence.
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(c) Prove: If the sequence is unbounded, and a, > 0 for all n € N, then there exists a subsequence
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(d) Assume that lim(4a, —a?) = 3, and that lim a,, does not exist. Determine lim sup a, and liminf a,.
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