
Math 127A, Fall 2019.
Dec. 11, 2019.

FINAL EXAM

NAME(print in CAPITAL letters, first name first):

NAME(sign):

ID#:

Instructions: Each of the 8 problems has equal worth. Read each question carefully and answer it
in the space provided. You must show att your work for full credit. Carefutty prove each assertion you
make untess expticitty instructed otherwise. Clarity of your solutions may be a factor when determining
credit. Calculators, books or notes are not allowed. The proctor has been directed not to answer any
interpretation questions.

Make sure that you have a total of 9 pages (including this one) with 8 problems.
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1. Assume a1 = a and
= J4 + 3a for n N.

Assume a = 0. Show that 0 < a < 4 for all n E N, and that the sequence is increasing. Then
show that lim a exists and compute the limit.
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2. (a) Assume A c R. Define precisely what this statement means: A is an open set.
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(b) Is the set (0, 1) U {2} open?
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(c) Determine the closure of the set in (b).

(d) Determine the boundary and the interior of the set ([0, 1] fl Q) U [2,3]
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3. (a) Assume A ç R and s lR Define precisely what this statement means: s = sup A.
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(b) Assume K c R. Define precisely what this statement means: K is compact.
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(c) True or false: if K ç JR is a compact, then supK K.
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(d) Let A = { : n E N}. Determine sup A and determine whether A is compact.
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4. for each of the following series, determine (with proof) whether it converges absolutely, converges
conditionally, or diverges:

cr-- 0,

J3 J<-y-,

I

I

I___

=
k

__

-7-

0



5. Assume that a71 > 0 for all n E N. for each statement below, prove it or find a counterexample.

(a) If urn a71 = 0, then a converges.
711
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(b) If a71 < 1/2 for all n E N, then a71 converges.
71=1
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(c) If a71 converges, th
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en converges.
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(d) If lirn sup n3/2a71 = 2, then a71 converges.
71=1
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6. (a) Assume (an) is a sequence of real numbers and a E R. Define precisely what this statement
means: 1ima = a.

(b) True or false: if 0 < a <4, then (an) has a convergent subsequence.
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(c) Assume that (an) is decreasing and lima 4. Determine fl(O,an]. (0 /
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(d) Assume that (ar) is bounded and lim(a2fl — 2a) = 0. Show that (an) is convergent and determine
1ima.
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7. (a) Assume that f : IR —* JR is a function. Define precisely what this statement means: I is
continuous on JR.
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(b) Assume that f : IR —> JR is continuous and 1(0) 7. Assume that x E JR and limx = 0. Compute
limf(x).

+

(V - ( )

(c) Assume 1: [0, oo) —+ JR is given by C)
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For which value of c E JR is f is continuous on its domain [0, oc)? ) \
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(d) True or false: If f : JR — JR is continuous, then its range f(JR) is an open set.
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8. Assume, in all parts of this problem, that f: [0, 1] —* R is continuous and that f([0, 1]) c [—1, 2[.

(a) Show that there exists an x [0, 1] so that f(x) = v’$x2 + x — 1.
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(b) True or false: The function f is uniformly continuous on its domain [0, 1].
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(c) True or false: The set { —

: x E [0, 1] } is compact.
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(d) True or false: There exists an x [0, 1] so that 1(x) = 2x.
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