Math 135A, Winter 2013.
Mar. 23, 2013.

FINAL EXAM

NAME((print in CAPITAL letters, first name first): KE\(

NAME(sign):

ID#:

Instructions: Each of the 6 problems has equal worth. Read each question carefully and answer
it in the space provided. YOU MUST SHOW ALL YOUR WORK TO RECEIVE FULL CREDIT.
Clarity of your solutions may be a factor when determining credit. Calculators, books or notes are
not allowed. Unless directed to do so, do not evaluate complicated expressions to give the result
as a fractien or a decimal number. The proctor has been directed not to answer any interpretation
questions.

Make sure that you have a total of 9 pages (including this one) with 6 problems.
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1. The pair (X,Y") of random variables has density given by f(z) = { S(m +v)

(a) Determme c. (Recall fo 2"dz=1/(n+1) forn > —1)
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(b) Compute EX, EY, and E(XY) |
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(c) Determine the density of the random variable Z = X2, F
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2. (a) Choose a random point (X,Y') in the square {(z,y) : 0 < z,y < 2} of side 2. Call this point
special if X +2Y < 2. Compute the probability that the so chosen point is special. (It is a good idea
to draw a picture.)

(b) In the rest of this problem, assume that you choose 5 independent random points as in (a); for
each special point roll two dice and for each other point roll one die. Let N be the number of dice
rolled. Determine the probability mass function of N (write a formula rather than a table).
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Problem 2, continued.
(c) Determine the probability that at least one 6 is rolled
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(d) Suppose you know that at least one 6 has been rolled. Determine the (conditional) probability
that all 5 points were special.
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3. Roll six fair dice.
(a) Compute the probability that you roll six different numbers.

3
A

A

(b) Compute the probability that 4 is rolled exactly twice.
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(c) Here and in (d), let N be the number of numbers that are rolled exactly twice. (E.g., if the rolls
are 1, 1, 2, 4, 4, 6, then N = 2.) Compute EN.
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(d) Compute P(N > 1) (i.e., the probability that at least one number is rolled exactly twice).
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4. Five card players, among them Alice, are at the table. A full deck of 52 cards is shuffled and then
each player is dealt two cards (with no replacement). Recall that there are 4 Aces among the 52 cards.
(a) Compute the probability that none of the players receives an Ace.
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(b) Compute the probablhty that four of the players receive one Ace each.
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(c) Compute the probability that Alice receives two Aces.
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Problem 4, continued.
(d) Compute the probability that at least one of the five players receives two Aces.
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(e) Assume that the five players repeat this game 884 = 4 - 13- 17 times (independently) each month.
Estimate the probability that, in the next month, Alice will receive two Aces at least twice.
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5. A group of Scandinavians consists of 5 Swedes, 6 Danes, and 7 Finns. They are seated at random
around a table.

(a) Compute the probability that all Swedes occupy adjacent chairs and the same is true of all Danes.
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(b) Compute the expected number of Swedes who have a Dane as a neighpor and a Finn as a neighbor,
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(c) Compute the probability that Finns sit in two contiguous groups (i.e., they are divided into two
nonempty groups, each of each occupies adjacent chairs, but the two groups are not adjacent).
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6. A casino offers the following promotional game to its next n = 670 “guests.” A bag contains 3 red
and 3 blue balls. without replacement. Each guest selects 3 balls from the bag without replacement. If
all selected balls are blue, the guest has to pay $10 to the casino (i.e., the guest wins $—10). Otherwise,
the guest wins as many dollars as the number of red balls selected. The balls are then returned to the
bag for the next guest. Let the dollar winnings by each guest (from first to last) be X1, Xo,..., X,
and W = X; +--- + X,, the combined dollar amount, of winnings.

(a) Determine the probability mass function of X1, and compute EX; and Var(X;).
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(b) Determine, as a simple fraction, the probability that each of the first three guests wins at least $2.
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(c) Using a relevant approximation, estimate the probability that W is at least $700. Give the result
as a decimal number. (Use 30/67 ~ 0.45.)
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