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Summary of the Shell Method
Regardless of the position of the axis of revolution (horizontal or vertical), the
steps for implementing the shell method are these.

1. Draw the region and sketch a line segment across it parallel to the axis of
revolution. Label the segment’s height or length (shell height) and distance
from the axis of revolution (shell radius).

2. Find the limits of integration for the thickness variable.

3. Integrate the product 27 (shell radius) (shell height) with respect to the
thickness variable (x or y) to find the volume.

The shell method gives the same answer as the washer method when both are used to
calculate the volume of a region. We do not prove that result here, but it is illustrated in
Exercises 37 and 38. (Exercise 45 outlines a proof.) Both volume formulas are actually
special cases of a general volume formula we will look at when studying double and triple
integrals in Chapter 15. That general formula also allows for computing volumes of solids
other than those swept out by regions of revolution.

Exercises m

Revolution About the Axes

In Exercises 1-6, use the shell method to find the volumes of the
solids generated by revolving the shaded region about the indicated
axis.
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Revolution About the y-Axis

Use the shell method to find the volumes of the solids generated by
revolving the regions bounded by the curves and lines in Exercises
7-12 about the y-axis.

7.y=x, y=-x/2, x=2

8. y=2x, y=x/2, x=1

9. y=x% y=2—-x, x=0, forx=0

10. y=2*x2, y=x2, x=0

1. y=2x—1, y=Vx, x=0

12. y=3/(2Vx), y=0, x=1, x=4
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si <x=
13. Let f(x) — {(sm )/x, 0<x=m
1, x=0
a. Show that xf(x) = sinx, 0 = x = 7.

b. Find the volume of the solid generated by revolving the
shaded region about the y-axis in the accompanying figure.

(tanx)?/x, 0 <x=m/4
0, x=0
a. Show that x g(x) = (tan x)%, 0 = x = 7 /4.

14. Let g(x) = {

b. Find the volume of the solid generated by revolving the
shaded region about the y-axis in the accompanying figure.
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Revolution About the x-Axis

Use the shell method to find the volumes of the solids generated by
revolving the regions bounded by the curves and lines in Exercises
15-22 about the x-axis.

15.x:\/y, x=-y, y=2

16. x=13>, x=—-y, y=2, y=0

17. x=2y —y*, x=0 18. x=2y —y* x=y
19. y= x|, y=1 20 y=x, y=2, y=2
21.y=\/);, y=0, y=x-2

2. y=Vx y=0 y=2-x

Revolution About Horizontal and Vertical Lines

In Exercises 23-26, use the shell method to find the volumes of the
solids generated by revolving the regions bounded by the given curves
about the given lines.

23. y=3x, y=0, x=2

a. The y-axis b. The line x = 4

c. The line x = —1 d. The x-axis

e. Theliney =7 f. Theline y = —2
24.y=x3,y=8,x=0

a. The y-axis b. The line x = 3

c. The line x = —2 d. The x-axis

e. Theliney = 8 f. Theliney = —1
25. y=x+2, y=x*

a. The line x = 2 b. The line x = —1
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¢. The x-axis d. The line y

26. y=x* y=4— 3

a. Theline x = 1 b. The x-axis

In Exercises 27 and 28, use the shell method to find the volumes of
the solids generated by revolving the shaded regions about the indi-
cated axes.

27. a. The x-axis

c. Theliney = 8/5

b. Theline y = 1
d. Theline y = —2/5
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28. a. The x-axis

c. Theliney =5

b. Theline y =
d. Theliney = —5/8

Choosing the Washer Method or Shell Method

For some regions, both the washer and shell methods work well for
the solid generated by revolving the region about the coordinate axes,
but this is not always the case. When a region is revolved about the
y-axis, for example, and washers are used, we must integrate with
respect to y. It may not be possible, however, to express the integrand
in terms of y. In such a case, the shell method allows us to integrate
with respect to x instead. Exercises 29 and 30 provide some insight.

29. Compute the volume of the solid generated by revolving the region

bounded by y = x and y = x? about each coordinate axis using
a. the shell method. b. the washer method.

30. Compute the volume of the solid generated by revolving the tri-
angular region bounded by the lines 2y = x + 4,y = x, and
x = 0 about

a. the x-axis using the washer method.
b. the y-axis using the shell method.
c. the line x = 4 using the shell method.
d. the line y = 8 using the washer method.
In Exercises 31-36, find the volumes of the solids generated by

revolving the regions about the given axes. If you think it would be
better to use washers in any given instance, feel free to do so.



31.

32.

33.

34.

35.

36.

37.

38.

The triangle with vertices (1, 1), (1, 2), and (2, 2) about
a. the x-axis b.
c. the line x = 10/3
The region bounded by y = \/);, y = 2,x = 0 about

the y-axis

d. theliney =1
a. the x-axis b. the y-axis
c. theline x = 4 d. theliney = 2

The region in the first quadrant bounded by the curve x = y — y3
and the y-axis about

a. the x-axis b. theliney =1

The region in the first quadrant bounded by x = y — y* x = 1,
and y = 1 about
a. the x-axis b. the y-axis

d. theliney =1
The region bounded by y = Vx and y = x?/8 about

a. the x-axis b.

c. theline x = 1

the y-axis
The region bounded by y = 2x — x? and y = x about

a. the y-axis b. theline x = 1

The region in the first quadrant that is bounded above by the
curve y = 1/x'/4, on the left by the line x = 1/16, and below by
the line y = 1 is revolved about the x-axis to generate a solid.
Find the volume of the solid by

a. the washer method. b. the shell method.

The region in the first quadrant that is bounded above by the
curve y = 1/V/x, on the left by the line x = 1/4, and below by
the line y = 1 is revolved about the y-axis to generate a solid.
Find the volume of the solid by

a. the washer method. b. the shell method.

Theory and Examples

39.

40.

The region shown here is to be revolved about the x-axis to gener-
ate a solid. Which of the methods (disk, washer, shell) could you
use to find the volume of the solid? How many integrals would be
required in each case? Explain.

The region shown here is to be revolved about the y-axis to gener-
ate a solid. Which of the methods (disk, washer, shell) could you
use to find the volume of the solid? How many integrals would be
required in each case? Give reasons for your answers.
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A bead is formed from a sphere of radius 5 by drilling through a
diameter of the sphere with a drill bit of radius 3.

a. Find the volume of the bead.
b. Find the volume of the removed portion of the sphere.

A Bundt cake, well known for having a ringed shape, is formed
by revolving around the y-axis the region bounded by the graph
of y = sin (x> — 1) and the x-axis over the interval 1 < x =
V1 + . Find the volume of the cake.

Derive the formula for the volume of a right circular cone of
height / and radius r using an appropriate solid of revolution.

Derive the equation for the volume of a sphere of radius r using
the shell method.

Equivalence of the washer and shell methods for finding vol-
ume Let f be differentiable and increasing on the interval
a = x = b, with a > 0, and suppose that f has a differentiable
inverse, f!. Revolve about the y-axis the region bounded by the
graph of f and the lines x = a and y = f(b) to generate a solid.
Then the values of the integrals given by the washer and shell
methods for the volume have identical values:

fb) b
/ m(f7' ) — @) dy = / 2mx(f(b) — f(x)) dx.
fla) a

To prove this equality, define

o)
W) = / 7((f'0))* — @) dy
f

(a)

S@) = / 2ax(f(n) — f(x)) dx.

Then show that the functions W and S agree at a point of [a, b]
and have identical derivatives on [a, b]. As you saw in Section
4.8, Exercise 128, this will guarantee W(r) = S(¢) for all ¢ in
[a,b]. In particular, W(b) = S(b). (Source: “Disks and Shells
Revisited” by Walter Carlip, in American Mathematical Monthly,
Feb. 1991, vol. 98, no. 2, pp. 154-156.)

The region between the curve y = sec™'x and the x-axis from
x = 1to x = 2 (shown here) is revolved about the y-axis to gen-
erate a solid. Find the volume of the solid.

™ S |
3 y=sec 'x

X
0] 1 2
Find the volume of the solid generated by revolving the region
enclosed by the graphs of y = e,y =0,x =0, and x = 1
about the y-axis.
Find the volume of the solid generated by revolving the region
enclosed by the graphs of y = ¢¥%,y = 1, and x = In 3 about
the x-axis.



