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FIGURE 11.7 In Huygens’ pendulum
clock, the bob swings in a cycloid, so the
frequency is independent of the amplitude.
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FIGURE 11.8 The position of P(x, y) on
the rolling wheel at angle 7 (Example 8).
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FIGURE 11.9 The cycloid curve

x = a(t —sint),y = a(l — cos 1), for
t=0.
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FIGURE 11.10 Turning Figure 11.9
upside down, the y-axis points downward,
indicating the direction of the gravitational
force. Equations (2) still describe the curve
parametrically.
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11.1 Parametrizations of Plane Curves

Cycloids

The problem with a pendulum clock whose bob swings in a circular arc is that the fre-
quency of the swing depends on the amplitude of the swing. The wider the swing, the
longer it takes the bob to return to center (its lowest position).

This does not happen if the bob can be made to swing in a cycloid. In 1673, Christian
Huygens designed a pendulum clock whose bob would swing in a cycloid, a curve we
define in Example 8. He hung the bob from a fine wire constrained by guards that caused
it to draw up as it swung away from center (Figure 11.7), and we describe the path para-
metrically in the next example.

EXAMPLE 8 A wheel of radius a rolls along a horizontal straight line. Find paramet-
ric equations for the path traced by a point P on the wheel’s circumference. The path is
called a cycloid.

Solution We take the line to be the x-axis, mark a point P on the wheel, start the wheel
with P at the origin, and roll the wheel to the right. As parameter, we use the angle ¢
through which the wheel turns, measured in radians. Figure 11.8 shows the wheel a short
while later when its base lies af units from the origin. The wheel’s center C lies at (at, a)
and the coordinates of P are

X =at + acosb, y=a+ asinf.

To express 6 in terms of z, we observe that ¢ + 6 = 37 /2 in the figure, so that

027—1‘.

This makes

cos 6 = cos (327T - t) = —sint, sin @ = sin (3; - t) = —CoSs t.

The equations we seek are

X =at — asint, y=a— acost.

These are usually written with the a factored out:

x = a(t — sint), y = a(l — cos ). 2)

Figure 11.9 shows the first arch of the cycloid and part of the next. |

Brachistochrones and Tautochrones

If we turn Figure 11.9 upside down, Equations (2) still apply and the resulting curve (Fig-
ure 11.10) has two interesting physical properties. The first relates to the origin O and the
point B at the bottom of the first arch. Among all smooth curves joining these points, the
cycloid is the curve along which a frictionless bead, subject only to the force of gravity,
will slide from O to B the fastest. This makes the cycloid a brachistochrone (“brah-kiss-
toe-krone”), or shortest-time curve for these points. The second property is that even if
you start the bead partway down the curve toward B, it will still take the bead the same
amount of time to reach B. This makes the cycloid a tautochrone (“zaw-toe-krone”), or
same-time curve for O and B.



