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Notes on the Chen-Stein method for Poisson convergence

These notes are based on the book [BHJ], which is the most comprehensive text on this
subject. Perhaps more accessible is the survey [Ross|, which also gives applications of this method
to convergence to Normal and other random variables.

1 Total variation distance

Let X and Y be integer-valued random variables. The total variation distance between two laws
pux and py (or, with an abuse of terminology, between X and Y, or between X and py, etc.)

drv(X.¥) = dry (. iy) = sup [P(X € 4) = P(Y € 4)].
C
Proposition 1.1. We have
1
drv(X,Y) =5 ke% |P(X =Fk) - P(Y = k)|

Proof. Denote the right-hand side by M. Use |z| = 2z4 — x = 2z_ + z, to get

M= (P(X =k) = P(Y = k))s = S (P(X = k) = P(Y = k))__
kEZ keZ

as the sum without the absolute value is 0. Let

a=) (P(X=k) -PY =k)y, b= (P(X=k -PY =k)_.
keA keA

Then 0 < a,b < M, so |P(X € A)— P(Y € A)| = |a — b] < M. This demonstrates the “<” part,
to prove the “>” part, take A ={k: P(X =k) > P(Y =k)}. O

From now on, let Py denote the Poisson probability function with parameter A, that is Py (k) =
e A /E! for k > 0, and Py(A) = >4 Pa(k).

Proposition 1.2. For any a, A > 0,

In fact, we also have the upper bound «/v/A 4+ «a. For the proof, see [BHJ]. We will only need
the inequality in Proposition 1.2.

Proof. The law Py, is obtained by the independent sum of two Poissons, with laws Py and P,,
as is easily seen by characteristic functions. Trivially, Py is the independent sum of a P, random



variable and a random variable with law dg = 14py. Therefore,

> " [Prialk) — Pr(k)]

keZ

=Y "I (PA() Pa(l — £) = Pr(£)do(k — 0)|
< zkjpf(z) > |Palk =€) = So(k — 0)]

- Zj:PA“)ZZ:‘Pa(k) — do(k)]

_ zk:|Pa(k;) — So(k)|

= 2dry (Pa,60) =23 (Pa(k) — d0(k))- =2(1—€e™®) < 2a.

k

2 The key estimate

Fix a set A C Z. Then the Stein’s equation for the function fa : Z4 — R is

(2.1)

Ligeay — Pa(A) = Afa(k +1) — kfa(k),

fa(0) = 0.

k=0,1,...

(Recall that Py is the Poisson probability.) Note that f4 is uniquely determined by (2.1).
Another useful interpretation is as follows. Let L be the operator on functions f : Z; — R,

given by Lf(k) = A\f(k+ 1) — kf(k), k > 0. This is a linear operator. Furthermore, let g4(k) =

Likeay — Pa(A). Then fa is the unique function f that solves Lf = ga and satisfies f(0) = 0. Note

that L is linear, and

Then, by linearity of L,

(2.2)

falk+1) =

gauB =9ga+gp ifANB =10,
gAe = —gA.
favp = fa+fe HANB =0,
fae =—fa.
If fact, f4 can be computed — by induction we get, for any k& > 0,
1 k k(k—1)
Xl{keA} + pl{kAeA} + Tl{kf%A} + -

1k k(k—1) Kl
— ()\+)\2+)\3++)\k+1)P)‘<A)

k . .
k! A A
(S en - 8

k
i=0 i=0

k!
~+ Er1 Hoeay



Then, if we set Uy, = {0,1,...,k},

Falk +1) = sy [PAANU) — PAAVP(UR)

(2.3) /\lli1 [PA\(ANTUy) — P\(ANUR)P\(Uy) + P\(ANUL)P\(Uy,) — P\(A)P\(Uy)]

For A C Z,, write A,, = ANU, and A}, = A\ A,. Then it follows from the first line of (2.3) that,
for every fixed k, far (k+1) — 0 as n — oo. Therefore, by the first line of (2.2),

(2.4) fa,(k+1) = fa(k+1) asn— oo,

pointwise in k.
For f:Zy — R, let
Af = sup{[f(k+1) = F() k> 11,

Lemma 2.1. For any A C Z,
Afsg <A1 —e) < min(1,A71).
Proof. First we claim that it suffices to prove that
(2.5) falk+1) = fa(k) < ATH1L =€),
for all A and k > 1. Indeed, if this holds, the second line of (2.2) implies that
Falh+1) = falk) = =(Faclk +1) = fac(k)) = —A"1(1 = &™),

and thus |fa(k+1) — fa(k)| < X711 —e7H).
To prove (2.5) we may, by (2.4), assume that A is finite. In this case, using the abbreviation
fi= fyy (2.2) implies

(2.6) fa= ij‘

jEA
By the first line of (2.3),
k!
(2.7) filk+1) = ETC AP\(5) L j<ry — Pr(U))-
If k > j, then, by (2.7),

Ai
(i+k)(i—14+Fk)---(1+k)

filk+1) = —P,\ Z

1=1
which is positive and decreasing in k. If k& < j, then, by (2.7),

ko k(k—1) k!

1
e 1) = =3 (145 + 1 .



which is negative and decreasing in k. The only k£ > 1 for which fj(k+1) — fj(k) > 0 then is k = j.
For j > 1, by the third line of (2.3),

LG 1) - f0) = 2 eAPA<j>PA<U¢>+ueAPA<j>PA<Uj71>

\i+1 J \J
L
13 Ny
DY Z Zﬁe
i= ]+1 i=0
(28) 67)\ % l ’L
P Z -
i=j+1 "
_>\ o0 )\’L
<— N T = )\l1-—e).
DY P 7! ( e)

For j = 0, we use that fo(k+ 1) is decreasing for all k£ > 0, so that fo(k+1) — fo(k) <0 for k > 1.
Thus we have, by (2.6), for every A and k > 1,

falk+1) = fa(k) =Y (filk+1) = fi(k)) < fulk+1) = fu(k) < A7' (1 =),

JjEA
which proves (2.5) and ends the proof. O

It is easy to show that, if W is a Poisson random variable with FW = A, and f is any
function on Z4 that grows at most exponentially (that is, |f(z)| < exp(Cx) for some constant
C), EINf(W 4+ 1) = W f(W)] = 0. It is reasonable to expect that, if a random variable W with
values in Z, is such that this equality approximately holds for a class of functions f, then W is
approximately Poisson. Indeed, the essence of Chen-Stein method is that an estimate

(2.9) EXNfa(W +1) =W fa(W)] < a,

where a does not depend on A, immediately implies (as we can apply it to fac = —fa) the
same bound for the absolute value and hence for the total variation distance from Py: by (2.1),
Liweay — Pa(A) = Afa(W +1) = W f4(W) and then

drv(W, Py) = SUp |P(W € A} — PA(A)| = Sup |[EAfa(W +1) = W fa(W)]| < o

To get (2.9) using the Lemma, one needs to produce Afy as a factor in an upper bound for
ENfa(W 41) =W f4(W)]. This can be done in many cases when W is a sum of mildly dependent
indicators.

3 The theorems

Suppose that I;, ¢ € T" are indicators, where I is a finite index set (not necessarily a set of integers).
We will use the following notation throughout: p; = E(l;), W = > ..p li, W; = W — I;, and
A=EW = Zzel" pi-

Our first theorem, on independent indicators, is originally due to L. Le Cam (who proved it by
a different method).



Theorem 3.1. If I; are independent, then
dpy (W, Py) < min(1, A7? sz.
el
Proof. As I; are independent, W; is independent of I;, and then
ENAW +1) = WfaW)] = D IpiEfa(W +1) = E(Iifa(W)]
el

= Z[piEfA(W +1) = E(Lifa(W; +1))]

el

=Y [BEfaA(W +1) = p; E(fa(Wi + 1))]
el

=> piE((faW +1) — fa(Wi + 1)L,),
el

the last line because W + 1= W; + 1 on {[; = 0}. On {I; = 1}, however, W +1 = (W; +1) + 1,
therefore the above expression is bounded above by A fa-> p?. Lemma 2.1 finishes the proof. [

The first generalization of Theorem 1 is in the direction of local dependence. Assume that each
indicator I; has a set of indices I'; C I" so that i ¢ I'; and so that the vector (I; : j ¢ I'; U {i}) is
independent of I;. Thus I'; is the “neighborhood of dependence” for i.

Theorem 3.2.

dTv(W P)\) < Hlln 1 A1 Zpl Z plpj + E(Iifj))
el el jel’;

Proof. Let Z; = Z]g Ijand Y; =W — I; — Z;. Thus W = I; + Z; +Y;, and Y; is independent of
I;. This time we write

EAfa(W +1) = W fa(W)]

=Y iEfa(W +1) = E(Iifa(Wi + 1))]
el

= IE(fa(W +1) = fa(Yi + 1)) = E(L(fa(Yi + Zi +1) = fa(Yi + 1)))],
el

where the last inequality holds because E(I; fa(Y; + 1)) = pi Efa(Y; + 1). Now, by telescoping,

fAW +1) — fa(Y; 4+ 1) < Afa- (Z; + L),
falYi+ Zi+1) — falVi+1)| < Afa- Z

and so
ENAW +1) = WIA(W)] < Afa- Y [pi(EZi + pi) + E(1i Z;))
el
< min(1, A" [} + piEZi + E(LiZ)),
el
by Lemma 2.1, and this is equivalent to the claim. ]



The second approach is coupling. To describe how this works, we fiz an i € I'. (Usually, there
is enough symmetry so that all ¢ play the same role, but that is not necessary.) Then we require
that I; and some random variables Jj;, j # ¢ are constructed on the same probability space so that
the following equality in distribution between the two vectors holds:

(3.1) (Tji)js = (L) | I = 1.

For the method to be successful, the new random variables Jj; should not to be very far from Ij,
otherwise any coupling (say, the independent one) would do.

Theorem 3.3. Under any coupling which satisfies (3.1),

dpv (W, Py) < min(1,\7! Zpl + Z piE|Jji —
i€l i,3,J71

Proof. Let V; = Z#i Jji. Then
Vi+1LW I =1.

Now,
ENA(W 4+ 1) = W fA(W)]
= [BEfa(W + 1) — E(L; fa(W))]
i€l
= pilEfa(W +1) = E(fa(W) | I; = 1)]
el
=D " pilEfa(W +1) — E(fa(Vi + 1))]
el
<Afa- > piE|W -V
el
< min(1, A7} sz +Z 1 = Jil) |
el J.JFi
which is equivalent to the claim. -

Often, the event {I; = 1} helps the events {/; = 1} to happen, or perhaps it hinders them.
Either circumstance simplifies Theorem 3.3 quite a bit. A formal definition is as follows. If a
coupling exists so that J;; > I; (resp. Jj; < I;) for all i and j # 4, then I; are positively (resp.
negatively) related.

Note that positively related indicators are positively correlated:

P(I;=1)=E(I;) < E(J;) = P(I; =1 | I, = 1) = P(I; = 1,I; = 1)/ P(I; = 1).

The opposite implication does not hold, as positive relatedness is about more than pairs of indica-
tors.



Corollary 3.4. (1) In the positively related case

doy(W, Py) <min(1, A7) [2) “pf + > E(LI) — N
el 1,7,0F]

= min(1, A7) 2Zp?+VarW—)\ .
L ier

(2) In the negatively related case

dry(W, Py) < min(1, A7) [\ = > E(LI))
1,J,07#]
= min(1,\7!) [\ = Var W].

Note that the indicators Jj; do not explicitly appear in the Corollary. It is therefore enough to
know that they exist without an explicit construction. Such existence theorems do exist for many
cases (see [BHJ]). Note also that for negatively related indicators, for W to be close to a Poisson
random variable, it is enough that EW be close to Var W, something that almost looks too good
to be true!

Proof of Corollary 3.4. In the positively related case,

piE|Jji = Ij| = piE(Jji — Ij) = E(Lilj) — pipj,
while in the negatively related case,

piE|Jji — Ij| = piE(I; — Jji) = pip; — E(Lil;).

In either case,
E(W?) =Y E(LL)=X+ Y E(LIL)
2% 1,J,iF]
and
(EW)? =X = "pipj=>_pi+ > pivjs
i,J v 0,J,17]
and both results follows after some algebra. O

The next corollary covers the case when positive relatedness is violated locally. A similar result
of course holds for negative relatedness.

Corollary 3.5. Assume that T'™ are sets of indices such that i ¢ T and such that i # j ¢ T}
implies Jj; > 1. Then

dry(W, Py) <min(1L,A7Y) |2 pf =N+ Y E(LL)+ Y (2pip;+ E(LI)))
i€l 1,5,4#7,5 T (NIS N



Proof. For j € I'!'™ simply estimate p;E|J;; — I;| < p;E(Jj + 1;) = E(I;1;) + pip; to get

S |\ vl +pi) Bl — 1]

i€l i
< sz Z (E(LiL;) — pipj) + Z (E(1il}) + pipj)
1A i,iAjELD
=> i+ > ELL)-D ppj+Y pit+ Y., pip
@ (AT ANE i,3 i iyiAjEr?
+ > (B(LL) + pipy).
i i£jErn
This finishes the proof, as Z” pip; = A2. O O
4 Examples

Example 4.1 (Binomial distribution ). It follows immediately from Theorem 3.1 that
drv(Binomial(n, p), P,p) < min(p, np?).

Example 4.2 (Records). Here, I;, i = 1,...,n, are independent with p; = 1/i. Then A = \,, =
1+ % 4+ ...+ % and, by Theorem 3.1,

dpv (W, Py) < min(1, At Z 22 < 7%\ O <10gn> .

Furthermore, we also get the following limit theorem, assuming Z is a r.v. with uz = Py, and N a
standard Normal r.v.,

(U 52) <o (B 52 v

as n — oo, by the CLT for the Poisson law.

Example 4.3 (Birthday Problem). Fix an integer a > 2 throughout. Sample, with replacement,
k times (i.e., choose k people) from a set of n birthdays. Let I' be the set of all subsets of size
a of k people, I; the indicator of the event that all members of 7 have the same birthday and
W =Wy = icr Li- Note that |I'| = ( ). Then

k k@ ka—l
A=\, =EW = nl=—""—10 ,
a alna—1 no—1

if k is large. Take k = k, = ¢ - n(@=D/2 Thus k%/n®1 = ¢* and

c? 1
A= s @ (n(al)/a> :




Disjoint sets of people share birthdays independently, so we seek to apply Theorem 3.2, with
Li={j:inj#0}\ {i}. We have

k k® 1
2 _ —2(a—1) _ —
St = (o) =0 (o) =0 ()

k a-l a k—a 9 kakafl 1
> i — o) oy (RN 1
plpj_<> <>< _>n _O<2a1>_0< a—1 a),
i€l jer a) = \t/\a~1t n2(a—1) nla—1)/

5 - (RO

and

and

So Theorem 3.2, together with Proposition 1.2, implies that

1
drv(W, Peajqr) = O (nl/a) :

Now sample people indefinitely, and let 7' = T, be the time (measured in the number of people)
when a people share a birthday. We have P(T > k) = P(W = 0) — exp(—c®*/a!) as n — oo, and
so T/n(@=1/a converges in distribution to a nontrivial random variable.

Example 4.4 (Runs). Build a vector (X1,...,X,) in which each component is independently 1
with probability p and 0 with probability 1 —p. Declare Xy = 0. Think of p as fixed and n as large.
A run at ¢ of size at least ¢ is the pattern 0111...1, with ¢ 1’s, the leftmost of which is at 7. The
initial 0 is important — it is used for “declumping,” i.e., to make sure long rungs are only counted
once. How large should ¢ be so that the number of such runs is approximately Poisson?

Let I; indicate the event that there is a run of size at least t at ¢, ¢ = 1,...,n —t + 1, and
W =Wpns=> 1 So

EW =p'+ (n—t)(1—p)p’ =np'(1—p) + (1 +t(1 —p))p".

Take t = t,, = —logn/logp + ¢, where ¢ = ¢, is bounded. (As t must be an integer, we cannot
assume that c is a constant.) Then p' = p°/n and

A=EW =p(1-p)+0O (107%”).

Foreveryi=1,...,n—t+1,let I'; = [i —t,i+t]N[1,n]. It is easy to check that, when j ¢ I';, I;
is independent of I;. Also,

> E(LI)=0

i€l jer;



and

1
> pipi<n(2t+1)p* =0 < 05”) :

i€l jel’;

Therefore,

logn
dTV(W,Ppc(lp)):co( 8 )

n

It follows that P(no contiguous interval of 1’s of size > t) = P(W = 0) = e?"(1-P) 4 O (log") .

n

Example 4.5 (Isolated vertices in random graphs). Build a random graph on {1,...,n}, with an
(undirected) edge between each pair {7, j} independently with probability p. The number of edges
is thus Binomial with parameters (g) and p. Let I; indicate the event that the vertex ¢ is isolated
(not connected to any other vertex), so that p; = (1 —p)"~!. Then A = A\, = EW =n(1 —p)" 1,
and the question is what p = p,, should be so that P(W = 0) converges neither to 0 nor to 1. If we

take )
ogn ¢
— 0% +

)
n n

2
)\:ec+(9<log n)

n

then

Clearly I; and I; are dependent for all < and j, so the local approach does not work. However,
this is one of the simplest instances in which coupling works. In fact, Jj; can be defined on the
original probability space: let Jj; indicate the event that j is isolated after all the edges (if any)
emanating from i are removed. The conditional distribution property (3.1) is then clearly satisfied:
the event that I; = 1 is exactly the event that the n —1 specific edges emanating from 4 are missing.
Clearly, I; < Jji, so, by Corollary 3.4 (1), we need to estimate

N A2 1
S —ut e =% o (1),

and
2

S B(iLy) = n(n — (1~ = X1 -p) = 21— p)
1,J,i#7

This proves that

and thus that

A well known theorem for random graphs states that no matter how p varies with n, P(W = 0,
graph not connected) — 0 as n — oo (see [JLR]). So the last formula above also gives us a
probability estimate for connectivity of a random graph.

10



This method also gives useful estimates for other values of p. For example, if p = cn™!logn,
c<1,then \=nl"¢4+0 (n_clog2 n),

> opi=0(n""%),

and
Z E(LI;) = X+ O (n'"*logn).
6,387
It follows that

1 |
drv(W, Py) = O <)\ : n1_2clogn> =0 < Off) )

and consequently

nC

2
drv(W, Pyie) = O <log ") .

It follows that n~(1=9/2(W — nl=°) LN N(0,1), by the CLT for Poisson.

Example 4.6 (Fized points in random permutations). Let (m(i))?_; be a random permutation,
Iz' = 1{7r(z):z} and

L if (i) = i,
ji = .
1{j fixed after ¢ and 7(4) are interchanged} otherwise.

To be more precise and verify (3.1), we assume that ¢ = n (which we may, by symmetry) and
that (2, F, P) is any probability space on which we have a uniform random permutation o of
{1,...,n — 1} and a uniform random variable L € {1,...,n}, so that ¢ and L are independent.
Then we define a uniform random permutation 7 as follows: we let w(n) = L and 7(¢) = o(¢) if
o(¢) < L and w(¢) = o(¢) + 1 otherwise. (That is, we keep the order imposed by o¢.) Furthermore,
we let 7’ be the permutation that agrees with 7 except for the interchange:

7(l) if £ #n, L # 77 1(n),
7)) =< n if ¢ =n,
L ift=n"Yn).

Finally, we define Ij = 1{7r(j)=j} and in = 1{7T’(j):j}'

To verify (3.1), we need to check that the interchange preserves uniform random order on
{1,...,mn —1}. What precisely does it do? Let (;, be the permutation on {1,...,n — 1} that maps
the segment (L, L+1,...,n—1) cyclically into (L+1,...,n—1, L) and is identity otherwise. Then
the interchange results in (7, o 0. Note that (7, is a random permutation that is independent of
o. Composing o with any deterministic permutation preserves the uniform order, and therefore
composing with an independent random permutation also does.

The rest is easy. First, J;; > I;, we already know that EW = VarW =1, and >, p? = 1/n. It
follows that

drv(W, Pp) <

9

2
n

11



which looks good, but is in fact very far from a realistic estimate. It is not very difficult to do
explicit calculations, which show that in this case

n!

anvw.r) =0 (%),

so there is practically no difference between iy and Py for large n. The book [BHJ] has an entire
chapter on lower bounds for dtv, and the comparison with the Chen-Stein upper bounds.

Another example in this vein are “approximate fixed points.” Let I; indicate the event that
|m(i) —i| < 1. In this case

T {Ij i1 =1,

1{]’ fixed after ¢ and a random number among 7 (i — 1), w(¢), 7(i + 1) are interchanged}» otherwise.

(Omit 7(i — 1) above if ¢ = 1 and 7 (i 4+ 1) if ¢ = n.) Checking (3.1) is very similar to the above
case. Then Jj; > I; if |j —i| > 3. Also, we have A = EW =3+ O(1/n), 3, p? = O(1/n),

> @pipj+ E(LI) =0 (n : ;) =0 (;) :

1,5,J €T

and 0 ) .
Z E(Iifj): Z +O<>=9+O<>
i.j,jgrms i.4lj—il>3 n(n—1) " "

Therefore, in this case we also have

n

i w.r) =0 ().

Example 4.7 (Coupon collector). In this example we have k coupons, chosen independently at
random from {1,...,n}. Let I; be the indicator of the event that i is missing from the collection.
We will see that this is a negatively related case. Before we specify the coupling, we note that,
conditional on {I; = 1}, the k coupons are independent and uniform on {1,...,n}\ {i}. We can
achieve that from our original choice of k& coupons by replacing every ¢ by a random coupon in
{1,...,n}\ {i}.

To precisely construct the coupling, let (€2, F, P) be any probability space with with indepen-
dent random variables Xi,..., Xy and Yi,...,Ys, Xy uniform on {1,...,n}, and Yy uniform on
{1,...,n}\ {i}. Then the random variables Z, are obtained by the replacement described above:

X, if Xy #1,
7 =
Y, if X, =i.

Finally, define I; = 1g¢rx,,..x,1) and Jji = 1ggqz,,.. 7.}y The distributional requirement (3.1) is

then satisfied (in fact, we have (Zy) 4 (Y2)), and clearly J;; < I;.
Take k = nlogn 4+ cn. Then

1\* —k%/n k e logn
AN=FEW=n|1l——] =ne 1+0 — =e 4+ 0
n n n

12




and

S B(LL) =n(n—1) (1 - i)k = n(n —1)e 2" <1 +0 <:2)>

ingii
_ (1 - 1> e % <1 +0 (logn>> —e 240 (logn) :
n n n

1
dry(W, P,e) = O ( Oin) .

It follows that

So in particular if T}, is the first time the collector has full collection,

. 1
P(T, <k)=P(W =0)=e"* +0<°i”>,

so n~Y(T;, — nlogn) converges in distribution.
A very similar argument shows that with I; indicating the event that the number of represen-
tatives of 7 is at most 1, then the correct scaling for Poisson limit is k = nlogn + nloglogn + cn.

Example 4.8 (Hypergeometric distribution). Assume N, n,m are positive integers, with m < N
and n < N. Arrange m 1’s and N —m 0’s at random to form a random N-vector X, and let W be
the number of 1s among the first n positions. Then W is the sum, over ¢ € I' = {1,...,n}, of the
indicators I; = 1¢x,—1). Moreover, W has hypergeometric distribution,

(1) G2
(W)

PV =) =

with
n(N —n)(N —m)

N2(N —-1)
(The variance computation is straightforward, but tedious.) We can see that I; are negatively
related by defining

{g if I =1,
in =

1{1 at position j after a randomly chosen 1 has been switched to 0} otherwise.

A= EW = =2, VarlW = =

That is, define the vector Y as follows: choose a random position L, chosen uniformly among all
positions ¢ such that X, = 1, then switch X; and X, to get

X, ifl#£il+L,
V,={X; ift=1I,
X, ifl =1,

and then let I; = 17x -1y and Jj; = 1{y;,—1;. This ensures (3.1), and the negative relation Jj; < I;
clearly holds. Therefore,

dpyv(W, Py) < min(1, A7) - (A = Var W)

N 1
Smin(A,l).N_1<n+m_nm_>’

and thus this distance approaches 0 as N — oo if n and m are both o(N).

13
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