Math 235A, Fall 2025

Homework 7, Solution sketches

1. For k < n,
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Note that the above probability is 0 for £ > n. Also, the expected number of pairs among the k socks
chosen is n(g)/(én) =k(k—1)/(2(2n—1)), so k should be on the order of \/n. With this in mind, we

write

log P(T,, > k) = kzzl [log <1 — ;) — log (1 — 2171)]
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It follows that, for > 0,

1
log P(T > zv/n) = _ZEQ + O,

and T,,/\/n ~%, X, with P(X >z)=e"/* for x> 0.
Moreover, for k < n,
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This bound holds (trivially) also when k > n. So, P(T, > z) < P(T,, > |z]) < e /6" if 2 > 10,
say. Finally,

E(T?/n) :/ P(Ty, > Voyn)dr < 1 +/ P(T,, > Vayn) <1 +/ e~ /8 da,
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for n. > 100. Hence T},/v/n are wi. and E(T,)/v/n — [;° e M dx = /7.
2. Let Y, = |S,/+/n|®. Tt suffices to show that sup,, E(Yf/a) < c0. But Y,/* = S4/n? and
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Blsh = >0 + () S EXEC)
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= nEX{ +3n(n —1)(EX})? <nEX{ +3n(n — 1)(EX}) < 3n*EX{,

by Cauchy-Schwarz. So E(Yf/a) < 3EX{.



