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Optional stopping

So far, we know that if X, is a submartingale, and N is an
arbitrary stopping time, then

EXo < EXnan < Xn.

Assume that X, is a submartingale, and N is a stopping time. If
E(|XnT{N<oo}) < 00 and [Xn[1(n>ny are u.i., then Xyup is u.i.
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Optional stopping

Assume that X, is a u.i. submartingale, and N is a stopping
time. Then Xynn is also u.i.

V

As X, is a submartingale, EXy, . < EX) < E|X;|. Also,
sup,, E|Xn| < oo, so by martingale CT, Xy., converges a.s. as
n — oo to Xy and E[Xy| < co. Then use [Xy|1{ncoo) < | Xn]
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Optional stopping

Assume that X, is a u.i. submartingale, with X, = lim X,, and
N < oo is a stopping time. Then EXy < EXy < EX.

EXo < EXnan < EXn.

and EXyan — EXy, and EX, — EX,, both by u.i. ]

Assume X, is a submartingale and L < M are stopping times. If
XMian IS U.l., then EX; < EXjy.

v

Yn = Xunn is a u.i. submartingale and L is a stopping time. So
EYy < EY, < EY.. O
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Optional stopping

Assume X, is a submartingale such that
E[|Xnt1 — Xnl | Fn] < B € R, and N is a stopping time with
EN < oo. Then Xyap is u.i. and so EXy > EX.

V.

n
Xnan = X0+ (Xk — Xe—1)1nskyl
k=1

< X0l + D Xk = X[V nsky
k=1

We claim that RHS is in L'.
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Optional stopping

Proof, continued.

> E(1Xe = Xe—tl1{nzky)
e

E(E[|Xk — Xk—111n=ky | Fr-1])

E(1n>ky EN1 Xk — Xk—1] | Fk—1])
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Optional stopping

Example.

Assume that &,&p,... areiid., P(&=1)=pec (1/2,1),
P(=-1)=1—p.Then S, =& + - + &p is a simple
(asymmetric) random walk. Let

N =inf{n:S,=—aor S, = b}

We have (n/(arB)
n/(a+
P(N > n) < (1 —pa+b>

and so EN < oo.



Optional stopping

Define M, = S, — n(2p — 1). This is a martingale, and M,y is
u.i. by the previous corollary or directly by

Maoan < max{a,b} + N(2p —1).
So EMpy =0 and
—aP(Sy=—-a)+ bP(S,=b)—(2p—1)EN = 0.

Two unknowns; we need another martingale.



Optional stopping

Let s
1— n
M”:< pp>

Note 152 < 1. Then M, is a martingale, as

1—p>§1 1-p p
E(—) =—p+—-(1-p)=1
(p p Prip 7P

Also, M,,n is a bounded martingale, thus u.i.:

1_ —a
Mn/\N < <pp> .



Optional stopping

It follows that

1 = EMy = (1pp> U P(Sy = —a) + (1pp>bp(s,, _ b)

and so we get the gambler’s ruin probability
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Optional stopping

By sending a — oo, we see that P(S, ever reaches b) = 1.

From the first martingale, we can also get

EN— 1 (%py
,

T ()T ()

Now let T = inf{n: S, = 1}. We know that P(T < cc) = 1. By
taking b =1 and a — oo in EN, we get
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Optional stopping

Can we compute the distribution of T? For example,
P(T=1)=p,P(T=2)=0,P(T=3)=(1-p)p’...

Assume 6 > 0. Then
698n

Mo = ey

is a martingale, as a product of mean-1 r.vs. By Jensen,
Ee€£1 Z e@E& — ee(Zp_U Z 1
so M1 < €7, soitis u.i. and EM; = 1, that is,

e’ =E|(pe’ +(1-p)e )"



Optional stopping

Determine s € (0, 1) so that

15 = pe’ +(1 - p)e”’,

and taking the root which is bigger than 1,

o — 1++/1-4p(1 — p)s?
2ps

o 2ps 1—\/1—4p(1—-p
E(S)_1+\/1—4p(1—p) - 2(1-p)s

_ 1 — k-1 Cwk(1/2Y ekt
(o) L) (k)s



Optional stopping

(1 ;/<2> _(Cpyet <2kk> 272k2k1— 1

So, for k > 1,

PT =2k~ 1) = (-1 (ap(t - o) (1 F)

_ (4p(1 —p))* 2K\ ok 1
21 -p) <k)2 ok

This formula is true for all p € (0, 1) as both sides are
polynomials in p (of degree 2k — 1). Therefore, the formula for
EsT is also valid for all p € (0, 1), provided we define, for all p,
Es™ = E(ST1{T<OO}).

To check, by MCT,

i n_1-12p-1 |1 p=1/2
P(T<OO)_|SITH11E(S)_72(1—,D)S_ P poi)2

1—p
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