Markov chains: definition and basic
properties

Janko Gravner

MAT 235B
February 22, 2024



Definition. Assume Fy C F; C --- is a filtration. Assume that
X, are random variables with values in the state space (S, S),
and that Xy, X, ... is an adapted process (that is, X, is
Fn-measurable). If

(1) P(Xnt1 € B| Fn) = P(Xny1 € B| Xn),
for all B € S, then X, is called a (discrete-time) Markov chain.
Normally, 7, = o{Xo, ..., Xn}.

Note: if you compute the LHS of (1) and is a function of X, only,
you are done, by the tower property.



We will restrict to:

@ time-homogeneous MC: P(X,.1 € B | X;) depends only on
Xn (and not on n); and

@ countable state-space, S = 25 with transition probabilities
p(i,j) = P(Xni1 = j | Xn =1i).



Example. Random walk S, = Xy + & + - - - + &, where &; are
i.i.d., Z%valued. So S = Z9. Then p(i,j) = P(¢ = j — i):

P(Spi1=j|Sn=1)
=PXo+&+ -+t =71 Xo+ &+ -+ =)
=P =j—0)=P( =j—1)

Example. Branching process. S ={0,1,2,...}. If {1, &, ... are
i.i.d. with offspring distribution, then p(i,j) = P(& + -+ + & =)
fori >0, and p(0,0) = 1.

Example. Birth-death chain. S = {0,1,2,...}. Here, we
assume that p(i,j) =0 if |i — j| > 1.



Example. Voter model. Let V be a finite set, and let E be a
collection of undirected edges, that is,

E c {{x,y} C V: x # y}. The state of the system at time
n=0,1,2,... is determined by a function {,: V — {0,1}
(where 0s and 1s are opinions), so S = {0,1}". At each time n
a random ordered pair (x, y) of neighbors is chosen and then x
assumes the opinion of y to get (. 1. This is a MC.

However,
Xn = |{¢nh = 1}| = number of opinions 1

is not a MC! For example, in the cycle of 4 points, with two 0
opinions and two 1 opinions, the probability that X, transitions
from 2 to 3 can be 1/2 or 1/4, depending on whether the two
1s are separate or together.

In general a function of a MC is not necessarily a MC.
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Example. M/G/1 queue. Customers arrive at a single (1)
counter as a Poisson process with rate A (M). Each customer
requires an independent serving time with d.f. F (G). Let X, be
the number of customers at the time nth customer starts being
served. Probability that k customers arrive during the service

time is .
ak:/ g3 (AD dF(t)
0 K!

and then

p(0.k—1)=ax k>2, p(0,0)=ao+ar,



Transition probabilities satisfy

2) p(i.j) >0, > p(i,j)=1foreveryic S
jes

and they, together with the initial distribution p = px,,
P(Xo = i) = u({i}) = u(i),
determine all probabilities:
P(Xo =io, X1 = i1,..., Xn=in) = plio)p(io, i1) - - - P(in_1, in)-

We sometimes give i as a subscript when computing
probabilities and expectations. If p is interpreted as a matrix
and p as a row vector,

P.(Xn=y) = (1p")(¥),

the yth coordinate of the row vector up”.
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Proposition
Ifp(-,-) satisfying (2), and u, are given, there exists a MC
Xo, X1, ... such that ux, = pand p(i,j) = P(Xot1 =j | Xp =1).

Let Xo and D; , be independent with p.x, = 1 and 1o, = p(i,-).
Then define X, 1 = Dx, p- O
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Markov property

Denote by (S°,8%) = (S x S x --- ,8%) the trajectory space,
where the og-algebra S is generated by the sets

{Sx--+xSxAxSx---:AcC §,atany position n > 1},
or equivalently and more usefully by the cylinder sets
{Ap X+ xApx SxSx---: A CSn>0},
which is a w-system that generates S*.
Define the (left) shift operator 6, : S>° — S by

On(X0, X1, --.) = (Xn, Xna1,---)



Markov property

Assume Xy, Xi, ... is a sequence of r.v’s with values in (S, S).
Then X : (Q,F) — (8°,8%) is given by

w = (Xo(w), Xi(w),...)
which is measurable, as each X, is.

Moreover, A € o{Xp, Xi,...} iff A= {(Xo, X1,...) € B} for some
B e s>~.

Any sequence of r.v.s induces a probability measure on
(S°°,8°°) which is the distribution of (Xp, X, ...).



Markov property

Now let Xp, Xj, ... be a time-homogeneous Markov chain with
countable state space S, S = 2°, F, = o{Xo, ..., X,}. Recall
that the distribution of Xj is indicated by the subscript (e.g., P,
when px, = por Py when Xy = x € S).

Theorem (Markov property)

Letd : S — R be bounded measurable. Let o(x) = Ex[®(X)].
Then

Eu[®(0n(X)) | Fn] = Ex,[®(X)] := o (Xn).




Markov property

We have

E[®(0n(X))] = Eu[Ex, [®(X)]]

provided ® > 0 or at least one side is finite when & s replaced
by |®|.

In words, at time n, the distribution of the rest of trajectory is the
same as the distribution of trajectory started at X,.



Markov property

Example. Let S, be a simple symmetric random walk in 2d.
Assume A C Z? and A° = B; U By, with B; N By = (). Let
T=inf{n>0:S,¢ A} >0.

Let o(x) = Px(St € By), x € Z2. If Ais finite, can we compute

o(x)?
Let ® = 1;g,¢p,}, SO that ¢(x) = Ex[®(X)]. If x € A,

o(x) = Ex[®(01(X))] (because x € A)
= Ex[Ex,®(X)] (Markov property)
= EX[SO(X‘I )]

4
1
=7 Z o(x + €)
i=1

We say that ¢ is harmonic on A. We also have boundary
conditions, ¢ |g,= 1, ¢ |5,= 0.



Markov property

If Ais finite, and ¢ is harmonic on A, ¢ satisfies the maximum
principle: its maximum (and minimum) must be achieved
outside A. It follows that there is a unique harmonic function
with given boundary condition; the above linear equations for ¢
have a unique solution.

This argument is not limited to 2d random walks.



Markov property

Proof of Markov property.
Let ® be the indicator of a cylinder set,

® = 1A0><---><Ak><S><S><---7
for some k and A; C S. Take also F € F, of the form
F={Xo € By,...,Xn € Bn},

for some B; C S. Then

Eu[®(0n(X)1E]l =D pulio)plio, it) - - Plintk—1: fn+k)s

over

o€ Bo,...,In—1 € Bh_1,in € BhN Ao, int1 € Aq,...,

in+k € Ak
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Markov property

Proof of Markov property, continued.

Also,

Eule(Xa)1£] =Y ulio)p(ios i1) - - - Pin-1, in)p(in)

over the same range of indices iy, . . ., In, as ¢(in) = 0 unless
in € Ap, SO We may indeed restrict i, € B, N Ag. Then,

go(in) =5 Pi,,(XO € Ao,X1 € A1,...,Xk € Ak)
= P,'n(X1 €A, ..., X EAk)

=" Plin,ins1) - Plinsk—ts insk)

again over the same range of indices ipy1, . . . nik-
It follows that

EM[¢(9n(X))1 Fl = EM[W(Xnﬁ Fl.

1A



Markov property

Proof of Markov property, continued.
We have

E[®(0n(X))1F] = Eulo(Xn)1F].

The set of F’'s we have chosen is a w-system that generates
Fn, 80 the above is true for all F € F, by the 7 — X\ theorem.
Also, by the same theorem, the above is true for ® = 1p,

D € §*. Then, by linearity, it is true for simple functions ¢, then
by MCT for all positive ¢, and then by linearity again for all
bounded ¢. N
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Strong Markov property

Recall that N is a stopping time if {N = n} € F,. Define the
information available at time N:

Fn={Ac F:An{N =n} e F,, foralln < oo}

(If you stop at time n, you know at that time whether A
happened or not.)

Proposition

The family Fy is a o-algebra, N and Xy1(n<o) are
Fn-measurable, and so is any stopping time M < N.

HW.




Strong Markov property

We define the random shift on {N < oo} C S*,
Oy : {N < 0} — 8, by

On(X) = On(x) on {N = n}

Theorem (Strong Markov property)

Let®, : S — R be measurable and uniformly bounded,
|®n| < M forevery n. Let o(x,n) = Ex[®n(X)]. Then, on
{N < o0},

E [On(On(X)) [ Fi] = Exy[Pn(X)] := o(Xn, N).

IfP(N <o0)=1and® >0,

Eu[®(On(X))] = Eu[Ex, [®(X)]]-
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Strong Markov property

Take A € Fy. Then
E, [¢N(9N( N1 an{N<oo}]

—ZE [@n(0n(X))1 anin=m}]

= Z Eule(Xn, )1 anqn=ny] (MP,as AN{N = n} € F)
n=0

= Eu[o(Xn, N)1 aniN<oot]:




Strong Markov property

Example. Let S, be a simple 1d random walk, with p > 1/2,
started at 0. Let T, be the time to reach b > 0. Show that

T, To—=T1, T3 —Ta,...

are i.i.d.
It is enough to show that for bounded Borel functions f,

Eo[f(To — To—1) | Fr,_,] = Eolf(T1)].
Let ®(X) = f(Tp) and N = T,_4. Then

P(On(X)) = Z S(On(X)D1 i1, 1=n)
n=1

= KT =17, =n)

n=1
=f(Tp— Tp—1).
Also, Xy = b—1 and

pb—1)= Ebf1[£1(Tb)] = Eo[f(T1)].



