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Recurrent and transient states

Assume X, is a MC on a state space S. Fix y € S.
Define
0 _
T, =0
TS =inf{n> TS ": X, =y}

to be the times of successive visits to k (except possibly for
k =0). Let T, = T, be the time of first visit to y after time 0 and

A state a € S'is absorbing if p(a, a) = 1. For such a state

Pay = 1a:y-

Example. If S = {a, b, c}, aand c are absorbing, and
p(b,-) = %, then pac =0, ppe = 3, poc = 1.



Recurrent and transient states

Proposition

Forevery x,y,z€ S, k > 1,

k Kk—1
PX(Ty < 00) = PxyPyy
Pxy > PxzPzy

Use SMP: go from x to y, then return to y k — 1 times; go from
x to z, then from z to y. O

A state y € Sis recurrent if p,, = 1 and transient if py, < 1.

Example. In the previous example, a and c are recurrent, while
bis transient as ppp = 3.



Recurrent and transient states

Let N(y) = >_,21 1{x,—y) be the total no. of visits to y. By the
proposition, if y is recurrent, then Py(T}ﬁ‘ < o0) =1 forall k, so
that P,(X, = yi.0.) = Py(N(y) = c0) = 1. We have

ExN(y) =>_p"(x,y),
n=1

and on the other hand

Next proposition follows.



Recurrent and transient states

Proposition

The state y is recurrent iff

EyN(y) => p(y,y) = .
n=1

Proposition (Recurrence is contagious)

Assume x,y € S, x # y. If x is recurrent and px, > 0, then y is
also recurrent and pyx = 1, and so also py, = 1.




Recurrent and transient states

Assume pyx < 1. As py, > 0, there exists a K > 1 so that
pX(x,y) > 0; assume that K is the smallest such. As

Py = Y p(xyi) - P(Yk-1, ),
there exits y1,...,yxk_1 € S\ {x,y} so that
p(x,y1) > 0,...p(yk-1,y) > 0. Then
1— Pxx = PX(TX = OO) > p(Xay‘l)”'p(ny'lay)(.l - PyX) > 07

and x is not recurrent. This shows that pyx = 1.




Recurrent and transient states

Proof, continued.
To show that y is recurrent, find L so that p-(y, x) > 0. Then,
foralln> 1,

pH K (yLy) > pH(y. x)p"(x, x)PK (X, ¥)

and - -
> Py y) =) pH (Y y) = .
n=1 n=1




Recurrent and transient states

We say that a subset C C S of states is closed if x € C and
pxy > 0 imply that y € C. That s, for every x € C,
Py(Xn € Cforall n) =1.

We say that a subset D C S of states is irreducible if py, > 0 for
all x,y € D.

The previous proposition implies the following.

The set of all recurrent sites is closed. If D c S is irreducible,
and contains at least one recurrent state, then all states in D
are recurrent.




Recurrent and transient states

Proposition

If C is a finite closed set, then C includes at least one recurrent
state.

Take an x € C. Then

Y ENy) =Y p'(x.y)

yeC yeC n=1

:Zzpn(xvy)

n=1yeC

= Pu(Xp € C) =,

n=1

so ExN(y) = oo for at least one y € C. O

[e}



Recurrent and transient states

A chain is irreducible if the entire state space S is irreducible.
Irreducible chain is recurrent if one (equivalently, every) state is
recurrent and transient otherwise.

Example. Let S, be SRW on Z with probability p € (0, 1) of
rightward jump. We know (by martingale arguments) that this
chain is recurrent if p = 1/2, and that the chain is transient if
p#1/2. Infact, if p > 1/2,
1T-p
poo=1-p+pPo(T-1 <o0)=1 LA 2(1 - p).



Recurrent and transient states

Theorem (Decomposition theorem)

Let R = {x : pxx = 1} be the set of recurrent states. Then
R = U;R;, a disjoint union of closed irreducible sets R;.

Forx,y € Rletx ~ yiff x = y or py, > 0. This is an
equivalence relation on R. Any equivalence class is clearly
closed and irreducible. O




Example. Branching process with offspring distribution £ with
P(¢ =0) > 0. Then 0 is absorbing. Also, pxo > 0 for all k. This
alone implies that all states except 0 are transient. (But we
already knew this.)

Example. M/G/1 queue. Recall that ay is the probability that k
customers arrive during service time. Let u = >";7 ; kay be the
expected number of such customers. We assume that the
server time is not deterministically zero, so that all a; > 0,
which implies that the chain is irreducible.

Think of arriving customers as children of the customer who is
next in line when the serving starts (if there is such a
customer). Assume x > 1. If u > 1, then Pyx(Ty < o0) = p¥,
where p is the probability that the branching process with
offspring distribution given by a, dies out. The chain is
transient. If 4 < 1, then Px(Ty < o) = 1, the chain is recurrent.

12



Example. Let S,(,d) be the d-dimensional symmetric simple
random walk, S, = S,(,”.

We have, by Stirling
— — 2n —2n L
Po(S2n=0) = <n>2 NeT
which implies, one more time, recurrence of 1d SSRW.

Let B, be a Binomial(n, p) r.v. Then

pn = P(Bpis even) = 1 + =(1-2p)",

2

N —

because

Pt = (1 =p)pn+p(1 = pn) = pn(1 =2p) +p, pPo=1.



Let&y,&, ... beiid. bounded with E{y =, Sn =& + ... + &n.
Then for every ¢ > 0 there exists a~y = . > 0, so that

P(Sn ¢ [n(1 — €),n(u +€)] < e"

For A € R, let h(\) = A\(u + €) — log E[e*¢']. As &7 is bounded,
h(\) exists and is smooth for all A, with

H(X) = (p+ ) - E[61X]/E[eX].

Observe that h(0) = 0 and H'(0) = € > 0, so there exists a

A > 0 so that h(\) > 0. But by Markov,

P(Sh > n(p + €)) < P(e Sr=Aite) > 1) < =Y,

The other inequality follows by replacing all ¢; be —¢;. O
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Assume d = 2. If the walk makes 2n steps, let By, be the
number of steps in horizontal direction, which is
Binomial(2n,1/2). Then for any ¢ > 0 and a large enough n,

P(Si =0)

n
= P(Bzn = 2K)P(S2k = 0)P(S(n—) = 0)
k=0

2
> 3 m&n2m<1€w)
2

(1—e)n/2<k<(14€)n/2 m(1+e

D
— 1+e¢

n N2
25" oo -2k o 0 L
mn pard 14+e€e 7n

By the analogous upper bound, P(S2 2) 0) ~ and the RW

n in
is recurrent. (In fact, P(S%2 )

) = 0) = P(Szp = 0)?
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Assume d = 3. Now the number of steps in the z-direction B,
is Binomial (2n,1/3) and

3
P(Sén) =0)
n
=" P(Ban = 2K)P(Sax = 0)P(SE)_, = 0)
k=0
n 1 1
~ > P(Ban=2K) —— —~
k=0 T3 T3
33/2 1

™ 4n3/2 32
Therefore, the RW is transient and pgg < 1. In fact
poo ~ 0.3405, as can be computed by

Z'D 2n: ):

n=1

1 — poo

but there are better methods.
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Example. Birth-death chain X, with S = {0,1,2...},
pi=p(i,i+1)>0fori>0,qg,=p(i,i—1)>0fori>1,
go=0,andri=1—-p;—q;=p(i,i) >0fori>0. Thisis an
irreducible chain.

For k > 0, let

Here, ¢(0) =0, p(1) = 1. Let N = inf{n: X, = 0}. Let
Yn = Xpan- Note that Yy, is also a BD chain, but now py = 0,
i.e., 0 is absorbing.



Claim 1. ¢(Yp) is a martingale wrt. 7, = o{ Yy, ..., Yn}. For
this, we need to check that E[p(Yp+1) | Yn = K] = ¢(k).

For k = 0, this is clear. For k > 1, this works out to be:

Akp(k — 1) + rkp(k) + prp(k +1) = (k)
Qkp(k — 1) + prp(k +1) = (Pk + gk)p(k)

ok +1) — (k) = Z:(so(k) — p(k—1)),

which is clearly true.



Now let
Tczlnf{n21 :Xn:C}

Claim2. For0 < a< x < b,

o0 ¢(a)
PlTa>To) = by~ o)

Let T = Ta A Tp. Then o(Xya7) = ¢(Yan1) is @ bounded
martingale, so u.i., and Px(T < oo) = 1, so by optional

stopping,
p(x) = Ex(o(YT1)) = p(@)Px(Ta < Tp) + ¢(b)Px(Ta > Tp).



Claim 3. 0 is recurrent iff
m=0 j= 1

We have from Claim 2, for any x > 0, and large enough b,

Pu(To > To) = zEX;

By sending b — oo, we get
1—pX0:PX(T0:OO):O
iff o(b) — 0.

For example if p; = p, g = g, then p(x) = x if g > p and
1/(1—q/p)itg<p.

20



