Math 236A, Fall 2022.
Homework Assignment 4
Due: Nov. 2, 2022

1. Show that the following processes are martingales, and compute their variances.
(a) X¢ = [y |Bs| dB,.

(b) X; = [i M, dBs, where My = max{B, : 0 < u < s}.

(¢c) X; = [y Byja dBs.

(d) X; = [ I, dB,, where I, = [ B2 du.

(e) Xy = f(f B,B, dB;, where By is a Brownian motion independent of Bj.

2. Consider fg Bs11dBs, 0 <t <1.

(a) This is not an It6 integral. Why?

(b) Still, one may hope that, as n — oo, the limit of the approximating sums Z?:_Ol By, +1(By, ., — By,)
exists in an appropriate sense. Show that the limit indeed exists (state in what sense), express it with
a genuine Ito integral, and show that it results in a continuous process which is not a martingale.

3. Assume that f € #2[0,T] and 7 is a stopping time with P(7 < T) = 1. Let X; be the continuous
martingale given by the It integral: X; = fg f(s)dB(s). Show that

T
X, = /O 10.1(5) £(5) dB(s)

(Hints. Call the two sides Iy = I;(f) and I, = I.(f). You may follow these steps: both I, and I, are
linear in f; the L?-norms of I;(f) and I,.(f) are both bounded by a constant times the #2-norm of f;
the claim is true for f =a-1(,,), where a is Fy-measurable and Fa? < 0.)

Remark. The random variable I, is defined for any random time 7 < 7', while I, is only defined when
7 is a stopping time. Indeed, only then is 1o -(,)(t) an adapted process, as then, for a fixed ¢, the
event that this random variable is 1 is {t < 7} = {7 < t}° € F;. The solution is given in the next

page.
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3. For Iy, linearity in f follows by continuity of X; and linearity of It6 integral. For I, just linearity
of It6 integral suffices. Next, by Doob’s inequality and It6 isometry,

E(X?)) <E X? | < 4F (X2) = 4| f||? )
(X3 < <tr€rﬁ§f>j§] t>— (X7) = 4ll13ep,m

Further by It6 isometry,
E(I2) = 1Yo epm < I1F1Repn-
For f as in the hint,
Xt =a(B(tAv) — B(t Au)).

Assuming 7 only has finitely many values t;, we can write
1[0,7’}(5)]0(5) = al(u,v}(s) - a1{7<s}1(u,’u](8)
= al(u,v} (5) - Z al{r:tk}l(tk,T] (S)l(u,v](s)
k
=al(s) = Y alpgy o (s) = D alfmy ()
kit <u kit €(u,v]

All summands are functions in H2, and therefore,

T
| 16116 aB) = a(B) = Bu)
— Y ey (B - B(w)

kit <u
— Y alg_y,y(B(v) — B(ty))
k:tg € (u,v]
= Y ey (B — B) + Y aljryy (B) - B(w)
kit €(u,v] kit >v

=a(B(t Av) — B(t Au)) = X,

as desired. Now let 7 be arbitrary and take a decreasing sequence 7, of stopping times, with finitely
many values, that converge to 7. Then
X, — X7

a.s., by continuity. Moreover
Lo, (8)f(s) = 1po,7,1(8) f(5)
for every w and s, and therefore by DCT also in L?(dP x dt), as
[L0.71(8)f(s)] < lal € L*(dP x dt).

Therefore,
T T
Yo = [ 0n (1) dBG) = [ 100517 (5) dB)
0 0

in L2[0,T]. This proves that the claim holds for functions f as in the hint, and thus, by linearity,
the claim holds for all f € H3[0,T]. Finally, take an arbitrary f € H3[0,T]. Pick any sequence
fn € HZ[0,T] so that f, — f in H2[0,T], and use the two norm estimates to conclude that both
Io(fn) = Io(f) and I.(f,) — L.(f) in L2(dP). As Iy(f,) = L.(fn) for all n, I,(f) = L.(f).



