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We introduce and study two variants of two-stage growth dynamics in Z2

with state space {0,1,2}Z
2

. In each variant, vertices in state 0 can be changed
irreversibly to state 1, and vertices in state 1 can be changed permanently to
state 2. In the standard variant, a vertex flips from state i to i+ 1 if it has at
least two nearest-neighbors in state i+1. In the modified variant, a 0 changes
to a 1 if it has both a north or south neighbor and an east or west neighbor in
state 1, and a 1 changes to a 2 if it has at least two nearest-neighbors in state
2. We assume that the initial configuration is given by a product measure with
small probabilities p and q of 1s and 2s. For both variants, as p and q tend to
0, if q is large compared to p2+o(1), then the final density of 0s tends to 1.
When q is small compared to p2+o(1), for standard variant the final density
of 2s tends to 1, while for the modified variant the final density of 1s tends
to 1. In fact, for the modified variant, the final density of 2s approaches 0
regardless of the relative size of q versus p. These results remain unchanged
if, in either variant, a 1 changes to a 2 only if it has both a north or south
neighbor and an east or west neighbor in state 2. An essential feature of these
dynamics is that they are not monotone in the initial configuration.

1. Introduction.

1.1. Background and setup. Arguably, the most basic and influential mathematical
model for nucleation and growth is bootstrap percolation, a process that iteratively enlarges
a set of occupied vertices of a graph by adjoining vertices with at least a threshold number of
already occupied neighbors. Bootstrap percolation and its generalizations have been studied
from a variety of aspects, yielding many surprising and deep results, of which we just list a
few highlights [AL88, Hol03, BBDM12, BDMS22, BBMS22a, BBMS22b] and refer to the
survey paper [Mor17] for a more comprehensive discussion. The process on two-dimensional
lattice with threshold 2 remains the most well-known instance and a 3-state version is the
subject of the present paper.

We call our rule two-stage bootstrap percolation. At each integer time t≥ 0, the evolving
configuration is denoted by ξt ∈ {0,1,2}Z2

. In the initial configuration ξ0, each vertex x ∈ Z2

is in one of three states 0, 1, 2 according to the uniform product measure with probabilities

(1.1) P(ξ0(x) = 1) = p, P(ξ0(x) = 2) = q, and P(ξ0(x) = 0) = 1− p− q,

where p+ q < 1. We will assume p, q > 0 unless explicitly stated otherwise. We often make
a short-hand reference to sites in state 0, 1, or 2 as 0s, 1s, or 2s. For x ∈ Z2, we denote by
Ni(x, t) ∈ [0,4], Nh

i (x, t), and Nv
i (x, t) ∈ [0,2] the number of vertices in state i at time t
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among the four nearest neighbors of x, and among the two nearest vertical and horizontal
neighbors of x. Then we let

N ′
i(x, t) = 1{Nh

i (x,t)≥1} + 1{Nv
i (x,t)≥1} ∈ [0,2]

be the number of coordinate directions that have a nearest neighbor of x in state i at time t.
In the standard variant, the deterministic update rule is then given as follows:

(D0) if ξt(x) = 0, then ξt+1(x) = 1 if N1(x, t)≥ 2 and ξt+1(x) = 0 otherwise;
(D1) if ξt(x) = 1, then ξt+1(x) = 2 if N2(x, t)≥ 2 and ξt+1(x) = 1 otherwise;
(D2) if ξt(x) = 2, then ξt+1(x) = 2.

Thus, 1s perform threshold-2 bootstrap percolation on 0s, 2s perform threshold-2 bootstrap
percolation on 1s, and state 2 is terminal. In the modified variant, N1(x, t) in (D0) is replaced
by N ′

1(x, t). We emphasize that all our theorems and proofs remain valid if we also replace
N2(x, t) by N ′

2(x, t) in (D1), but for concreteness our modified variant has (D1) unchanged.
The classic result [Hol03] for the two-color dynamics — the one with q = 0 — concludes

that the standard and modified variant both have exponentially rare nucleation in 1/p. More
precisely, if T is the first time at which the origin becomes occupied, then p logT converges to
a constant, in probability, as p→ 0; the limiting constant is π2/18 for the standard and π2/6
for the modified variant. More recent results determined the asymptotic behavior with great
precision [HM19], [HT24], and also established the difference between two two variants in
the scaling of second-order term [Har23].

Closer to our model is the polluted bootstrap percolation [GM97], where 2s only act as
obstacles without otherwise influencing 1s; in our context, we can interpret this as the tran-
sition from 1 to 2 requiring impossible-to-satisfy threshold 5, that is, with the condition
N2(x, t)≥ 5 in (D1). The fundamental question in this case is how the the relative size of q
vs. p influences the density of 1s in the final configuration, as (p, q)→ (0,0). For the stan-
dard variant, the origin’s final state is with high probability 1 when q ≤ cp2, while the origin
is highly likely to remain forever 0 when q ≥ Cp2 [GM97]. For the modified variant, the
transition is between q ≤ cp2/(log p−1)1+o(1) and q ≥ Cp2/(log p−1) [GHLS25]. Thus, in
the case of polluted bootstrap percolation, there is a disparity in the critical scaling between
the two variants, albeit only logarithmic.

The difference in the update rule between the two variants may be considered minor and
in the above two cases, and the discrepancy in the behavior is also rather subtle. By contrast,
in our setting, the discrepancy is qualitative, as the nature of the phase transition is altered:
for small q the final state is dominated by 2s in the standard variant and by 1s in the modified
one (see Theorem 1.4). Consequently, universality results for monotone rules [BDMS22,
BBMS22b, Gho22] do not have clear counterparts for 3-color two-stage models.

Similar models have been studied from a variety of perspectives and we conclude this
subsection with a brief review. Works on higher dimensional polluted models include
[GH19, GHS21, DYZ24]. The paper [BHH25] considers extremal problems related to pol-
luted dynamics. In an interacting particle system setup, [Kor05] studies the escape model
(later known as the chase-escape model), where the “predator" particles grow on the “prey"
particles, while the prey colonize the empty vertices. In common with our two-stage bootstrap
percolation, the possible updates in chase-escape model form an oriented linear graph on 3
states. By contrast, in the cyclic update rules such a graph is an oriented cycle. In this vein,
[Fis90] considered the cyclic cellular automaton with state space {1,2, . . . ,N}Zd

, where a
state-i vertex changes its state to (i+1) (modN) if by contact with a state-(i+1) (modN)
neighbor in each discrete-time step. Its continuous-time analogue, the cyclic particle system,
was analyzed in [BG89]. Two-dimensional threshold versions akin to ours were introduced
in [FGG91].
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A two-stage threshold model appeared as a sociological model for the spread of activity
in a social network [MWGP13]. In these dynamics, active vertices (1s) and hyper-active
vertices (2s) spread over inactive vertices (0s). Activity is triggered by a sufficient presence
of 1s and 2s, with 2s being better promoters; on the other hand, transition into 2 is harder than
transition into 1. This model is monotone in the initial configuration: any increase of states
initially leads to an increase later on. By contrast, our model is fundamentally nonmonotone.
For example, adding 2s can inhibit transitions from 0 to 1, resulting in fewer 1s and thus also
2s later on. In modeling terms, the 2s are too extreme to influence inactive vertices. This is
reflected in Theorem 1.4 and presents the main technical challenge in our arguments.

Transitions among multiple types appear in many other models. For example, [CBA13]
introduced the stacked contact process, in which transitions between any pair of states 0
(empty), 1 (healthy), 2 (infected) are allowed, as infection spreads through neighbors and
offspring. We refer to the survey book [Lan24] for a review of recent developments on such
models.

1.2. Main results. Recall that our standard variant evolves according to (D0)–(D2), while
the modified variant has N replaced by N ′ in (D0). We remark again that N may be replaced
by N ′ in (D1) in either variant, without any change in the statements and proofs.

THEOREM 1.1. For either of the variants of two-stage bootstrap percolation, if q ≪
p2/(log(1/p))2, then

P(the origin is eventually not in state 0 )→ 1

as p→ 0.

THEOREM 1.2. For the standard variant of two-stage bootstrap percolation, if q ≪
p2/(log(1/p))2, then

P(the origin is eventually in state 2 )→ 1

as p→ 0.

THEOREM 1.3. For the modified variant of two-stage bootstrap percolation,

P(the origin is never in state 2 )→ 1

as (p, q)→ (0,0).

The following theorem easily follows from the preceding theorems and the results on
polluted bootstrap percolation in [GM97, GHLS25].

THEOREM 1.4. For the standard variant, if q≪ p2/(log(1/p))2, then

P(the origin is eventually in state 2 )→ 1,

and if q≫ p2, then

P(the origin remains forever in state 0 )→ 1.

For the modified variant, if q≪ p2/(log(1/p))2, then

P(the origin is eventually in state 1 )→ 1,

and if q≫ p2/ log(1/p), then

P(the origin remains forever in state 0 )→ 1.

The phase transition established in Theorem 1.4 for the standard variant is illustrated in
Figure 1.1.
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FIGURE 1.1. Simulations of the standard variant of two-stage bootstrap percolation with q = 0.04 on 800× 800
discrete torus. The left two frames depict the same dynamics with p = 0.2 at two different times: at time 80,
most sites are in state 1 (red); while at time 1000, the 2s (blue) have grown from nucleation centers to overtake a
significant portion of the space and are on the way to controlling most of it. (It is challenging to design simulations
in which nucleation of 1s and 2s are both rare, due to vastly different scales.) The middle frame is the final state
with p = 0.08, whereby 0s (yellow) dominate (albeit not overwhelmingly). The final picture has intermediate
p = 0.14 and is at the final state. From the product measure, most sites in the square become permanently 1 at
this density, so we added a central 200×200 square of 2s to test whether 2s can nucleate; while the square grows
significantly, it is eventually stopped by remaining 0s.

1.3. Organization and main ideas in the proofs. The proof of Theorem 1.1 is given in
Section 3, where we demonstrate that 1s are likely able to spread through boxes of diame-
ter on the order (1/p) log(1/p), from a box that is internally filled by 1s to the origin, and
accomplish this without interference by 2s. This is an adaptation of a familiar argument in
polluted bootstrap percolation [GG97, GHS21, GHLS25].

Our major effort is devoted to the proof of Theorem 1.2 in Section 4. The first two frames
in Figure 1.1 suggest separation of scales: 1s must dominate the space long before 2s are able
to achieve much. Our rigorous argument establishes this scenario and thus has to balance the
scarcity of 2s required for 1s to spread and the presence of 2s for them to grow later on.
Accordingly, we introduce boxes of diameter on the order of (1/q) log(1/q) which can be
covered by 2s provided: (1) all 0s within them are eliminated; and (2) they border a box of
the same size which has already been taken over by 2s. The property (1) can be achieved by
constructing a circuit of vertices that eventually become 1 and then ensuring that within that
circuit 0s cannot persist; this elimination of 0s only occurs for the standard variant and is
responsible for the difference between the two variants. The property (2) is again a standard
polluted bootstrap percolation construction. Observe that the remaining 0s present obstacles
for the spread of 2s; those obstacles will be there (see again the second frame of Figure 1.1),
but they are not frequent enough to significantly impede the growth of 2s.

The relative scarcity of 2s is the key to the argument sketched so far, but now we have
to ensure that the spread of 2s can be “ignited.” For this, we make no attempt at efficiency.
Instead, after we construct an infinite connected cluster of boxes that satisfy (1) and (2) above,
we simply show that it is possible that a configuration of bounded size (albeit exponential in
1/q) borders the cluster and is eventually filled by 2s. Then, ergodicity implies that that such
a configuration must appear, causing the entire cluster, which contains the origin with high
probability, to be eventually covered by 2s.

By contrast, our proof of Theorem 1.3 in Section 5 establishes that, in the modified variant,
the 0s which never turn to 1 are frequent enough to stop the spread of 2s. To see why, note that
the 0 in a “202" configuration never changes its state. Such a configuration occurs with den-
sity about q2, which is already on the same order as the critical density for the polluted model
[GG97]. (Here, 2s play the role of occupied sites and permanent 0s are polluted sites.) By
considering any finite interval of 0s between two 2s, we can increase the density of obstacles
to any constant times q2, making them supercritical. We then carry out the rescaling scheme
from [GS20], which is based on a “protective shell” construction obtained through duality
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methods used to construct Lipschitz random surfaces [DDG+10, GH10, GH12]. Some ad-
ditional care is necessary due to non-monotonicity: 2s are needed to ensure the presence of
permanent 0s, but are otherwise required to be absent near the boundary of the protective
shell.

We conclude the paper with a discussion on related models and a selection of open prob-
lems.

2. Preliminaries. We start by clarifying some notions that will be used substantially
later. For a set S ⊆ Z2, we define the internal dynamics on S as follows. We assume that
the initial configuration on S is inherited from the initial configuration on Z2, and restrict the
neighborhood of every x ∈ S to the nearest neighbors of x in S. Then we run the (modified
or standard) dynamics from this initial configuration and with the restricted neighborhoods.

For either dynamics (which will be clear from the context), we say that a set S ⊆ Z2 is
internally spanned by 1s if in the internal dynamics on S, the final configuration results in
S being fully occupied by 1s. Note that a set S may be internally spanned by 1s, but in the
dynamics on Z2, S may contain 0s and 2s in the final configuration. Also note that if S is
internally spanned by 1s for the modified variant, then it is also internally spanned by 1s for
the standard variant.

The following lemma, which will be used in later sections, is a variant of a result due to
Aizenman and Lebowitz [AL88]. For a rectangle R ⊂ Z2, denote by long(R) the length of
the longest side of R.

LEMMA 2.1 (Aizenman-Lebowitz). Suppose that the initial configuration on a finite
square box B ⊂ Z2 contains only 1s and 2s, and run the bootstrap percolation dynamics
of 2s on 1s internal to B. Consider an arbitrary rectangle S ⊂ B that is completely filled
by 2s in the final configuration of the internal dynamics on B. Then for every j ∈ N with
j ≤ long(S), there is a rectangle R ⊂ B such that the internal dynamics on R completely
fills R with 2s in its final configuration, and long(R) ∈ [j/2, j].

Note that Lemma 2.1 works for both the standard and modified percolation rule when 1s
are flipped to 2s.

We will need a version of the second moment method given in the following lemma.

LEMMA 2.2. Fix an ϵ > 0. Assume that Ai, i= 1, . . . , I , are events such that

P(Ai ∩Aj)≤ P(Ai)P(Aj)(1 + ϵ)

for all i ̸= j, and
∑

i P(Ai)≥ 1/ϵ. Then P(∪iAi)≥ 1− 2ϵ.

PROOF. Let X :=
∑

i 1Ai
. Then

E(X2) = EX +
∑
i ̸=j

P(Ai ∩Aj)≤ EX + (1+ ϵ)
∑
i,j

P(Ai)P(Aj) = EX + (1+ ϵ)(EX)2,

and so, by the second moment method,

P(X > 0)≥ (EX)2

E(X2)
≥ EX

1 + (1 + ϵ)EX
≥ 1

1 + 2ϵ
≥ 1− 2ϵ.

Throughout the paper, we will use the following common asymptotic notations:

• f =O(g), or equivalently, f ≲ g, g ≳ f , if limsupf/g <∞; and
• f = o(g), or equivalently, f ≪ g, g≫ f , if limf/g = 0.

All limits are taken as the variable (p or q) in the context approaches 0 from the positive side,
unless otherwise specified.
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3. Eliminating 0s when q is small. We will prove Theorem 1.1 in this section. Namely,
we will show that under either variant,

P(the origin is eventually not in state 0)→ 1

as p→ 0 and q≪ p2/(log(1/p))2. For this, it suffices to show that if the origin starts in state
0, then it will flip to state 1 at some time.

A p-box is a square with side length 2
⌊
1
p log(1/p)

⌋
. We tile the plane with p-boxes in

checkerboard fashion, and we call two p-boxes adjacent if they contain vertices that are near-
est neighbors. We say that a p-box is 1-crossable if initially every row and every column of
this p-box contains a 1, and there is no 2 not only in this p-box itself, but also in the eight
p-boxes surrounding this p-box. A p-box is called a 1-nucleus if it is internally spanned by
1s in the modified dynamics.

LEMMA 3.1. A p-box is 1-crossable with high probability provided that q≪ p2

(log(1/p))2 .

PROOF. By the union bound, the probability that a p-box is not 1-crossable is at most(
3 · 2

p
log

(
1

p

))2

q+ 2

(
2

p
log

(
1

p

))
(1− p)

2

p
log(1/p)−2 → 0

as p→ 0 with q≪ p2

(log(1/p))2 .

Let B0 := [−M,M ]2 be the square box centered at the origin, where M :=
⌊
eC/p

⌋
with

the constant C to be specified later.

LEMMA 3.2. As p→ 0 with q ≪ p2

(log(1/p))2 , the following holds with high probability.
There is a path of adjacent 1-crossable p-boxes that travels from the p-box containing the
origin to a p-box that intersects the boundary of B0.

PROOF. First, by Lemma 3.1, the p-box containing the origin is itself 1-crossable with
high probability. If such a path of 1-crossable p-boxes does not exist, then within distance
1/p2 of B0 there must exist a circuit of non-1-crossable p-boxes surrounding the origin. Such
a circuit may take diagonal steps. Note that starting from any location, the number of paths
(allowing diagonal steps) of length j is at most 8 · 7j−1. Let ρ= ρ(p) be the probability that
a p-box is not 1-crossable, and by Lemma 3.1, ρ→ 0 as p→ 0. It follows that the expected
number of such circuits surrounding the origin is at most∑

j≥4

j · 8 · 7j−1 · ρj/10,

which converges and becomes arbitrarily small as p→ 0. In the expression above, the expo-
nent j/10 comes from the fact that 1-crossability of a p-box is dependent on the configuration
in itself and in the eight surrounding boxes.

We call such a path of 1-crossable p-boxes described in Lemma 3.2 a highway. Given a
highway, we will find a 1-nucleus on it so that the 1-nucleus will transmit 1s to the origin
through the 1-crossable p-boxes on the highway. By the definition of 1-crossable p-boxes,
the transmission of 1s proceeds for both variants.

LEMMA 3.3. The probability that a p-box is a 1-nucleus is at least e−π2/(3p) for all
p ∈ (0,1).
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PROOF. For convenience, we provide the standard proof of this lower bound. Consider the
j by j sub-square located at the lower-left corner of the p-box (the sub-square shares the left
and bottom boundaries with the p-box). A sufficient condition for a p-box to be a 1-nucleus
is that for each j = 1,2, . . . ,2

⌊
1
p log(1/p)

⌋
, there is a 1 in its top external boundary and a 1

in its right external boundary in the initial configuration. The probability for this condition is
at least

∞∏
j=1

(1− (1− p)j)2 ≥ exp

2

p

∞∑
j=1

p log(1− e−pj)

≥ exp

(
2

p

∫ ∞

0
log(1− e−x)dx

)
.

By the Taylor expansion log(1 − e−x) =
∑∞

j=1 e
−jx/j, the improper integral evaluates to

−π2/6. Plugging this into the expression above gives the desired bound.

LEMMA 3.4. Suppose C > π2/3. With high probability, there exists a path of length at
most p4M of adjacent 1-crossable p-box from the p-box containing the origin to a 1-nucleus.

PROOF. By Lemma 3.2 there exists a highway with high probability. Conditional on this
highway, consider its first p4M p-boxes starting with the box containing the origin. The
events that a p-box is a 1-nucleus and that a p-box is 1-crossable are positively correlated.
Thus, by Lemma 3.3, the conditional (on the highway) probability that each of these p4M
p-boxes fails to be a 1-nucleus is at most

(1− e−π2/(3p))p
4M/10,

which vanishes as p→ 0 if C > π2/3 (recall that M =
⌊
eC/p

⌋
).

Meanwhile, we need to ensure that the 2s from outside do not interfere with the transmis-
sion of 1s to the origin.

LEMMA 3.5. When q ≤ p2, the bootstrap percolation of 2s internal to the region within
ℓ∞-distance M of B0 produces no connected component of 2s with diameter larger than
1
p log(1/p) with high probability.

PROOF. Consider the larger box with dimensions 5M by 5M containing B0 at its center.
In the initial configuration, flip all the state 0 vertices in the large box to state 1, and con-
sider the bootstrap percolation dynamics of 2s on 1s internal to this larger box. Then, all the
maximal connected components of state-2 vertices in the final configuration of this internal
dynamics are rectangles. For j ∈ N, let Ej be the event that the final configuration contains
a rectangle of state-2 vertices with the longest side of length at least j. When Ej occurs, by
Lemma 2.1, the 5M by 5M box contains a rectangle R with long(R) ∈ [j/2, j] and whose
internal dynamics fills it entirely with 2s. Then, every pair of neighboring lines that intersect
R and are perpendicular to the longest side of R must contain a state-2 vertex within R in the
initial configuration. Meanwhile, two pairs of neighboring parallel lines satisfy this condition
independently if they do not overlap. The number of such rectangles R within the 5M by
5M box is at most (5M)2j2. Using the fact that 1− q ≥ e−2q for all small enough q, we have

P(Ej)≤ 25M2j2(1− (1− q)2j)j/4−1

≤ 25M2j2(1− e−4jq)j/4−1

≤ 25M2j2 exp(−(j/4− 1)e−4jq).

Take j = ⌊(1/p) log(1/p)⌋ and note that M ≤ eC/p. The expression above vanishes as p→ 0
if q ≤ p2.
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PROOF OF THEOREM 1.1. By Lemma 3.5, the growth of 2s will not enter a 1-crossable
p-box in B0 before time M . In particular, the guaranteed to exist by Lemma 3.2 is uninhibited
by 2s through time M . Then, by Lemma 3.4, with high probability the 1s transmit from a
1-nucleus along a highway to the origin by time

2p4M · 4((1/p) log(1/p))2 ≪ pM,

which is before time M . Therefore, if the origin is initially in state 0, then it will flip to state 1
by time M with high probability, and thus will not be in state 0 in the final configuration.

4. Occupation by 2s in the standard variant with q small. In this section, we show
that the origin will likely eventually be occupied by a 2 when 1s and 2s both grow according
to the standard threshold-2 dynamics (Theorem 1.2).

We make use of boxes at three scales. The p-boxes were already defined in Section 3 but
we repeat the definition here; the other two types of boxes are introduced now:

• p-boxes have dimensions 2
⌊
1
p log(1/p)

⌋
by 2

⌊
1
p log(1/p)

⌋
;

• q-boxes have dimensions 4
⌊
1
q log(1/q)

⌋
by 4

⌊
1
q log(1/q)

⌋
and the center box of a q-box

is the 2
⌊
1
q log(1/q)

⌋
by 2

⌊
1
q log(1/q)

⌋
box with the same center as the q-box; and

• big boxes have dimensions 2L by 2L, where L :=
⌊
eϵ/q

⌋
· ⌊(1/q) log(1/q)⌋, and the con-

stant ϵ will be determined later.

4.1. p-boxes and q-boxes. This time, we call a p-box 1-crossable if: it contains no 2s
inside or on the external boundary; and every row and every column contains a 1 initially.
Note that this definition is slightly different from the one in the previous section. We again
call a p-box a 1-nucleus if it is internally spanned by 1s. A frame is a rectangle such that
the number of rows or the number of columns is at least 6, and each side contains a state-2
vertex and there is an additional state-2 vertex within distance 2 of each side also within the
rectangle. A frame is said to be contained in a region if all of these defining state-2 vertices
are contained in this region. Every q-box is tiled by p-boxes, and we call a q-box fillable if
the following holds:

(F1) within the q-box, there is a circuit of 1-crossable p-boxes surrounding the center box;
(F2) the connected components of p-boxes within the finite region bounded by the circuit,

which are not connected via 1-crossable p-boxes to the circuit in (F1), each have diameter
(measured in terms of p-boxes) at most log(1/q);

(F3) within the q-box, every square with side length 3
⌊
1
p log(1/p) log(1/q)

⌋
contains no

frame, and every 5× 5 square contains at most two state-2 vertices;
(F4) every row and every column of the center box contains a 2 initially.

Under these conditions, if the circuit of 1-crossable p-boxes in a fillable q-box gets filled
by 1s at some time, then every 0 in the center box is eliminated at some time by the following
lemma.

LEMMA 4.1. Suppose S ⊂ Z2 is a finite region such that in the initial configuration, S
does not contain any frame and every 5× 5 square that intersects with S contains at most
two state-2 vertices. Assume that the external boundary of S is entirely occupied by 1s from
some time T to time T + |S|. Then every 0 in S is eliminated by time T + |S|.

PROOF. To bound the time by which all 0s are eliminated, observe that if no 0 flips to a 1
at some step, then no 0 will flip to a 1 thereafter. We can therefore equivalently assume that
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center box

q-box

p-boxes

FIGURE 4.1. A circuit of 1-crossable p-boxes surrounding the center box in a q-box as described in (F1).

all vertices outside of S are permanently 1s after time T , since 2s from the outside cannot
interfere with the dynamics internal to S before 0s are eliminated. Without loss of general-
ity, suppose S is connected (otherwise consider the connected components of S separately).
Furthermore, by considering the smallest rectangle containing S, we may assume that S is a
rectangle.

If S contains at most one 2 initially, the claim clearly follows. Suppose there are initially
exactly two 2s in S. Then the region outside the smallest rectangle, R, containing these two
2s will eventually be filled by 1s. Note that R is possibly degenerate as a line segment. There
are three cases to consider with regard to the dimensions of R.

If R is 1× k, then each of the vertices in R that are initially in state 0 will eventually have
two neighbors in state 1 (to the north and south), and therefore flip to state 1. Note that if
k = 3, and the midpoint is in S, then this 1 would subsequently flip to a 2, but nonetheless
the 0 was eliminated.

If R is a 2× 2 square, then each corner of R that is initially in state 0 will eventually have
two neighbors in state 1, and will flip to state 1. Again, if these 1s are in S, they will then flip
to 2s.

If R strictly contains a 2× 2 square, then again, every initial 0 in R eventually flips to a 1
(and stays in state 1).

Now suppose that S contains at least three 2s initially. Since the external boundary of S
is all in state 1 permanently after time T , no vertex on the external boundary of S is ever in
state 2. Then the assumptions on S implies that S contains no frame at any time.

At time T , we start by considering the topmost, bottommost, leftmost, and rightmost 2s
within the region S. The four lines hosting these 2s form a rectangle, and all the 0s in S
outside of this rectangle will eventually be flipped to 1s. If this rectangle is contained in a
5× 5 square, then by assumption there are at most two initial 2s in this rectangle (note that
some of the defining 2s of this rectangle must coincide), and the external boundary of this
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rectangle will all become 1s at some time. The previous base case argument for exactly one
or two initial 2s gives the desired result.

If one side of this rectangle contains at least 6 vertices, then since S contains no frame, one
of the four sides of this rectangle does not see any additional state-2 vertices within distance
2. The state-2 vertex living on this particular side therefore cannot block the growth of 1s
from outside, and all the state-0 vertices in S within distance 2 to this side of the rectangle
will eventually be flipped to state-1. Then, we push this side of the rectangle inward (by at
least 3 units) until we find another state-2 vertex in S. If this push makes another side of the
rectangle free of 2s (because these two sides shared a 2 at the corner), we also push this side
inward until we find another 2 in S.

The rectangle has shrunk, and all the 0s in S outside of this rectangle will eventually be
flipped to 1s. Repeat this procedure until the rectangle is contained in a 5× 5 square, and the
proof is complete with the base case argument.

Note that Lemma 4.1 only works when 1s perform the standard bootstrap percolation on
0s. The argument fails under the modified rule. For example, observe that if initially a 0
neighbors 2s on both its left and right, then the 0 within this “202" segment will remain in
state 0 forever under the modified rule. Therefore, even the base case (with two 2s) when R
is a 1× 3 rectangle fails. This observation is crucial when we prove that 2s do not prevail in
the modified dynamics.

LEMMA 4.2. A p-box is 1-crossable with high probability provided that q≪ p2

(log(1/p))2 .

PROOF. The proof is similar to the proof of Lemma 3.1, so we omit it.

We cover the plane with overlapping q-boxes such that the plane is tiled by the center
boxes of the q-boxes, and we assume that one such q-box is centered at the origin. Call a
q-box good if it is fillable and all of the q-boxes that overlap with this q-box are also fillable.

PROPOSITION 4.3. A q-box is good with high probability provided that q≪ p2

(log(1/p))2 .

Proposition4.3 will follow from the next three lemmas, which show that conditions (F1)–
(F4) of a q-box to be fillable occur with high probability.

LEMMA 4.4. A q-box satisfies conditions (F1) and (F2) with high probability provided
that q≪ p2

(log(1/p))2 .

PROOF. For a fixed q-box, if (F1) fails, then there exists a dual path consisting of non-1-
crossable p-boxes from the external boundary of the center box to the boundary of the whole
q-box. Note that this path may take diagonal steps. Such a path has length at least

⌊(1/q) log(1/q)⌋
2 ⌊(1/p) log(1/p)⌋

≥ p log(1/q)

3q log(1/p)
.

From any initial location, the number of paths (allowing diagonal steps) of length j is at most
8 · 7j−1. Furthermore, the p-boxes are 1-dependent in the initial configuration, and along one
side of the external boundary of the center box there are at most

4 ⌊(1/q) log(1/q)⌋
2 ⌊(1/p) log(1/p)⌋

+ 3≤ 3p log(1/q)

q log(1/p)
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tiled p-boxes. Set r := p log(1/q)
q log(1/p) for convenience, and note that r→∞ as p→ 0. By Lemma

4.2, we may choose an arbitrarily small constant δ > 0, and the probability that a p-box is
not 1-crossable is at most δ for p sufficiently small and q ≪ p2

(log(1/p))2 . Choose δ < 7−10. It
follows that the expected number of these dual paths is at most

12r ·
∑
j≥r/3

8 · 7j−1 · δj/10 =O(r(7δ1/10)r/3)→ 0

as p→ 0.
Now for (F2), if such a connected component exists with diameter more than log(1/q),

then there is a circuit and thus a path (allowing diagonal steps) of non-1-crossable p-boxes
with length at least log(1/q) surrounding this component. Using a similar argument to the
above with δ < (7e3)−10, we have that the expected number of these paths is at most(

4

q
log

(
1

q

))2 ∑
j≥log(1/q)

8 · 7j−1 · δj/10 =O((1/q2)(log(1/q))2(e−3)log(1/q))→ 0

as p→ 0.

LEMMA 4.5. A q-box satisfies condition (F3) with high probability provided that q ≤ p2.

PROOF. First, the expected number of 5× 5 squares within the q-box that contain at least
three initial 2s is at most a constant times

((1/q) log(1/q))2 · q3 = q · (log(1/q))2 → 0.

Now cover the q-box by squares of side length 6
⌊
1
p log(1/p) log(1/q)

⌋
, which half overlap

with neighboring squares. The number of such squares required to cover the q-box is at most
a constant times

(4.1)
(

(1/q) log(1/q)

(1/p) log(1/p) log(1/q)

)2

=
1

(log(1/p))2
· p

2

q2
.

If the longest side of a frame has at least 6 sites, then there are two parallel lines at distance
at least 5, each with two state-2 sites within distance 2 of it. In addition, there is a perpendic-
ular line that has within distance 2 either: two of these four 2s; or one of these four 2s and an
additional 2; or two additional 2s. (If the first two lines are vertical, then the third line may
be, say, the top line of the frame, which must have two 2s within distance 2.) In order, the
three scenarios have their probabilities bounded by (log(1/p) log(1/q))10 times:

p2

q2
· 1

p2
· q

4

p3
=

q2

p3
;

p2

q2
· 1

p2
· q

5

p5
=

q3

p5
; and

p2

q2
· 1

p3
· q

6

p6
=

q4

p7
.

For example, the first factor in the second probability bound represents the number of squares
needed to cover the q-box bounded by (4.1) and the second factor bounds the number of lines
within a fixed square. Finally, for the third factor, we first choose the four 2s on the two
original lines, which gives the factor (q/p)4, and then an additional 2 on a perpendicular line
through one of the chosen four locations, which gives the additional factor q/p. As q ≤ p2,
the three probabilities approach 0 as p→ 0.
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LEMMA 4.6. A q-box satisfies condition (F4) with high probability as q→ 0.

PROOF. The probability that a fixed q-box does not satisfy (F4) is at most

2

(
2

q
log

(
1

q

))
(1− q)

2

q
log(1/q)−2 → 0

as q→ 0.

PROOF OF PROPOSITION 4.3. For any fixed q-box B, there are at most 24 other q-boxes
that share a common vertex or neighboring vertex with B. When q ≪ p2

(log(1/p))2 , each of
these q-boxes (at most 25 in total) is fillable with high probability by Lemmas 4.4, 4.5, and
4.6. Hence the probability that B is not good tends to 0 as p→ 0 and q ≪ p2

(log(1/p))2 by the
union bound.

4.2. Big boxes. Recall that a big box has dimensions 2L by 2L with L =
⌊
eϵ/q

⌋
·

⌊(1/q) log(1/q)⌋. (The extra factor ensures exact partition of a big box with center boxes
of q-boxes.) Consider the four sub-rectangles (two vertical and two horizontal) of dimen-
sions 2L by L− 3

⌊
q−2

⌋
and L− 3

⌊
q−2

⌋
by 2L along the boundary of the big box, each of

whose long side is 3
⌊
q−2

⌋
away from the boundary of the big box. (We need this correction

to prevent interference with the ignition of 2s; see Lemma 4.15). We call a big box successful
if the following conditions are satisfied:

(S1) each of the four sub-rectangles are crossed the long way by paths of good q-boxes (see
Figure 4.2);

(S2) from each good q-box Q in the set of crossings given in (S1), along the same roughly
horizontal (or vertical) path that contains Q one can find a good q-box that contains a
1-nucleus in its circuit as in (F1) within

⌊
q4L

⌋
q-boxes along the path; and

(S3) the bootstrap percolation of 2s internal to the region within ℓ∞-distance L of the big
box produces no connected component of 2s with diameter larger than 1/q.

The next lemma demonstrates that the conditions ensure that the 1-nuclei are not too far
from the target q-boxes so that the spread of 1s is complete before 2s can intervene. Then
we will show that these conditions hold with high probability, with arguments analogous to
those for Lemmas 3.2, 3.4, and 3.5.

PROPOSITION 4.7. If a big box is successful, then the center box of every good q-box in
each of the four crossings from (S1) has all of its 0s eliminated by time qL for any sufficiently
small q.

PROOF. First, observe that by (S3) and the fact that every good q-box is surrounded by
fillable q-boxes, the only 2s in each good q-box through time L are those that were initially
present or adjacent to an initial 2 (by (F3)). It follows that every 1-crossable p-box in the
circuit from (F1) of a good q-box contains no 2s through time L. Note here that the reason
we require no initial 2s on the external boundary of a 1-crossable p-box is to prevent invasion
of 2s at the corners due to the q-box containing diagonally adjacent 2s.

Now the circuits of 1-crossable p-boxes in the good q-boxes of a crossing of the big box
form a connected set of 1-crossable p-boxes. Therefore by (S2), they, together with all of the
1-crossable p-boxes that are connected to them within the good q-boxes, are all filled by 1s
at time

T := (q4L+ 1) · (4(1/q) log(1/q))2 ≪ qL.
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big box

3⌊q−2⌋

3⌊q−2⌋

3⌊q−2⌋ 3⌊q−2⌋

q-boxes

FIGURE 4.2. The sub-rectangles and the crossings of good q-boxes described in (S1). The paths follow nearest-
neighbor adjacency of q-boxes. We reserve a buffer zone of width 3

⌊
q−2

⌋
along the big box’s boundary for later

use.

These sites remain 1s through time L by our previous observation.
Finally, consider the center box of one of the good q-boxes. By (F2) and (F3), any

connected set S of sites that are not in the connected component of 1-fillable p-boxes
that are connected to the circuit of (F1) will satisfy the conditions of Lemma 4.1 with
T = (q4L + 1) · (4(1/q) log(1/q))2. Thus by Lemma 4.1, all 0s are eliminated from the
center box by additional time |S| ≤ (4(1/q) log(1/q))2, and the total time T + |S| is smaller
than qL for sufficiently small q.

Note that since Proposition 4.7 relies on Lemma 4.1, it only applies to the standard variant,
and not the modified variant.

PROPOSITION 4.8. A big box is successful with high probability, provided that q ≪
p2

(log(1/p))2 and ϵ < e−4/16.

We prove this proposition using the next three lemmas.

LEMMA 4.9. If q≪ p2

(log(1/p))2 , then a big box satisfies (S1) with high probability.

PROOF. Fix a big box. By symmetry and the union bound, it suffices to show that with
high probability, there exists a path of good q-boxes within the 2L by L − 3

⌊
q−2

⌋
sub-

rectangle on the left half of this big box that travels from the top boundary to the bottom
boundary. If such a path of good q-boxes from the top boundary to the bottom boundary
does not exist, then within this sub-rectangle there must be a path of non-good q-boxes that
travels from the left boundary to the right boundary. This path may take diagonal steps, and
has length at least

L− 3
⌊
q−2

⌋
4 ⌊(1/q) log(1/q)⌋

≥
⌊
eϵ/q

⌋
8

.
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Along the long side of the sub-rectangle, there are at most

2L

⌊(1/q) log(1/q)⌋
= 2

⌊
eϵ/q

⌋
tiled half-overlapping q-boxes. By Proposition 4.3, we may choose an arbitrarily small con-
stant δ > 0, and the probability that a q-box is not good is at most δ for p sufficiently small
and q≪ p2

(log(1/p))2 . Choose δ < 7−25 so that 7δ1/25 < 1. It follows that the expected number
of these paths is at most

2
⌊
eϵ/q

⌋
·

∑
j≥⌊eϵ/q⌋/8

8 · 7j−1 · δj/25 =O(eϵ/q · (7δ1/25)eϵ/q)→ 0

as p→ 0.

LEMMA 4.10. If q≪ p2

(log(1/p))2 , then a big box satisfies (S2) with high probability.

PROOF. Fix a big box. Since q ≪ p2

(log(1/p))2 , we may assume that (S1) holds by Lemma
4.9. Given the four crossings in (S1), if (S2) fails, then within one of these crossings there is a
path consisting of

⌊
q4L

⌋
+ 1 good q-boxes, none of which contains a 1-nucleus in its circuit

of 1-crossable p-boxes (as in (F1)).
By Lemma 3.3, the probability that a good q-box does not contain any 1-nucleus in its

circuit is bounded above by the probability that a fixed one of its 1-crossable p-boxes is not a
1-nucleus, which is at most 1− e−4/p. It follows that the expected number of paths of length⌊
q4L

⌋
+ 1 within the crossings described above is at most a constant times

L2 ·
(
1− e−4/p

)q4L/25
≤ L2 exp

(
−e−4/pq4L/25

)
≤ L2 exp

(
−
√
L
)
→ 0

as p→ 0.

LEMMA 4.11. A big box satisfies (S3) with high probability as q→ 0 if ϵ < e−4/16.

PROOF. The proof is similar to Lemma 3.5. Fix a big box and consider the larger box with
dimensions 5L by 5L containing the big box at its center. In the initial configuration, we flip
all the state 0 vertices in the larger box to state 1, and consider the internal dynamics in the
larger box. All the maximal connected components of 2s in the resulting final configuration
are rectangles. For j ∈N, define Ej to be the event that the final configuration contains a rect-
angle of state-2 vertices with the longest side length at least j. If Ej occurs, then by Lemma
2.1, the large box of dimensions 5L by 5L contains a rectangle R that is filled completely by
2s in the final configuration, and long(R) ∈ [j/2, j]. Consequently, every pair of neighboring
lines that intersect R and are perpendicular to the longest side of R contains a state-2 ver-
tex within R in the initial configuration. Furthermore, two pairs of neighboring parallel lines
satisfy this condition independently if they do not overlap. The number of such rectangles R
within the large box is at most (5L)2j2. As 1− q ≥ e−2q for all small enough q, we have

P(Ej)≤ 25L2j2(1− (1− q)2j)j/4−1

≤ 25L2j2(1− e−4jq)j/4−1

≤ 25L2j2 exp(−(j/4− 1)e−4jq).

Take j = ⌊1/q⌋ and note that L ≤ e2ϵ/q for all sufficiently small q. The expression above
vanishes as q→ 0 if ϵ < e−4/16.
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PROOF OF PROPOSITION 4.8. Combine Lemmas 4.9, 4.10, and 4.11 and apply the union
bound.

For the proof of Theorem 1.2, we will require the 1s to reach the origin with high proba-
bility by an appropriate time. As the origin is a center of a big box, we thus need following
stronger property.

We call a big box B centrally successful if it is successful and the following two condi-
tions also hold:

(CS1) it contains a path of good q-boxes connecting the q-box that includes the center of B
to the boundary of B; and

(CS2) from each good q-box Q on this path, one can find a good q-box that contains a 1-
nucleus in its circuit as in (F1) within

⌊
q4L

⌋
q-boxes from Q along the path.

In particular, in a centrally successful box, the path from (CS2) intersects the crossings
from (S1). The following two propositions are then proved in a similar manner as Proposi-
tions 4.7 and 4.8.

PROPOSITION 4.12. If a big box is successful, then the center box of every good q-box in
each of the four crossings from (S1) has all of its 0s eliminated by time qL for any sufficiently
small q.

PROPOSITION 4.13. A big box is centrally successful with high probability, provided that
q≪ p2

(log(1/p))2 and ϵ is small enough.

4.3. 2-ignition. So far, we provided a mechanism for elimination of 0s in a big box. To
finish the proof of Theorem 1.2, we need to demonstrate that 2s eventually prevail. A success-
ful big box B is 2-ignited if the 2L by 2L square B′ at distance exactly 2 ⌊(1/q) log(1/q)⌋
directly below B initially contains no 0s, every row of B′ contains a 2, and the bottom row
of B′ contains only 2s. We cover the lattice by overlapping big boxes, where the big box
Bij = [−L+1,L]2 + (iL, jL), and consider the configuration of successful big boxes in the
upper half-plane, that is, for (i, j) ∈ Z×Z≥0. Consider B00, the big box at the origin. Recall
that the plane is tiled by the center boxes of the q-boxes. We may assume that B00 is exactly
tiled by these center boxes, as L was defined as an integer multiple of ⌊(1/q) log(1/q)⌋ for
this purpose.

LEMMA 4.14. For sufficiently small p and q≪ p2/(log(1/p))2 the successful big boxes
form a unique infinite component (with nearest-neighbor adjacency) in the upper half plane
with probability 1. This component includes B00 with high probability as p→ 0.

PROOF. Note that in the initial configuration, if we mark successful vertices open and
unsuccessful vertices closed, then vertices at ℓ∞-distance at least 3 are marked independently.
Recall that in the standard supercritical independent site percolation on Z2, there is a.s. an
infinite connected component contained entirely in the upper half-plane, and also there are
a.s. infinitely many pairs of sites (−x,0), (x,0), x > 0, that are connected through open paths
that are entirely contained in the upper half-plane and disjoint for different x. Thus the first
claim holds by Proposition 4.8 and [LSS97]. The second claim follows as the probability that
a vertex is open goes to 1 as p→ 0.

LEMMA 4.15. As p→ 0 with q≪ p2

(log(1/p))2 , both of the following occur with high prob-
ability:
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(i) the big box B00 centered at the origin is in the infinite component of successful big boxes
that contains a 2-ignited big box; and

(ii) the big box B00 is centrally successful.

PROOF. Let G1 be the event that B00 is in the infinite component in the upper half-plane
of successful big boxes. We know from Lemma 4.14 that P(G1)> 0.

We will now show that, conditional on G1, the probability that the big box B00 is 2-ignited
is nonzero. To see this, let G2 be the event that the initial configuration of 1s and 2s in the 2L
by 2L square

B′
00 = [−L+ 1,L]× [−3L+ 2− 2 ⌊(1/q) log(1/q)⌋ ,−L+ 1− 2 ⌊(1/q) log(1/q)⌋]

is as follows, illustrated in Figure 4.3: for each integer

j ∈ [−3L+ 2− 2 ⌊(1/q) log(1/q)⌋ ,−L+ 1− 2 ⌊(1/q) log(1/q)⌋],

there is a 2 at location 
(−L+ 1+

⌊
1/q2

⌋
, j) if j ≡ 0 mod 4

(L−
⌊
1/q2

⌋
, j) if j ≡ 1 mod 4

(−L+ 2+
⌊
1/q2

⌋
, j) if j ≡ 2 mod 4

(L− 1−
⌊
1/q2

⌋
, j) if j ≡ 3 mod 4

;

the bottom strip [−L+1,L]×{−3L+2−2 ⌊(1/q) log(1/q)⌋} contains only 2s; and all other
sites are in state 1. This configuration is not mutually exclusive to B00 being in an infinite
component of successful big boxes because the only property it needs to maintain is that the
bootstrap percolation of 2s within distance L of the big box B00 does not internally produce
a component of 2s with diameter larger than 1/q. This is because the part of the configuration
in [−L+1,L]× [−2L,−L+1− 2 ⌊(1/q) log(1/q)⌋] is inert and the nearest 2s to the left or
right boundaries are more than distance 1/q2 away from the 2s in the square, so growth of 2s
cannot enter from the sides.

Furthermore, with high probability the 2 in the top row of B′
00 is at distance at least 3

from any 2 in the final configuration of bootstrap percolation of 2s within distance L of B00.
In addition, the four columns hosting the 2s in this square have horizontal distance at least
1/q2 to the good q-boxes (and the fillable q-boxes around them) in the crossings of B00.
The presence of additional 1s in B′

00 does not interfere with the requirements (F1)–(F3) for
fillable q-boxes.

It follows that P (G2 |G1)> 0 and thus P(G1 ∩G2)> 0.
The event that there exists i ∈ Z such that the big box at Bi0 is in the infinite component of

successful big boxes and is 2-ignited is horizontally translation invariant (under translations
by L and with respect to the product measure), and therefore occurs with probability 1 by the
Ergodic Theorem. This proves part (i). Part (ii) follows from Proposition 4.13.

To ensure the spread of 2s through the center boxes in the crossings, we will use following
monotonicity lemma.

LEMMA 4.16. Consider two dynamics with the same initial configurations of 1s and 2s
on Z2. The first dynamics is the standard one on the full Z2, and denote by Af ⊂ Z2 the set
of vertices that are eventually occupied by 2s in these dynamics. For the second dynamics,
we remove from Z2 all the vertices that are initially 0s, then run the standard dynamics on
the induced subset of Z2 and obtain the set Ar of vertices that are eventually in state 2. Then
Ar ⊂Af .
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3
⌊
q−2

⌋
3
⌊
q−2

⌋

2L

2L

FIGURE 4.3. Illustration of the configuration in B′
00 leading to 2-ignition of the big box B00 above. Black dots

are 2s and gray dots are 1s. Except in the very bottom row, the 1s are placed in the previously reserved buffer
zone so that they do not interfere with the requirements for the good q-boxes in the crossings from B00 above.

PROOF. We will prove the following stronger claim. Let Af (t) and Ar(t) be the sets of
vertices in state 2 at time t for the two dynamics. Then Ar(t)⊂Af (t) for all t≥ 0. We prove
this by induction on t. The case t = 0 holds by definition. Assume now that Ar(t − 1) ⊂
Af (t−1). Then Ar(t−1)⊂Af (t), so we only need to show that Ar(t)\Ar(t−1)⊂Af (t).
Take any vertex x ∈ Ar(t) \ Ar(t − 1). Then, at time t − 1, x is in state 1 in the second
dynamics (with removed 0 sites) and, by the induction hypothesis, has two neighbors in state
2 in both dynamics. In particular, x was not removed for the second dynamics and hence it
cannot be in the state 0 even at time t= 0 in the first dynamics. Thus, in the first dynamics,
x is at time t− 1 either in state 2 or in state 1, and in either case x ∈Af (t).

We now identify the mechanism that makes 2s are eventually widespread.

LEMMA 4.17. Fix a big box B. Assume that B is successful and that it is connected by
a path of successful big boxes to a 2-ignited successful big box. Then B has the property that
the center box of every q-box in all four of the crossings of B by good q-boxes will eventually
be completely occupied by 2s. If, in addition, B is centrally successful, then the center boxes
in its path guaranteed by (CS1)–(CS2) is also completely occupied by 2s.

PROOF. Proposition 4.7 guarantees that all the 0s in the center boxes of the good q-boxes
in the crossings of the successful big boxes are eliminated by time L. Start with the configu-
ration at time L and remove all the sites that are at state 0 at this time. The resulting dynamics



18

is then a bootstrap percolation of 2s on 1s on a subset of Z2, with no 0s. By Lemma 4.16, it
is enough to demonstrate the claim for these dynamics.

The occupation by 2s is initiated from the 2-ignition region, which is eventually entirely
occupied by 2s. Then, the 2s occupy the center boxes of the good q-boxes in the vertical
crossings of the 2-ignited successful big box just above the ignition region. The same now
happens for the horizontal crossings. From now on, the connectivity of big boxes transmits
occupation of 2s to the crossings of one big box to the neighboring one. Eventually, this
occupation will reach the successful box B, and if it is also centrally successful, the center
boxes in the crossings of the q-boxes in its path will also be completely occupied by 2s.

PROOF OF THEOREM 1.2. By Lemma 4.15 (ii), B00 is centrally successful with high
probability. Then Lemma 4.17 and Lemma 4.15 (i) imply that, with high probability, the
center boxes in the crossings of B00 will be completely filled by 2s, and so will the ori-
gin.

5. Preventing the spread of 2s in the modified variant. This section is dedicated to
showing that in the modified variant, the origin will never become a 2 with high probability,
as p and q approach 0 with any relative rate. We will prove the following theorem which is a
stronger version of Theorem 1.3.

THEOREM 5.1. Consider the modified variant of the two-stage bootstrap percolation on
Z2. When p and q are both sufficiently small, for some constant c > 0, the following holds
with probability at least 1 − cq41. In the final configuration of the dynamics, the origin is
either not in state 2, or is contained in a maximal connected set of state-2 vertices that has
ℓ∞-diameter at most 750.

PROOF OF THEOREM 1.3 ASSUMING THEOREM 5.1. Let Box := {x ∈ Z2 : ∥x∥∞ ≤
750}, and Comp be the maximal connected set of state-2 vertices that contains the origin
in the final configuration (if the origin is never in state 2, set Comp= ∅).

We claim that if the origin is eventually in state 2 and Comp ⊂ Box, then in the initial
configuration, Box contains at least one state-2 vertex. Indeed, if initially there is no 2 in
Box, then since the origin is eventually in state 2, the spread of 2s to the origin must come
from outside Box, which results in a connected component of 2s that joins the origin with
the exterior of Box, violating the assumption Comp⊂ Box.

Now by Theorem 5.1, it suffices to show that

P(the origin is eventually a 2, Comp⊂ Box)→ 0

as q→ 0. By the claim above, this probability is at most

P(Box contains at least one 2 initially) = 1− (1− q)|Box| → 0

as q→ 0.

Observe that the above proof actually establishes a stronger statement than Theorem 1.3:
there exists a p0 > 0 so that

lim
q→0

inf
p≤p0

P(the origin is never in state 2) = 1.
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5.1. Defining a protected region. Consider the scenario where two non-neighboring ver-
tices u, v ∈ Z2 in the same row are both in state 2, and all vertices between u, v in this row
are all in state 0. We call these state-0 vertices between u, v blocking 0s. Note that since
1s perform modified threshold-2 bootstrap percolation on 0s, all the blocking 0s will remain
in state 0 forever. This phenomenon still holds if these “20 · · ·02" vertices are in the same
column, but for convenience, our definition requires them to be on the same row only.

Given a nonempty proper subset A⊂ Z2 and a vertex u ∈ Z2, denote by Nbrs(u,A) the
number of the four neighbors of u that are contained in the set A. Given a fixed integer m≥ 1
and a configuration ξ0 ∈ {0,1,2}Z2

, consider a finite nonempty set Z ⊂ Z2 such that

(PR1) if a vertex u ∈ Z has Nbrs(u,Zc)≥ 2, then Nbrs(u,Zc)− 1 of these neighbors in
Zc are blocking 0s;

(PR2) for each u ∈ Z with Nbrs(u,Zc)≥ 1, every vertex v ∈ Z within ℓ∞-distance m of u
has ξ0(v)≤ 1.

Given such a set Z and initial configuration ξ0, define the internal bootstrap percolation
dynamics (ξZt )t≥0 on Z with initial configuration ξZ0 as follows:

• for x ∈ Z , if ξ0(x) = 0, then ξZ0 (x) = 1; otherwise ξZ0 (x) = ξ0(x); and then
• ξZt is internal dynamics on Z using this altered initial configuration.

The last condition on Z is

(PR3) the final configuration in the dynamics (ξZt )t≥0 has no connected set of vertices in
state 2 in Z with ℓ∞-diameter larger than m/2.

PROPOSITION 5.2. Fix an integer m ≥ 1, a configuration ξ0 ∈ {0,1,2}Z2

, and a finite
nonempty set Z ⊂ Z2. Run two modified bootstrap percolation dynamics: the first is ξt, and
the second ξZt . Suppose that Z and ξ0 satisfy conditions (PR1)–(PR3). Then for every t≥ 0
and every u ∈ Z , if ξt(u) = 2, then ξZt (u) = 2.

PROOF. Suppose for contradiction that the statement is false. Let τ be the first time at
which there is a vertex x ∈ Z such that ξτ (x) = 2 and ξZτ (x) = 1. Then, by the setup, τ > 0.
At time τ − 1, x has at least two neighbors in state 2 in the first dynamics but at most one
neighbor in state 2 in the second dynamics. By minimality of τ , this disagreement implies
Nbrs(x,Zc)≥ 1. Meanwhile, by (PR2), (PR3), and minimality of τ , any vertex y ∈ Z with
Nbrs(y,Zc)≥ 1 has no neighbors in Z with state 2 in either dynamics at time τ − 1. As x
has at least two neighbors in state 2 in ξτ−1, all of these state 2 neighbors of x must be in Zc,
and therefore Nbrs(x,Zc)≥ 2. But by (PR1), since the blocking 0s remain in state 0 forever
in the first dynamics, x has at most one neighbor in state 2 (which must be in Zc) in ξτ−1, a
contradiction.

Given an initial configuration ξ0, call a set Z a protected region if (PR1)–(PR3) all hold.
We will demonstrate that such a suitable Z exists with high probability with an explicit
construction. The constructed set will be within a square of size polynomial in q−1. The next
lemma shows that for a set Z of such size, the final configuration of ξZt does not have any
connected component of state-2 vertices of large ℓ∞ diameter in Z (that is, (PR3) holds) with
high probability.

LEMMA 5.3. Fix an integer s≥ 1 and consider the box A= [−⌊q−s⌋, ⌊q−s⌋]2. Initially,
each vertex x ∈ A is in state 2 with probability q and is in state 1 otherwise. Let the state-
2 vertices perform the internal bootstrap percolation on state-1 vertices in A. Then in the
final configuration of these dynamics, all the maximal connected sets of state-2 vertices have
ℓ∞-diameter at most 16s with probability at least 1− c0q

s, where c0 = c0(s) is a constant.
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PROOF. The proof is similar to Lemmas 3.5 and 4.11, but here a slightly cruder estimate
suffices. Again, all the maximal connected sets of state-2 vertices in the final configuration
are rectangles. For j ∈N, again denote by Ej the event that the final configuration contains a
rectangle of state-2 vertices with the longest side length at least j. By Lemma 2.1, when Ej

occurs, the box A contains a rectangle R with long(R) ∈ [j/2, j] such that R is completely
filled by 2s in the final configuration. This means that every pair of neighboring lines that
intersect R and are each perpendicular to the longest side of R contains a state-2 vertex within
R in the initial configuration. Once again, two pairs of neighboring parallel lines satisfy this
condition independently if they do not overlap. Now, the number of such rectangles R within
A is at most (2⌊q−s⌋+ 1)2j2 ≤ 5q−2sj2. Thus,

P(Ej)≤ 5q−2sj2(2jq)j/4−1 ≤ (2j)j/4+2q(j−8s)/4−1.

Taking j = 16s completes the proof.

5.2. Constructing a shell of helpful boxes. Fix integers k,m≥ 1, whose values are to be
determined later. Let N := 10⌊q−1⌋, and define

Cross := ([−m− 1,m+ 1]× [−N,N ])
⋃

([−N,N ]× [−m− 1,m+ 1]) ,

Segment := [0, k+ 1]× {0},
and for each vertex x ∈ Z2, we write Cross(x) := x+ Cross and Segment(x) := x+
Segment. We call a vertex x ∈ Z2 supportive if the following conditions hold:

(SV1) ξ0(x) = 2;
(SV2) There is another vertex y ∈ Z2 (y ̸= x) to the right of x, such that y shares the same

row as x, 2≤ ∥y− x∥1 ≤ k+1, ξ0(y) = 2, and ξ0(z) = 0 for all vertices z between x and
y in this row; and

(SV3) ξ0(y) ̸= 2 for all vertices y ∈ Cross(x) \ Segment(x).
Next, for each u ∈ Z2, we define the rescaled box Qu at u to be

Qu :=
(
⌊q−1⌋+ 1

)
u+

[
−⌊q−1⌋

2
,
⌊q−1⌋
2

]2
.

We say that a box Qu is helpful if it contains at least one supportive vertex that is at least
distance m+ k+ 4 from the internal boundary of the box.

REMARK 5.4. This m+k+4 distance requirement ensures that when two helpful boxes
neighbor each other, there is a buffer strip of width at least 2m+ 5 where no requirement is
imposed in the initial configuration. This will be used later in the construction of a protected
region.

LEMMA 5.5. Fix ϵ > 0 and a vertex u ∈ Z2. Then one can take k large enough (depend-
ing on m and ϵ but not on p, q) so that

P(Qu is helpful)≥ 1− ϵ,

provided that p and q are sufficiently small.

PROOF. Assume first that M := ⌊δ/q⌋, for some small δ > 0, which will be picked later
and depends only on m and ϵ. Our choice of k will depend only on δ and thus also have the
same dependence.

Call the box B := [1,M ]× [1,M ], or any other box of the same size, viable if it contains
a vertex x that satisfies (SV1) and the following condition, weaker than (SV2):
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(SV2’) there is another vertex y ∈ Z2 (y ̸= x) to the right of x, such that y shares the same
row as x, 2≤ ∥y− x∥1 ≤ k+ 1 and ξ0(y) = 2.

Let Ix be the indicator of the event that x satisfies (SV1) and (SV2’), for

x ∈ [5m+ 5k,M − (5m+ 5k)]× [5m+ 5k,M − (5m+ 5k)].

For x in this range that satisfies (SV1) and (SV2’) with a corresponding y, we call (x, y) a
viability pair.

Note that EIx ≤ kq2 for all x. Moreover, Ix and Iw are independent unless x and w are on
the same horizontal line at distance at most k+ 1. In the latter case, assuming x is to the left
of w, the horizontal interval of 2k + 3 vertices starting at x must contain at least three 2s. It
follows that when Ix and Iw are dependent,

E(IxIw)≤ 53k3q3.

By the local dependence theorem for the Poisson approximation (e.g., Corollary 2.C.5
in [BHJ92]), the total variation distance between the distribution of W :=

∑
x Ix and

Poisson(EW ) is bounded above by an absolute constant times

M2k4q3 ≤ δ2k4q.

Further, if qk is small enough,

EIz ≥ q(1− (1− q)k)≥ 3

4
q2k

and so

EW ≥ 1

2
δ2k.

We pick k = ⌈1/δ2⌉, to get

P(B is viable)≥ P(W ≥ 1)≥ 1− e−1/2 −O(δ−6q)> 1/3,

if q is small enough.
Now consider the boxes of size M ×M stacked diagonally without overlap within Qu, so

that there are at least 0.9/δ of them. We call these diagonal boxes. As these boxes are viable
independently with probability at least 1/3, large deviations for the binomial distribution
imply that, for D = ⌈1/(6δ)⌉ and an absolute constant c > 0,

(5.1) P(the number of viable diagonal boxes is at least D)≥ 1− exp(−c/δ)≥ 1− ϵ/3,

if δ is small enough.
For a diagonal box B, pick an arbitrary order of the (ordered) pairs z = (x, y) of vertices.

Let Fz be the event that z is the first viability pair. Then VB := ∪zFz is the event that B is
viable. Let Gz be the event that z = (x, y) satisfies

(SV3’) ξ0(y) ̸= 2 for all vertices y ∈ Cross(x) \ {x, y},

and let AB := ∪z(Fz ∩Gz).
Consider any deterministic collection of D diagonal boxes Bi, i= 1, . . . ,D, shorten Vi :=

VBi
and Ai :=ABi

, and let V := ∩D
i=1Vi be the event that all of these D boxes are viable. We

proceed to show that P(∪D
i=1Ai | V ) is (ϵ/3)-close to 1.
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If i ̸= j, and z = (x, y) and z′ = (x′, y′) are viability pairs in diagonal boxes Bi and Bj ,
respectively, then Cross(x) and Cross(x′) intersect in 2(2m+3)2 vertices. It follows that

P(Ai ∩Aj | V ) = P(Ai ∩Aj | Vi ∩ Vj)

=

∑
z,z′ P(Fz ∩ Fz′ ∩Gz ∩Gz′)∑

z,z′ P(Fz ∩ Fz′)

=

∑
z,z′ P(Fz ∩Gz)P(Fz′ ∩Gz′)/(1− q)2(2m+3)2∑

z,z′ P(Fz ∩ Fz′)

=

∑
z P(Fz ∩Gz) ·

∑
z′ P(Fz′ ∩Gz′)

P(Vi)P(Vj)
· 1

(1− q)2(2m+3)2

= P(Ai | V ) · P(Aj | V ) · 1

(1− q)2(2m+3)2
.

If q is small enough, the last factor is at most 1 + ϵ/6. Furthermore,

P(Ai | V ) = P(Ai | Vi) =

∑
z P(Fz ∩Gz)∑

z P(Fz)
.

For a fixed z = (x, y), the events Fz and Gz are both decreasing in the configuration of 2s
outside of {x, y} and are therefore positively correlated, so

P(Fz ∩Gz)≥ P(Fz)P(Gz)≥ (1− q)|Cross(xi)| P(Fz)≥ (1− q)(2m+3)N P(Fz)≥ αP(Fz),

for a constant α= α(m)> 0. Consequently, P(Ai | V )≥ α and

D∑
i=1

P(Ai | V )≥ α/(6δ)≥ 6/ϵ,

after we choose δ = δ(m,ϵ) small enough. Recall that the choice of δ also fixes k. By
Lemma 2.2, applied to the conditional probabilities,

(5.2) P(∪D
i=1Ai | V )≥ 1− ϵ/3.

We now order all diagonal boxes, say top-down, and again denote the resulting sequence
by Bi, with the same abbreviations Vi and Ai. We also order all D-tuples (i1, . . . , iD) of
strictly positive integers such that i1 < . . . < iD , say lexicographically. Let Hi1,...,iD be the
event that (i1, . . . , iD) is the first D-tuple for which the diagonal boxes Bi1 , . . . ,BiD are all
viable. Then, by (5.2) and (5.1),

(5.3)

P(∪iAi)≥
∑

i1<...<iD

P(∪iAi |Hi1,...,iD)P(Hi1,...,iD)

≥ (1− ϵ/3)
∑

i1<...<iD

P(Hi1,...,iD)

= (1− ϵ/3)P(there are at least D viable diagonal boxes)

≥ (1− ϵ/3)2 > 1− 2ϵ/3.

Finally, on ∪iAi, pick the minimal i so that Ai happens, with corresponding first viability
pair (xi, yi). Note that this only affects the configuration of 2s. In order for (xi, yi) to also
satisfy (SV2), we need to additionally ensure that none of the (at most k) vertices between
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xi and yi is initially in state 1, but the conditional probability of this, given that Ai happens
with a first deterministically chosen (xi, yi), is at least

[(1− p− q)/(1− q)]k ≥ 1− ϵ/3,

if p and q are small enough. Then, by a decomposition argument similar to (5.3),

P(Qu is helpful)≥ (1− 2ϵ/3)(1− ϵ/3)> 1− ϵ,

which ends the proof.

We now describe a “protective shell" that will be crucial when we later build the protected
region. This technique is based on the oriented surface construction devised in [DDG+10,
GH10, GH12]. We start with some definitions that were used in [GS20, GHS21].

Given a subset U ⊂ Z2, we say that a vertex u ∈ Z2 off the coordinate axes is protected
by U provided that

• if u ∈ [1,∞)2 ∪ (−∞,−1]2, then both u + [−2,−1] × [1,2] and u + [1,2] × [−2,−1]
intersect U ; and

• if u ∈ (−∞,−1]× [1,∞) ∪ [1,∞)× (−∞,−1], then both u+ [−2,−1]2 and u+ [1,2]2

intersect U .

A subset S ⊂ Z2 is called a shell of radius r ∈N when it satisfies the following properties:

(SH1) The set S contains all the vertices u with both ∥u∥1 = r and ∥u∥∞ ≥ r− 3;
(SH2) each u ∈ S satisfies r ≤ ∥u∥1 ≤ r+ 2

√
r and ∥u∥∞ ≤ r;

(SH3) for each φ ∈ {(±1,±1)}, there exists an integer κ = κ(φ) ≥ r/2 such that κφ ∈ S;
and

(SH4) if u= (u1, u2) ∈ S and |u1| ≥ 3, |u2| ≥ 3, then u is protected by S.

Due to the similarity to the method used in [GS20] and [GHS21], we omit the proof of the
following proposition. For more details, see Proposition 3.6 of [GS20] and Proposition 7 of
[GHS21].

PROPOSITION 5.6. Paint each vertex in Z2 independently by black with probability b
and white otherwise. Let Er be the event that there exists a shell of radius r consisting
of only black vertices. There exists b1 ∈ (0,1) such that for every b > b1 and every r ≥ 1,
P(Er)≥ 1/2.

5.3. Constructing a protected region. We now construct a set Z ⊂ Z2 which will satisfy
the conditions for a protected region.

First, suppose that there is a shell S of radius r such that for every u ∈ S, Qu is a helpful
box. For each u = (u1, u2) ∈ S such that |u1| ≥ 3 and |u2| ≥ 3, select a supportive vertex
xu from the box Qu. For each of these selected xu = (x1, x2), define x′u = (x′1, x

′
2) by x′1 =

x1 + 1, and x′2 = x2 − x2/|x2|. In other words, if xu is in the upper (resp. lower) half plane,
then x′u is the lower-right (resp. upper-right) diagonal neighbor of xu. Let U be the set formed
by all these vertices x′u. Define a fortress to be a square of side length 11⌊q−1⌋ + 10 if⌊
q−1

⌋
is even and 11⌊q−1⌋ + 11 if

⌊
q−1

⌋
is odd, all four of whose corners are supportive

vertices. Suppose that there is such a fortress centered at each of four vertices (±r(⌊q−1⌋+
1),0), (0,±r(⌊q−1⌋+ 1). For each v = (v1, v2) of the 16 corners of these four fortresses, let
v′ = (v1 + 1, v2 − v2/|v2|) be defined similarly as the x′u from xu above. Let K be the set
formed by all the 16 vertices v′ defined based on the 16 corners.
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For each vertex x ∈ Z2, define Rect(x) to be the rectangle with opposite corners at x and
the origin. For example, if x = (x1, x2) has x1 > 0 and x2 < 0, then Rect(x) = [0, x1] ×
[x2,0]. Now, we define the set Z by

(5.4) Z :=
⋃

x∈U∪K
Rect(x).

REMARK 5.7. From the definition of Z , we can see that, in fact, only the 8 outer vertices
(farther from the origin) from the corners of the fortresses are needed. So we may discard
the 8 inner vertices from the set K . Meanwhile, given a shell S of radius r each of whose
vertices corresponds to a helpful box, the fortress is defined in a way such that the supportive
vertices do not interfere with other parts of the construction. More precisely,

• the side length of each fortress is designed to be long enough so that any pair of its sup-
portive vertices at the corners do not interfere with each other in the initial configuration,
but also not too long so that the “arms" still intersect;

• the 8 outer supportive vertices from the fortress corners are exactly aligned with the
boundaries of the rescaled boxes Qu in the Z2 plane, so that whenever their crosses in-
tersect the boxes, the “arms" of the crosses go through the buffer strips along the bound-
aries of the boxes (cf. Remark 5.4); and therefore, these outer supportive vertices for the
fortresses do not interfere with the supportive vertices from the helpful boxes associated
with S in the initial configuration.

LEMMA 5.8. Suppose that Z is defined above by (5.4). Then the set Z satisfies (PR1)
and (PR2) as long as q is sufficiently small.

PROOF. By construction, every vertex z ∈ Z has Nbrs(z,Zc) ≤ 2. In particular, every
z ∈ Z with Nbrs(z,Zc) = 2 is a convex corner of Z and neighbors a blocking 0 in Zc above
(resp. below) z if z is in the upper-half (resp. lower-half) plane (by construction, such a corner
z cannot be on the x-axis for small enough q). Thus, Z satisfies (PR1).

For (PR2), note that the slope of S is locally bounded both above and below due to (SH4),
and a similar property holds for the boxes corresponding to the vertices in S. In particular, the
vertices in the shell S form a circuit which takes at most two consecutive steps in the same
direction. With the fortresses taken into account, from any point on the boundary of Z , we
can find a convex corner of Z within distance 6/q by going up, left, down, or right. Such a
convex corner diagonally neighbors a supportive vertex, and therefore (PR2) is satisfied.

Now, we show that a region Z , defined by (6.6) and with diameter a power of 1/q, ex-
ists with high probability. For this, we need sufficiently many independent trials to find
fortresses which are polynomially unlikely. Set N0 = 3⌊q−40⌋, n0 = ⌊q−21⌋, T = ⌊q−19⌋,
and ∆= ⌊q−21⌋. For i= 1, . . . , T , define the sequence of separated annuli

Ai := {u ∈ Z2 : n0 + (2i− 1)∆≤ ∥u∥1 ≤ n0 + 2i∆}.

LEMMA 5.9. Fix an integer m≥ 1. For a small enough ϵ > 0, the following holds pro-
vided that p, q are both sufficiently small. With probability at least 1− exp(−1/(4q2)), there
exists a protected region Z that satisfies (PR1) and (PR2), contains the origin, and is con-
tained in {u ∈ Z2 : ∥u∥1 ≤N0}.

PROOF. Paint each vertex u ∈ Z2 black if the box Qu is helpful. For i= 1, . . . , T , let

ri = ⌊(n0 + (2i− 1)∆)/(⌊q−1⌋+ 1)⌋+ 17.
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Observe that ri(⌊q−1⌋ + 1) − 16/q ≥ n0 + (2i − 1)∆, and
√
ri ≤

√
N0/(⌊q−1⌋/2) ≪

∆/(⌊q−1⌋ + 1) for all q small. We are looking for ri such that there is a shell of radius
ri in which every vertex x corresponds to a helpful box Qx. The existence of such a shell
of radius ri depends only on the colors of the vertices in {u ∈ Z2 : ri ≤ ∥u∥1 ≤ ri + 2

√
ri},

and therefore only on the states of vertices within Ai. Moreover, notice that vertices x, y with
∥x− y∥∞ ≥ 25 are painted independently. Thus, by [LSS97], the configuration of black ver-
tices dominates a product measure of density b1 (as in Proposition 5.6) provided that ϵ > 0
in Lemma 5.5 is small enough, k is chosen appropriately, and p, q are sufficiently small. It
follows from Proposition 5.6 that in this case, such a desirable shell of radius ri exists with
probability at least 1/2. As discussed in Remark 5.7, the existence of such a shell of radius
ri is independent of the existence of the 8 outer supportive vertices whose corresponding di-
agonal neighbors comprise the set K ⊂Ai in (5.4). As illustrated in the proof of Lemma 5.5,
the probability that a vertex is supportive is at least c0q2 for some constant c0 > 0 depending
on m and k, provided that p, q are sufficiently small. It follows that the 8 outer vertices are all
supportive with probability at least c80q

16 ≫ q17. (In fact, for the holding supportive vertices
of the fortresses, we may set k = 1 in their “202" configurations, so one can take c0 = 1/2.)
Hence, the set Z defined in (5.4) exists with convex corners U ∪K ⊂Ai with probability at
least q17/2 for each i, provided that p, q are sufficiently small. Then, since the annuli Ai are
separated, the probability that such a set Z does not exist in Ai for all i= 1, . . . , T is at most
(1− q17/2)q

−19/2 ≤ exp(−1/(4q2)). Now, by Lemma 5.8, if the set Z constructed as in (5.4)
exists, then it satisfies conditions (PR1) and (PR2). It is clear from the construction that Z
contains the origin, and the last claim follows from the observation that n0+2T∆≤N0.

PROOF OF THEOREM 5.1. Choose s= 41 in Lemma 5.3 so that (PR3) is met. Then m=
32s < 1500. Combining Proposition 5.2, Lemma 5.3, and Lemma 5.9 completes the proof.

6. Discussion and open problems.

6.1. Intermediate phase. Theorem 1.4 does not resolve what happens when

p2/(log(1/p))2 ≪ q≪ p2

for the standard variant and when

p2/(log(1/p))2 ≪ q≪ p2/ log(1/p)

for the modified variant. While inconclusive, simulations leave open the possibility of a dou-
ble phase transition, that is, that 1s predominate in the final configuration for the standard
variant at some range of densities p and q. (See the last frame of Figure 1.1.)

6.2. Nucleation of 2s. Our method of proving Theorem 1.2 uses an extraordinarily un-
likely construction of a nucleus of 2s that eventually spreads to the origin. We therefore ask
the following natural analogue of the classical question resolved in [Hol03]. Assume that T2

is the first time the origin is in state 2. Assuming q≪ p2/(log(1/p))2, what is the likely size
of T2? In particular, is it true that P(T2 < exp(C/q))→ 1 for sufficiently large C? (Clearly,
P(T2 < exp(c/q))→ 0 if c is small enough, which can be obtained by switching all initial 0s
to 1s and using the result in [Hol03].)
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6.3. Cyclic rules. As mentioned in the Introduction, one may consider other update
graphs than the oriented linear graph on three states. One possibility is the standard cyclic
rule, in which (D2) is replaced by the following: if ξt(x) = 2, then ξt+1(x) = 0 if N0(x, t)≥ 2
and ξt+1(x) = 2 otherwise. Given the now-symmetric role of three states, the most inviting
initial state is when they have equal densities, that is, p= q = 1/3 [FGG91]. In our context,
however, it is also natural to consider small (p, q). Simulations are far from conclusive, but
suggest that 1s may always dominate in the final configuration.

6.4. Competition rules. Another possibility is the standard competition rule with the
same three states 0, 1, 2. In these dynamics, ξt(x) = i implies ξt+1(x) = i for i = 1,2,
while these two states compete in case ξt(x) = 0: if Ni(x, t)≥ 2 for exactly one i ∈ {1,2},
then ξt+1(x) = i, otherwise ξt+1(x) = 0. Such rules were introduced in [GG97] as multitype
threshold voter models. Our methods in fact establish a double phase transition in this, much
simpler case. Note the similarity to Theorem 1.1 in [GS24] on another competition model.

THEOREM 6.1. Assume (p, q)→ (0,0). Then

• if q≪ p2/(log(1/p)2, then P(the origin is eventually in state 1)→ 1;
• if p2 ≪ q≪ p1/2, then P(the origin remains in state 0 forever)→ 1; and
• if p1/2 log(1/p)≪ q, then P(the origin is eventually in state 2)→ 1.

PROOF. The middle claim follows directly from [GM97], so by symmetry we only need
to prove the first claim. Consider the square box B of side length ⌊eC/p⌋ around the origin,
for a constant C specified below. Call this box winning if the two conditions (W1) and (W2)
below are satisfied. As in Section 3, tile Z2 by p-boxes.

(W1) Replace all 1s on B by 0s. Also, turn the state of all sites outside B to 0 (that is,
consider the internal dynamics in B). The longest side of any rectangles of 2 in the final
state of the resulting dynamics is at most 1/p.

(W2) The p-box containing the origin is 1-crossable and is connected through a path of
1-crossable boxes of length at most exp(C/(3p)) to a 1-nucleus.

Condition (W2) is satisfied with high probability by Lemma 3.4 if C is large enough. Con-
dition (W1) is satisfied with high probability for any C , as q ≪ p. Therefore, B is winning
with high probability. Finally, in a winning box, the entire p-box containing the origin is
eventually in state 1, by the same arguments as in Sections 3 and 4 .

It is an open problem whether the log factors in Theorem 6.1 can be removed.

6.5. General bootstrap rules. A general framework for two-stage bootstrap dynamics on
Zd of the type given by (D0)–(D2) involves two finite families U1 and U2 of finite subsets
of Zd. Then, each 0 decides whether to update to a 1 according to the U1-bootstrap rule, and
simultaneously each 1 decides whether to update to a 2 according to the U2-bootstrap rule.
Again, 2s never change. Thus, the two families encode an arbitrary monotone solidification
cellular automaton for each of the two transitions [BDMS22, BBMS22a, BBMS22b, Gho22].

Assuming (p, q) → (0,0) along some curve, one can then ask the question whether the
final density of a state i ∈ {0,1,2} “wins” in the sense that its density approaches 1. To focus
on a particular issue, we define γ2 = γ2(U1,U2) ∈ [0,∞] to be the infimum over all powers
γ > 0 such that q ≤ pγ implies that the final density of 2s approaches 1 as p → 0. In our
cases, γ2 = 2 for the standard variant and γ2 =∞ for the modified one. We now provide a
simple example with γ2 = 0.
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If d = 2 and U1 and U2 both comprise the four singleton sets of nearest neighbors, we
get the threshold 1 version of (D0)–(D2). In this case, we claim that γ2 = 0. Indeed, if a
connected set of 0s and 1s in the initial configuration contains at least one 1, then every site
is in state 1 at some time t ≥ 0. Therefore, this is true for the infinite connected cluster of
0s and 1s in the initial state, if q is small enough. This cluster must have a 2 on its outside
boundary, and therefore every one of its sites must eventually also turn into a 2. Therefore,
the final density of 2s approaches 1 as q→ 0, regardless of p.

Determining γ2, or even deciding if it has one of the two extreme values, appears to
be a challenging problem. For example, consider nearest neighbor threshold growth in
three dimensions given by appropriately changed (D0)–(D2): Ni(x, t) counts sites in state
i among six nearest neighbors of x at time t, and the threshold is 2 or 3. For threshold
2 (whose polluted version was studied in [GH19]), we do not have a guess for γ2. For
threshold 3, [DYZ24] implies that γ2 ≥ 3 and it seems possible that equality holds. For the
three-dimensional modified model with threshold 3, the method from [GHS21] implies that
γ2 =∞, as a 0 which has two nearest neighbors 2s in, say, x-coordinate can never become a
1. In the initial state, such permanent 0s have density q2, far above the density on the order
q3 which suffices to block the spread of 2s.

6.6. Multicolor rules. We can generalize the standard rule to any number κ ≥ 2 of
nonzero colors, with oriented linear graph on κ + 1 states as the update graph. That is,
ξt ∈ {0,1, . . . , κ}Z2

, ξ0 is a product measure with P(ξ0(x) = i) = pi > 0, and for t≥ 0:

(MD1) if ξt(x) = i < κ, then ξt+1(x) = i+ 1 if Ni+1(x, t)≥ 2 and ξt+1(x) = i otherwise;
(MD2) if ξt(x) = κ, then ξt+1(x) = κ.

Within the theme of the present paper, we inquire about conditions that ensure most sites
reach the terminal state κ. For example, do there exist constants γi > 0 so that pi ≪ pγi

i−1, i=
2, . . . , κ, implies that P(the origin is eventually in state κ) → 1 as p1 → 0? It follows from
Theorem 1.3 that if the standard variant in (MD1) is replaced by its modified variant for at
least one i ∈ [0, κ− 2], then P(ξ∞(0)≤ i+ 1)→ 1 as max(pi+1, . . . , pκ)→ 0.
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