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Quantum mechanics is one of the most interesting
and surprising pillars of modern physics. Its basic
precepts require only undergraduate or early graduate mathematics; but because quantum mechanics
is surprising, it is more diﬃcult than these prerequisites suggest. Moreover, the rigorous and clear rules
of quantum mechanics are sometimes confused with
the more diﬃcult and less rigorous rules of quantum
ﬁeld theory.
Many working mathematicians have an excellent
intuitive grasp of two parent theories of quantum
mechanics, namely classical mechanics and probability theory. The empirical interpretations of each of
these theories — above and beyond their mathematical formalism — have been a great source of ideas
for mathematics proper. I believe that more mathematicians could and should learn quantum mechanics and borrow its interpretation for mathematical
problems. Two subdisciplines of mathematics that
have assimilated the precepts of quantum mechanics are mathematical physics and operator algebras.
However, the prevailing intention of mathematical
physics is the converse, to apply mathematics to
problems in physics. The theory of operator algebras
is closer to the spirit of this article; in this theory the
precepts of quantum mechanics are sometimes called
“non-commutative probability”.
Recently quantum computation has entered as a
new reason for both mathematicians and computer
scientists to learn the precepts of quantum mechanics. Just as randomized algorithms can be moderately faster than deterministic algorithms for some
computational problems (such as testing primality),
some problems admit quantum algorithms that are
faster (sometimes much faster) than their classical
and randomized alternatives. These quantum algorithms can only run on a new kind of computer called
a quantum computer. As of this writing, convincing
quantum computers do not exist. Nonetheless, theoretical results suggest that quantum computers are
possible rather than impossible. Entirely apart from
its potential as a technology, quantum computation
is a beautiful subject that combines mathematics,
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physics, and computer science.
This article is a concise introduction to quantum
probability theory, quantum mechanics, and quantum computation for the mathematically prepared
reader. Chapters 2 and 3 depend on Section 1 but
not on each other, so the reader who is interested in
quantum computation can go directly from Chapter 1 to Chapter 3.
This article owes a great debt to the textbook on
quantum computation by Nielsen and Chuang [20],
and to the Feynman Lectures, Vol. III [12]. Another good textbook written for physics students is
by Sakurai [21].
Exercises

These exercises are meant to illustrate how empirical interpretations can lead to solutions of mathematical problems.
1. The probabilistic method: The Ramsey number R(n) is deﬁned as the least R such that if
a simple graph Γ has R vertices, then either it
or its complement must have a complete subgraph with n vertices. By considering random
graphs, show that
R(n) ≥

2(n−1)/2
.
(2(n!))1/n

2. Angular momentum: Let S be a smooth surface of revolution about the z-axis in R3 , and
let ~p(t) be a geodesic arc on S, parameterized
by length, that begins at the point (1, 0, 0) at
t = 0. Show that ~p(t) never reaches any point
within 1/|p′y (0)| of the vertical axis.
3. Kirchoﬀ’s laws: Suppose that a unit square is
tiled by ﬁnitely many smaller squares. Show
that the edge lengths are uniquely determined
by the combinatorial structure of the tiling,
and that they are rational. (Hint: Build the
unit square out of material with unit resistivity
with a battery connected to the top and bottom edges. Cut slits along the vertical edges of
the tiles and aﬃx zero-resistance wires to the
horizontal edges. Each square becomes a unit
resistor in an electrical network.)

2
1.

QUANTUM PROBABILITY

The precepts of quantum mechanics are neither
a set of physical forces nor a geometric model for
physical objects. Rather, they are a variant, and
ultimately a generalization, of classical probability
theory. (This is following the standard Copenhagen
interpretation; see Section 1.6.) Quantum probability is usually deﬁned using the matrix mechanics
model, which describes vector states (or pure states)
and oﬀers a probabilistic interpretation of ﬁnal measurement. We will present this model together with
an important extension to mixed states. In physics,
wave mechanics is sometimes presented as an alternate deﬁnition of quantum mechanics; we will describe it as a special case of pure-state matrix mechanics.
Since classical probability is a major analogy for
us, it is reviewed in Section 1.10. In short, we can
think of classical probability as a category Prob
whose objects are measure spaces (or in the ﬁnite
case, ﬁnite sets) and whose morphisms are stochastic maps. (For readers who are not comfortable with
this terminology, Section 1.11 is a cursory review.)
Even though category theory can be very abstract
[18], our interpretation of this category is very empirical: A measure space is the natural model for a
physical (or otherwise empirical) object that can be
in a random state, and stochastic maps are the actions on such objects that are empirically allowed in
classical probability. Stochastic maps also subsume
the notions of events and random variables. Finally
(and crucially) the probability category Prob is a
tensor category: A Cartesian product of measure
spaces, which is in spirit a tensor product, carries
the joint states of two (or more) separate probabilistic objects.
We will deﬁne a category Quant for quantum probability which is analogous to the category Prob. The ultimate generalization, discussed
in Section 1.8, is a category vN that contains
both Quant and Prob. Its objects are von Neumann algebras, which are sometimes called “noncommutative measure spaces”. The objects of
Quant are, famously, Hilbert spaces. Until Section 1.7, we will consider only ﬁnite-dimensional vector spaces. These are enough to learn from, just as
the ﬁnite case is enough to learn most of the empirical interpretation of classical probability.

Quant) which we will call U. The objects of U
are complex Hilbert spaces and the morphisms are
unitary maps. We also add subunitary maps to U
to make a moderately larger category U’. We will
also mostly restrict our attention to the subcategory
U<∞ of ﬁnite-dimensional Hilbert spaces.
Recall that a Hilbert space is a complex vector
space H with a positive-deﬁnite Hermitian inner
product h·|·i. This means that h·|·i is a function from
H → H to C that satisﬁes these axioms:
hψ1 + ψ2 |ψ3 i = hψ1 |ψ3 i + hψ2 |ψ3 i
hψ1 |ψ2 i = hψ2 |ψ1 i
hψ1 |αψ2 i = αhψ1 |ψ2 i
for α ∈ C
hψ|ψi > 0 for ψ 6= 0.

(In the inﬁnite case, H must also be complete relative to the norm
p
||ψ|| = hψ|ψi.)

In quantum theory, the traditional notation is |ψi (a
“ket”) for ψ and hψ| (a “bra”) for the dual vector
hψ| = ψ ∗ = hψ|·i.
If X is an operator on H, then
hψ1 |X|ψ2 i

is an expression for “the inner product of ψ1 with
X(ψ2 )”. If
X = |ψ1 i ⊗ hψ2 |
has rank 1, then we can omit the “⊗” and just write
X = |ψ1 ihψ2 |.
This notation is due to Dirac [10] and is called “braket” notation. A linear map U : H1 → H2 is unitary
if it preserves the inner product h·|·i; it is subunitary
if it preserves or decreases the attendant norm || · ||.
Recall also that a linear map from a Hilbert space
to itself is called an operator.
The standard ﬁnite example of a Hilbert space is
the standard complex vector space Cn with the inner
product
h~x|~y i = x1 y1 + x2 y2 + · · · + xn yn .

1.1.

Vector states and unitary maps

Although it lacks some crucial empirical structure,
most of quantum mechanics and much of quantum
computation relies only on a simpler category (than

We can generalize this to say that for any ﬁnite set
A, the vector space CA is a Hilbert space with standard orthonormal basis A. Every ﬁnite-dimensional
Hilbert space is isomorphic to Cn for some n, and
therefore CA for any A with |A| = n.
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In ﬁnite quantum mechanics, as in classical probability, we can deﬁne a physical object by specifying
a ﬁnite set A of independent conﬁgurations. In information theory (both quantum and classical), the
object is often called “Alice”. In the classical case,
the set of all normalized states of Alice is the simplex ∆A spanned by A in the vector space RA (see
Section 1.10). I.e., a general state has the form
X
µ=
pa [a]
a∈A

for probabilities pa ≥ 0 that sum to 1. (For unnormalized states, the sum need not be 1.) The number
pa is interpreted as the probability that Alice is in
state a. Quantumly, Alice’s set of vector states is the
vector space CA . In formulas, a state of this type is
a vector
X
|ψi =
αa |ai.

will eventually be reconciled.) The entries of U
are also called amplitudes, just as the entries of a
stochastic map are themselves probabilities. The
unitary condition is interpreted as conservation of
probability. Since we have posited that |αa |2 is a
probability, U conserves total probability if and only
if
||U ψ|| = ||ψ||
for all ψ ∈ CA . If U is allowed to extinguish the
state ψ, then in general
||U ψ|| ≤ ||ψ||
for all ψ ∈ CA , i.e., U is subunitary.

i/2
i/2

a∈A

i/2

The state |ψi is normalized if
X
hψ|ψi =
|αa |2 = 1
a∈A

and subnormalized if the left side is at most 1. The
coeﬃcient αa is called the amplitude of the quantum
state |ai and the square norm |αa |2 is interpreted as
the probability that Alice is in state |ai. The phase
of αa (i.e., its argument or angle as a complex number) has no direct probabilistic interpretation, but it
will be immediately relevant when we consider operations on |ψi. More precisely, the relative phase
of two coordinates αa and αa′ is indirectly measurable. It will turn out that the global phase of |ψi
is not empirical; Section 1.4 discusses a change in
formalism that eliminates it.
The state |ψi is also called a quantum superposition, an amplitude function, or a wave function.
This last name, perhaps the most common term in
physics, is motivated by the fact that |ψi typically
satisﬁes a wave equation in inﬁnite quantum mechanics (Example 1.7.1 and Section 2.1). It also predates the Copenhagen interpretation and arguably
distracts from it.
If A and B are the conﬁguration sets of two quantum systems (“Alice” and “Bob”), then, as we said,
an empirical transition from Alice’s state to Bob’s
state is a unitary (or subunitary) map
U : CA → CB .
The requirement that U be linear is the quantum
superposition principle. It contradicts the similarlooking classical superposition principle: if amplitudes add, then probabilities usually do not. (They

i/2

i/2

−i/2

Figure 1: An idealized two-slit experiment.

It is traditional to illustrate the quantum superposition principle in an idealized setting called the
“two-slit experiment” (or a more general diﬀraction
experiment). Figure 1 shows the basic idea: A laser
emits photons that can travel through either of two
slits in a grating and then may (or may not) reach
a detector. The source has a single state (the state
set A has one element), while the grating has two
states and there are two detectors (B and C each
have two elements). The transitions for each photon, as it passes from A to B to C, are described by
two subunitary matrices
U : CA → CB
The matrices are
i
U = 2i
2

V : CB → CC .

V =

i

2
i
2

i
2

− 2i



,

and
 1
−2
.
VU =
0
The total amplitude of the photon reaching the top
detector is − 21 and the probability is 14 ; this case
is called constructive interference. The total amplitude reaching the bottom detector is 0, so the photon
never reaches it; this case is called destructive interference. On the other hand, if one of the slits of
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blocked, then we can discard one of the states in |B|,
with the result that each detector is reached with
1
probability 16
. The classical superposition principle
would dictate a probability of 81 for each detector
with both slits open; thus it is violated.

i/2

i/2

i/2

±i/2

Figure 2: An angle-dependent detector in the two-slit
experiment.

A natural reaction to the violation of classical superposition is to try to determine which slit the photon went through. One way to do so is to use a detector which is sensitive to the angle that the photon
comes in, as in Figure 2. But then this detector represents two distinct states rather than one. Thus the
ﬁnal state vector is
 1
−4
|ψi =
± 14
and its total probability is
hψ|ψi = ||ψ||2 =

1
,
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regardless of the phases of path segments to and
from the slits. The broader lesson is that amplitudes
of diﬀerent trajectories of an object only add when
there is no evidence of which trajectory it took; otherwise the probabilities add. If we want to see quantum superposition, it is not enough to wittingly or
unwittingly ignores such evidence. Rather, if the two
trajectories induce diﬀerent states of the universe,
so that some observer could in principle distinguish
them, then they obey classical superposition. Moreover, the eﬀect is not the result of interaction between photons; photons do not interact with each
other1 . Indeed, the laser could be tuned to shoot
only one photon at a time. Of course, our two-slit
“experiment” is only an idealization of a real experiment; but see Sections 1.3 and 1.6.
Examples 1.1.1. A qubit is a two-state quantum
object with conﬁguration set {0, 1}. Two of their

1

More precisely, detecting photon-photon interactions requires enormous particle accelerators.

quantum superpositions are:
|+i =

|0i + |1i
√
2

|−i =

|0i − |1i
√
2

Both of these states have probability 12 of being in
either conﬁguration |0i or |1i, but they are diﬀerent states. This is demonstrated by the eﬀect of a
unitary operator H called the Hadamard gate:


1 1
.
H=
1 −1
It exchanges |0i with |+i and |1i with |−i.
The spin state of a spin- 12 particle is a two-state
system which is important in physics. (Electrons,
protons, and neutrons are all spin- 21 particles.) The
conventional orthonormal basis is |↑i (“spin up”) and
|↓i (“spin down”). The names of the states refer to
the property of the electron spinning (according to
the right-hand rule) about a vertical axis in these
two states. Even though a rotated electron is still
an electron, this conﬁguration set for it does not rotate to itself; neither does any other. The resolution
of this paradox is that rotated states appear as superpositions. For example, the states “spin left” and
“spin right” are analogous to |+i and |−i:
|→i =

|↑i + |↓i
√
2

|←i =

|↑i − |↓i
√
.
2

Exercises

1. Suppose that the lengths of the entries of a
complex matrix U are all ﬁxed, but the phases
are all chosen uniformly randomly. (If you like,
you can also suppose that for any choice of the
amplitudes, U is subunitary.) Show that on
average, each entry of U |ψi satisﬁes the classical superposition principle.
2. If U is a matrix, then the matrix
Mab = |Uab |2
can be called dephasing of U . A dephasing of
a unitary matrix is always doubly stochastic,
meaning that the entries are non-negative and
the rows and columns add to 1. Find a 3 ×
3 doubly stochastic matrix which is not the
dephasing of any unitary matrix.
3. Show that every n × k subunitary matrix U
can be extended to an (n + k) × (n + k) unitary
matrix V :


U ∗
.
V =
∗ ∗
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Show that V cannot usually have order less
than n + k.
4. If U1 , U2 , . . . , Un are unitary operators, then
each entry of their product
U = Un . . . U2 U1
can be expressed as a sum of products of entries of the factors:
han |Un . . . U2 U1 |a0 i
X
han |Un |an−1 i . . . ha2 |U1 |a1 iha1 |U1 |a0 i.
=
a0 ,a1 ,...,an

Such an expansion is interpreted as path summation; it is the same idea as a sum over histories in classical probability.
For example, let n = 4 and let each
!
1
1 1
Uk = √
.
2 −1 1
Find the amplitudes of the 16 paths and group
them according to how they sum.
5. In general for a

spin- 21

particle, the state

|~v i = α|↑i + β|↓i
spins in the direction
~v = (Re αβ, Im αβ, |α|2 − |β|2 ).
Check that this is a unit vector when |~v i is
normalized, and that every unit vector in R3 is
achieved. This formula is therefore a surjective
function from the unit 3-sphere S 3 ⊂ C2 to the
2-sphere S 2 ⊂ R3 . What is its usual name in
mathematics?
1.2.

Measurements and basis independence

Suppose that H (or H = CA ) is the Hilbert space
of a quantum object, and that the object is in the
state |ψi ∈ H. A measurement or real-valued quantum random variable is a Hermitian operator X on
H. The eigenvalues of X are interpreted as its range
as a random variable. (Since we are assuming that
H is ﬁnite-dimensional, X admits a complete set of
orthogonal eigenvectors. For the inﬁnite case see
Section 1.7.) The assertion that X = λ as a random
variable is interpreted as the condition that |ψi is an
eigenvector of X with eigenvalue λ. More generally,
for any |ψi, the probability that X = λ is given by
the formula
P [X = λ] = hψ|Pλ |ψi,

where Pλ is the orthogonal projection onto the
eigenspace of λ. (Note that this probability does not
depend on the global phase of |ψi.) Moreover, if the
value λ is measured, the conditional state afterward
is
Pλ |ψi
|ψ ′ i = p
.
hψ|Pλ |ψi

Conditioning on a measurement is also called “state
collapse” or “wave function collapse”.
This abstract deﬁnition of a measurement, and the
references to abstract Hilbert spaces, can be motivated by the more concrete discussion in Section 1.1,
and they lead to a better presentation of unitary
quantum probability. In Section 1.1, we tacitly accepted that if H = CA is Alice’s state space, then
one kind of a valid measurement is whether Alice is
in the conﬁguration a ∈ A, and we said that its probability of this is the square amplitude |αa |2 . More
generally, if D : A → S is some function, then
X
|αa |2 ;
P [D = s] =
D(a)=s

this was implied by the discussion about distinct and
identical states. But, taking S = R, the function
D uniquely extends to a Hermitian operator on H
which is diagonal in the basis A. At the same time,
we posited that unitary operators represent the empirical operations on Alice. Since every Hermitian
operator X is diagonalized by a unitary operator,
X = U −1 DU,
we can think of a general measurement X as a measurement of Alice’s conﬁguration a ∈ A after Alice
is prepared by the transition map U .
Example 1.2.1. Consider a spin- 21 particle and let
!
!
0 1
1 0
Jx =
Jz =
1 0
0 −1
be two Hermitian operators, given as matrices in the
standard basis {↑, ↓}. These operators measure the
particle’s spin in horizontal and vertical directions.
If Jz is deﬁnite, then the spin state is either |↑i or
|↓i. Both of these states are superpositions of |←i
and | →i, so if Jz is deﬁnite, Jx is not; rather, it
has a 21 chance of being either 1 or −1. If Jx is
measured, then the particle’s state becomes one of
the two conditional states |←i or |→i, after which
Jz is no longer deﬁnite; its old value is forgotten.
This example illustrates that every state of a
quantum system is a source of randomness; every
state is indeﬁnite. The popular paraphrase of Einstein, “God does not play dice with the universe,”
refers to this principle.
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By the same token, if H is the Hilbert space of a
quantum object, we can think of any orthonormal
basis A of H as its conﬁguration set. Two completely diﬀerent orthonormal bases can be equally
empirical; a very important part of empirical thinking in quantum theory is to be able to change from
one orthonormal basis to another. In physics such a
change of description is often called a “duality”. For
example, one form of particle-wave duality (namely,
second quantization of bosons) is very similar to an
orthonormal change of basis (Section 2.6).
Example 1.2.2. We can now have a second understanding of a qubit as a quantum object with a
two-dimensional Hilbert space H. We can label any
orthonormal basis |0i and |1i, or we can choose not
to distinguish any particular basis. For example,
one person’s |0i and |1i may be another person’s
|+i and |−i. One important quantum algorithm,
the Grover search algorithm (Section ??) alternates
between (dilated) classical computations in the two
bases.
A spin- 21 particle illustrates the same point more
geometrically. As it happens, every orthonormal basis of its spin state space consists of the positive
and negative spin states in some direction. But the
model of a qubit as a spin- 21 particle is ultimately
misleading. Particle spin has been successfully employed as a qubit, but some other qubit devices have
much more complicated states. Figure 3 shows one
example.

The outcome X = s corresponds to the orthogonal
projection Ps onto the summand Hs . Its probability
of occurrence in the state |ψi is
hψ|Ps |ψi,
which is also the squared length of the projected
vector Ps |ψi. The corresponding conditional state
is
|ψs i =

Ps |ψi
.
hψ|Ps |ψi

One common case is that of several random variables X1 , . . . , Xn . If they commute, then they have
a common diagonalization, and they induce an orthogonal decomposition of H with S = Rn . If two
measurement operators X1 and X2 do not commute,
then the set of states for which they are both definite does not span H. As in Example 1.2.1, there
is often no state for which X1 and X2 are both definite; they do not share an eigenvector. In words,
two such variables are mutually uncertain; they are
not simultaneously measurable.

Exercises

1. Verify that if X and Y are commuting Hermitian operators, then X + Y and XY correspond, as measurements, to adding and multiplying the outcomes of the measurements X
and Y .
2. Let H = CZ/n be a state space whose basis is
the cyclic group Z/n. Deﬁne operators X and
Z by
X|ki = |k + 1i

Z|ki = e2πi/n |ki

Conﬁrm that X has the same eigenvalues as
Z. Find the eigenvalues of X + Z.

Figure 3: A Josephson junction qubit: superconducting
aluminum on a silicon chip [17].

A Boolean measurement or quantum random variable can be represented as a Hermitian operator P
whose eigenvalues are 0 (for “no”) and 1 (for “yes”).
I.e., P is an orthogonal projection on H. More generally, a random variable X that takes (discrete) values in a set S can be represented by an orthogonal
decomposition
M
H=
Hs .
s∈S

3. Show that if X is an anti-Hermitian operator,
it represents an imaginary random variable;
that if X is unitary, it represents a random
variable with values in the unit circle S 1 ⊂ C;
and that if X commutes with its adjoint, it
represents a complex random variable. In the
last case, X is called a normal operator.
4. Suppose that |ψi and |φi are two states in
the same Hilbert space H, and suppose that
a physical object is in state |ψi. Show that
the probability that it is in state |φi is
|hφ|ψi|2 .
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5. Following Exercise 1.1.5, show that every orthonormal basis of the spin- 12 Hilbert space
consists of two spin states that point in opposite directions.
6. Show that a state |ψi which is simultaneously
deﬁnite for two Hermitian operators X and Y
lies in the kernel of the commutator
[X, Y ] = XY − Y X.
Show that these states span ker[X, Y ] when X
and Y commute with [X, Y ], but not in general.
7. Show that if a measurement X is performed on
a state ψ, its expectation (or average value) is
given by:
E[X] = hψ|X|ψi.
8. Suppose that X and Y are Hermitian operators on a Hilbert space H with a state ρ. Recall
that if X is a classical random variable,
V [X] = E[X 2 ] − E[X]2
denotes the variance of X. Prove the generalized Heisenberg uncertainty relation:
V [X]V [Y ] ≥

E[i[X, Y ]]2
.
4

(Hint: After subtracting the means from X
and Y , show that the 2 × 2 matrix
!
E[X 2 ] E[XY ]
E[Y X] E[Y 2 ]
is positive semi-deﬁnite. The expectation formula in Exercise 1.2.7 is reasonable for arbitrary operators, not just normal ones.)
1.3.

Joint states

If A and B are ﬁnite conﬁguration sets for two
classical systems, then the conﬁguration set for the
joint system is the Cartesian product A × B. Equivalently, the state space of the joint system is a tensor
product:
RA ⊗ RB ∼
= R[A × B].
This deﬁnition extends to the quantum case: If two
quantum systems have state spaces HA and HB ,
then the joint system has state space HA ⊗ HB . In
particular if A and B are orthogonal bases of HA
and HB (i.e., conﬁguration sets for Alice and Bob),
then A × B is a joint basis, just as in the classical
case. (But see Section 2.4.)
If a quantum object were somehow a cloud of amplitudes or probabilities, we would expect Alice and
Bob to have independent states |ψA i and |ψB i, at
least if they were physically separated. When this
happens, their joint state is |ψA i ⊗ |ψB i; this is also
called a product state. But most states are not product states; these states are called entangled. Entangled quantum states are evidently similar to correlated classical states.
Examples 1.3.1. Since a qubit has the conﬁguration set |0i and |1i, a system of n qubits has conﬁguration set {0, 1}n. Thus the general state for this
system has 2n amplitudes; for example the general
three-qubit state is
|ψi = a000 |000i + a001 |001i + a010 |010i + a011 |011i
+ a100 |100i + a101 |101i + a110 |110i + a111 |111i.
It may look as if an n-qubit state carries an exponential amount of information, namely its 2n amplitudes, but this is only true in a weak sense. With
respect to a reasonable deﬁnition of information (see
Exercise 1.4.5 and Section 1.8), a quantum superposition is not a record of its list of amplitudes,
just as

a hand of poker is not a record its 52
probabilities.
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One important product state on n qubits is the
constant state:
X
|si.
|ψi = | + + . . . +i = 2−n/2
s∈{0,1}n

Up until this point, a skeptic could still view quantum “probability” as kind of a cloud model and not
really a modiﬁcation of probability theory itself. If
a conﬁguration set A of a particle is a set of positions, then perhaps the particle is merely diﬀuse,
like a cloud. Quantum superposition, measurement,
and equivalence between diﬀerent orthonormal bases
are all surprising, but they are not quite show stoppers. The topic of this section, namely the correct
model of joint quantum states, radically contradicts
the cloud interpretation. (Section 1.6 has a more
conclusive result in this direction.)

One important entangled state is the cat state (as
in “Schrödinger’s cat”):
|ψi =

|00 . . . 0i + |11 . . . 1i
√
.
2

As another example, an EPR pair (see Section 1.6.2) is a pair of electrons or other elementary
particles in the entangled spin
|ψi =

|↑↓i − |↓↑i
√
.
2
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It is similar to the cat state with n = 2. In general
any state one two qubits of the form
|ψi =

|a, bi + |c, di
√
2

with
ha|ci = hb|di = 0
is called a Bell state or a Bell pair.
Unitary transitions and Hermitian measurements
on a joint system |ψA i⊗ |ψB i which aﬀect only Alice
(respectively Bob) take the form X ⊗ I (respectively
I ⊗ X), where X is unitary or Hermitian. This is
exactly analogous to the classical case. Such operations are also called local to Alice or Bob.
The combined model of unitary transitions, Hermitian measurements, and tensor products for joint
states describes an isolated quantum object whose
state is measured after a period of evolution. It is
the standard description of quantum mechanics in
many physics courses. It also describes a unitary
quantum computer that is alternately manipulated
and interrogated by a classical controller. But it
also has shortcomings and omissions which confuse
its interpretation, namely:
1. Hermitian measurements are missing from the
unitary category U. In physical terms, the
model does not include observers, even though
observers can also be observed. (But note
that a Boolean measurement P is subunitary;
conditioning without normalization does lie in
U’.)
2. Many physical objects, including typical observers, are eﬀectively classical, even if they are
prima facie quantum. These are also missing
from the category U.
3. The category U is only weakly connected:
there is no strictly unitary map from HA to
HB when
dim HA > dim HB .
The subunitary category U’ is strongly connected, but a subunitary map from HA to HB
then includes extinction. In other words, in the
category U’, if Alice has more states than Bob,
she cannot transfer her state to Bob without
the possibility that the world ends.
4. There is no notion of marginals: If Alice and
Bob are in an entangled state, there is no vector state for Alice alone. In particular, Alice
can entangle with the environment (“Eve”).

5. Even though measurements are a source of
randomness, the category Ucannot express
classical randomness. For example, if the spin
state of an electron is prepared by randomly
choosing between |↑i and |↓i, what is its state?
The model of probability distributions on the
manifold of vector states of an object is suspect, and in the end, redundant.
Sections 1.4 and 1.5 describe another model of
quantum probability, the category Quant, that addresses most of these problems. Section 1.8 describes
a ﬁnal model, the category vN, that settles them
more completely.
Exercises

1. Another description of the EPR state in Examples 1.3.1 is via measurement. Let H have
the spin basis |↑i and |↓i and deﬁne the operators
Jxtot = Jx ⊗ I + I ⊗ Jx

Jztot = Jz ⊗ I + I ⊗ Jz

on H ⊗ H, where Jx and Jz are deﬁned as
in Example 1.2.1. Show that Jxtot and Jztot
have one common eigenstate, for which both
eigenvalues vanish.
2. Show that if H is a Hilbert space of dimension
at least 2, there does not exist a linear map
U :H→H⊗H
that takes every state |ψi to a state equivalent
to |ψi ⊗ |ψi. (Recall that two states are equivalent if they diﬀer by a global phase.) This is
the simplest of a series of no cloning theorems
for quantum states. A harder version: Show
that such a map U is not even approximately
linear.
3. Show if |ψi and |φi are two Bell states shared
by Alice and Bob, then there is a unitary operator local to Alice (i.e., of the form U ⊗ I)
which takes |ψi to |φi:
(U ⊗ I)|ψi = |φi.
Thus all Bell states are equivalent.
4. Show that if |ψi ∈ HA ⊗ HB is a vector state
and
dim HA ≤ dim HB ,
then it has the form
X
|ψi =
αa |ai ⊗ |f (a)i
a∈A
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for some orthonormal bases A and B and some
function f : A → B. This presentation is
called a Schmidt decomposition of |ψi. Show
that the unordered set of numbers |αa |2 is
uniquely determined by |ψi.

then an operator state ρ becomes a matrix; it can
be written
X
ρ=
pa,a′ |aiha′ |.

5. A common error in quantum probability is to
mistake the direct sum HA ⊕ HB for the joint
state space of Alice and Bob. Provide an empirical interpretation for direct sums which,
among other properties, would also work in
classical probability.

The diagonal entry pa,a is the probability of the conﬁguration |ai. Thus the positivity condition ρ ≥ 0
asserts that the probability of any conﬁguration (in
any basis) is non-negative. The normalization condition asserts that the total probability in any basis
is 1:
X
Tr(ρ) =
pa,a = 1;

6. Show that the cat states from Examples 1.3.1
are entangled.

1.4.

Operator states

Let H be the (ﬁnite-dimensional) Hilbert space
of a quantum object, Alice. We deﬁne an operator state of Alice (or more simply a state) to be a
positive semi-deﬁnite Hermitian operator ρ on H.
(Positive semi-deﬁniteness is denoted ρ ≥ 0.) The
state ρ is normalized if Tr(ρ) = 1 and subnormalized
if Tr(ρ) ≤ 1. In this section and the next one we
will deﬁne a new model (the category Quant<∞ ) of
quantum probability by replacing vector states with
operator states, and by replacing unitary operators
by a more complete class of quantum operations,
analogous to stochastic maps.
Let M(H) be the vector space of all operators on
H. (Later we will abbreviate the algebra of n × n
matrices M(Cn ) as Mn .) The set
M+,1 (H) ⊂ M(H)
of all normalized states is the Bloch region of Alice.
Also let M+,≤1 (H) be the set of all subnormalized
states and let M+ (H) be the set of all states.
Proposition 1.4.1. If H is an n-dimensional
Hilbert space then M+,1 (H) is a compact and convex
set of real dimension n2 − 1. Its extremal points are
rank 1 operators: If ρ is extremal, it has the form
ρ = |ψihψ|
for a unit vector |ψi ∈ Cn .
The Bloch region M+,1 (H) is analogous to the
classical simplex ∆A of probability distributions on
a ﬁnite set A. (Section 1.8 will discuss a mutual
generalization.) First, the positivity and normalization conditions that deﬁne the two regions are both
mathematically similar and have similar interpretations. If we choose an orthonormal basis A for H,

a,a′ ∈A

a∈A

evidently this condition is basis-independent. Because the diagonal entries of ρ are probabilities, it is
often called a density matrix or a density operator
in physics.
The geometric features of M+,1 (H) and ∆S are
also similar, albeit with some important diﬀerences
as well. Both regions are convex in order to allow
classical superpositions. More precisely, if ρ1 and ρ2
are two states and 0 < p < 1 is a probability, then
the state
ρ = pρ1 + (1 − p)ρ2

(1)

is a classical superposition or mixture of ρ1 and ρ2 ;
it can be prepared by choosing randomly between
them. If ρ is a mixture, i.e.if it is not an extremal
point of M+,1 (H), then it is also called a mixed state.
If a state µ ∈ ∆S is extremal, then it is an element of S itself. It can then be called deﬁnite in
the sense µ possesses no randomness: the probability of every event is either 0 or 1. If a state
ρ ∈ M+,1 (H) is extremal, then it is called pure.
By Proposition 1.4.1, pure states correspond to vector states, except that |ψihψ| does not depend on
the global phase of |ψi. As in Example 1.2.1, every
state M+,1 (H) is a source of randomness; all states
are indeﬁnite.
Example 1.4.1. Our third and ﬁnal understanding of a qubit is set of states is the Bloch region
M+,1 (H). In this case M+,1 (H) is a round ball and
is called the Bloch sphere, as shown in Figure 4. Two
pure states are orthogonal if and only if they are antipodal as points on the Bloch sphere. The state in
the middle,
ρ=

|0i + |1i
,
2

is the uniform state; it is the equal mixture of any
two orthonormal states.
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|0i
[1]

1

|−i

0
(a)Deterministic bit

[0]
(b)Randomized bit

|+i

|1i
(c)Quantum bit

Figure 4: The space of states for three diﬀerent types of bits.

Example 1.4.1 hints at a more general fact: Every mixed state is a mixture of pure states in many
diﬀerent ways. A mixed state encodes all of the statistical information that can be extracted by measurements and other operations. Thus a probability
distribution on pure states is a highly redundant description of a mixed state.
Also following Example 1.4.1, if H has d states,
then the state ρ = I/d, where I is the identity operator, is called the uniform state. It is the uniform
mixture of all conﬁgurations in any orthonormal basis, hence a strong analogue of the uniform distribution on a ﬁnite set in classical probability.
All of the operations deﬁned for vector states readily extend to operator states. If
U : HA → HB
is a unitary or subunitary operator, its induced action on operators is given by
U(ρ) = U ρU ∗ .
If U is unitary, then
U(M+,1 (H1 )) ⊂ M+,1 (H2 ),

These rules for probabilities and conditional states
also apply to set-valued measurements, using the
projection Ps corresponding to an outcome s ∈ S.

Recall that if HA and HB are the Hilbert spaces
of Alice and Bob, then their joint Hilbert space is
HA ⊗ HB . If Alice and Bob have independent states
ρA and ρB , then their joint state is ρA ⊗ ρB , a product state. General non-product joint states are a
non-trivial mutual generalization of classical correlation and quantum entanglement, and their nomenclature reﬂects some of their surprising properties.
A joint state ρ is called separable if it is a mixture
of independent states. Non-independent separable
states are roughly analogous to classical correlated
states, but even these have some interesting quantum properties [5]. If ρ is not separable, then it is
entangled. In some crucial respects, entanglement
of mixed states is a weaker condition than entanglement of pure states. Current research is devoted to
relating these two forms of entanglement.

As promised, there is a way to express marginals
of joint states using operator states. If ρ is a joint
state on HA ⊗ HB , its marginal states on HA and
HB are deﬁned as partial traces:

while if U is subunitary, then
U(M+,1 (H1 )) ⊂ M+,1 (H2 ).
If
X:H→H

ρA = TrB (ρ)

More explicitly, suppose that A and B are orthonormal bases of HA and HB . Then

is a Hermitian measurement, then its expectation
value is deﬁned as

ρA = TrB (ρ) =

Eρ [X] = Tr(ρX).

ρB = TrA (ρ) =

If H = P is a Hermitian projection, i.e.a Boolean
measurement, then the probability of P is deﬁned as
Pρ [P ] = Tr(ρP )

ρB = TrA (ρ).

X

|aiha, b|ρ|a′ , biha′ |

a,a′ ∈A;b∈B

X

|biha, b|ρ|a, b′ ihb′ |.

a∈A;b,b′ ∈B,

Example 1.4.2. Suppose that Alice and Bob are
qubits in the entangled vector state

and the conditional state is
P ρP
d
ρ|
.
P =
Tr(ρP )

|ψi =

|00i + |11i
√
.
2
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The operator form of this state is then


1 0 0 1

1
0 0 0 0
ρ = |ψihψ| = 
.
20 0 0 0
1 0 0 1

Both of its marginals are the uniform state:
!
1 1 0
ρA = ρB =
.
2 0 1
Whereas in classical probability, a marginal of a definite state is deﬁnite, in quantum probability the
marginal of a pure state need not be pure.
In general a linear map
E : M(HA ) → M(HB )

is called a superoperator. If we interpret a unitary
map (including both dimension-preserving operators
and dimension-increasing embeddings) as a superoperator, and we have described a partial trace as
another kind of superoperator. Both of these operations are empirical, and we can naively consider
the category that they generate inside the category
of all superoperators. For the moment we will call
it Quant; in the next section we will show that it
includes all maps of states that could reasonably be
empirical.
Exercises

1. Verify that a local measurement X ⊗ I applied
to a state ρ on a joint system HA ⊗ HB has
the same probabilities as the measurement X
applied to the marginal state TrB (ρ), and that
the conditioned states are also consistent.
2. Prove Proposition 1.4.1.
3. Show, as Example 1.4.1 claims, that M+,1
is a
2
round 3-dimensional ball and that pure states
are orthonormal if and only if they are antipodal. Show that the probability of any Boolean
measurement on a state ρ is proportional to
the displacement of ρ from some hyperplane
passing through the center of M+,1
2 .
4. Show that every state ρ ∈ M+,1
is a convex
n
combination of at most n pure states that have
the same diagonal entries as ρ.
5. The entropy S(ρ) of a state ρ is deﬁned as
Tr(ρ(log ρ)). Show that the uniform state I/d
maximizes the entropy S on M+,1
n . Show that
a state is pure if and only if it has no entropy.

6. Verify that a pure state conditioned on a measurement is still pure. More generally, show
that measurement does not increase entropy:
For any projection P and any state ρ,
S(P ρP ) ≤ S(ρ).
7. Show that the each marginal of a pure joint
state |ψi ∈ HA ⊗ HB is pure if and only if |ψi
is unentangled.
8. A puriﬁcation of a state ρ on H is a pure state
on a joint system H ⊗ H′ whose left marginal
is ρ. Show that every state on H has a puriﬁcation in H ⊗ H, and that it is unique up to a
unitary operator local to the second factor.
9. The support of a state ρ on H is its image in
H as a linear operator. Show that if ρ has full
support, then every outcome of a projective
measurement has non-zero probability.
10. Show that the uniform state on H is the only
one which is invariant under all unitary operators on H. Show, following Exercise 1.1.5, that
the uniform spin- 12 state is the only state that
is not direction-dependent.
11. Show that every state in an open neighborhood
of the uniform state on HA ⊗ HB is separable.
12. Given a joint Hilbert space HA ⊗HB , compute
the dimension (in terms of the dimensions of
HA and HB ) of:
a) the space of all joint states on HA ⊗ HB .
b) the space of all joint pure states.
c) the space of all product states.
d) the space of all pure product states.
13. This exercise requires knowledge of some
topology and diﬀerential geometry. Show that
the space of pure states of an n-dimensional
Hilbert space H is a 2n − 2-dimensional manifold, explicitly the manifold CP n−1 . Show
that the Riemannian metric that it inherits
from its embedding in M(H) is two-point homogeneous, meaning that isometries act trasitively on unit tangent vectors. Show that the
Riemannian metric (which is called the FubiniStudy metric) is positively curved.
1.5.

Quantum operations

This section is mathematically more challenging
than previous sections in Chapter 1. Our goal is to
characterize all maps
E : M(HA ) → M(HB )
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that satisfy relatively weak conditions that we might
want from empirical operations. A map that satisﬁes them will be called a “quantum operation”. We
will abbreviate M(HA ) as MA for Alice’s operators,
MB for Bob’s, etc.
By the classical superposition principle, an empirical map
E : MA → MB

Theorem 1.5.1 (Stinespring,Kraus). Let
E : MA → MB
be a superoperator. Then E is completely positive if
and only if there exist operators
E1 , . . . , EN : HA → HB
such that

should ﬁrst be a linear map, i.e., a superoperator. If
E is linear, it is called positive if
ρ ≥ 0 =⇒ E(ρ) ≥ 0
and trace-preserving if

E(ρ) =

E(M+,1 (HA )) ⊂ E(M+,1 (HB ))
says that E is positive and trace-preserving or TPP.
(Likewise E is positive if it preserves all states and
positive, sub-trace-preserving or PSTP if it preserves
subnormalized states.) By analogy with stochastic
matrices, it is tempting to propose TPP maps as
quantum operations. However, the tensor product of
two TPP maps need not be positive, so the category
of TPP maps is not compatible with joint states as
they are deﬁned in Section 1.3.
A map E : MA → MB is called completely positive (CP) if for every quantum system C, the map
E ⊗ I : MA ⊗ MC → MB ⊗ MC
is positive, where I is the identity on MC .
Example 1.5.1. The transpose map T : ρ 7→ ρT on
Mn for n ≥ 2 is positive but not completely positive.
Completely positive, trace-preserving (TPCP)
maps do form a tensor category which for the moment we will call Quant. Every quantum operation
should be TPCP; the category Quant should contain the empirical class Quant of quantum operations. (If extinction is allowed, then every quantum
operation should be STPCP.) In Section 1.4, we deﬁned a category Quant generated by unitary maps
and partial traces; it should be contained in the empirical class Quant. The important result is that
Quant = Quant,
which justiﬁes either one as a deﬁnition of Quant.
We can likewise deﬁne Quant′ as the category of
STPCP maps and Quant+ as the category of CP
maps.

Ek ρEk∗ .

(2)

k=1

Equivalently E factors as
Tr

U

MA → MB ⊗ MC →C MB ,

Tr(ρ) = 1 =⇒ Tr(E(ρ)) = 1.
Thus the condition that

N
X

where
D(ρ) = DρD∗
and TrC is a partial trace.
The map E is trace-preserving if and only if
N
X

k=1

Ek∗ Ek = I ∈ MA ,

(3)

in which case D is unitary.
Often Theorem 1.5.1 is called Stinespring’s theorem [23]. Equation (2) is called the operator-sum
representation or the Kraus decomposition [16]. The
operation D, or the corresponding operator D, is a
dilation of the CP map E.
Theorem 1.5.1 justiﬁes the quantum superposition
principle as a consequence of the classical superposition principle and complete positivity. These two
assumptions alone imply that every quantum operation is a sum (or classical superposition) of subunitaries (which are quantum superpositions.) In this
sense, the radical element of quantum probability is
not quantum superposition itself, but rather replacing the simplex of states ∆A with the Bloch region
M+,1 (H).
This point of view is further supported by the following corollary. Say that a CP map is coherent if it
is a single Kraus term. In particular, a unitary map
is coherent.
Corollary 1.5.2. If a CP map E : MA → MB
takes pure states to pure states, then either it is either coherent, or all states in its image are proportional. If E is invertible in the category Quant, then
it is unitary.
Note that in physics, an invertible process is usually called reversible.

13
We will prove these results at the end of this
section; we ﬁrst consider some particular classes of
quantum operations.
A state ρ on a Hilbert space H can be interpreted
as a quantum operation from the 1-state Hilbert
space C to H. In the other direction, the trace map
Tr : M(H) → C
is also a quantum operation. These two operations
can be thought of as creation and destruction of
states. The composition ρ ◦ Tr can be thought of
as initializing an object in the state ρ. A partial
trace
TrA : M(HA ) ⊗ M(HB ) → M(HB )
is also completely positive.
Suppose that an orthogonal decomposition
M
H=
Hs
s∈S

represents a set-valued measurement. We noted in
the previous section that the probability of the outcome s is given by
Tr(ρPs )

or other particle can measure another one; a quantum computer can measure some of its qubits and
place the outcome in other qubits; etc. Whenever
two objects become entangled, we can say that each
one is measuring the other. We can also say that
decoherence is generally equivalent (by dilation) to
entanglement with the environemtn. In the limit,
one description of a non-quantum physical object is
that it is a quantum object which is constantly being
measured, or becoming entangled with, its environment.
Proof of Theorem 1.5.1. The proof here is based on
a characterization of CP maps due to Jamiolkowski
and Choi [7, 15, 22]. First, any superoperator
E : MA → MB
can be interpreted as an element
XE ∈ MA ⊗ MB = M(HA ⊗ HB ).
The point is that E is a tensor with four indices (Section 1.11), two for HA and two for HB . In indices,
its usual interpretation as a map is given by the expression:
′

and that the conditional state is
Ps ρPs
d
ρ|
.
Ps =
Tr(ρPs )

If we imagine a hidden observer, Eve, performing
this measurement, she will eﬀect the operation
X
P(ρ) =
Ps ρPs
(4)
s∈S

on the state ρ. This is evidently a quantum operation, one that expresses blind or hidden measurement. It has an explicit dilation
D : H → H ⊗ CS
given by the formula

a
E(ρ)bb′ = Ebba
′ a ρa′ .

But we can also pair the indices diﬀerently as follows:
′

′

a
XE (χ)ab′ = Ebba
′ a χb .

Here |χi ∈ HA ⊗ HB . In reference to the alternate
pairing of indices, we will call XE the sideways action
of E.
We claim that E is completely positive as a superoperator if and only if XE ≥ 0 as a Hermitian operator. This identiﬁcation is known as the Jamiolkowski
criterion or (in greater generality) the Choi isomorphism. We will rephrase the completely positivity
condition to establish the logical equivalence. The
map E is completely positive if and only if for any
MC ,

Dψ = ⊕s∈S Ps ψ ⊗ |si.

(E ⊗ I)(ρ) ≥ 0

We can interpret this dilation as a visible measurement, because the factor CS could belong to Eve and
does record the measurement outcome.
The main shortcoming of the dilation D as a
model of of measurement is that Eve must possess
quantum memory — she cannot be a classical computer or a human being. Section 1.8 discusses a better model with both quantum and classical objects.
Nonetheless the model is very useful. An object
can be measured by its environment; one electron

for all states ρ ∈ MA ⊗ MC . The lemma that E
(and therefore E ⊗ I) preserves the Hermitian property of ρ if and only if XE is Hermitian is left to Exercise 1.5.2. The more interesting positive semideﬁniteness condition says that
hψ|(E ⊗ I)(ρ)|ψi ≥ 0
for all vectors |ψi ∈ HB ⊗ HC . This numerical inequality is linear in ρ, so we may assume that ρ is
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extremal, i.e., pure. Thus by Proposition 1.4.1, complete positivity may be written more symmetrically
as
hψ|(E ⊗ I)(|φihφ|)|ψi ≥ 0
for all
|ψi ∈ HB ⊗ HC

|φi ∈ HA ⊗ HC .

In indices,
′

′ ′

ψ bc ψb′ c′ Eaab′ b φa c φac ≥ 0.
If
dim HC ≥ min(dim HA , dim HB ),

By hypothesis, every vector in the image of D must
have this form. Now let
|ψi = |ψB i ⊗ |ψC i

′
′
|ψ ′ i = |ψB
i ⊗ |ψC
i

be two inequivalent states (i.e., non-proportional
vectors) in the image of D. If the sum |ψi + |ψ ′ i
is also a product state, then either the left factors
′
′
|ψB i and |ψB
i or the right factors |ψC i and |ψC
i
are proportional — but not both, because then |ψi
and |ψ ′ i would be proportional. If this relationship
holds for every inequivalent pair of states in im D,
then they must all have either the same left factor
or the same right factor.
If all vectors in im D have the same left factor,
respectively the same right factor, then

then

D|ψi = |ψB i ⊗ (E|ψi),
χab = ψ bc φac

is an arbitrary vector in HA ⊗ HB . With this abbreviation, complete positivity of E is the condition
′

′

χba′ Eaab′ b χab ≥ 0
for all χ. This is precisely positivity of XE .
The operator XE is extremal among positive operators if and only if it has rank 1, i.e.,
XE = |EihE|
for some E ∈ HA ⊗ HB . In indices,
′

′

Eaab′ b = Eba′ Eab .
In operator form, this says that
E(ρ) = EρE ∗ .
In other words, E is a single Kraus term if (and only
if) it is extremal among CP maps. Therefore the
general CP map is a sum of such terms.
The further assertions when E is trace-preserving
are left to Exercise 1.5.3.
Proof of Corollary 1.5.2. Let D be a dilation of E,
and let
D : HA → HB ⊗ HC
be its operator form. If |ψi ∈ HB ⊗ HC is a vector
state, then its marginal
TrC (|ψihψ|)
is pure if and only if |ψi is a product state (Exercise 1.4.7):
|ψi = |ψB i ⊗ |ψC i.

respectively
D|ψi = (E|ψi) ⊗ |ψC i,
for some linear map E. In the ﬁrst case, states in the
image of E = TrC ◦ D are proportional to |ψB ihψB |.
In the second case,
E = hψC |ψC iD,
hence it is coherent.
If E is invertible, then it must send extremal points
+,1
of M+,1
A to MB . (This is generally true of any invertible map in the category of linear maps between
convex bodies.) I.e., it must send pure states to pure
states. In this case E is unitary for two independent
reasons: E is invertible, and E preserves trace.
Exercises

1. Show directly from the deﬁnition of complete
positivity that every state ρ on a Hilbert space
H is Eρ (1) for a completely positive map
Eρ : C → M(H).
Show that dilation of E is equivalent to puriﬁcation of ρ.
2. Establish a missing step of Theorem 1.5.1: The
map E commutes with the Hermitian adjoint
operation if and only if XE is Hermitian.
3. Establish the other missing step of Theorem 1.5.1: E is TPCP if and only if Equation (3) holds, if and only if D is unitary. Modify Equation (3) to the case when E is STPCP,
and show that in this case D is subunitary.
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4. Show that if
E : MA → MB
is STPCP, then there is an STPCP map
F : MA → C
such that
E ⊕ F : MA → MB ⊕ C
is TPCP. Compare with Exercises 1.1.3 and
??.
5. Find Kraus elements for a partial trace map
TrB : MA ⊗ MB → MA .
6. Show that every blind measurement quantum
operation (4) can be expressed as a convex
combination of unitary quantum operations.
7. Show that the uniform state on H is sent to itself by every blind measurement quantum operation (4), and that it is the only state with
this property.
8. A quantum operation E is doubly stochastic if
and only if it is both trace-preserving and preserves the uniform state. For example, unitary quantum operations are doubly stochastic. Doubly stochastic quantum operations for
a ﬁxed Hilbert space H form a convex region,
and unitary quantum operations are extremal
points (check). Show that if dim H = 2, then
all extremal doubly stochastic quantum operations are unitary, but that this is not true
when dim H > 2. Compare with Exercise ??.
1.6.
1.6.1.

Empiricism

Interpretation and evidence

Having deﬁned the category Quant of quantum
operations, we can now state its empirical interpretation:
1. State: Every observer in the universe can
model external reality as a quantum system
with a Hilbert space H that carries some particular state in the Bloch region M+,1 (H) at
each point in time.
2. Independence: Reality decomposes into approximately disjoint subsystems whose joint
Hilbert spaces are tensor products such as
HA ⊗ HB . An observer is an approximately
independent subsystem whose residual nonindependence is described by measurements
such as Hermitian operators.

3. Evolution: After an observer performs a measurement, the new state of reality is given by
projecting its state. More generally the state
of reality evolves by quantum operations.
4. Statistics: An observer’s experiences are interpreted as independently repeatable experiments. The probability of a measured value is
the fraction of times that it occurs in repeated
trials of the experiment.
This interpretation is exactly parallel to the one
for classical probability theory at the end of Section 1.10. The ﬁrst person to understand it clearly
was Max Born in 1926 [6], an insight for which he
eventually won the Nobel Prize. (Our presentation with mixed states is due to von Neumann and
Hellwig-Kraus [13, 14, 16, 24].) It is intellectually
healthy to have trouble accepting the Copenhagen
interpretation. It is not healthy to reject it outright,
even though this fate befell two disappointed parents
of the interpretation, Einstein and Schrödinger. In
this section we will discuss some of the overwhelming physical evidence for this interpretation, and a
mathematical result in support of its radical nature.
First the evidence:
1. Quantum probability and quantum mechanics were originally developed to understand
molecular, atomic, and subatomic structure
and processes. It is a vast ediﬁce that makes
quantum probability truly irrefutable. For example, the structure of a hydrogen molecule
is grossly arbitrary is understood in great detail This is in the same sense that an expert game of backgammon can be understood
in great detail with classical probability, but
seems grossly arbitrary without it.
2. A variety of real experiments and demonstrations match the thought experiments of quantum probability. This includes the examples in
this article. For one, the two-slit “experiment”
in Section 1.1 is a qualitatively correct model
of laser speckle (scattering interference) and
holography (photographic interference). Laser
speckle is familiar as the twinkle in the dot of a
laser pointer; see Figure 5. At the same time,
light is composed of discrete, non-interacting
photons. This is an unavoidable aspect of lowintensity X-ray photography, as shown in Figure 6.
Photons are not the only particles that exhibit quantum superposition; in principle every physical object does. Figure 7 shows is an
image of electrons obeying quantum superposition. Recently it has been demonstrated for
C60 carbon molecules (buckyballs) [1].
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Figure 5: Laser speckle [25].

Figure 7: Quantum interference of individual electrons
[19].

Figure 6: An X-ray image of Venus comprised of discrete
photons (from the Chandra telescope) [9].

3. As mentioned in Section 1.3, and as discussed
further in Section 1.6.2, the radical aspects of
quantum probability require entangled joint
states. Entanglement has also been demonstrated by a variety of experiments; see Exercise 1.6.3.
4. The known fundamental laws of physics are reversible, or in the quantum language, unitary.
Unitary quantum probability does not encompass determinism or classical probability as a
special case. Thus if the laws of physics are
reversible and any physical objects are quantum, then the entire universe must be quantum. Among fundamental forces, the only one
without a satisfactory quantum model is gravity2 .

Even if quantum probability is irrefutable, is it
necessary? Classical probability theory is (to some
extent) unnecessary in the sense that it can be reproduced by hidden determinism. On the other hand,
there is no reasonable reduction from quantum probability to classical probability or hidden determinism; see Section 1.6.2. Some entirely new theory
could conceivably arise to “explain” quantum probability, but there is no reason to expect that a hypothetical successor would spare anyone from disbelief.
Even irrefutable scientiﬁc facts can be reﬁned; but
if they are irrefutable, there is no turning back3 . As
it happens, the other known fundamental laws of
physics do not modify quantum probability at all:
relativity is geometric, while quantum ﬁeld theory
postulates speciﬁc physical forces.
If quantum probability is true and necessary, why
is most macroscopic experience (on biological length
scales and above) classical? In fact, length does not
directly determine whether a physical system is described by classical or quantum probability. Rather,
the system’s relevant attribute is the number of
accessible states. If the system has many states,
then diﬀerent evolutionary paths in the sense of Section 1.1 are likely to arrive at diﬀerent ﬁnal states,
whence total probability is given by classical rather
than quantum path summation. In quantum theory,

3
2

And string theory is a promising attempt at such a model.

For example, if you do not want to believe that the Earth
orbits the sun, it does not help to learn that its orbit is an
ellipse rather than a Copernican circle.
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“microscopic” and “macroscopic” properly refer to
amounts of entropy rather than to distances.
Another way to say it is that macroscopic objects
typically evolve by highly decoherent quantum operations. They therefore constantly export entanglement to the environment. This is why the mixedstate model is useful for empirical interpretations.
The macroscopic world consists of physical systems
whose quantum state is strongly coupled to a common sea of thermal entropy, but which retain approximately independent classical states.
In particular the “paradox” of Schrödinger’s cat,
which Schrödinger oﬀered as a criticism of the
Copenhagen interpretation, is misleading. (But it
is a useful antecedent of the notion of a cat state;
see Examples 1.3.1.) The claim is that if a cat is
at risk of death from a vial of poison that is controlled by a radioactive decay, then the cat is in a
quantum superposition of life and death. But for
thermal reasons, any room-temperature state of a
cat is massively mixed, and typical superpositions
are eﬀectively classical. Such mixed states are also
unaﬀected by typical blind measurement operations
(Exercise 1.5.6). Only a frozen cat could be prepared in a pure state well enough to demonstrate
non-commutativity of measurements.
Finally we caution against over-interpreting quantum probability. The best reason to believe or interpret anything in science is to understand it better.
The basic statistical interpretation — the Copenhagen interpretation — is very helpful for understanding quantum mechanics and almost mandatory for understanding quantum computation. It
is useful in the theory of operator algebras and potentially useful in some other areas of mathematics. One claimed alternative, the Everett “many
worlds” interpretation, is narrowly relevant to path
summation (Exercise 1.1.4). Another alternative,
the Bohm interpretation, makes the narrow point
that quantum probability can be viewed as a nonlocal deterministic system. (Non-local means that
the model sacriﬁces any notion of independence in
joint systems.) These alternative interpretations are
not broadly useful.

1.6.2.

Entanglement paradoxes

possess classically implausible correlations. Their
argument was sharpened by John Bell [3]. He established a simple inequality in classical probability,
Bell’s theorem, that is violated by quantum measurements on the EPR state. (Bell was also unsatisﬁed with the Copenhagen interpretation [4].)
We ﬁrst give an informal description of Bell’s theorem. Suppose that Alice and Bob are two suspects in prison together who are taken apart for
separate questioning. In questioning, they are allowed to use notes and even electronic organizers,
but they are not supposed to communicate by any
means. Each of the suspects is given a sequence of
questions (which may continue for several interrogation sessions). There are only three distinct questions, “X”, “Y ”, and “Z”, and only two answers,
say “yes” and “no”. The suspects are not expected
to give consistent answers, but the authorities still
hope to glean some information from the pattern of
the answers. For simplicity, the questions are random and independent.
Suppose that the authorities notice that if the nth
question posed to Alice and Bob is the same, they
always give the same answer; but when the nth question posed is diﬀerent, they only give the same answer 41 of the time. Can they conclude that Alice
and Bob are secretly communicating during the interrogations, or that they have advance access to the
question lists, despite eﬀorts to isolate them? If they
are classical entities, then they must be cheating. If
they always give the same answer when asked the
same question in the nth round, then they must have
prepared common answers lists to all three questions
in advance. But if the nth question diﬀers, then at
least two of the three prepared answers are equal, if
they are not all equal, so the probability of giving
the same answer is at least 31 .
But if Alice’s and Bob’s electronic organizers can
store entangled EPR pairs, then they can reduce the
rate of agreement for distinct questions to 41 . It is
convenient to re-express the EPR pair as the qubit
cat state
|00i + |11i
√
.
|ψi =
2
Alice and Bob can each answer one the three “questions” by performing the corresponding measurements
X = J2π/3

Einstein was a more inspired critic of the Copenhagen interpretation than Schrödinger. In a joint
paper with Podolsky and Rosen [11], he noted that
commuting measurements on an EPR pair,
|ψi =

|↑↓i − |↓↑i
√
,
2

Y = J−2π/3

where
Jθ =

cos(θ) sin(θ)
sin(θ) − cos(θ)

Z = J0 ,
!

Let
XA = X ⊗ I

XB = I ⊗ X
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be the corresponding factor measurements for Alice
and Bob, and likewise for Y and Z. Then (Exercise 1.6.1):
1. Each of the six variables is an unbiased ±1valued random variable.
2. The variables XA and XB (and likewise for Y
and Z) agree with probability 1.
3. The variables XA and YB (and likewise the
other pairs) agree with probability 14 .
(Note that each pair of questions converts an EPR
pair to a product state; the EPR pair cannot be
reused.) If the interrogators witness these classically
impossible correlations, they might be tempted to
seize Alice’s and Bob’s electronic devices and try to
use them to communicate with each other. But they
would not succeed, because no quantum operation
on Alice’s qubits aﬀects the marginal state on Bob’s
qubits, or vice-versa.
More formally, Bell’s theorem is an inequality concerning correlations of two-valued classical random
variables which does not hold for quantum random
variables:
Theorem 1.6.1 (Bell). If X, Y , and Z are three
classical random variables taking values in {±1},
then
E[XY ] + E[XZ] + E[Y Z] ≥ −1.
Proof. We would like to show, equivalently, that
E[XY + XZ + Y Z] ≥ −1.

of any genuine interaction between the photons in
these demonstrations, much less non-quantum interactions that would present an illusion of quantum
non-interaction.
The original purpose of the Bell-EPR paradox was
the simple conclusion that quantum operations do
not admit a deterministic or classically random simulation that preserves locality. In hindsight, it is
a ﬁrst step in the direction of quantum algorithms
(Section ??) and especially quantum security (Section ??), since these can also be viewed as entanglement paradoxes. The problem of communication
security is for two parties (Alice and Bob) to share
information with some conﬁdence that there is no
eavesdropper (Eve). The shared information is ideally random, because it can then be used to mask
arbitrary messages. In Bell’s protocol, the same argument that Alice’s and Bob’s answers are classically impossible also shows that there cannot be an
Eve who knows their answers in advance. Thus the
shared answers are also shared secrets.
The relation to quantum algorithms is less formal. Intuitively, quantum algorithms exploit entanglement as a kind of communication. For example,
the result of Grover’s search algorithm (Section ??)
can be described as a guessing game: If Alice thinks
of a number from 1 to N and only responds “yes” or
“no” depending one whether √
Bob guesses correctly,
then Bob can guess it with O( N ) guesses, provided
that he can guess in quantum superposition and Alice’s consideration of each guess is unitary. Grover’s
algorithm is a classically impossible form of communication aﬀorded by quantum entanglement.

Exercises

It is easy to check that
(
3
XY + XZ + Y Z =
−1

if X = Y = Z
.
otherwise

Since the random variable XY + XZ + Y Z is always
at least −1, its expectation is at least −1.
A variant of the Bell-EPR paradox (with a different set of classically impossible correlations) was
famously demonstrated in an experiment by Aspect
et al [2], and since then by others. In the experiment the two halves of Bell-state photon pairs were
interrogated at almost simultaneously, so that there
was not enough time for a message to travel from
one photon to the other. These experiments should
not be taken as self-contained proof of that quantum probability is true, because they have possible
“loopholes” that could allow the photons to communicate. At the same time, there is no evidence

1. Establish that Bell’s operators XA , YA , ZA ,
XB , YB , and ZB applied to a Bell state violate
Bell’s inequality.
2. The quantum violation of Bell’s theorem can
be called a “no hidden variables” theorem:
Quantum operations cannot be simulated by
hidden structure which is deterministic or classically random. One rigorous (but possibly
limited) interpretation of this principle can be
phrased as category theory: There does not
exist a non-trivial linear tensor functor from
the category Quant<inf to the category Prob.
Prove this result using Bell’s theorem and measurements of EPR pairs.
3. The Aspect experiment employs the inequality
E[XA XB ] + E[XA YB ] + E[YA YB ] − E[YA XB ] ≤ 2
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for ±1-valued classical random variables, due
to Clauser, Horne, Shimony, and Holt [8].
(This avoids the assumption in Bell’s theorem
that when Alice and Bob perform the same
measurement, they will agree with probability
one.) Prove this inequality, and then ﬁnd a
violation using the operators Jθ for four particular values of θ.
1.7.

Infinite systems

The immediate way to extend the ﬁnite-state theory to inﬁnite quantum systems is to allow the
Hilbert space H to be inﬁnite-dimensional (but usually separable). Section 1.8 discusses a better and
more general extension due to von Neumann, but
much can be learned from the this less creative approach.
We can use various deﬁnitions from operator theory [? ] to adapt various objects such as states,
random variables, and quantum operations to inﬁnite Hilbert spaces. Once these are deﬁned, we
can deﬁne the category Quant to be the category of
Hilbert spaces (both ﬁnite and inﬁnite) with TPCP
maps as the morphisms or quantum operations.
First, a (normal) state ρ is deﬁned as a positive
semi-deﬁnite trace-class operator with trace 1. In
other words, the Bloch region B +,1 (H) is deﬁned as
the trace 1 subspace of Bt (H), the algebra of traceclass operators. The spectral theorem for compact
operators implies that such a state ρ can be expressed as:
X
ρ=
ps |sihs|
s∈S

for some orthonormal basis S of H. Thus as in the
ﬁnite case, pure states (by deﬁnition the extremal
elements of the Bloch region M+,1 (H)) correspond
to vector states (by deﬁnition unit vectors in H) up
to a global phase.
A real-valued, bounded random variable X on H
is deﬁned as a self-adjoint bounded operator. This
matches the deﬁnition of states in that B(H), the
algebra of bounded operators, is the Banach space
dual of Bt (H). This duality means that for any state
ρ and any bounded variable X, the trace Tr(ρX) is
well-deﬁned as a ﬁnite real number. Thus we can
deﬁne the expectation
def

Eρ [X] = Tr(ρX)
as before. More generally, a state ρ and a real-valued
random variable X produce a probability measure
on R, the distribution of X, by the spectral theorem
for bounded operators. This theorem expresses X as

an integral with respect to an operator-valued measure µP whose value on any interval is a projection
that commutes with X:
Z
λdµP .
(5)
X=
R

If we pair the measure µP with the state ρ, the result
is the desired scalar-valued measure on R, indeed on
the spectrum of X.
A (projective) measurement X is again deﬁned as
a direct sum decomposition
M
H∼
Hs
=
s∈S

for some outcome set S, which may now be inﬁnite.
Probabilities and conditional states have the same
formulas:
Pρ [X = s] = Tr(Ps ρ)

\
ρ|
X=s =

Ps ρPs
.
P [X = s]

Not every real-valued random variable deﬁnes a measurement of this type. Rather, the spectral theorem
says that a Hermitian operator X has a point spectrum and a continuous spectrum. Only the point
spectrum possesses eigenspaces, so X must have a
pure-point spectrum in order to deﬁne a measurement. However, there are various ways to approximately measure a continuous-spectrum values of an
operator. The point spectrum is usually discrete,
meaning that the eigenvalues are isolated, while the
continuous spectrum usually consists of intervals,
which in quantum mechanics are called bands. But
there are other possibilities for both parts of the
spectrum.
An unbounded random variable is deﬁned as a
self-adjoint unbounded operator, although such an
operator is an artiﬁce in the sense that it is only
deﬁned on a dense subset of H. By deﬁnition it is
a densely deﬁned function whose graph is a closed
vector subspace of H ⊕ H which is invariant under
switching the two summands. The deﬁnition is chosen so that self-adjoint operators satisfy the spectral
theorem. If X is a self-adjoint operator, then
U (t) = eitX
is a one-parameter group of unitary operators, and
conversely every strongly continuous one-parameter
group of unitary operators deﬁnes a possibly unbounded operator. Either the spectral theorem or
the unitary operator model could be taken as an
alternate deﬁnition of an unbounded self-adjoint operator.
Example 1.7.1. The function spaces L2 (Rd ), with
1 ≤ d ≤ 3, are very common in quantum mechanics. Pure states are naturally referred to as wave or
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amplitude functions. Technically they are half densities, meaning that the square norm of a wave function is a probability density function with a volume
form factor. For example, the wave function
2

e−x /2 √
ψ(x) = 1/4 dx,
π
here written as a half density, is called a coherent
state on H = L2 (R) (notwithstanding that elsewhere
every pure state is called coherent). It will appear
later as the ground state of the harmonic oscillator.
To give an example of a mixed state on L2 (R), let
a ≥ 1 and let
2
−1
2
1
ρ(x, y) = √ ea(x−y) +a (x+y) )/4
πa

be a kernel (in the sense of integration, not null
spaces). The corresponding operator
Z
ρ(x, y)f (y)dy
ρ(f )(x) =
R

is trace-class with trace 1 and is called a quasifree
state; when a = 1 it is the coherent state.
Example 1.7.2. If f (x) is a continuous (or even
integrable) function on R, then multiplication by f is
an operator on H which is given the same name. For
example, x is an unbounded, continuous-spectrum
operator whose distribution with respect to the pure
state ψ(x) has the density function |ψ(x)|2 . Another
example is the operator
p = −i

∂
∂x

which has the same spectrum as x, namely all of R
as a continuous spectrum. They are both Gaussian
random variables with respect to coherent and quasifree states. We will see later that the operator
H=

p2 + x2
2

has discrete spectrum Z≥0 + 12 . In the standard coherent state, H is deﬁnite with value 12 , while in a
standard quasi-free state, it has a discrete exponential distribution.
Exercises
1.8.

Operator algebras

Following von Neumann, we can represent a quantum object not as a Hilbert space H, but as an abstract algebra A whose elements can be called “operators”. Such an operator algebra should satisfy

suitable axioms so that we can deﬁne states, random
variables, and quantum operations. Von Neumann
deﬁned two types of algebras for this purpose, C ∗ algebras and W ∗ -algebras; the latter are now called
von Neumann algebras. Von Neumann algebras are
actually just C ∗ -algebras with a stronger topological
closure property.
The algebras M(H) of all bounded operators on a
Hilbert spaces H are one class of von Neumann algebras that happen to contain all von Neumann algebras as subalgebras. But considering only M(H) is
a very restricted view of the theory of operator algebras, just as considering only symmetric groups is a
very restricted view of ﬁnite group theory. Quantum
physics has also drifted towards considering speciﬁc
algebras of operators, although not usually with von
Neumann’s axioms.
A C ∗ -algebra A is, ﬁrst, a complex vector space
with an associative and bilinear multiplication law.
It also has an abstract anti-linear, product-reversing
adjoint operation denoted “∗”:
(X + Y )∗ = X ∗ + Y ∗

(λXY )∗ = λY ∗ X ∗ .

Finally A is also a Banach space a norm || · || that
satisﬁes the relation
||X ∗ X|| = ||X||2 .
This last axiom, the “C ∗ axiom” is coy and has many
consequences for the structure of A. Among other
things, it means that the norm || · || is completely
determined by the algebra structure of A and that
||X ∗ || = ||X||.
Intuitively A consists of bounded operators and ||X||
behaves as the spectral radius of X. For simplicity
we will assume that every C ∗ -algebra A has a unit,
even though non-unital C ∗ -algebras are also an interesting class.
Possessing a unit is traditionally an optional axiom for C ∗ -algebras; we will assume it for simplicity.
Theorem 1.8.1 (Gelfand,Naimark). If A is a (unital) commutative C ∗ -algebra, then it is isomorphic to
an algebra of continuous functions C(A) on a compact Hausdorﬀ topological space A.
By Theorem 1.8.1, and since C(A) is a C ∗ -algebra
for every compact Hausdorﬀ space A, a C ∗ -algebra
can be thought of as a “non-commutative topological space”. In particular if A is a ﬁnite set, then
C(A) = CA is exactly the model of ﬁnite probability described in Section 1.10 — its set of normalized
states is ∆A .
Theorem 1.8.1 also implies that if X ∈ Asa (the
self-adjoint subspace of A) and f : R → R is a continuous function, then there is a well-deﬁned element
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f (X) ∈ As a (Exercise ??). For example, sin X and
|X| are well-deﬁned. We will need a slight generalization of this principle: An element X ∈ Asa is
positive, or X ≥ 0, if X = Y ∗ Y for some Y . If
f : R≥0 → R is continuous and X ≥ 0, then f (X) is
well-deﬁned; if f ≥ 0 as a function, then f (X) ≥ 0.
A representation of a C ∗ -algebra A is a homomorphism from A to the C ∗ -algebra B(H) of bounded
operators on a Hilbert space. (A homomorphism between two C ∗ -algebras is a linear map that respects
multiplication, ∗, and is continuous with respect to
the Banach norm.) Crucially, the algebra B(H) has
other topologies besides the one coming from its Banach norm, namely the strong and weak operator
topologies. If M is a C ∗ -algebra which is closed
with respect to the weak operator topology in some
faithful representation H, then M is a von Neumann
algebra.
Theorem 1.8.2. If M is a commutative von Neumann algebra, then it is isomorphic to the algebra
L∞ (M ) for some σ-ﬁeld M .
By Theorem 1.8.2, and since L∞ (M ) is a von Neumann algebra for many natural σ-ﬁelds M , a von
Neumann algebra M can be thought of as a “noncommutative measure space”.
Theorem 1.8.2 also implies that if X ∈ Msa (the
self-adjoint subspace of A) and f : R → R is a measurable function, then there is a well-deﬁned element
f (X) ∈ Ms a. This closure property is called “functional calculus”.
The traditional deﬁnition of von Neumann algebra via a faithful action on a Hilbert space H is
contrary to our intention of emphasizing operators
over vectors. Happily there are other characterizations of von Neumann algebras within the class of
C ∗ -algebras:
Theorem 1.8.3 (???). A C ∗ algebra M is a von
Neumann algebra if and only if it has a pre-dual
#
M as a Banach space. The pre-dual, if it exists,
is unique up to isometry.
In particular, the algebra B(H) of bounded operators on a Hilbert space H is a von Neumann algebra
with pre-dual Bt (H). Theorem 1.8.3 interplays with
the general fact that every Banach space B embeds
isometrically in its second dual B ## . Thus the predual # M can be viewed as subspace of the dual M# .
Also, by a construction of ???, if A is a C ∗ -algebra,
its second dual A## has the natural structure of a
von Neumann algebra, the universal enveloping von
Neumann algebra of A.
If A and B are two C ∗ algebras, there is a natural
tensor product C ∗ -algebra A⊗B which is a topological completion of the algebraic tensor product. If M

and N are von Neumann algebras, there a von Neumann algebra M ⊗ N which is a further topological
completion than the C ∗ -algebra completion.
After accepting these preliminaries (perhaps on
faith), we can proceed to deﬁne the basic structures
of quantum probability. A C ∗ -algebra A or a von
Neumann algebra M can be assigned. The algebra
is termed its algebra of observables, because the selfadjoint elements (Asa or Msa ) will be interpreted as
real-valued random variables. If A is a C ∗ -algebra,
a state is a dual vector ρ ∈ A# which is positive,
meaning that
X ≥ 0 =⇒ ρ(X) ≥ 0.
The state ρ is normalized if
ρ(I) = 1.
Previously we took ρ to be an operator rather than
a dual vector; this is not really diﬀerent if we deﬁne
ρ(X) = Tr(ρX).
In particular we can call ρ(I) the “trace” of ρ.
A state ρ on a von Neumann algebra M is normal
if it lies in the pre-dual # M. The commutative case
illustrates the reason to take states from the dual of a
C ∗ -algebra but from the pre-dual of a von Neumann
algebra. If A = C(A), then by the ??? theorem,
states are equivalent to ﬁnite Borel measures on A.
If M = L∞ (M ), then general states are equivalent
to ﬁnitely additive, ﬁnite measures on M ; normal
states are equivalent to countably additive measures
and are hence more empirical. Note also that the
states of the C ∗ -algebra A are the normal states of
the von Neumann algebra A## .
A pair (M, ρ) consisting of a von Neumann algebra M and a normalized, normal state ρ is
also called a quantum probability space or a noncommutative probability space. Each random variable X ∈ Msa has a well-deﬁned spectrum Spec X ⊂
R (which depends crucially on the structure of M),
and each state ρ induces a probability distribution
on Spec X. If M ⊆ B(H) is deﬁned as an algebra of operators on a Hilbert space, one way to
construct the spectrum and distribution of X is by
Equation (5). The point is that # M is a quotient of
Bt (H), and we can use any lift of ρ to a trace-class
operator on H.
As usual, if A and B are Alice’s and Bob’s algebras
of observables, their joint algebra of observables is
A ⊗ B.
If A and B are C ∗ -algebras, then a linear map
E :B→A
is positive if it takes positive elements of A to positive elements of B; it is completely positive if
E ⊗I :B⊗C →A⊗C
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is positive for every C ∗ -algebra C; and it is unital if
E(I) = I.
If M and N are von Neumann algebras, a linear
map
E :N →M
is normal if it has a pre-transpose
#

E : #M → #N .

In general E is unital if and only if the pre-transpose
#
E (or the transpose E # ) is trace-preserving. The
category vN is deﬁned as the category of pre-duals
of von Neumann algebras with TPCP maps as its
morphisms. Equivalently it is the category of von
Neumann algebras with normal UCP (unital and
CP) maps as contravariant morphisms (Exercise ??).
The category vN is the most satisfactory model of
inﬁnite quantum probability, and its morphisms can
be called quantum operations. An interesting alsoran is the category C∗ of C ∗ algebras with arbitrary
UCP maps as contravariant morphisms. Although
vN can be viewed as a subcategory of C∗ , C∗ can
also be viewed as a subcategory of vN, by taking
each C ∗ -algebra A to its enveloping algebra A## .
1.9.

Classical and quantum coexistence

Because the category vN includes commutative
algebras, which are the corresponding models of classical probability, they can model coexistence of classical and quantum objects and interactions between
them. We can then use these categories to study
measurements of quantum systems by classical observers, and classical behavior of quantum systems.
(As discussed in Section 1.6.2, the converse of the
latter is impossible.)
As a ﬁrst case, suppose that Alice is classical and
ﬁnite, so that her von Neumann algebra is
A = CA
for some ﬁnite set A. Suppose that Bob has some
other von Neumann algebra B. Then we can axiomatically deﬁne a destructive measurement to be
an arbitrary quantum operation
E : # B → # A.
Then (Exercise ??) the general form of P is
E(ρ) =

M

a∈A

ρ(Ea ),

where each Ea ≥ 0 and
X

Ea = I.

a∈A

This structure is also known concretely as a positive,
operator-valued measure, or POVM, because it is a
probability measure on A that takes values in the
positive cone B + rather than in the real numbers.
We can construct a sensible conditional state on B
in the same setting. It would be given by a quantum
operation
F : #B → #B ⊗ #A
such that the composition TrB ◦ F (in which Alice
applies F and then destroys Bob) is a POVM
E : # B → # A.
We further suppose that F is initial among all such
factors of E, in the sense that Bob retains as much information as possible about his previous state. Then
(Exercise ??) one form for F is
√
M
F=
[a] ⊗ ρ Ea ,
a∈A

where in general the state ρX is deﬁned as
ρX (Y ) = ρ(X ∗ Y X);
√
also if X ≥ 0, X is its unique positive square root.
In light of this possible structure for F, the conditional state of the POVM E applied to ρ with outcome a is
ρ|E=a = ρ

√
Ea

.

Finally the POVM E has mutually exclusive outcomes if and only if its non-destructive lift F is a
projection, i.e., F 2 = F. In this case (Exercise ??)
the Ea s are projections such that
Ea Ea′ = 0
when a 6= a′ . Thus the projective measurements deﬁned in Sections ?? and ?? are exactly those POVMs
with mutually exclusive outcomes.
The above discussion can be extended to the case
where Alice is classical but inﬁnite. In this case her
von Neumann algebra is L∞ (A) for some σ-ﬁeld A,
and a POVM is a measure on A that takes values in
B + . This structure is closely related to a normalized
measure on B + itself.
We turn to a result from the theory of operator
algebras that shows how decoherence can reduce a
quantum object to a classical one. Suppose that A
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is Alice’s algebra of observables and that she evolves
according to a quantum operation

The vector (λ1 , λ2 , . . . , λn ) in Theorem 1.9.2 can
be called the shape of the algebra A.

P :A→A

Examples 1.9.2. A joint system consisting of a ﬁnite classical Alice with algebra Cn and a ﬁnite quantum Bob with algebra Mk has the rectangular shape
(k, k, . . . , k). For example, Bob could be a quantum
computer with qubit memory and Alice could be a
classical controllers with classical bit memory. The
ﬁrst ﬁnite quantum system which is not of this form
is the hybrid trit M2 ⊕ C. The author [? ] has
analyzed the storage properties of ﬁnite quantum
systems such as the hybrid trit.

in a unit period of time. Very often we can suppose
that P is an idempotent, i.e., P 2 = P (Exercise ??).
Intuitively this means that Alice stabilizes in a short
period of time and, once stable, her temporal evolution does not further aﬀect her state.
Theorem 1.9.1 (Choi-Eﬀros). If A is a C ∗ -algebra
and P is an SUCP idempotent on A, then the image
of P is a C ∗ -algebra B with a modiﬁed product
X ◦ Y = P(XY ).
Theorem 1.9.1 says that if Alice’s evolution is an
idempotent P, then she can be modelled by a smaller
eﬀective C ∗ -algebra B. In particular, B can be commutative even when A is not. The algebra B is a vector subspace of A, but not in general a subalgebra.
Rather, the modiﬁed product deﬁned by Choi and
Eﬀros matches the process of applying P between
external interactions with Alice. Note also that if A
is a von Neumann algebra and if P is normal, then
B is also a von Neumann algebra.
Example 1.9.1. The blind projective measurement
operation P deﬁned in Equation (4) is an idempotent. In this case im P is closed under multiplication
and is the algebra
M
M(Hs ).
s∈S

Finally, the classiﬁcation of ﬁnite-dimensional C ∗ algebras, or von Neumann algebras, also ﬁts the
theme of classical and quantum coexistence. Say
that a ∗-algebra A is positive if
X ∗ X = 0 =⇒ X = 0.
If A is positive and ﬁnite-dimensional, then it is automatically a C ∗ -algebra, indeed a von Neumann algebra. This can be seen from the following classiﬁcation theorem.
Theorem 1.9.2 (Artin-Schreier). If A a positive,
ﬁnite-dimensional ∗-algebra, then it is a direct sum
of matrix algebras:
A∼
=

n
M
k=1

Mλk

for some integers
λ1 ≥ λ2 ≥ · · · ≥ λn .

Exercises
1.10.

Appendix: A classical review

Consider a classical probabilistic system with a ﬁnite set A of conﬁgurations. The general probability
distribution or measure µ on A can be written in the
form
X
µ=
pa [a],
a∈A

where each probability pa ≥ 0 and
X
pa = 1.
a∈A

The symbol [a] represents both the conﬁguration a
and the probabilistic state in which a is certain.
(This state is also called an atom or a Kronecker
delta function.) The set of all normalized states
forms a simplex ∆A whose vertices are the set A.
These simplices are the objects of a reasonable if
slightly non-standard deﬁnition of ﬁnite, classical
probability theory. The other elements of this deﬁnition are as follows.
An event is a subset E ⊆ A. A state µ assigns a
probability to E between 0 and 1 by the formula
X
P [E] = Pµ [E] =
pa .
a∈A

If P [E] > 0, then E and µ induce a conditional state
on E given by the formula
d
µ|
E =

1 X
pa [a].
P [E]
a∈E

A random variable or measurement is a function
X : A → B for some set B. It is interpreted as
a partition of A into disjoint events: the equation
X = b, as an event, is the set of all a such that
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X(a) = b. If X takes values in R or C, then it also
has an expectation, deﬁned as
X
E[X] =
pa X(a).

Example 1.10.1. Two fair dice are rolled. If we
take the dice as subsystems A and B with a joint
state, then A = B = {1, . . . , 6} and the state µ is
the uniform state

a

µ=

If A and B are two ﬁnite conﬁguration sets, then
a function
M : ∆A → ∆B
is a stochastic map (or a Markov map) if it comes
from a linear map
M : RA → RB .
The linearity of M is the classical superposition principle. Another way to describe a stochastic map is
to start with a linear map M and impose the positivity condition M (∆A ) ⊆ ∆B . If M is viewed as a
matrix, the positivity condition says that the entries
of M are non-negative and each column sums to 1.
In this case M is called a stochastic matrix. Stochastic maps are the natural empirical class of maps in
probability theory.
A non-negative vector µ in RA is a subnormalized
state if the total probability is at most 1, and a linear
map
M : RA → RB
that preserves subnormalized states is called substochastic. A substochastic map is also called an
extinction process. It can be converted to a stochastic map by adding an extinction state to the target
set B.
If A and B are the conﬁguration sets of two probabilistic systems, then the two systems together have
a joint conﬁguration set A × B. The joint simplex
∆A×B lies in a tensor product:
∆A×B ⊂ R( A × B) = RA ⊗ RB .
A joint state µ ∈ ∆A×B is independent or a product
state if it factors as a tensor product:
µ = µA ⊗ µB .
More typically µ does not have this form, in which
case it is correlated. A stochastic map that aﬀects
only one of A and B has the form M ⊗ I or I ⊗ M ;
likewise an event that depends on only one of A or
B has the form E × B or A × E. Whether or not µ
is independent, it induces states on A and B called
marginals. They are deﬁned as:
X X
X X


µA =
µB =
p(a,b) [a]
p(a,b) [b].
a∈A b∈B

b∈B a∈A

Evidently, if µ is a product, then it is the product of
its marginals.
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X

[(s, t)].

1≤s,t≤6

The event of rolling 7 is the set E = {(s, t)|s+t = 7}.
The chance of E is P [E] = 16 . The state µ is an
independent state, but the conditional state µ|E is
correlated. A protocol such as “if you rolled 7, pick
one die at random and roll it again” is modelled by
a stochastic map.
The rules of classical probability theory are the
basis of a (Bayesian) statistician’s model of ordinary
human experience, as well as most scientiﬁc experiments, according to the following interpretation:
1. State: Each observer can model external reality as a measure space, such as a ﬁnite set
A, that carries has probability distribution at
each point in time.
2. Independence: Reality decomposes into approximately disjoint subsystems modelled by
Cartesian products of measure spaces. An observer is an approximately independent subsystem whose residual non-independence is described by witnessed information.
3. Evolution: After an observer witnesses an
event, the new state of reality is given by
conditional expectation. More generally the
state of reality evolves by stochastic and substochastic maps.
4. Statistics: An observer’s experiences are
viewed as independently repeatable experiments. The probability of an event is the fraction of times that it occurs in repeated trials
of the experiment.
These rules can be accepted in one of two ways:
(1) they hold empirically; (2) they can be mimicked
by deterministic systems with hidden information.
The ﬁrst reason, but not the second, applies to the
quantum analogue of these rules.
Exercises
1.11.

Appendix: Categories and tensors

Much of the presence of category theory in mathematics is in the spirit of Moliere: You can use
categories without knowing it. In many areas of

25
mathematics there is a distinguished class of objects
(e.g., sets, groups, topological spaces, vector spaces)
and a distinguished class of functions between them
(e.g.all functions, group homomorphisms, continuous functions, linear maps). In some cases two objects are related by a transformation which isn’t
strictly a function but behaves a lot like one; the historically important example was a function between
two topological spaces considered up to homotopy.
A category C is a possibly abstract class of setlike objects and a class of function-like relations, or
morphisms. Every morphism f has a domain A and
a target B (both of them objects in C) and is then
denoted

tensor products of morphisms is more complicated
because the axioms include compatibility relations
between the operations of composing and tensoring
morphisms. The tensor categories of interest in this
article are all symmetric, meaning that “⊗” is commutative as well as associative, both for objects and
morphisms.
The most important example of a tensor category
is Vect, the category of vector spaces.

f : A → B.
There is a partial composition law: If the target of
f is the same object as the domain of g, or
f :A→B

g : B → C,

then there is a composition
f ◦ g : A → C.
The composition law for C is required to be associated, and for every object A there should be an
identity morphism
i:A→A
which satisﬁes the obvious identity axiom with respect to composition. These axioms are not all that
restrictive and there are a wide variety of diﬀerent
kinds of categories.
Examples 1.11.1. The category of sets, with all
functions as the morphisms, is called Set. The category of vector spaces over a ﬁeld F, with linear transformations as the morphisms, can be called VectF .
The category of topological spaces with continuous
functions as the morphisms is called Top.
Two diﬀerent categories can have the same objects
but diﬀerent morphisms. For example, the obejcts
of the category iSet are sets, but the morphisms are
just the injective functions.
As an example of a more abstract category, if G is
a group, it yields a category with one object whose
morphisms are the elements of G.
A tensor category is a category with a multiplication law, denoted “⊗” and called a “tensor product”,
for both objects and morphisms. The multiplication
law should be associative: A⊗ (B ⊗ C) should be the
same object as (A ⊗ B) ⊗ C 4 . The axioms for taking

4

There is a distinction between a strict tensor category, in

which A ⊗ (B ⊗ C) and (A ⊗ B) ⊗ C are exactly the same
object, and a lax tensor category, in which they are isomorphic and the isomorphisms are meta-associative; this
meta-associativity is called “coherence”. We don’t have to
worry about lax tensor categories here, but note that they
arise in physics in the guise of spin calculus; the main coherence axiom is known as the Biedenharn-Elliott identity.
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2.

2.1.

MECHANICS

Wave mechanics

Basic quantum mechanics assumes the rules of
quantum probability plus a single additional rule.
If a physical system is independent and autonomous
(or closed ), then quantum mechanics postulates that
it has a pure state space H and its state evolves according to a one-parameter group U (t) of unitary
operators. The group has the form

Wave mechanics is a model of a single particle
moving in Rd with 1 ≤ d ≤ 3. To give the particle
something to do, it interacts with a potential V (~x).
Then wave mechanics posits the speciﬁc Hamiltonian

U (t) = exp(−itH)

where ~x and ~p are two vector-valued operators. The
component xk of ~x is interpreted as multiplication
by the coordinate xk , while p~ = −i∂/∂~x. The
Schrödinger equation then becomes the linear partial diﬀerential equation

for some self-adjoint (but often unbounded) operator
H, which is called the Hamiltonian of the system. If
the state at time t is |ψi = |ψ(t)i, it evolves by the
Schrödinger equation,
i

H=

∂
|ψi = H|ψi.
∂t

Besides the system’s autonomous behavior, it can
also be measured. In particular, H itself is a measurement and its value is called the energy of the
system. A state |ψi with deﬁnite energy E satisﬁes
the eigenvalue equation
E|ψi = H|ψi,
which is also called the time-independent
Schrödinger equation.
∂
The operator ∂t
has physical units of inverse time,
while the Hamiltonian H has units of energy. Therefore quantum mechanics requires a conversion factor
~, known as Planck’s constant, to relate the two operators. Written with units, the Schrödinger equation is
i~

∂
|ψi = H|ψi.
∂t

If ~ is small compared to the scale of a physical system, its quantum phase will oscillate wildly, which
leads to classical probabilistic behavior. In metric
units,
~ ≈ 6.6262 × 10−34 Js,
where J is joules and s is seconds. So Planck’s constant is extremely small on the human scale.
The fact that the Hamiltonian H often has a discrete spectrum points to the origin of quantum mechanics and its name. The word “quantum” now often means simply “non-commutative”, but the original meaning is “discrete”. The original purpose of
quantum mechanics was to explain why many physical measurements unexpectedly take discrete values.
For example, the energy spectrum of the quantum
harmonic oscillator is Z≥0 + 12 . The energy of a
classical harmonic oscillator can of course be any
non-negative real number.

i

p~ · p~
+ V (~x),
2

∂ψ
∆ψ
=−
+ V (~x)ψ,
∂t
2

where
∆=

∂
∂
·
∂~x ∂~x

is the Laplacian. Since this is a wave equation, it
illustrates half of particle-wave duality. The state
of a particle travels through space as a wave, which
is why it is called a wave function (but see exercise
2.1.3).
The operator ~x is interpreted as position and has
physical units of distance. The potential V (~x) has
units of energy, the same as H. With a factor of ~,
~p = −i~

∂
,
∂~x

the operator p~ is interpreted as the particle’s linear
momentum. The kinetic energy of a particle with
momentum p~ is (~
p · ~p)/2m, where m is its mass, so
with units the Hamiltonian becomes
H=

p~ · p~
+ V (~x).
2m

The mass m, an energy scale E, and Planck’s constant ~ fully determine the dimensional scale of
Schrödinger’s equation. For example, the length
scale
√ of the particle’s quantum behavior is d =
~/ Em, which decreases as m increases. Thus if
several particles interact on a common length and
energy scale, heavier particles behave more classically than lighter ones.
Example 2.1.1. A particle in the potential V (~x) =
0 is called free. In this case the Hamiltonian
has no point spectrum and the time-independent
Schrödinger equation has no solutions with ﬁnite
Hilbert norm. But the plane wave
~

ψ(~x) = eik·~x
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is an interesting inﬁnite-norm solution. It has deﬁnite momentum p~ = ~k as well as deﬁnite energy. It
can be approximated by a wave packet (or wavelet)
that, according to the Schrödinger equation with
physical units, travels with velocity ~k/m.
The behavior of a free particle illustrates an interpretation of the continuous spectrum of an arbitrary
Hamiltonian. A state |ψi is unbound if it wanders
under unitary evolution:
lim hψ|U (t)|ψi = 0.

so the state
|ni =

is normalized and is an eigenstate with energy n+ 12 .
Thus the harmonic oscillator has a sequence of
eigenstates |0i, |1i, . . .. To show that they span
L2 (R), observe that H ≥ 0 as an operator, so its
spectrum is non-negative. If the spectrum of a state
|ψi lies in the interval [0, n], then

t→∞

It is bound if it recurs:

an+1 |ψi = 0.
It follows that

lim sup |hψ|U (t)|ψi| = 1.

|ψi = P (a∗ )|ψi

t→∞

These are the quantum analogues of the notions of
wandering and non-wandering points in (reversible)
classical dynamical systems. The spectral theorem
implies that point-spectrum states are bound and
continuous-spectrum states are unbound. In particular, every bound state is a quantum superposition
of ﬁxed-energy or stationary states.
Example 2.1.2. The simple harmonic oscillator is
a 1-dimensional system with Hamiltonian
H=

x2
p2
+ .
2
2

for some polynomial P of degree at most n. Thus
|ψi is a linear combination of |0i, . . . , |ni.
Wave mechanics also postulates a multiparticle
Schrödinger equation. The state space of n particles in d dimensions is
L2 (Rd )⊗n ∼
= L2 (Rdn ).
The dn coordinates of this Hilbert space are divided
into n vector-valued position operators ~x1 , . . . , ~xn ,
and there are n corresponding momentum operators
~p1 , . . . , p~n . The Hamiltonian has the general form

The coherent state
ψ(x) =

−x2 /2

√
e
dx
1/4
(2π)

is an eigenstate with energy 12 . The rest of the spectrum can be found with ladder operators. This is a
Lie-algebraic method that begins with the commutation relations
[x, p] = i

[H, x] = −ip
x + ip
√
2

a∗ =

H=

n
X
p~k · p~k
k=1

2

+ V (~x1 , . . . , ~xn ).

The corresponding Schrödinger equation is a PDE in
dn dimensions. It is usually intractable, even with
the aid of computers (but see Chapter 3). Almost
the only case with a satisfactory solution is the one
in which the potential factors,

[H, p] = ix.

Deﬁne the lowering and raising operators
a=

(a∗ )n |0i
√
n!

x − ip
√ .
2

V (~x1 , . . . , ~xn ) =

n
Y

Vk (~xk ),

k=1

which means that the particles do not interact with
each other.

Then H, a, and a∗ satisfy
[a, a∗ ] = 1

[H, a] = −a

[H, a∗ ] = a.

These commutation relations imply that if a state
|ψi has energy E, then a|ψi has energy E − 1 and
a∗ |ψi has energy E + 1, provided that either vector
is non-zero. The coherent state spans the kernel of
a and we rename it |0i. The commutation relations
imply, by induction, that
h0|an (a∗ )n |0i = n!,

Exercises

1. Show that
ψ(~x) =

sin k|~x|
|~x|

is an inﬁnite-norm solution to the free-particle
Schrödinger equation. It represents a spherically radiating particle.
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2. The function

2.2.

1
ψ(~x) =
|~x|

is not considered an inﬁnite norm solution to
the free-particle Schrödinger equation. For example, f (~x) is a smooth bump function, then
f (~x)ψ(~x) is not an approximate eigenstate of
H. Why not?
3. A nonlinear Schrödinger equation is a partial
diﬀerential equation
1 ∂2ψ
∂ψ
+ V (x, ψ)
=−
∂t
2 ∂x2
for some function V which is not linear in ψ.
Similarly, given a pair of wave functions
i

(ψ1 , ψ2 ) ∈ L2 (R) ⊕ L2 (R),

we can write coupled Schrödinger equations
(either linear or nonlinear):
2

1 ∂ ψ1
∂ψ1
+ V1 (x, ψ1 , ψ2 )
=−
∂t
2m1 ∂x2
∂ψ2
1 ∂ 2 ψ2
i
+ V2 (x, ψ1 , ψ2 ).
=−
∂t
2m2 ∂x2
Explain why a nonlinear Schrödinger equation
cannot model a quantum particle and coupled
Schrödinger equations cannot model coupled
quantum particles.
i

4. Prove that if a state lies in the point spectrum
of H, then it recurs, while if it lies in the continuous spectrum, then it wanders. Prove that
in the Schrödinger wave equation, if the potential V (x) is non-negative, then an unbound
particle must escape to inﬁnity.
5. Prove that the harmonic oscillator state |ni
has the form
Hn (x)e−x

2

6. Let ρ be the standard quasifree state with parameter a, deﬁned in Example 1.7.1. Show
that the harmonic oscillator Hamiltonian H
has a discrete exponential distribution with respect to the state ρ with parameter
a−1
.
t=
a+1
I.e., show that
ρ=

(t − 1)tn |nihn|.

n=0

In this section we will reformulate wave mechanics
as a version of Hamiltonian mechanics. In classical
physics, Hamiltonian mechanics produces a dynamical system (Hamilton’s equations) on the conﬁgurations of a physical object for every smooth function H (the Hamiltonian) on the conﬁguration space.
The conﬁguration space must have a symplectic or
Poisson structure and is also called phase space. The
quantum version is an important generalization of
wave mechanics, and it also limits to classical Hamiltonian mechanics as ~ → 0.
We ﬁrst restate quantum mechanics so that measurement operators evolve and states does not.
Given a general Hamiltonian H acting on an arbitrary Hilbert space H, let |ψ(t)i be the state at time
t and let
|ψi = |ψ(0)i.
If A is a measurement operator to be applied at time
t, deﬁne
A(t) = U (−t)AU (t).
Then evolving the operator A and ﬁxing the state ψ
is statistically equivalent to ﬁxing the operator and
evolving the state:
hψ|A(t)|ψi = hψ(t)|A|ψ(t)i.
This equivalence is a special case of the conjugation principle in group theory: If a group G acts
on a set S, then ghg −1 does to g(s) what h does
to s. As applied to quantum mechanics, it is called
the Heisenberg picture. The diﬀerential form of the
Heisenberg picture is an operator-valued diﬀerential
equation called the Heisenberg equation:

/2

for some polynomial Hn (x) of degree n. Since
the polynomials are orthogonal, they are Hermite polynomials up to rescaling x and multiplying by a constant factor.

∞
X

A classical limit

i

∂A
= [A, H].
∂t

We can now rename variables to match Hamilton’s
equations in symplectic R2n . Substitute ~q for ~x and
n for d and drop the restriction d ≤ 3; the state
space becomes L2 (Rn ). The operator ~q consists of
the coordinates q1 , . . . , qn on Rn , while p~ is deﬁned
by
pk = −i

∂
.
∂qk

These operators satisfy the commutation relations
[qj , pk ] = iδj, k.
Now assume that the Hamiltonian operator H is a
“function” H(~
p, ~q) of ~p and ~q. For example it might
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be a non-commutative polynomial in the coordinates
of ~p and ~q or a suitably convergent power series.
Then formally
[qk , H] = i

∂H
∂pk

[pk , H] = −i

∂H
.
∂qk

Combining this with the Heisenberg equation yields
an operator form of Hamilton’s equations for conjugate variables:
∂H
∂qk
=
∂t
∂pk

∂pk
∂H
.
=−
∂t
∂qk

To see the classical limit, assume for simplicity
that n = 1 and the conjugate variables are just p and
q. In units of Planck’s constant, their commutator
is
[q, p] = i~.
Now take the limit ~ → 0. The Heisenberg uncertainty relation (Exercise 1.2.8) yields the inequality
V [q]V [p] ≥

~2
.
4

In fact the inequality is sharp: Gaussian wave packets (i.e., coherent states) achieve equality. If ~ is
small, then p and q can both be nearly deﬁnite in
the initial state |ψ(0)i. A Hamiltonian expressed
in terms of p and q is also nearly deﬁnite and the
quantum dynamics of the system preserves near definiteness at least for a while. In conclusion, classical
Hamiltonian dynamics is a valid short-term approximation to quantum Hamiltonian dynamics.
Exercises

1. Let |ψi be a state with respect to which
V [q]V [p] =

~2
.
4

Show that |ψi is pure and has the form
2

ea(x−b+ic)
ψ(x) =
(πa)1/4

/2

for some real constants a, b, and c. (The converse of this exercise is also worthwhile and is
much easier.)
2.3.

Symmetry and spin

If a physical system can be rotated in space, its
state space H becomes a representation of the Lie

group SO(3). By Noether’s theorem for quantum
systems, if the system’s Hamiltonian H is invariant
under rotation, the Lie generators, if multiplied by
i, are Hermitian operators with conserved values.
The angular momentum operators in the x, y, and z
directions in R3 are written Jx , Jy , and Jz ; the angular momentum in the direction of a general unit
~ These operators do not commute
vector ~v is ~v · J.
with each other, so they are not simultaneously definite. There is another twist as well. Since global
phase is not statistically meaningful, the state space
H might only be a projective representation of any
given symmetry group. This can happen with spatial rotations, so the true quantum rotation group is
the double cover
^ ∼
SO(3)
= SU(2).
Whether H is a projective representation or a linear one, the analysis will show that angular momentum takes discrete values that diﬀer by multiples of
~, even though there is a continuous family of directions in which to measure it. Moreover, the rotational state space of a physical system is typically
ﬁnite.
The operators Jx , Jy , and Jz satisfy the commutation relations
[Jx , Jy ] = iJz

[Jy , Jz ] = iJx

[Jz , Jx ] = iJy .

Angular momentum has the same physical units as
Planck’s constant, so for example [Jx , Jy ] = i~Jz in
units. Since SU(2) is compact, every unitary representation decomposes as an orthogonal direct sum
of ﬁnite-dimensional irreducible representations (irreps). By Cartan-Weyl theory, it has a unique irrep
of dimension n + 1 for every integer n ≥ 0, which we
will call Vj with j = n/2. It is also called a spin-j
system. The standard basis is
| − ji, |1 − ji, . . . , |ji,
where |mi is an eigenstate of Jz with eigenvalue m.
The proof that the irreps of SU(2) have this structure uses the same ladder operator method as in the
harmonic oscillator system. In this case the ladder
operators are
J + = Jx + iJy

J − = Jx − iJy .

By convention their action on the standard basis is
p
J + |mi = (j − m)(j + m + 1)|m + 1i
p
J − |mi = (j + m)(j − m + 1)|m − 1i.

Another important operator is

J 2 = Jx2 + Jy2 + Jz2 ,
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which in representation theory is called a Casimir
operator. Its sole eigenvalue on the spin-j system is
j(j + 1).
The term “spin” often refers to the intrinsic angular momentum of a particle. Electrons, protons,
neutrons, and neutrinos all have spin 21 , while the
cobalt-60 nucleus, for example, has spin 5. The spin1
2 spin states are also written |↑i and |↓i, and they
are also called right-handed spin and left-handed spin
when measured in the direction of the particle’s motion. A photon is a spin-1 particle, but the spin state
|0i never occurs in the direction of motion. (This is
only possible because of special relativity.)
Although some of the most interesting behavior of
a particle is due to its spin, it is worth remembering
that most of its state is in its position. In general if
a particle has spin-j, its total state space (in a ﬂat
universe) is Vj ⊗ L2 (R3 ).
There are two ways that Vj arises extrinsically.
First, if a particle lies on the unit 2-sphere S 2 , or if
it exists in R3 but its radial state is an independent
factor, then it possesses orbital angular momentum.
(Orbital angular momentum operators are often denoted Lz , L+ , . . ., but we will stay with J.) The
rotation group SO(3) acts on S 2 and by extension
L2 (S 2 ). It decomposes as

of a Lie algebra on a tensor product. I.e., the action
of J~ on

L2 (S 2 ) ∼
= V0 ⊕ V1 ⊕ V2 ⊕ . . . ,

exhibits quantum interference. By this test and its
consequences, many classes of particles are known to
be identical. All electrons are identical, all helium
nuclei are identical, etc.
More explicitly, suppose that two particles have
the same state space H. Then by the independence
rule, their joint state space is H⊗2 . This state space
has an operator X that switches the two factors:

where a vector in the summand Vj is a spherical
harmonic of degree j. If the particle moves freely on
S 2 , then its Hamiltonian is
H =−

∆
.
2

Vj1 ⊗ Vj2 ⊗ · · · ⊗ Vjn
is given by
J~ =

n
X

J~(k) =

k=1

n
X

k=1

I ⊗k−1 ⊗ J~v ⊗ I ⊗N −k .

Exercises
2.4.

Identical particles

Following Section 1.1, two coherent trajectories
of a physical system obey quantum superposition if
they arrive at the same state and classical superposition if they arrive at diﬀerent states. Thus in
quantum mechanics there is a diﬀerence between a
pair of particles (or any other two physical systems)
that are logically identical and a pair that merely
appear the same. If they are identical, then a coherent beam apparatus that conditionally switches
them,
(picture)

X(|ψ1 i ⊗ |ψ2 i) = |ψ2 i ⊗ |ψ1 i.

The Laplacian ∆ equals the action of the Casimir
operator J 2 on the representation L2 (S 2 ). Thus the
}, and the jth eigenvalue
spectrum of H is { j(j+1)
2
(numbered from 0) has multiplicity 2j+1. Especially
in atomic physics, the ﬁrst several harmonic spaces
are often denoted by letters: s, p, d, f, g, . . .
Second, when two or more spin systems are combined, their joint state space decomposes as a direct
sum of spin systems. The Clebsch-Gordan rule gives
the decomposition of two spin systems:

Since X is a Hermitian involution, it has two
eigenspaces. The space S 2 H of symmetric tensors
has eigenvalue 1, while the space of antisymmetric
tensors Λ2 H has eigenvalue −1. If the two particles
are identical, then X must ﬁx the density operator
|ψihψ|, but not necessarily the state vector |ψi itself. Thus |ψi can lie in either eigenspace of X, so
particles can be identical in two diﬀerent ways. If

Vj ⊗ Vk ∼
= Vj+k ⊕ Vj+k−1 ⊕ · · · ⊕ V|j−k| .

then the particles are called bosons and obey BoseEinstein statistics. If

Thus a spin-j particle and a spin-k particle can together be in a spin-ℓ state with
ℓ ∈ {|j − k|, . . . , j + k}.
Higher tensor products also decompose, of course,
but in a more complicated way. The main rule to
remember is that the total angular momentum operators match the Leibniz rule for the diagonal action

X|ψi = |ψi,

X|ψi = −|ψi,
then the particles are called fermions and obey
Fermi-Dirac statistics. More generally, given n particles with the same state space H, if they are identical bosons, then their joint state space is the symmetric space
S n H ⊆ H⊗n .
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If they are identical fermions, then their joint state
space is the antisymmetric space
Λn H ⊆ H⊗n .
Here is a completely explicit description in terms
of amplitudes. If n particles each have state space H
with a basis A, then a joint pure state can be written
X
|ψi =
αa1 ,a2 ,...,an |a1 , a2 , . . . , an i.

If the particles are identical bosons, then

αa1 ,a2 ,...,an = αaσ(1) ,aσ(2) ,...,aσ(n)
for any permutation σ ∈ Sn . If they are identical
fermions, then
αa1 ,a2 ,...,an = (−1)σ αaσ(1) ,aσ(2) ,...,aσ(n) .
In this case, any amplitude α with a repeated index
must vanish, so identical fermions cannot appear in
the same state. This conclusion is called the Pauli
exclusion principle.
Example 2.4.1. Let H = L2 (S 1 ) and let
ψ(θ1 , θ2 ) =

sin(θ1 − θ2 )
√
2π

be a joint wave function for two particles on the
circle S 1 . It is antisymmetric and can describe identical fermions, by the natural continuous analogue
of amplitude antisymmetry. At the same time, the
state is invariant under rotation of the circle, so the
measured value of θ1 has the uniform distribution.
2.5.

Atomic structure

In this section we will draw together the ideas of
Sections 2.1, 2.3, and 2.4 to analyze the hydrogen
atom. We will also qualitatively predict some of the
features of other atoms and molecules.
2.6.

Quantum field theory

3.

COMPUTATION

Quantum computation is a computational model
based on quantum probability as described in Chapter 1. It was ﬁrst proposed by Feynman [? ] that
artiﬁcial quantum systems — quantum computers
— could be used to simulate natural quantum systems (Chapter 2). A sequence of further ideas [? ?
? ] culminated in Shor’s discovery of polynomialtime quantum to factor integers [? ]. It is now
reasonable to conjecture that quantum computation
is sometimes exponentially faster than deterministic (or classically randomized) computation. This
possibility is as almost as surprising as quantum
probability itself, and it would give a new reason
that quantum probability does not reduce to classical probability (Section 1.6).
Quantum algorithms to simulate many natural
Hamiltonians [? ] close the circle with Feynman’s
proposal. They indicate that quantum probability,
and not any further features of quantum mechanics,
provides the likely acceleration of quantum computers. Indeed, since experimental quantum computation is very diﬃcult in practice, we can say that the
realistic physics that we might exploit for quantum
computation is both a friend and a foe.
Since quantum computation depends on continuous state, it is fair ask whether it unrealistically exploits analog precision. This is related to the problem that quantum computation is more fragile than
classical computation and must be protected from
decoherence. These issues are addressed by the theory of quantum error correction and fault-tolerant
computation Section 3.6. Although theory leans to
the conclusion that quantum computation is possible, useful quantum computers have not yet been
built. There could conceivably be some unknown
practical barrier to quantum computation.
Quantum secrecy is a parallel development [? ]
which, unlike quantum computation, has been convincingly demonstrated [? ]. The idea is to use
the violation of Bell’s inequalities and related phenomena to detect eavesdropping in communication,
rather than to defy the eavesdropper’s computational power. Since quantum secrecy assumes that
eavesdroppers have unlimited computational power,
it is more trustworthy than classical cryptography,
but it is also more limited. Regardless, the ﬁrst practical use of quantum computers could be as repeaters
for quantum secrecy protocols.

3.1.

Computational models

To put quantum probability into a computational
form, we begin with the qubit, which has a 2-
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dimensional state space C2 with standard basis |0i
and |1i. The memory of a quantum computern could
consist of n qubits with state space H = C2 . The
general pure state is given by a unit vector in H,
while the general state is a matrix in the Bloch region B2n ⊂ M2n . A computation could consist of
a sequence of 2-qubit, unitary ngates applied to this
2n -dimensional state space C2 , followed by a measurement. By deﬁnition such a gate is a unitary
operator U : C4 → C4 applied to some pair of the
qubits. More generally, a (j, k)-qubit gate is a quantum operation
E : M2j → M2k .
The general quantum circuit is a sequence of such
quantum operations applied to j-tuples of qubits in
a memory with n qubits. There is usually a uniform
bound on the gates such as j, k ≤ 2. If j 6= k,
then n changes by k − j as the operation is applied.
As in classical Boolean circuitry, a quantum circuit
is equivalent to an acyclic digraph with each node
labelled by a quantum operation.
Example 3.1.1.
Before considering quantum algorithms in this
model, we can compare qubits to randomized bits.
Since a state of n qubits is a quantum superposition
of the 2n basis states, or a mixture of these, quantum computation is a form of parallel computation.
Since the coeﬃcients are complex numbers, it is also
a form of analog computation. However, randomized
classical computation shares both of these features.
Indeed, the simplex ∆4n of states of 2n classical bits
has the same dimension as the Bloch region B2n of
n qubits. Qubits are more useful than randomized
bits because they allow more operations, not because
they carry more state. (But see Section 3.5.)
We can also place quantum computation in the
context of standard complexity classes. To review,
a complexity class is a set of computational decision problems (YES-NO-valued functions on the set
of ﬁnite bit strings) that can be answered with speciﬁc computational resources. The computational
resources deﬁning a particular complexity class may
or may not be realistic. Here are some standard
complexity classes with the most natural quantum
class included:
1. P is the set of problems that can be solved in
deterministic polynomial time.
2. NP is problems that can be solved in nondeterministic polynomial time.
A nondeterministic computer program is one with
blank conditionals. Its execution history is a
tree rather a sequence. A non-deterministic

program answers a question in NP if at least
one leaf of the computation tree says YES
when the true answer is YES, but all leaves
say NO when the true answer is NO, and if
the tree has polynomial depth.
3. BPP is probabilistic polynomial time with
bounded error. It can be deﬁned using the
same non-deterministic model as NP, except
that each conditional is assigned a computed
probability. The program answers a question
in BPP if a random computation path provides
the true answer with probability at least 23 .
4. BQP is the quantum analogue of BPP. A problem is in BQP if it is solved by a polynomial quantum circuit. As in other circuit
models, the circuit must be eﬃciently precomputed (say with a classical computer) using
the length of the input. The ﬁnal stage is a
boolean-valued measurement, which must be
correct with probability 23 as in the deﬁnition
of BPP.
5. PSPACE is deterministic polynomial space
with no restriction on computation time. It is
equivalent to a non-deterministic polynomialtime computation model in which each node of
the computation tree is assigned an arbitrary
binary function of its child nodes, and the ﬁnal answer is the boolean value assigned to the
root. It is also equivalent to polynomial-time
parallel computation with exponentially many
networked processors.
A complexity class can also be modiﬁed by an oracle, which is a black-box function that a program
can invoke in one step, or that can be used as a large
gate in a circuit.
The inclusions
BPP ⊆ BQP ⊆ PSPACE.
are elementary. BPP can also be deﬁned by circuits of stochastic maps, which places it inside BQP.
For the other inclusion, any quantum or stochastic
circuit can be evaluated by path summation (Section ??), which requires only as much memory as
the number of nodes in the circuit. In fact quantum amplitudes can be estimated in a space-eﬃcient
way with stochastic sampling. Thus quantum randomness only saves time and not space over classical
randomness.
It is reasonable to conjecture that P = BPP,
that BQP is somewhat larger than BPP, and that
PSPACE is vastly larger than BQP. It is also reasonable to conjecture that BQP does not contain
NP. For one reason, it is easy to ﬁnd an oracle A
such that BQPA does not contain NPA .
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3.2.

Low-level operations

A ﬁrst step in constructing quantum algorithms
is to identify a convenient set of universal quantum
gates. At the unitary level, it is convenient to include multiplication by a global phase even though
it is irrelevant. The group of unitary operators on a
single qubit is then U (2). Some important examples
of single-qubit (or unary) gates are the NOT gate
X, the Hadamard gate H, and the phase rotation
Z(θ):
!
!
1
1 1
0 1
X=
H=√
1 0
2 −1 1
!
1 0
Z(θ) =
0 eiθ
The gate Z = Z(π) is a phase ﬂip. The phase subgroup {Z(θ)} and the Hadamard gate H generate
U (2).
If U ∈ U (2) is unitary, then there is a corresponding coherently controlled extension C(U ) of U to 2
qubits. It applies U to the right qubit when the left
qubit is in the state |1i. As a matrix,
!
I 0
C(U ) =
.
0 U
Coherently controlled unitaries applied to both
qubits generate the 2-qubit group U (4), and 2-qubit
unitaries applied to arbitrary pairs of qubits in an nqubit memory generate its full unitary group U (2n ).
Strictly speaking the unitary group on n qubits
is not full quantum computation, because the latter also includes decoherent quantum operations.
By Theorem 1.5.1, unitary operators together with
qubit erasure (taking the marginal from n qubits to
n − 1) and qubit creation in the state |0i generate
the entire category of quantum operations.
Furthermore, any quantum computation can be
dilated to a unitary computation. If the output is
classical, the unitary part is followed by the measurement of output qubits. Such a dilation changes
computation time by only a constant factor, but it
can be expensive in space. Nonetheless, many quantum algorithms are unitary with classical pre- and
postprocessing. Decoherent operations often (but
not always) squander the quantum acceleration.
Quantum operations also need not be exact in order to work. Given two states ρ and ρ′ , the probability that two measurements might give a diﬀerent
answer is bounded by the trace distance
d(ρ, ρ′ ) =

1 ′
||ρ − ρ||1 .
2

If F and F ′ are two quantum operations with the
same domain and target, their distance d(F, F ′ ) is
deﬁned as the Lipschitz constant of their diﬀerence
F ′ − F with respect to trace distance on states.
This distance behaves predictably with respect to
composition and tensor products. Its relevance is
that each step in a quantum algorithm only needs
to be approximated to within a tolerance. Among
other uses, approximate computation is needed for
the fault-tolerance problem in Section 3.6.

3.3.

Dilations and Grover’s algorithm

It is useful to explicitly construct unitary dilations
of classical algorithms. Suppose for simplicity that
f is boolean-valued with classical input s and that it
is computed by a sequence of classical gates. Then
we can dilate the computation one gate at a time.
For example, the Toﬀoli gate is a (3, 3)-qubit gate
deﬁned by
T |a, b, ci = |a, b, c + abi
with a, b, c ∈ Z/2. Here and below we assume the
abbreviations
|a, bi = |ai ⊗ |bi

|an i = |ai⊗n .

The Toﬀoli is a unitary dilation of the classical AND
gate applied to a and b. In general a dilation Df of f
takes as input |si, n scratch qubits initialized to |0i,
and a receiving qubit also initialized to |0i. (Extra
qubits used in dilation are also called ancillas.) The
output can be written
Df |s, 0n+1 i = |s, x(s), f (s)i,
where |x(s)i is the scratch work.
Many quantum algorithms require a more convenient dilation of f that we can call minimal unitary
form. It is a unitary operator Uf that preserves the
input and adds the output (in Z/2-arithmetic) to an
extra qubit:
Uf |s, bi = |s, b + f (b)i.
It is implemented as the conjugation
Uf = Df−1 ◦ N ◦ Df
where trivial tensor factors are suppressed and
N |f (s), bi = |f (s), f (s) + bi.
is a controlled NOT. This trick is also called uncomputing the function f .
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A related construction is a phase rotation controlled by f , denoted Zf (θ). It is deﬁned as

When N is large,
θ≈

Zf (θ) = Df−1 ◦ Z(θ) ◦ Df ,
where the phase rotation Z(θ) acts on |f (s)i. It is
also given by the formula
Zf (θ)|si = eif (s)θ |si.
One signiﬁcant use of these unitary tools is
Grover’s general quantum search algorithm. The
input to this algorithm is a black-box function, or
oracle,
f : S → {0, 1},
where S is some ﬁnite set. The function f comes
with the promise that f (s) = 1 for a single s ∈ S and
the task is to ﬁnd the solution s. Clearly any classical algorithm must evaluate f at least N/2 times
on average in order to ﬁnd s. But if the oracle is
available in minimal unitary form
√ Uf , then Grover’s
algorithm can ﬁnd s using O( N ) quantum queries.
For simplicity assume that S = [0, 2n ) for some n.
Grover’s algorithm is a loop that alternates between
the standard qubit basis, {|0i, |1i}, and the basis
{|+i, |−i}. We can either implement this alternation
with Hadamard gates, or assume that quantum gates
are available in both bases. The algorithm requires
n qubits and is initialized in the state
|ψi = |+n i.
Relative to the standard basis, the qubits are then
in the constant pure state
1 X
|si.
|Si =
|S|
s∈S

Note that |Si can be deﬁned for any ﬁnite orthonormal set of states of any quantum system.√
Grover’s algorithm then consists of ⌊ π 4N ⌋ iterations of the following two steps, with |ψi as the state
of the qubits at each step.
1. In the standard basis, apply the phase ﬂip
Zf = Zf (π) controlled by f . This reﬂects the
vector |ψi in the hyperplane perpendicular to
|si.
2. By a similar computation in the {|+i, |−i} basis, reﬂect |φi through the hyperplane perpendicular to |+n i and formally negate |ψi.
The eﬀect of both reﬂections together is to rotate
|ψi from |+n i to |si by an angle θ given by
1
sin θ = h+n |si = √ .
N

4
√
π N

and |+n i and |si are nearly orthogonal. Thus the
full course of Grover’s algorithm brings |ψi close to
the state |si.
3.4.

Shor’s algorithm

Grover’s algorithm and its variations represent
one of two main families of existing quantum algorithms. The other family consists of algorithms
related to Shor’s algorithm for ﬁnding the period of
a periodic function.
The input to Shor’s algorithm is a black-box function
f : Z → S,
where S is some target set.
promise that

It comes with the

f (x) = f (x + p)
for some period p, and that otherwise f takes distinct values. The cost of computing f (x) is polynomial in log x, and the task is to ﬁnd the period p
in polynomial time in log p. Since f is given as an
oracle, this is classically impossible just from counting necessary queries (exercise ??). But if the oracle
is available in minimal unitary form, then O(log p)
quantum queries suﬃce. (Technically O(log p) classical queries suﬃces, but they must be very large
queries.)
The main computational step of Shor’s algorithm
is the quantum Fourier transform on a cyclic group
Z/N . This is a unitary operator FN deﬁned by
1 X xy
FN |xi = √
ω |yi
N

with x, y ∈ Z/N and

ω = e2πi/N .
This map has the same formula as the discrete
Fourier transform and the algorithm for it when
N = 2n is very similar to the classical FFT. But
the interpretation is very diﬀerent, because the FFT
transforms a list of 2n stored numbers, while the
QFT transforms the amplitudes of n stored qubits.
(See Exercise ??.)
To compute F2n , ﬁrst express the residue x as a
high bit plus a low remainder,
x = 2n−1 xn−1 + x′ ,
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with 0 ≤ xn−1 ≤ 1 and 0 ≤ x′ < 2n−1 . Second,
use the remainder x′ to control a unitary operator
applied to the high qubit |xq i:

′
1
U (x′ )|xn−1 i = √ |0i + (−1)xn−1 ω x |1i
2
|0i + ω x |1i
√
=
2

p−1

FN (ρ) =

1 X kN kN
ih
|.
|
p
p
p
k=0

The measurement of a few copies of this state in the
standard basis reveals N/p and therefore p.
To use Shor’s algorithm to factor a number M ,
deﬁne the periodic function

This operator can be expressed as
U (x′ ) = Z(

and

xn−2 π
xn−3 π
x0 π
)Z(
) . . . Z( n−1 )H,
2
4
2

f (n) = an

′

where xk is the kth bit of x. In words, U (x ) is a
Hadamard gate followed by a sequence of phase rotations controlled by each bit of x′ separately. To obtain Fn , recursively apply the QFT operator Fn−1 to
|x′ i and rechristen the high qubit with input |xn−1 i
as the low qubit with output |y0 i.
Shor’s algorithm is as follows. First, choose a
number N ... Prepare an integer in the constant
pure state |[0, N )i, where
[0, N ) = {0, . . . , N − 1}.
Second, supply this state to the minimal unitary
form Uf and discard the output. This step partially
measures the input according to the value of f (x),
which only depends on the residue of x mod p. The
result ρ is a mixture of the corresponding residue
classes within [0, N ).
The ﬁnal step of Shor’s algorithm is to reveal
the residual coherence of ρ with a quantum Fourier
transform on Z/N = [0, N ). To understand its effect, ﬁrst ﬁctitiously suppose that p divides N . (This
is of course infeasible given that p is not known.) In
this case

for some prime residue a ∈ Z/M . It can be computed quickly for any ﬁxed n by repeated squaring.
Its period divides the exponent of (Z/M )× and once
this exponent is known it is easy to factor M .
3.5.

Feasibility

Like a bit, a qubit can in principle be any 2-state
physical system. The operational diﬀerence is that
a randomized bit only needs to be suitably independent from other memory bits, while a qubit state decoheres if it is leaked to any physical observer, even
an accidental one. A randomized computation can
proceed as intended even if its entire state is monitored by the programmer; a quantum computation
can be ruined if one qubit is witnessed by a stray
atom.

p−1

1X
|k + pZ/(N/p)ihk + pZ/(N/p)|
ρ=
p

3.6.

Error correction

3.7.

Quantum secrecy

k=0
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