1 Applied Analysis

John K. Hunter Bruno Nachtergaele

Department of Mathematics University of California at Davis November 14, 2000

Copyright © 2000 John K. Hunter and Bruno Nachtergaele

Publishers’ page

Publishers’ page

Publishers’ page

Publishers’ page

To Shelley and Marijke, Caitlin and Lauren, and Sigrid and Shanti.

Preface

Mathematical knowledge and sophistication, computational power, and areas of application are expanding at an enormous rate. As a result, the demands on the training of applied mathematicians are increasing all the time. It is therefore not easy to decide what should constitute the core mathematical training of an applied mathematician. We take the view that every applied mathematician, whatever his or her ultimate area of interest may turn out to be, should have a grounding in the fundamentals of analysis.

The aim of this book is to supply an introduction for beginning graduate students to those parts of analysis that are most useful in applications. The material is selected for its use in applied problems, and is presented as clearly and simply as we are able, but without the sacrifice of mathematical rigor.

We focus on ideas of central importance, and attempt to avoid technicalities and detours into areas of more specialized interest. While we make every effort to motivate the ideas introduced, and include a variety of examples from different fields, this book is first and foremost about analysis.

We do not assume extensive mathematical prerequisites of the reader. The book is intended to be accessible to students from a wide variety of backgrounds, including undergraduate students entering applied mathematics from non-mathematical fields, and graduate students in the sciences and engineering who would like to learn analysis. A basic background in calculus, linear algebra, ordinary differential equations, and some familiarity with functions and sets should be sufficient. We occasionally use some elementary results from complex analysis, but we do not develop any methods from complex analysis in the text.

We provide detailed proofs for the main topics. We make no attempt to state results in maximum generality, but instead illustrate the main ideas in simple, concrete settings. We often return to the same ideas in different contexts, even if this leads to some repetition of previous definitions and results. We make extensive use of examples and exercises to illustrate the concepts introduced. The exercises are at various levels; some are elementary, although we have omitted many of the routine exercises that we assign while teaching the class, and some are harder and

viii Preface

are an excuse to introduce new ideas or applications not covered in the main text. One area where we do not give a complete treatment is Lebesgue measure and integration. A full development of measure theory would take us too far afield, and, in any event, the Lebesgue integral is much easier to use than to construct.

In writing this book, the material has expanded beyond what can be covered in a year long course for beginning graduate students. When teaching a threequarter course, we usually cover Chapters 1–5 in the first quarter, which provide a review of advanced calculus and discuss the basic properties of metric and normed spaces, followed by Chapters 6–9 in the second quarter, which focus on Hilbert spaces, including Fourier series and bounded linear operators. In the last quarter, we cover a selection of topics from Chapters 10–13, which discuss Green’s functions, unbounded operators, distribution theory, the Fourier transform, measure theory, function spaces, and differential calculus in Banach spaces. The choice and emphasis of the topics depends on the backgrounds and interests of the students.

The material presented here is standard. Many of the sources we have drawn upon are listed in the bibliography. The bibliography is not comprehensive, however, and is limited to books that we feel will be useful to the intended audience of this text, either for background reading, or to pursue in greater depth some of the topics treated here.

We thank the students who have taken this course and contributed comments and suggestions on early drafts of the course notes. In particular, Scott Beaver, Sergio Lucero, and John Thoo were helpful in the preparation of figures and the proofreading of the manuscript.

Contents

Preface vii

Chapter 1 Metric and Normed Spaces 1 1.1 Metrics and norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.3 Upper and lower bounds . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.4 Continuity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.5 Open and closed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 1.6 The completion of a metric space . . . . . . . . . . . . . . . . . . . . . 17 1.7 Compactness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 1.8 Maxima and minima . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 1.9 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 1.10 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

Chapter 2 Continuous Functions 35 2.1 Convergence of functions . . . . . . . . . . . . . . . . . . . . . . . . . . 35 2.2 Spaces of continuous functions . . . . . . . . . . . . . . . . . . . . . . 37 2.3 Approximation by polynomials . . . . . . . . . . . . . . . . . . . . . . 40 2.4 Compact subsets of C(K) . . . . . . . . . . . . . . . . . . . . . . . . . 44 2.5 Ordinary differential equations . . . . . . . . . . . . . . . . . . . . . . 51 2.6 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 2.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

Chapter 3 The Contraction Mapping Theorem 61 3.1 Contractions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 3.2 Fixed points of dynamical systems . . . . . . . . . . . . . . . . . . . . 63 3.3 Integral equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 3.4 Boundary value problems for differential equations . . . . . . . . . . . 69 3.5 Initial value problems for differential equations . . . . . . . . . . . . . 73 3.6 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

x Contents

3.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

Chapter 4 Topological Spaces 81 4.1 Topological spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 4.2 Bases of open sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 4.3 Comparing topologies . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 4.4 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 4.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

Chapter 5 Banach Spaces 91 5.1 Banach spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 5.2 Bounded linear maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95 5.3 The kernel and range of a linear map . . . . . . . . . . . . . . . . . . . 102 5.4 Finite-dimensional Banach spaces . . . . . . . . . . . . . . . . . . . . . 106 5.5 Convergence of bounded operators . . . . . . . . . . . . . . . . . . . . 108 5.6 Dual spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 5.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120 5.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

Chapter 6 Hilbert Spaces 125 6.1 Inner products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125 6.2 Orthogonality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130 6.3 Orthonormal bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133 6.4 Hilbert spaces in applications . . . . . . . . . . . . . . . . . . . . . . . 141 6.5 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143 6.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

Chapter 7 Fourier Series 149 7.1 The Fourier basis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 7.2 Fourier series of differentiable functions . . . . . . . . . . . . . . . . . 157 7.3 The heat equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161 7.4 Other partial differential equations . . . . . . . . . . . . . . . . . . . . 166 7.5 More applications of Fourier series . . . . . . . . . . . . . . . . . . . . 170 7.6 Wavelets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175 7.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182 7.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

Chapter 8 Bounded Linear Operators on a Hilbert Space 187 8.1 Orthogonal projections . . . . . . . . . . . . . . . . . . . . . . . . . . . 187 8.2 The dual of a Hilbert space . . . . . . . . . . . . . . . . . . . . . . . . 190 8.3 The adjoint of an operator . . . . . . . . . . . . . . . . . . . . . . . . . 193 8.4 Self-adjoint and unitary operators . . . . . . . . . . . . . . . . . . . . . 197 8.5 The mean ergodic theorem . . . . . . . . . . . . . . . . . . . . . . . . . 201

Contents xi

8.6 Weak convergence in a Hilbert space . . . . . . . . . . . . . . . . . . . 204 8.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211 8.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

Chapter 9 The Spectrum of Bounded Linear Operators 215 9.1 Diagonalization of matrices . . . . . . . . . . . . . . . . . . . . . . . . 216 9.2 The spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218 9.3 The spectral theorem for compact, self-adjoint operators . . . . . . . . 222 9.4 Compact operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228 9.5 Functions of operators . . . . . . . . . . . . . . . . . . . . . . . . . . . 232 9.6 Perturbation of eigenvalues . . . . . . . . . . . . . . . . . . . . . . . . 235 9.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239 9.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239

Chapter 10 Linear Differential Operators and Green’s Functions 245 10.1 Unbounded operators . . . . . . . . . . . . . . . . . . . . . . . . . . . 245 10.2 The adjoint of a differential operator . . . . . . . . . . . . . . . . . . . 249 10.3 Green’s functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 253 10.4 Weak derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259 10.5 The Sturm-Liouville eigenvalue problem . . . . . . . . . . . . . . . . . 268 10.6 Laplace’s equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 273 10.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280 10.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281

Chapter 11 Distributions and the Fourier Transform 287 11.1 The Schwartz space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 287 11.2 Tempered distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . 291 11.3 Operations on distributions . . . . . . . . . . . . . . . . . . . . . . . . 294 11.4 The convergence of distributions . . . . . . . . . . . . . . . . . . . . . 298 11.5 The Fourier transform of test functions . . . . . . . . . . . . . . . . . . 301 11.6 The Fourier transform of tempered distributions . . . . . . . . . . . . 306 11.7 The Fourier transform on L^1 . . . . . . . . . . . . . . . . . . . . . . . 307 11.8 The Fourier transform on L^2 . . . . . . . . . . . . . . . . . . . . . . . 311 11.9 Translation invariant operators . . . . . . . . . . . . . . . . . . . . . . 313 11.10 Green’s functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 316 11.11 The Poisson summation formula . . . . . . . . . . . . . . . . . . . . . 319 11.12 The central limit theorem . . . . . . . . . . . . . . . . . . . . . . . . . 320 11.13 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 328 11.14 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 328

Chapter 12 Measure Theory and Function Spaces 335 12.1 Measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 335 12.2 Measurable functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 341

xii Contents

12.3 Integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 344 12.4 Convergence theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . 346 12.5 Product measures and Fubini’s theorem . . . . . . . . . . . . . . . . . 348 12.6 The L^p spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 351 12.7 The basic inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . 355 12.8 The dual space of L^p . . . . . . . . . . . . . . . . . . . . . . . . . . . . 360 12.9 Sobolev spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 362 12.10 Properties of Sobolev spaces . . . . . . . . . . . . . . . . . . . . . . . . 365 12.11 Laplace’s equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 370 12.12 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 373 12.13 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 374

Chapter 13 Differential Calculus and Variational Methods 379 13.1 Linearization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 379 13.2 Vector-valued integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . 381 13.3 Derivatives of maps on Banach spaces . . . . . . . . . . . . . . . . . . 386 13.4 The inverse and implicit function theorems . . . . . . . . . . . . . . . 393 13.5 Newton’s method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 400 13.6 Linearized stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 403 13.7 The calculus of variations . . . . . . . . . . . . . . . . . . . . . . . . . 410 13.8 Hamilton’s equation and classical mechanics . . . . . . . . . . . . . . . 417 13.9 Multiple integrals in the calculus of variations . . . . . . . . . . . . . . 420 13.10 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 423 13.11 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 423

Bibliography 427

Index 431

Chapter 1

Metric and Normed Spaces

We are all familiar with the geometrical properties of ordinary, three-dimensional Euclidean space. A persistent theme in mathematics is the grouping of various kinds of objects into abstract spaces. This grouping enables us to extend our intuition of the relationship between points in Euclidean space to the relationship between more general kinds of objects, leading to a clearer and deeper understanding of those objects.

The simplest setting for the study of many problems in analysis is that of a metric space. A metric space is a set of points with a suitable notion of the distance between points. We can use the metric, or distance function, to define the fundamental concepts of analysis, such as convergence, continuity, and compactness.

A metric space need not have any kind of algebraic structure defined on it. In many applications, however, the metric space is a linear space with a metric derived from a norm that gives the “length” of a vector. Such spaces are called normed linear spaces. For example, n-dimensional Euclidean space is a normed linear space (after the choice of an arbitrary point as the origin). A central topic of this book is the study of infinite-dimensional normed linear spaces, including function spaces in which a single point represents a function. As we will see, the geometrical intuition derived from finite-dimensional Euclidean space remains essential, although completely new features arise in the case of infinite-dimensional spaces.

In this chapter, we define and study metric spaces and normed linear spaces. Along the way, we review a number of definitions and results from real analysis.

1.1 Metrics and norms

Let X be an arbitrary nonempty set.

Definition 1.1 A metric, or distance function, on X is a function d : X × X → R,

2 Metric and Normed Spaces

Fig. 1.1 A family tree used in the definition of the ultrametric in Example 1.3.

with the following properties:

(a) d(x, y) ≥ 0 for all x, y ∈ X, and d(x, y) = 0 if and only if x = y; (b) d(x, y) = d(y, x), for all x, y ∈ X; (c) d(x, y) ≤ d(x, z) + d(z, y), for all x, y, z ∈ X. A metric space (X, d) is a set X equipped with a metric d.

When the metric d is understood from the context, we denote a metric space simply by the set X. In words, the definition states that:

(a) distances are nonnegative, and the only point at zero distance from x is x itself;

(b) the distance is a symmetric function; (c) distances satisfy the triangle inequality.

For points in the Euclidean plane, the triangle inequality states that the length of one side of a triangle is less than the sum of the lengths of the other two sides.

Example 1.2 The set of real numbers R with the distance function d(x, y) = |x − y| is a metric space. The set of complex numbers C with the distance function d(z, w) = |z − w| is also a metric space.

Example 1.3 Let X be a set of people of the same generation with a common ancestor, for example, all the grandchildren of a grandmother (see Figure 1.1). We define the distance d(x, y) between any two individuals x and y as the number of generations one has to go back along female lines to find the first common ancestor.

Metrics and norms 3

For example, the distance between two sisters is one. It is easy to check that d is a metric. In fact, d satisfies a stronger condition than the triangle inequality, namely d(x, y) ≤ max{d(x, z), d(z, y)} for all x, y, z ∈ X. (1.1) A metric d which satisfies (1.1) is called an ultrametric. Ultrametrics have been used in taxonomy to characterize the genetic proximity of species.

Example 1.4 Let X be the set of n-letter words in a k-character alphabet A = {a_1, a_2, . . . , a_k}, meaning that X = {(x_1, x_2, . . . , x_n) | x_i ∈ A}. We define the distance d(x, y) between two words x = (x_1, . . . , x_n) and y = (y_1, . . . , y_n) to be the number of places in which the words have different letters. That is, d(x, y) = #{i | x_i ≠ y_i}. Then (X, d) is a metric space.

Example 1.5 Suppose (X, d) is any metric space and Y is a subset of X. We define the distance between points of Y by restricting the metric d to Y . The resulting metric space (Y, d|_Y ), or (Y, d) for short, is called a metric subspace of (X, d), or simply a subspace when it is clear that we are talking about metric spaces. For example, (R, | · |) is a metric subspace of (C , | · |), and the space of rational numbers (Q, | · |) is a metric subspace of (R, | · |).

Example 1.6 If X and Y are sets, then the Cartesian product X × Y is the set of ordered pairs (x, y) with x ∈ X and y ∈ Y . If d_X and d_Y are metrics on X and Y , respectively, then we may define a metric d_{X×Y} on the product space by

d_{X×Y} ((x_1, y_1), (x_2, y_2)) = d_X (x_1, x_2) + d_Y (y_1, y_2)

for all x_1, x_2 ∈ X and y_1, y_2 ∈ Y .

We recall the definition of a linear, or vector, space. We consider only real or complex linear spaces.

Definition 1.7 A linear space X over the scalar field R (or C ) is a set of points, or vectors, on which are defined operations of vector addition and scalar multiplication with the following properties:

(a) the set X is a commutative group with respect to the operation + of vector addition, meaning that for all x, y, z ∈ X, we have x + y = y + x and x + (y + z) = (x + y) + z, there is a zero vector 0 such that x + 0 = x for all x ∈ X, and for each x ∈ X there is a unique vector −x such that x + (−x) = 0;

(b) for all x, y ∈ X and λ, μ ∈ R (or C ), we have 1x = x, (λ + μ)x = λx + μx, λ(μx) = (λμ)x, and λ(x + y) = λx + λy.

4 Metric and Normed Spaces

We assume that the reader is familiar with the elementary theory of linear spaces. Some references are given in Section 1.9.

A norm on a linear space is a function that gives a notion of the “length” of a vector.

Definition 1.8 A norm on a linear space X is a function ‖ · ‖ : X → R with the following properties:

(a) ‖x‖ ≥ 0, for all x ∈ X (nonnegative);

(b) ‖λx‖ = |λ|‖x‖, for all x ∈ X and λ ∈ R (or C ) (homogeneous); (c) ‖x + y‖ ≤ ‖x‖ + ‖y‖, for all x, y ∈ X (triangle inequality) ; (d) ‖x‖ = 0 implies that x = 0 (strictly positive).

A normed linear space (X, ‖ · ‖) is a linear space X equipped with a norm ‖ · ‖.

A normed linear space is a metric space with the metric d(x, y) = ‖x − y‖. (1.2) All the concepts we define for metric spaces therefore apply, in particular, to normed linear spaces. The metric associated with a norm in this way has the special properties of translation invariance, meaning that for all z ∈ X, d(x + z, y + z) = d(x, y), and homogeneity, meaning that for all λ ∈ R (or C ), d(λx, λy) = |λ|d(x, y).

The closed unit ball B of a normed linear space X is the set B = {x ∈ X : ‖x‖ ≤ 1} . A subset C of a linear space is convex if

tx + (1 − t)y ∈ C (1.3)

for all x, y ∈ C and all real numbers 0 ≤ t ≤ 1, meaning that the line segment joining any two points in the set lies in the set. The triangle inequality implies that the unit ball is convex, and its shape gives a good picture of the norm’s geometry.

Example 1.9 The set of real numbers R with the absolute value norm ‖x‖ = |x| is a one-dimensional real normed linear space. More generally, R^n , where n = 1, 2, 3, . . ., is an n-dimensional linear space. We define the Euclidean norm of a point x = (x_1, x_2, . . . , x_n) ∈ R^n by ‖x‖ = √ x^2_1 + x^2 + · · · + x^2_n,

and call R^n equipped with the Euclidean norm n-dimensional Euclidean space. We can also define other norms on R^n . For example, the sum or 1-norm is given by ‖x‖_1 = |x_1| + |x_2| + · · · + |x_n|.

Metrics and norms 5

Fig. 1.2 The unit balls in R^2 for the Euclidean norm (B_2), the sum norm (B_1), and the maximum norm (B_{max}).

The maximum norm is given by ‖x‖_{max} = max{|x_1|, |x_2|, . . . , |x_n|}. We also call the maximum norm the ∞-norm, and denote it by ‖x‖_∞. The unit balls in R^2 for each of these norms are shown in Figure 1.2. We will equip R^n with the Euclidean norm, unless stated otherwise.

Example 1.10 A linear subspace of a linear space, or simply a subspace when it is clear we are talking about linear spaces, is a subset that is itself a linear space. A subset M of a linear space X is a subspace if and only if λx + μy ∈ M for all λ, μ ∈ R (or C ) and all x, y ∈ M. A subspace of a normed linear space is a normed linear space with norm given by the restriction of the norm on X to M.

We will see later on that all norms on a finite-dimensional linear space lead to exactly the same notion of convergence, so often it is not important which norm we use. Different norms on an infinite-dimensional linear space, such as a function space, may lead to completely different notions of convergence, so the specification of a norm is crucial in this case.

We will always regard a normed linear space as a metric space with the metric defined in equation (1.2), unless we explicitly state otherwise. Nevertheless, this equation is not the only way to define a metric on a normed linear space.

Example 1.11 If (X, ‖ · ‖) is a normed linear space, then d(x, y) = ‖x − y‖ 1 + ‖x − y‖ (1.4)

6 Metric and Normed Spaces

Fig. 1.3 A sequence (x_n) converging to x.

defines a nonhomogeneous, translation invariant metric on X. In this metric, the distance between two points is always less than one.

1.2 Convergence

We first consider the convergence of sequences of real numbers. A sequence of real numbers is a map from the natural numbers N = {1, 2, 3, . . .} to R. That is, with each n ∈ N, we associate a real number x_n ∈ R. We denote a sequence by (x_n), or (x_n)^∞_{n=1} when we want to indicate the range of the index n. The index n is a “dummy” index, and we may also write the sequence as (x_k ) or (x_k )^∞_{k=1}.

Another common notation for a sequence is {x_n}. This notation is a little ambiguous because a sequence is not the same thing as a set. For example,

(0, 1, 0, 1, 0, . . .) and (1, 0, 0, 0, 0, . . .)

are different sequences, but the set of terms is {0, 1} in each case.

A subsequence of a sequence (x_n) is a sequence of the form (x_{nk} ), where for each k ∈ N we have n_k ∈ N, and n_k < n_{k+1} for all k. That is, k → n_k is a strictly increasing function from the set of natural numbers to itself. For example, (1/k^2)^∞_{k=1} is a subsequence of (1/n)^∞_{n=1}.

The most important concept concerning sequences is convergence.

Definition 1.12 A sequence (x_n) of real numbers converges to x ∈ R if for every ϵ > 0 there is an N ∈ N such that |x_n − x| < ϵ for all n ≥ N. The point x is called the limit of (x_n).

In this definition, the integer N depends on ϵ, since smaller ϵ’s usually require larger N’s, and we could write N(ϵ) to make the dependence explicit. Common ways to write the convergence of (x_n) to x are x_n → x as n → ∞, lim_{n→∞} x_n = x. A sequence that does not converge is said to diverge. If a sequence diverges because its terms eventually become larger than any number, it is often convenient

Convergence 7

to regard the sequence as converging to ∞. That is, we say x_n → ∞ if for every M ∈ R there is an N ∈ N such that x_n > M for all n ≥ N. Similarly, we say x_n → −∞ if for every M ∈ R there is an N ∈ N such that x_n < M for all n ≥ N.

Example 1.13 Here are a few examples of the limits of convergent sequences: lim_{n→∞} 1 n = 0, lim_{n→∞} n sin ( 1 n ) = 1, lim_{n→∞} ( 1 + 1 n )_n = e. The sequence (log n) diverges because log n → ∞ as n → ∞. The sequence ((−1)^n) diverges because its terms oscillate between −1 and 1, and it does not converge to either ∞ or −∞.

A sequence is said to be Cauchy if its terms eventually get arbitrarily close together.

Definition 1.14 A sequence (x_n) is a Cauchy sequence if for every ϵ > 0 there is an N ∈ N such that |x_m − x_n| < ϵ for all m, n ≥ N.

Suppose that (x_n) converges to x. Given ϵ > 0, there is an integer N such that |x_n − x| < ϵ/2 when n ≥ N. If m, n ≥ N, then use of the triangle inequality implies that |x_m − x_n| ≤ |x_m − x| + |x − x_n| < ϵ, so (x_n) is Cauchy. Thus, every convergent sequence is a Cauchy sequence. For the real numbers, the converse is also true, and every Cauchy sequence is convergent. The convergence of Cauchy sequences is a fundamental defining property of the real numbers, called completeness. We will discuss completeness for general metric spaces in greater detail below.

Example 1.15 The sequence (x_n) with x_n = log n is not a Cauchy sequence, since log n → ∞. Nevertheless, we have

|x_{n+1} − x_n| = log ( 1 + 1 n ) → 0 as n → ∞. This example shows that it is not sufficient for successive terms in a sequence to get arbitrarily close together to ensure that the sequence is Cauchy.

We can use the definition of the convergence of a sequence to define the sum of an infinite series as the limit of its sequence of partial sums. Let (x_n) be a sequence in R. The sequence of partial sums (s_n) of the series ∑ x_n is defined by

s_n = n∑ k=1 x_k. (1.5)

8 Metric and Normed Spaces

If (s_n) converges to a limit s, then we say that the series ∑ x_n converges to s, and write ∞∑ n=1 x_n = s. If the sequence of partial sums does not converge, or converges to infinity, then we say that the series diverges. The series ∑ x_n is said to be absolutely convergent if the series of absolute values ∑ |x_n| converges. Absolute convergence implies convergence, but not conversely. A useful property of an absolutely convergent series of real (or complex) numbers is that any series obtained from it by a permutation of its terms converges to the same sum as the original series.

The definitions of convergent and Cauchy sequences generalize to metric spaces in an obvious way. A sequence (x_n) in a metric space (X, d) is a map n → x_n which associates a point x_n ∈ X with each natural number n ∈ N.

Definition 1.16 A sequence (x_n) in X converges to x ∈ X if for every ϵ > 0 there is an N ∈ N such that d(x_n, x) < ϵ for all n ≥ N. The sequence is Cauchy if for every ϵ > 0 there is an N ∈ N such that d(x_m, x_n) < ϵ for all m, n ≥ N.

Figure 1.3 shows a convergent sequence in the Euclidean plane. Property (a) of the metric in Definition 1.1 implies that if a sequence converges, then its limit is unique. That is, if x_n → x and x_n → y, then x = y. The fact that convergent sequences are Cauchy is an immediate consequence of the triangle inequality, as before. The property that every Cauchy sequence converges singles out a particularly useful class of metric spaces, called complete metric spaces.

Definition 1.17 A metric space (X, d) is complete if every Cauchy sequence in X converges to a limit in X. A subset Y of X is complete if the metric subspace (Y, d|_Y ) is complete. A normed linear space that is complete with respect to the metric (1.2) is called a Banach space.

Example 1.18 The space of rational numbers Q is not complete, since a sequence of rational numbers which converges in R to an irrational number (such as √ 2 or π) is a Cauchy sequence in Q, but does not have a limit in Q.

Example 1.19 The finite-dimensional linear space R^n is a Banach space with respect to the sum, maximum, and Euclidean norms defined in Example 1.9. (See Exercise 1.6.)

Series do not make sense in a general metric space, because we cannot add points together. We can, however, consider series in a normed linear space X. Just as for real numbers, if (x_n) is a sequence in X, then the series ∑_∞ n=1 x_n converges to s ∈ X if the sequence (s_n) of partial sums, defined in (1.5), converges to s.

Upper and lower bounds 9

Fig. 1.4 The number M is an upper bound of A and m is a lower bound of A. The number z is neither an upper bound nor a lower bound. The number S is the supremum of A, but does not belong to A. The number i is the infimum of A, and since i ∈ A it is also the minimum of A.

1.3 Upper and lower bounds

The real numbers have a natural ordering which we can use to define the supremum and infimum of a set of real numbers, and the lim sup and lim inf of a real sequence. Even a metric space as simple as the Euclidean plane cannot be ordered in a way that is compatible with its metric structure. Thus, the definitions in this section are restricted to real sets and sequences. We begin with the definitions of upper bound and lower bound.

Definition 1.20 Let A be a subset of R. We say that M ∈ R is an upper bound of A if x ≤ M for all x ∈ A, and m ∈ R is a lower bound of A if m ≤ x for all x ∈ A. The set A is bounded from above if it has an upper bound, bounded from below if it has a lower bound, and bounded if it has both an upper and a lower bound.

If A has an upper bound M, then A has many upper bounds. For example, any number M^′ ≥ M is an upper bound.

Definition 1.21 A number M is the supremum, or least upper bound, of a set A ⊂ R if M is an upper bound of A and M ≤ M^′ for all upper bounds M^′ of A. A number m is the infimum, or greatest lower bound, of A if m is a lower bound of A and m ≥ m^′ for all lower bounds m^′ of A. We denote the supremum of A by sup A, and the infimum of A by inf A.

If A is given in the form A = {x_α | α ∈ A}, where A is an indexing set, we also denote the supremum of A by sup_{α∈A} x_α, or sup x_α for short.

The supremum and infimum are unique if they exist. For example, if M_1 and M_2 are both least upper bounds of a set A, then the definition implies that M_1 ≤ M_2 and M_2 ≤ M_1, so M_1 = M_2. The existence of the supremum of every set bounded from above, or the existence of the infimum of every set bounded from below, is a consequence of the completeness of R, and is in fact equivalent to it.

Example 1.22 The subset A = {x ∈ Q | x < √ 2} of the rational numbers Q is bounded from above by 2, but has no supremum in Q. The supremum in R is the irrational number √ 2. In this example, the supremum of A does not belong to A.

10 Metric and Normed Spaces

If A does not have an upper bound, we define sup A = ∞, and if A does not have a lower bound, we define inf A = −∞. The convention that every number is both an upper and a lower bound of the empty set ∅ is sometimes convenient, so that sup ∅ = −∞ and inf ∅ = ∞.

The supremum of a set A may, or may not, belong to A itself. If it does, then sup A is called the maximum of A, and is also denoted by max A. Similarly, if the infimum belongs to A, then inf A is called the minimum of A, and is also denoted by min A. The illustration in Figure 1.4 shows an example.

Thus, provided we allow the values ±∞, every set of real numbers has a supremum and an infimum, but it does not necessarily have a maximum or a minimum.

Next, we define the lim inf and lim sup of a real sequence. First, we consider monotone sequences. A sequence (x_n) is said to be monotone increasing if x_n ≤ x_{n+1}, for every n, and monotone decreasing if x_n ≥ x_{n+1}, for every n. A monotone sequence is a sequence that is monotone increasing or monotone decreasing. A monotone increasing sequence converges to its supremum (which could be ∞), and a monotone decreasing sequence converges to its infimum (which could be −∞). Thus, provided that we allow for convergence to ±∞, all monotone sequences converge.

Now suppose that (x_n) is an arbitrary sequence of real numbers. We construct a new sequence (y_n) by taking the supremum of successively truncated “tails” of the original sequence, y_n = sup {x_k | k ≥ n}. The sequence (y_n) is monotone decreasing because the supremum is taken over smaller sets for larger n’s. Therefore, the sequence (y_n) has a limit, which we call the lim sup of the sequence (x_n), and denote by lim sup x_n. Similarly, taking the infimum of the successively truncated “tails” of (x_n), we get a monotone increasing sequence. We call the limit of that sequence, the lim inf of (x_n), and denote it by lim inf x_n. Thus, we have the following definition.

Definition 1.23 Let (x_n) be a sequence of real numbers. Then

lim sup n→∞ x_n = lim_{n→∞} [sup {x_k | k ≥ n}] ,

lim inf n→∞ x_n = lim_{n→∞} [inf {x_k | k ≥ n}] .

Another common notation for the lim sup and lim inf is

lim sup x_n = lim x_n, lim inf x_n = lim x_n.

We make the natural convention that if sup {x_k | k ≥ n} = ∞, or inf {x_k | k ≥ n} = −∞, for every n, then lim sup x_n = ∞, or lim inf x_n = −∞, respectively. In contrast to the limit, the lim inf and lim sup of a sequence of real numbers always exist, provided that we allow the values ±∞. The lim sup of a sequence whose terms are bounded from above and the lim inf of a sequence whose terms are bounded from below are finite.

Continuity 11

It follows from the definition that lim inf n→∞ x_n ≤ lim sup n→∞ x_n. Moreover, a sequence (x_n) converges if and only if lim inf n→∞ x_n = lim sup n→∞ x_n, and, in that case, the limit is the common value of lim inf x_n and lim sup x_n. Example 1.24 If x_n = (−1)^n, then lim inf n→∞ x_n = −1, lim sup_{n→∞} x_n = 1.

The lim inf and lim sup have different values and the sequence does not have a limit. Example 1.25 If {x_{n,α} ∈ R | n ∈ N, α ∈ A} is a set of real numbers indexed by the natural numbers N and an arbitrary set A, then sup_{α∈A} [ lim inf n→∞ x_{n,α} ] ≤ lim inf n→∞ [ sup_{α∈A} x_{n,α} ] . See Exercise 1.10 for the proof, and the analogous inequality with inf and lim sup.

Suppose that A is a nonempty subset of a general metric space X. The diameter of A is diam A = sup{d(x, y) | x, y ∈ A}. The set A is bounded if its diameter is finite. It follows that A is bounded if and only if there is an M ∈ R and an x_0 ∈ X such that d(x_0, x) ≤ M for all x ∈ A. The distance d(x, A) of a point x ∈ X from the set A is defined by d(x, A) = inf{d(x, y) | y ∈ A}. The statement d(x, A) = 0 does not imply that x ∈ A.

We say that a function f : X → Y is bounded if its range f(X) is bounded. For example, a real-valued function f : X → R is bounded if there is a finite number M such that |f(x)| ≤ M for all x ∈ X. We say that f : X → R is bounded from above if there is an M ∈ R such that f(x) ≤ M for all x ∈ X, and bounded from below if there is an M ∈ R such that f(x) ≥ M for all x ∈ X.

1.4 Continuity A real function f : R → R is continuous at a point x_0 ∈ R if for every ϵ > 0 there is a δ > 0 such that |x − x_0| < δ implies |f(x) − f(x_0)| < ϵ. Thus, continuity of f at x_0 is the property that the value of f at a point close to x_0 is close to the value

12 Metric and Normed Spaces

of f at x_0. The definition of continuity for functions between metric spaces is an obvious generalization of the definition for real functions. Let (X, d_X ) and (Y, d_Y ) be two metric spaces.

Definition 1.26 A function f : X → Y is continuous at x_0 ∈ X if for every ϵ > 0 there is a δ > 0 such that d_X (x, x_0) < δ implies d_Y (f(x), f(x_0)) < ϵ. The function f is continuous on X if it is continuous at every point in X.

If f is not continuous at x, then we say that f is discontinuous at x. There are continuous functions on any metric space. For example, every constant function is continuous.

Example 1.27 Let a ∈ X, and define f : X → R by f(x) = d(x, a). Then f is continuous on X.

We can also define continuity in terms of limits. If f : X → Y , we say that f(x) → y_0 as x → x_0, or

lim_{x→x0} f(x) = y_0,

if for every ϵ > 0 there is a δ > 0 such that 0 < d_X (x, x_0) < δ implies that d_Y (f(x), y_0) < ϵ. More generally, if f : D ⊂ X → Y has domain D, and x_0 is a limit of points in D, then we say f(x) → y_0 as x → x_0 in D if for every ϵ > 0 there is a δ > 0 such that 0 < d_X (x, x_0) < δ and x ∈ D implies that d_Y (f(x), y_0) < ϵ. A function f : X → Y is continuous at x_0 ∈ X if

lim_{x→x0} f(x) = f(x_0),

meaning that the limit of f(x) as x → x_0 exists and is equal to the value of f at x_0.

Example 1.28 If f : (0, a) → Y for some a > 0, and f(x) → L as x → 0, then we write

lim_{x→0+} f(x) = L.

Similarly, if f : (−a, 0) → Y , and f(x) → L as x → 0, then we write lim_{x→0−} f(x) = L. If f : X → Y and E is a subset of X, then we say that f is continuous on E if it is continuous at every point x ∈ E. This property is not equivalent to the continuity of the restriction f|_E of f on E.

Example 1.29 Let f : R → R be the characteristic function of the rationals, which is defined by f(x) = { 1 if x ∈ Q , 0 if x /∈ Q .

Continuity 13

The function f is discontinuous at every point of R, but f|_Q : Q → R is the constant function f|_Q(x) = 1, so f|_Q is continuous on Q.

A subtle, but important, strengthening of continuity is uniform continuity.

Definition 1.30 A function f : X → Y is uniformly continuous on X if for every ϵ > 0 there is a δ > 0 such that d_X (x, y) < δ implies d_Y (f(x), f(y)) < ϵ for all x, y ∈ X. The crucial difference between Definition 1.30 and Definition 1.26 is that the value of δ does not depend on the point x ∈ X, so that f(y) gets closer to f(x) at a uniform rate as y gets closer to x.

In the following, we will denote all metrics by d when it is clear from the context which metric is meant.

Example 1.31 The function r : (0, 1) → R defined by r(x) = 1/x is continuous on (0, 1) but not uniformly continuous. The function s : R → R defined by s(x) = x^2 is continuous on R but not uniformly continuous. If [a, b] is any bounded interval, then s|_{[a,b]} is uniformly continuous on [a, b].

Example 1.32 A function f : R^n → R^m is affine if

f (tx + (1 − t)y) = tf(x) + (1 − t)f(y) for all x, y ∈ R^n and t ∈ [0, 1].

Every affine function is uniformly continuous. An affine function f can be written in the form f(x) = Ax + b, where A is a constant m × n matrix and b is a constant m-vector. Affine functions are more general than linear functions, for which b = 0.

There is a useful equivalent way to characterize continuous functions on metric spaces in terms of sequences.

Definition 1.33 A function f : X → Y is sequentially continuous at x ∈ X if for every sequence (x_n) that converges to x in X, the sequence (f(x_n)) converges to f(x) in Y .

Proposition 1.34 Let X, Y be metric spaces. A function f : X → Y is continuous at x if and only if it is sequentially continuous at x.

Proof. First, we show that if f is continuous, then it is sequentially continuous. Suppose that f is continuous at x, and x_n → x. Let ϵ > 0 be given. By the continuity of f, we can choose δ > 0 so that d(x, x_n) < δ implies d(f(x), f(x_n)) < ϵ. By the convergence of (x_n), we can choose N so that n ≥ N implies d(x, x_n) < δ. Therefore, n ≥ N implies d(f(x), f(x_n)) < ϵ, and f(x_n) → f(x).

To prove the converse, we show that if f is discontinuous, then it is not sequentially continuous. If f is discontinuous at x, then there is an ϵ > 0 such that for every n ∈ N there exists x_n ∈ X with d (x, x_n) < 1/n and d (f(x), f(x_n)) ≥ ϵ. The sequence (x_n) converges to x but (f(x_n)) does not converge to f(x). □

14 Metric and Normed Spaces

Fig. 1.5 The function f is upper semicontinuous, but not continuous, at the point x.

There are two kinds of “half-continuous” real-valued functions, defined as follows.

Definition 1.35 A function f : X → R is upper semicontinuous on X if for all x ∈ X and every sequence x_n → x, we have lim sup n→∞ f(x_n) ≤ f(x). A function f is lower semicontinuous on X if for all x ∈ X and every sequence x_n → x, we have lim inf n→∞ f(x_n) ≥ f(x). The definition is illustrated in Figure 1.5. A function f : X → R is continuous if and only if it is upper and lower semicontinuous.

1.5 Open and closed sets Open sets provide another way to formulate the concepts of convergence and continuity. In this section, we define open sets in a metric space. We will discuss open sets in the more general context of topological spaces in Chapter 4.

Let (X, d) be a metric space. The open ball, B_r(a), with radius r > 0 and center a ∈ X is the set B_r(a) = {x ∈ X | d(x, a) < r}. The closed ball, B_r(a), is the set B_r(a) = {x ∈ X | d(x, a) ≤ r}.

Open and closed sets 15

Definition 1.36 A subset G of a metric space X is open if for every x ∈ G there is an r > 0 such that B_r(x) is contained in G. A subset F of X is closed if its complement F^c = X \ F is open.

For example, an open ball is an open set, and a closed ball is a closed set. The following properties of open and closed sets are easy to prove from the definition.

Proposition 1.37 Let X be a metric space.

(a) The empty set ∅ and the whole set X are open and closed. (b) A finite intersection of open sets is open. (c) An arbitrary union of open sets is open. (d) A finite union of closed sets is closed. (e) An arbitrary intersection of closed sets is closed.

Example 1.38 The interval I_n = (−1/n, 1) is open in R for every n ∈ N, but the intersection ∞⋂ n=1 I_n = [0, 1)

is not open. Thus, an infinite intersection of open sets need not be open.

Example 1.39 Let {q_n | n ∈ N} be an enumeration of the rational numbers Q, and ϵ > 0. We define the open interval I_n in R by

I_n = ( q_n − ϵ 2^n

, q_n + ϵ 2^n ) . Then G = ⋃_∞ n=1 I_n is an open set which contains Q. The sum of the lengths of the intervals I_n is 2ϵ, which can be made as small as we wish. Nevertheless, every interval in R contains infinitely many rational numbers, and therefore infinitely many intervals I_n.

A subset of R has Lebesgue measure zero if for every ϵ > 0 there is a countable collection of open intervals whose union contains the subset such that the sum of the lengths of the intervals is less than ϵ. Thus, the previous example shows that the set of rational numbers Q, or any other countable subset of R, has measure zero. A property which holds everywhere except on a set of measure zero is said to hold almost everywhere, abbreviated a.e. For example, the function χ_Q : R → R that is one on the rational numbers and zero on the irrational numbers is zero almost everywhere.

Every open set in R is a countable union of disjoint open intervals. The structure of open sets in R^n for n ≥ 2 may be much more complicated.

16 Metric and Normed Spaces

Example 1.40 We define a closed set F_1 in R by removing the “middle third” (1/3, 2/3) of the interval [0, 1]. That is,

F_1 = [0, 1/3] ∪ [2/3, 1] .

We define F_2 by removing the middle thirds of the intervals in F_1, so that

F_2 = [0, 1/9] ∪ [2/9, 1/3] ∪ [2/3, 7/9] ∪ [8/9, 1] .

Continuing this removal of middle thirds, we obtain a nested sequence of closed sets (F_n). The intersection F = ⋂_∞ n=1 F_n is a closed set called the Cantor set. A number x ∈ [0, 1] belongs to the Cantor set if and only if it has a base three expansion that contains no 1’s. The endpoints of the closed intervals in the F_n’s do not have a unique expansion. For example, we can write 1/3 ∈ F in base three as 0.1000 . . . and as 0.0222 . . .. The Cantor set is an uncountable set of Lebesgue measure zero which contains no open intervals, and is a simple example of a fractal. Heuristically, any part of the set — for example, the left part contained in the interval [0, 1/3] — is a scaled version of the whole set. The name fractal refers to the fact that, with a suitable definition of the Hausdorff dimension of a set, the Cantor set has a fractional dimension of log 2/ log 3 ≈ 0.631. The Hausdorff dimension of the Cantor set lies between that of a point, which has dimension 0, and an interval, which has dimension 1.

Closed sets in a metric space can be given an alternative, sequential characterization as sets that contain their limit points.

Proposition 1.41 A subset F of a metric space is closed if and only if every convergent sequence of elements in F converges to a limit in F . That is, if x_n → x and x_n ∈ F for all n, then x ∈ F .

Example 1.42 A subset of a complete metric space is complete if and only if it is closed.

The closure A of a set A ⊂ X is the smallest closed set containing A. From property (e) of Proposition 1.37, the closure A is the intersection of all closed sets that contain A. In a metric space, the closure of a set A can also be obtained by adding to A all limits of convergent sequences of elements of A. That is,

A = {x ∈ X | there exist a_n ∈ A such that a_n → x}. (1.6)

The closure of the set of rational numbers Q in the space of real numbers R is the whole space R. Sets with this property are said to be dense.

Definition 1.43 A subset A of a metric space X is dense in X if A = X.

The completion of a metric space 17

It follows from (1.6) that A is a dense subset of the metric space X if and only if for every x ∈ X there is a sequence (a_n) in A such that a_n → x. Thus, every point in X can be approximated arbitrarily closely by points in the dense set A. We will encounter many dense sets later on. Theorem 2.9, the Weierstrass approximation theorem, gives one example.

Definition 1.44 A metric space is separable if it has a countable dense subset.

For example, R with its usual metric is separable because Q is a countable dense subset. On the other hand, R with the discrete metric d(x, y) = 1 when x ≠ y is not separable.

Definition 1.45 Let x be a point in a metric space X. A set U ⊂ X is a neighborhood of x if there is an open set G ⊂ U with x ∈ G.

Equivalently, a set U is a neighborhood of x if U contains a ball B_r(x) centered at x for some r > 0. Definition 1.16 for the convergence of a sequence can therefore be rephrased in the following way. A sequence (x_n) converges to x if for every neighborhood U of x there is an N ∈ N such that x_n ∈ U for all n ≥ N.

The following proposition characterizes continuous functions as functions that “pull back” open sets to open sets.

Proposition 1.46 Let X, Y be metric spaces and f : X → Y . The function f is continuous on X if and only if f^{−1}(G) is open in X for every open set G in Y .

Proof. Suppose that f is continuous and G ⊂ Y is open. If a ∈ f^{−1}(G), then there is a b ∈ G with b = f(a). Since G is open, there is an ϵ > 0 with B_ϵ(b) ⊂ G. Since f is continuous, there is a δ > 0 such that d(x, a) < δ implies d(f(x), b) < ϵ. It follows that B_δ (a) ⊂ f^{−1}(G), so f^{−1}(G) is open.

Conversely, suppose that f is discontinuous at some point a in X. Then there is an ϵ > 0 such that for every δ > 0, there is an x ∈ X with d(x, a) < δ and d(f(x), f(a)) ≥ ϵ. It follows that, although a belongs to the inverse image of the open set B_ϵ(f(a)) under f, the inverse image does not contain B_δ (a) for any δ > 0, so it is not open. □

Example 1.47 If s : R → R is the function s(x) = x^2, then s^{−1} ((−4, 4)) = (−2, 2) is open, as required by continuity. On the other hand, s ((−2, 2)) = [0, 4) is not open. Thus, continuous functions need not map open sets to open sets.

1.6 The completion of a metric space

Working with incomplete metric spaces is very inconvenient. For example, suppose we wish to solve an equation for which we cannot write an explicit expression for the solution. We may instead construct a sequence (x_n) of approximate solutions,

18 Metric and Normed Spaces

for example, by use of an iterative method or some kind of numerical scheme. If the approximate solutions get closer and closer together with increasing n, meaning that they form a Cauchy sequence in a metric space, then we would like to conclude that the approximate solutions have a limit, and then try to show that the limit is a solution. We cannot do this unless the metric space in which the approximations lie is complete.

In this section we explain how to extend an incomplete metric space X to a larger, complete metric space, called the completion of X. We construct the completion of X as a set of equivalence classes of Cauchy sequences in X which “ought” to converge to the same point. For a brief review of equivalence relations and equivalence classes, see Exercise 1.22. A point x ∈ X is naturally identified with the class of Cauchy sequences in X that converge to x, while classes of Cauchy sequences that do not converge in X correspond to new points in the completion. In effect, we construct the completion by filling the “holes” in X that are detected by its Cauchy sequences.

Example 1.48 The completion of the set of rational numbers Q is the set of real numbers R. A real number x is identified with the equivalence class of rational Cauchy sequences that converge to x. When we write a real number in decimal notation, we give a Cauchy sequence of rational numbers that converges to it.

In order to give a formal definition of the completion, we require the notion of an isometry between two metric spaces (X, d_X ) and (Y, d_Y ).

Definition 1.49 A map ı : X → Y which satisfies

d_Y (ı(x_1), ı(x_2)) = d_X (x_1, x_2) (1.7)

for all x_1, x_2 ∈ X is called an isometry or an isometric embedding of X into Y . An isometry which is onto is called a metric space isomorphism, or an isomorphism when it is clear from the context that we are dealing with metric spaces. Two metric spaces X and Y are isomorphic if there is an isomorphism ı : X → Y .

Equation (1.7) implies that an isometry ı is one-to-one and continuous. We think of ı as “identifying” a point x ∈ X with its image ı(x) ∈ Y , so that ı(X) is a “copy” of X embedded in Y . Two isomorphic metric spaces are indistinguishable as metric spaces, although they may differ in other ways.

Example 1.50 The map ı : C → R^2 defined by ı(x + iy) = (x, y) is a metric space isomorphism between the complex numbers (C , | · |) and the Euclidean plane (R^2 , ‖ · ‖). In fact, since ı is linear, the spaces C and R^2 are isomorphic as real normed linear spaces.

We can now define the completion of a metric space. The example of the real and rational numbers is helpful to keep in mind while reading this definition.

The completion of a metric space 19

Definition 1.51 A metric space ( ~X, ~d) is called the completion of (X, d) if the following conditions are satisfied:

(a) there is an isometric embedding ı : X → ~X; (b) the image space ı(X) is dense in ~X; (c) the space ( ~X, ~d) is complete.

The main theorem about the completion of metric spaces is the following.

Theorem 1.52 Every metric space has a completion. The completion is unique up to isomorphism.

Proof. First, we prove that the completion is unique up to isomorphism, if it exists. Suppose that ( ~X_1, ~d_1) and ( ~X_2, ~d_2) are two completions of (X, d), with corresponding isometric embeddings ı_1 : X → ~X_1 and ı_2 : X → ~X_2. We will use ı_1 to extend ı_2 from X to the completion ~X_1 and obtain an isomorphism ~ı : ~X_1 → ~X_2.

To define ~ı on ~x ∈ ~X_1, we pick a sequence (x_n) in X such that (ı_1(x_n)) converges to ~x in ~X_1. Such a sequence exists because ı_1(X) is dense in ~X_1. The sequence (ı_1(x_n)) is Cauchy because it converges. Since ı_1 and ı_2 are isometries, it follows that (x_n) and (ı_2(x_n)) are also Cauchy. The space ~X_2 is complete, hence (ı_2(x_n)) converges in ~X_2. We define

~ı(~x) = lim_{n→∞} ı_2(x_n). (1.8)

If (x^′_n) is another sequence in X such that (ı_1(x^′_n)) converges to ~x in ~X_1, then

~d_2 (ı_2(x^′_n), ı_2(x_n)) = d (x^′_n, x_n) = ~d_1 (ı_1(x^′_n), ı_1(x_n)) → 0

as n → ∞. Thus, (ı_2(x^′_n)) and (ı_2(x_n)) converge to the same limit, and ~ı(~x) is well-defined.

If ~x, ~y belong to ~X_2, and

~ı(~x) = lim_{n→∞} ı_2(x_n), ~ı(~y) = lim_{n→∞} ı_2(y_n),

then

~d_2 (~ı(~x),~ı(~y)) = lim_{n→∞} ~d_2(ı_2(x_n), ı_2(y_n)) = lim_{n→∞} d(x_n, y_n) = ~d_1(~x, ~y).

Therefore ~ı is an isometry of ~X_1 into ~X_2. By using constant sequences in X, we see that ~ı ∘ ı_1(x) = ı_2(x) for all x ∈ X, so that ~ı identifies the image of X in ~X_1 under ı_1 with the image of X in ~X_2 under ı_2.

To show that ~ı is onto, we observe that ~X_1 contains the limit of all Cauchy sequences in ı_1(X), so the isomorphic space ~ı( ~X_1) contains the limit of all Cauchy sequences in ı_2(X). Therefore ı_2(X) ⊂ ~ı( ~X_1). By assumption, ı_2(X) is dense in ~X_2, so ı_2(X) = ~X_2, and ~ı( ~X_1) = ~X_2. This shows that any two completions are isomorphic.

20 Metric and Normed Spaces

Second, we prove the completion exists. To do this, we construct a completion from Cauchy sequences in X. We define a relation ∼ between Cauchy sequences x = (x_n) and y = (y_n) in X by

x ∼ y if and only if lim_{n→∞} d(x_n, y_n) = 0.

Two convergent Cauchy sequences x, y satisfy x ∼ y if and only if they have the same limit. It is straightforward to check that ∼ is an equivalence relation on the set C of Cauchy sequences in X. Let ~X be the set of equivalence classes of ∼ in C. We call an element (x_n) ∈ ~x of an equivalence class ~x ∈ ~X, a representative of ~x.

We define ~d : ~X × ~X → R by ~d(~x, ~y) = lim_{n→∞} d(x_n, y_n), (1.9) where (x_n) and (y_n) are any two representatives of ~x and ~y, respectively. The limit in (1.9) exists because (d(x_n, y_n))^∞_{n=1} is a Cauchy sequence of real numbers. For this definition to make sense, it is essential that the limit is independent of which representatives of ~x and ~y are chosen. Suppose that (x_n), (x^′_n) represent ~x and (y_n), (y^′_n) represent ~y. Then, by the triangle inequality, we have d(x_n, y_n) ≤ d(x_n, x^′_n) + d(x^′_n, y^′_n) + d(y^′_n, y_n), d(x_n, y_n) ≥ d(x^′_n, y^′_n) − d(x_n, x^′_n) − d(y^′_n, y_n). Taking the limit as n → ∞ of these inequalities, and using the assumption that (x_n) ∼ (x^′_n) and (y_n) ∼ (y^′_n), we find that

lim_{n→∞} d(x_n, y_n) = lim_{n→∞} d(x^′_n, y^′_n).

Thus, the limit in (1.9) is independent of the representatives, and ~d is well-defined. It is straightforward to check that ~d is a metric on ~X.

To show that the metric space ( ~X, ~d) is a completion of (X, d), we define an embedding ı : X → ~X as the map that takes a point x ∈ X to the equivalence class of Cauchy sequences that contains the constant sequence (x_n) with x_n = x for all n. This map is an isometric embedding, since if (x_n) and (y_n) are the constant sequences with x_n = x and y_n = y, we have ~d(ı(x), ı(y)) = lim_{n→∞} d (x_n, y_n) = d(x, y). The image ı(X) consists of the equivalence classes in ~X which have a constant representative Cauchy sequence. To show the density of ı(X) in ~X, let (x_n) be a representative of an arbitrary point ~x ∈ ~X. We define a sequence (~y_n) of constant sequences by ~y_n = (y_{n,k})^∞_{k=1} where y_{n,k} = x_n for all n, k ∈ N. From the definition of (~y_n) and the fact that (x_n) is a Cauchy sequence, we have

lim_{n→∞} ~d (~y_n, ~x) = lim_{n→∞} lim_{k→∞} d (x_n, x_k) = 0.

The completion of a metric space 21

Thus, ı(X) is dense in ~X.

Finally, we prove that ( ~X, ~d) is complete. We will use Cantor’s “diagonal” argument, which is useful in many other contexts as well. Let (~x_n) be a Cauchy sequence in ~X. In order to prove that a Cauchy sequence is convergent, it is enough to prove that it has a convergent subsequence, because the whole sequence converges to the limit of any subsequence. Picking a subsequence, if necessary, we can assume that (~x_n) satisfies ~d (~x_m, ~x_n) ≤ 1 N for all m, n ≥ N. (1.10)

For each term ~x_n, we choose a representative Cauchy sequence in X, denoted by (x_{n,k})^∞_{k=1}. Any subsequence of a representative Cauchy sequence of ~x_n is also a representative of ~x_n. We can therefore choose the representative so that d (x_{n,k}, x_{n,l}) < 1 n for all k, l ≥ n. (1.11)

We claim that the “diagonal” sequence (x_{k,k} )^∞_{k=1} is a Cauchy sequence, and that the equivalence class ~x to which it belongs is the limit of (~x_n) in ~X. The fact that we can obtain the limit of a Cauchy sequence of sequences by taking a diagonal sequence is the key point in proving the existence of the completion.

To prove that the diagonal sequence is Cauchy, we observe that for any i ∈ N, d (x_{k,k}, x_{l,l}) ≤ d (x_{k,k}, x_{k,i}) + d (x_{k,i}, x_{l,i}) + d (x_{l,i}, x_{l,l}) . (1.12) The definition of ~d and (1.10) imply that for all k, l ≥ N, ~d(~x_k , ~x) = lim_{i→∞} d(x_{k,i}, x_{l,i}) ≤ 1 N . (1.13)

Taking the lim sup of (1.12) as i → ∞, and using (1.11) and (1.13) in the result, we find that for all k, l ≥ N, d (x_{k,k} , x_{l,l}) ≤ 3 N . Therefore (x_{k,k}) is Cauchy.

By a similar argument, we find that for all k, n ≥ N, d (x_{n,k}, x_{k,k} ) ≤ lim sup_{i→∞} {d (x_{n,k}, x_{n,i}) + d (x_{n,i}, x_{k,i}) + d (x_{k,i}, x_{k,k} )} ≤ 3 N . Therefore, for n ≥ N, we have ~d (~x_n, ~x) = lim_{k→∞} d(x_{n,k} , x_{k,k}) ≤ 3 N . Hence, the Cauchy sequence (~x_n) converges to ~x as n → ∞, and ~X is complete. □

22 Metric and Normed Spaces

It is slightly annoying that the completion ~X is constructed as a space of equivalence classes of sequences in X, rather than as a more direct extension of X. For example, if X is a space of functions, then there is no guarantee that its completion can be identified with a space of functions that is obtained by adding more functions to the original space.

Example 1.53 Let C([0, 1]) be the set of continuous functions f : [0, 1] → R. We define the L^2-norm of f by ‖f‖ = (∫_1 0 |f(x)|^2 dx )1/2 . The associated metric d(f, g) = ‖f − g‖ is a very useful one, analogous to the Euclidean metric on R^n , but the space C([0, 1]) is not complete with respect to it. The completion is denoted by L^2([0, 1]), and it can nearly be identified with the space of Lebesgue measurable, square-integrable functions. More precisely, a point in L^2([0, 1]) can be identified with an equivalence class of square-integrable functions, in which two functions that differ on a set of Lebesgue measure zero are equivalent. According to the Riesz-Fisher theorem, if (f_n) is a Cauchy sequence with respect to the L^2-norm, then there is a subsequence (f_{nk} ) that converges pointwisea.e. to a square-integrable function, and this fact provides one way to identify an element of the completion with an equivalence class of functions. Many of the usual operations on functions can be defined on equivalence classes, independently of which representative function is chosen, but the pointwise value of an element f ∈ L^2([0, 1]) cannot be defined unambiguously.

In a similar way, the space L^2(R) of equivalence classes of Lebesgue measurable, square integrable functions on R is the completion of the space C_c(R) of continuous functions on R with compact support (see Definition 2.6) with respect to the L^2- norm ‖f‖ = (∫ R |f(x)|^2 dx )_{1/2} . We will see later on that these L^2 spaces are fundamental examples of infinitedimensional Hilbert spaces. We discuss measure theory in greater detail in Chapter 12. We will use facts from that chapter as needed throughout the book, including Fubini’s theorem for the exchange in the order of integration, and the dominated convergence theorem for passage to the limit under an integral sign.

1.7 Compactness

Compactness is one the most important concepts in analysis. A simple and useful way to define compact sets in a metric space is by means of sequences.

Compactness 23

Definition 1.54 A subset K of a metric space X is sequentially compact if every sequence in K has a convergent subsequence whose limit belongs to K.

We can take K = X in this definition, so that X is sequentially compact if every sequence in X has a convergent subsequence. A subset K of (X, d) is sequentially compact if and only if the metric subspace (K, d|_K ) is sequentially compact.

Example 1.55 The space of real numbers R is not sequentially compact. For example, the sequence (x_n) with x_n = n has no convergent subsequence because |x_m − x_n| ≥ 1 for all m ≠ n. The closed, bounded interval [0, 1] is a sequentially compact subset of R, as we prove below. The half-open interval (0, 1] is not a sequentially compact subset of R, because the sequence (1/n) converges to 0, and therefore has no subsequence with limit in (0, 1]. The limit does, however, belong to [0, 1].

The full importance of compact sets will become clear only in the setting of infinite-dimensional normed spaces. It is nevertheless interesting to start with the finite-dimensional case. Compact subsets of R^n have a simple, explicit characterization.

Theorem 1.56 (Heine-Borel) A subset of R^n is sequentially compact if and only if it is closed and bounded.

The fact that closed, bounded subsets of R^n are sequentially compact is a consequence of the following theorem, called the Bolzano-Weierstrass theorem, even though Bolzano had little to do with its proof. We leave it to the reader to use this theorem to complete the proof of the Heine-Borel theorem.

Theorem 1.57 (Bolzano-Weierstrass) Every bounded sequence in R^n has a convergent subsequence.

Proof. We will construct a Cauchy subsequence from an arbitrary bounded sequence. Since R^n is complete, the subsequence converges.

Let (x_k) be a bounded sequence in R^n . There is an M > 0 such that x_k ∈ [−M, M]^n for all k. The set [−M, M]^n is an n-dimensional cube of side 2M. We denote this cube by C_0. We partition C_0 into 2^n cubes of side M. We denote by C_1 one of the smaller cubes that contains infinitely many terms of the sequence (x_k ), meaning that x_k ∈ C_1 for infinitely many k ∈ N. Such a cube exists because there is a finite number of cubes and an infinite number of terms in the sequence. Let k_1 be the smallest index such that x_{k1} ∈ C_1. We pick x_{k1} as the first term of the subsequence.

To choose the second term, we form a new sequence (y_k) by deleting from (x_k ) the term x_{k1} and all terms which do not belong to C_1. We repeat the procedure described in the previous paragraph, but with (x_k ) replaced by (y_k), and C_0 replaced

24 Metric and Normed Spaces

Fig. 1.6 A set with a finite ϵ-net for it.

by C_1. This procedure gives a subcube C_2 of C_1 of side M/2, which contains infinitely many terms of the original sequence, and an element y_{k1} . We pick x_{k2} = y_{k1} as the second element of the subsequence.

By repeating this procedure, we obtain a subsequence (x_{ki} )^∞_{i=1}. We never “exhaust” the original sequence, because every cube in the construction contains infinitely many terms. We have x_{ki} ∈ C_j for all i ≥ j where C_j is a cube of side M/2^{j−1}. Therefore (x_{ki} ) is a Cauchy sequence, and hence it converges. □

The following criterion for the sequential compactness of a metric space is often easier to verify than the definition. Let A be a subset of a metric space X. We say that a collection {G_α | α ∈ A} of subsets of X is a cover of A if its union contains A, meaning that A ⊂ ⋃ α∈A G_α. The number of sets in the cover is not required to be countable. If every G_α in the cover is open, then we say that {G_α} is an open cover of A.

Let ϵ > 0. A subset {x_α | α ∈ A} of X is called an ϵ-net of the subset A if the family of open balls {B_ϵ(x_α) | α ∈ A} is an open cover of A. If the set {x_α} is finite, then we say that {x_α} is a finite ϵ-net of A (see Figure 1.6).

Definition 1.58 A subset of a metric space is totally bounded if it has a finite ϵ-net for every ϵ > 0.

That is, a subset A of a metric space X is totally bounded if for every ϵ > 0 there is a finite set of points {x_1, x_2, . . . , x_n} in X such that A ⊂ ⋃_n i=1 B_ϵ(x_i).

Compactness 25

Theorem 1.59 A subset of a metric space is sequentially compact if and only if it is complete and totally bounded.

Proof. The proof that a complete, totally bounded set K is sequentially compact is the same as the proof of the Bolzano-Weierstrass theorem 1.57. Suppose that (x_n) is a sequence in K. Then, since K is totally bounded, there is a sequence of balls (B_k) such that B_k has radius 1/2^k and every intersection A_k = ⋂_k i=1 B_i contains infinitely many terms of the sequence. We can therefore choose a subsequence (x_{nk} ) such that x_{nk} ∈ A_k for every k. This subsequence is Cauchy, and, since K is complete, it converges.

To prove the converse, we show that a sequentially compact space is complete, and that a space which is not totally bounded is not sequentially compact.

If (x_n) is a Cauchy sequence in a sequentially compact space K, then it has a convergent subsequence. The whole Cauchy sequence converges to the limit of any convergent subsequence. Hence K is complete.

Now suppose that K is not totally bounded. Then there is an ϵ > 0 such that K has no finite ϵ-net. For every finite subset {x_1, . . . , x_n} of K, there is a point x_{n+1} ∈ K such that x_{n+1} /∈ ⋃_n i=1 B_ϵ(x_i). Consequently, we can find an infinite sequence (x_n) in K such that d(x_m, x_n) ≥ ϵ for all m ≠ n. This sequence does not contain a Cauchy subsequence, and hence has no convergent subsequence. Therefore K is not sequentially compact. □

Another way to define compactness is in terms of open sets. We say that a cover {G_α} of A has a finite subcover if there is a finite subcollection of sets {G_{α1} , . . . , G_{αn} } such that A ⊂ ⋃_n i=1 G_{αi} .

Definition 1.60 A subset K of a metric space X is compact if every open cover of K has a finite subcover.

Example 1.61 The space of real numbers R is not compact, since the open cover {(n − 1, n + 1) | n ∈ Z} of R has no finite subcover. The half-open interval (0, 1] is not compact, since the open cover {(1/2n, 2/n) | n ∈ N} has no finite subcover. If this open cover is extended to an open cover of [0, 1], then the extension must contain an open neighborhood of 0. This open neighborhood, together with a finite number of sets from the cover of (0, 1], is a finite subcover of [0, 1].

For metric spaces, compactness and sequential compactness are equivalent.

Theorem 1.62 A subset of a metric space is compact if and only if it is sequentially compact.

Proof. First, we prove that sequential compactness implies compactness. We will show that an arbitrary open cover of a sequentially compact set has a countable subcover, and that a countable cover has a finite subcover.

26 Metric and Normed Spaces

Lemma 1.63 A sequentially compact metric space is separable.

Proof. By Theorem 1.59, there is a finite (1/n)-net A_n of a sequentially compact space K for every n ∈ N. Let A = ⋃_∞ n=1 A_n. Then A is countable, because it is a countable union of finite sets, and A is dense in K by construction. □

Suppose that {G_α | α ∈ A} is an arbitrary open cover of a sequentially compact space K. From Lemma 1.63, the space K has a countable dense subset A. Let B be the collection of open balls with rational radius and center in A, and let C be the subcollection of balls in B that are contained in at least one of the open sets G_α. The collection B is countable because it is a countable union of countable sets. Hence, the subcollection C is also countable.

For every x ∈ K, there is a set G_α in the open cover of K with x ∈ G_α. Since G_α is open, there is an ϵ > 0 such that B_ϵ(x) ⊂ G_α. Since A is dense in K, there is a point y ∈ A such that d(x, y) < ϵ/3. Then x ∈ B_{ϵ/3}(y), and B_{2ϵ/3}(y) ⊂ G_α. (It may help to draw a picture!) Thus, if q is a rational number with ϵ/3 < q < 2ϵ/3, then x ∈ B_q (y) and B_q(y) ⊂ G_α. It follows that B_q (y) ∈ C, so any point x in K belongs to a ball in C. Hence C is an open cover of K. For every B ∈ C, we pick an α_B ∈ A such that B ⊂ G_{αB} . Then {G_{αB} | B ∈ C} is a countable subcover of K, because ⋃ B∈C G_{αB} contains ⋃ B∈C B, which contains K.

We will show by contradiction that a countable open cover has a finite subcover. Suppose that {G_n | n ∈ N} is a countable open cover of a sequentially compact space K that does not have a finite subcover. Then the finite union ⋃_N n=1 G_n does not contain K for any N. We can therefore construct a sequence (x_k ) in K as follows. We pick a point x_1 ∈ K. Since {G_n} covers K, there is an N_1 such that x_1 ∈ G_{N1} . We pick x_2 ∈ K such that x_2 /∈ ⋃_{N1} n=1 G_n, and choose N_2 such that x_2 ∈ G_{N2} . Then we pick x_3 ∈ K such that x_3 /∈ ⋃_{N2} n=1 G_n, and so on. Since x_k ∈ G_{Nk} , and x_k /∈ N_{k−1}⋃

n=1 G_n, the open set G_{Nk} is not equal to G_n for any n ≤ N_{k−1}. Thus, the sequence (N_k) is strictly increasing, and N_k → ∞ as k → ∞. It follows that, for any n, there is an integer K_n such that x_k /∈ G_n when k ≥ K_n. If x ∈ G_n, then all points of the sequence eventually leave the open neighborhood G_n of x, so no subsequence of (x_k ) can converge to x. Since the collection {G_n} covers K, the sequence (x_n) has no subsequence that converges to a point of K. This contradicts the sequential compactness of K, and proves that sequential compactness implies compactness.

To prove the converse, we show that if a space is not sequentially compact, then it is not compact. Suppose that K has a sequence (x_n) with no convergent subsequence. Such a sequence must contain an infinite number of distinct points, so we can assume without loss of generality that x_m ≠ x_n for m ≠ n.

Let x ∈ K. If the open ball B_ϵ(x) contains a point in the sequence that is distinct from x for every ϵ > 0, then x is the limit of a subsequence, which contradicts the

Compactness 27

assumption that the sequence has no convergent subsequence in K. Hence, there is an ϵ_x > 0 such that the open ball B_{ϵx} (x) contains either no points in the sequence, if x itself does not belong to the sequence, or one point, if x belongs to the sequence.

The collection of open balls {B_{ϵx} (x) | x ∈ K} is an open cover of K. Every finite subcollection of n open balls contains at most n terms of the sequence. Since the terms of the sequence are distinct, no finite subcollection covers K. Thus, K has an open cover with no finite subcover, and K is not compact. □

In future, we will abbreviate “sequentially compact” to “compact” when referring to metric spaces. The following terminology is often convenient.

Definition 1.64 A subset A of a metric space X is precompact if its closure in X is compact.

The term “relatively compact” is frequently used instead of “precompact.” This definition means that A is precompact if every sequence in A has a convergent subsequence. The limit of the subsequence can be any point in X, and is not required to belong to A. Since compact sets are closed, a set is compact if and only if it is closed and precompact. A subset of a complete metric space is precompact if and only if it is totally bounded.

Example 1.65 A subset of R^n is precompact if and only if it is bounded.

Continuous functions on compact sets have several nice properties. From Proposition 1.34, continuous functions preserve the convergence of sequences. It follows immediately from Definition 1.54 that continuous functions preserve compactness.

Theorem 1.66 Let f : K → Y be continuous on K, where K is a compact metric space and Y is any metric space. Then f(K) is compact.

Since compact sets are bounded, continuous functions on a compact set are bounded. Moreover, continuous functions on compact sets are uniformly continuous.

Theorem 1.67 Let f : K → Y be a continuous function on a compact set K. Then f is uniformly continuous.

Proof. Suppose that f is not uniformly continuous. Then there is an ϵ > 0 such that for all δ > 0, there are x, y ∈ X with d(x, y) < δ and d(f(x), f(y)) ≥ ϵ. Taking δ = 1/n for n ∈ N, we find that there are sequences (x_n) and (y_n) in X such that d (x_n, y_n) < 1 n , d (f(x_n), f(y_n)) ≥ ϵ. (1.14)

Since K is compact there are convergent subsequences of (x_n) and (y_n) which, for simplicity, we again denote by (x_n) and (y_n). From (1.14), the subsequences converge to the same limit, but the sequences (f(x_n)) and (f(y_n)) either diverge or converge to different limits. This contradicts the continuity of f. □

28 Metric and Normed Spaces

1.8 Maxima and minima

Maximum and minimum problems are of central importance in applications. For example, in many physical systems, the equilibrium state is one which minimizes energy or maximizes entropy, and in optimization problems, the desirable state of a system is one which minimizes an appropriate cost function. The mathematical formulation of these problems is the maximization or minimization of a real-valued function f on a state space X. Each point of the state space, which is often a metric space, represents a possible state of the system. The existence of a maximizing, or minimizing, point of f in X may not be at all clear; indeed, such a point may not exist. The following theorem gives sufficient conditions for the existence of maximizing or minimizing points — namely, that the function f is continuous and the state space X is compact. Although these conditions are fundamental, they are too strong to be useful in many applications. We will return to these issues later on. Theorem 1.68 Let K be a compact metric space and f : K → R a continuous, real-valued function. Then f is bounded on K and attains its maximum and minimum. That is, there are points x, y ∈ K such that

f(x) = inf_{z∈K} f(z), f(y) = sup_{z∈K} f(z). (1.15)

Proof. From Theorem 1.66, the image f(K) is a compact subset of R, and therefore f is bounded by the Heine-Borel theorem in Theorem 1.56.

It is enough to prove that f attains its infimum, because the application of this result to −f implies that f attains its supremum. Since f is bounded, it is bounded from below, and the infimum m of f on K is finite. By the definition of the infimum, for each n ∈ N there is an x_n ∈ K such that m ≤ f(x_n) < m + 1 n . This inequality implies that

lim_{n→∞} f(x_n) = m. (1.16)

The sequence (x_n)^∞_{n=1} need not converge, but since K is compact the sequence has a convergent subsequence, which we denote by (x_{nk} )^∞_{k=1}. We denote the limit of the subsequence by x. Then, since f is continuous, we have from (1.16) that

f(x) = lim_{k→∞} f (x_{nk} ) = m.

Therefore, f attains its infimum m at x. □

The strategy of this proof is typical of many compactness arguments. We construct a sequence of approximate solutions of our problem, in this case a minimizing

Maxima and minima 29

sequence (x_n) that satisfies (1.16). We use compactness to extract a convergent subsequence, and show that the limit of the convergent subsequence is a solution of our problem, in this case a point where f attains its infimum. The following examples illustrate Theorem 1.68 and some possible behaviors of minimizing sequences.

Example 1.69 The function f(x) = x^4/4 − x^2/2 is continuous and bounded on [−2, 2]. It attains its minimum at x = ±1. An example of a minimizing sequence (x_n) is given by x_n = (−1)^n. In fact, f(x_n) = inf f(x) for all n. This minimizing sequence does not converge because its terms jump back and forth between x = −1 and x = 1. The subsequences (x_{2k+1}) and (x_{2k}) converge, to x = −1 and x = 1, respectively.

As this example shows, the compactness argument does not imply that a point where f attains its minimum is unique. There are many possible minimizing sequences, and there may be subsequences of a given minimizing sequence that converge to different limits. If, however, the function f attains its minimum at a unique point, then it follows from Exercise 1.27 that every minimizing sequence must converge to that point.

Example 1.70 The function f(x) = e^{−x} is continuous and bounded from below on the noncompact set R. The infimum of f on R is zero, but f does not attain its infimum. An example of a minimizing sequence (x_n) is given by x_n = n. The terms of the minimizing sequence “escape” to infinity, and it has no convergent subsequence.

Example 1.71 The discontinuous function f on the compact set [0, 1] defined by f(x) = { log x if 0 < x ≤ 1, 0 if x = 0,

is not bounded from below. A sequence (x_n) is a minimizing sequence if x_n → 0 as n → ∞. In that case, f(x_n) → −∞ as n → ∞, but f is discontinuous at the limit point x = 0.

Some of the conclusions of Theorem 1.68 still hold for semicontinuous functions. An almost identical proof shows the following result.

Theorem 1.72 Let K be a compact metric space. If f : K → R is upper semicontinuous, then f is bounded from above and attains its supremum. If f : K → R is lower semicontinuous, then f is bounded from below and attains its infimum.

Example 1.73 We define f, g : [0, 1] → R by f(x) = { x if 0 < x ≤ 1, 1 if x = 0, g(x) = { x if 0 < x ≤ 1, −1 if x = 0.

The function f is upper semicontinuous, and does not attain its infimum, while g is lower semicontinuous and attains its minimum at x = 0.

30 Metric and Normed Spaces

1.9 References For introductions to basic real analysis, see Marsden and Hoffman [37] or Rudin [47]. Simmons [50] gives a clear and accessible discussion of metric, normed, and topological spaces. For linear algebra, see Halmos [19] and Lax [30]. Two other books with a similar purpose to this one are Naylor and Sell [40] and Stakgold [52].

1.10 Exercises Exercise 1.1 A set A is countably infinite if there is a one-to-one, onto map from A to N. A set is countable if it is finite or countably infinite, otherwise it is uncountable.

(a) Prove that the set Q of rational numbers is countably infinite. (b) Prove that the set R of real numbers is uncountable.

Exercise 1.2 Give an ϵ-δ proof that ∞∑ n=0 x^n = 1 1 − x , when |x| < 1.

Exercise 1.3 If x, y, z are points in a metric space (X, d), show that d(x, y) ≥ |d(x, z) − d(y, z)| . Exercise 1.4 Suppose that (X, d_X ) and (Y, d_Y ) are metric spaces. Prove that the Cartesian product Z = X × Y is a metric space with metric d defined by d (z_1, z_2) = d_X (x_1, x_2) + d_Y (y_1, y_2) , where z_1 = (x_1, y_1) and z_2 = (x_2, y_2).

Exercise 1.5 Suppose that (X, ‖ · ‖) is a normed linear space. Prove that (1.2) and (1.4) define metrics on X.

Exercise 1.6 Starting from the fact that R equipped with its usual distance function is complete, prove that R^n equipped with the sum, maximum, or Euclidean norm is complete.

Exercise 1.7 Show that the series ∞∑ n=1 (−1)^n n is not absolutely convergent. Show that by permuting the terms of this series one can obtain series with different limits.

Exercises 31

Exercise 1.8 Let (x_n) be a sequence of real numbers. A point c ∈ R ∪ {±∞} is called a cluster point of (x_n) if there is a convergent subsequence of (x_n) with limit c. Let C denote the set of cluster points of (x_n). Prove that C is closed and lim sup x_n = max C and lim inf x_n = min C.

Exercise 1.9 Let (x_n) be a bounded sequence of real numbers.

(a) Prove that for every ϵ > 0 and every N ∈ N there are n_1, n_2 ≥ N, such that lim sup n→∞ x_n ≤ x_{n1} + ϵ, x_{n2} − ϵ ≤ lim inf_{n→∞} x_n.

(b) Prove that for every ϵ > 0 there is an N ∈ N such that x_m ≤ lim sup n→∞ x_n + ϵ, x_m ≥ lim inf_{n→∞} x_n − ϵ for all m ≥ N.

(c) Prove that (x_n) converges if and only if lim inf n→∞ x_n = lim sup n→∞ x_n. Exercise 1.10 Consider a family {x_{n,α}} of real numbers indexed by n ∈ N and α ∈ A. Prove the following relations: lim sup n→∞ ( inf_α x_{n,α} ) ≤ inf_α ( lim sup n→∞ x_{n,α} ) ; sup_α ( lim inf n→∞ x_{n,α} ) ≤ lim inf n→∞ ( sup_α x_{n,α} ) . Exercise 1.11 If (x_n) is a sequence of real numbers such that lim_{n→∞} x_n = x, and a_n ≤ x_n ≤ b_n, prove that lim sup n→∞ a_n ≤ x ≤ lim inf_{n→∞} b_n.

Exercise 1.12 Let (X, d_X ), (Y, d_Y ), and (Z, d_Z ) be metric spaces and let f : X → Y , and g : Y → Z be continuous functions. Show that the composition h = g ∘ f : X → Z, defined by h(x) = g(f(x)), is also continuous.

Exercise 1.13 A function f : R → R is said to be differentiable at x if the following limit exists and is finite: f^′(x) = lim_{h→0} f(x + h) − f(x) h .

32 Metric and Normed Spaces

(a) Prove that if f is differentiable at x, then f is continuous at x. (b) Show that the function f(x) = { x^2 sin ( 1/x^2 ) if x ≠ 0, 0 if x = 0.

is differentiable at x = 0 but the derivative is not continuous at x = 0. (c) Prove that if f is differentiable at x and has a local maximum or minimum at x, then f^′(x) = 0.

Exercise 1.14 If f : [a, b] → R is continuous on [a, b] and differentiable in (a, b), then prove that there is a a < ξ < b such that f(b) − f(a) = f^′(ξ) (b − a) . This result is called the mean value theorem. Deduce that if f^′(x) = 0 for all a < x < b then f is a constant function.

Exercise 1.15 Prove that every compact subset of a metric space is closed and bounded. Prove that a closed subset of a compact space is compact.

Exercise 1.16 Suppose that F and G are closed and open subsets of R^n , respectively, such that F ⊂ G. Show that there is a continuous function f : R^n → R such that:

(a) 0 ≤ f(x) ≤ 1;

(b) f(x) = 1 for x ∈ F ; (c) f(x) = 0 for x ∈ G^c.

Hint. Consider the function f(x) = d(x, G^c) d(x, G^c) + d(x, F ) . This result is called Urysohn’s lemma.

Exercise 1.17 Let (X, d) be a complete metric space, and Y ⊂ X. Prove that (Y, d) is complete if and only if Y is a closed subset of X.

Exercise 1.18 Let (X, d) be a metric space, and let (x_n) be a sequence in X. Prove that if (x_n) has a Cauchy subsequence, then, for any decreasing sequence of positive ϵ_k → 0, there is a subsequence (x_{nk} ) of (x_n) such that d(x_{nk} , x_{nl} ) ≤ ϵ_k for all k ≤ l. Exercise 1.19 Following the construction of the Cantor set C by the removal of middle thirds, we define a function F on the complement of the Cantor set [0, 1] \ C as follows. First, we define F (x) = 1/2 for 1/3 < x < 2/3. Then F (x) = 1/4 for 1/9 < x < 2/9 and F (x) = 3/4 for 7/9 < x < 8/9, and so on. Prove that F extends

Exercises 33

to a unique continuous function F : [0, 1] → R. Prove that F is differentiable at every x ∈ R \ C and F^′(x) = 0. This function is called the Cantor function. Its graph is sometimes called the devil’s staircase.

Exercise 1.20 Let X be a normed linear space. A series ∑ x_n in X is absolutely convergent if ∑ ‖x_n‖ converges to a finite value in R. Prove that X is a Banach space if and only if every absolutely convergent series converges.

Exercise 1.21 Suppose that X is a Banach space, and (x_{mn}) is a doubly indexed sequence in X such that ∞∑ m=1 ∞∑ n=1 ‖x_{mn}‖ < ∞. Prove that ∞∑ m=1 (_∞ ∑ n=1 x_{mn} ) = ∞∑ n=1 (_∞ ∑ m=1 x_{mn} ) . Exercise 1.22 Let S be a set. A relation ∼ between points of S is called an equivalence relation if, for all a, b, c ∈ S, we have:

(a) a ∼ a;

(b) a ∼ b implies b ∼ a;

(c) a ∼ b and b ∼ c implies a ∼ c.

Define the equivalence class C_a associated with a ∈ S by C_a = {b ∈ S | a ∼ b} . Prove that two equivalence classes are either disjoint or equal, so ∼ partitions S into a union of disjoint equivalence classes. Show that the relation ∼ between Cauchy sequences defined in the proof of Theorem 1.52 is an equivalence relation.

Exercise 1.23 Suppose that f : X → R is lower semicontinuous and M is a real number. Define f_M : X → R by f_M (x) = min (f(x), M) .

Prove that f_M is lower semicontinuous.

Exercise 1.24 Let f : X → R be a real-valued function on a set X. The epigraph epi f of f is the subset of X × R consisting of points that lie above the graph of f: epi f = {(x, t) ∈ X × R | t ≥ f(x)} . Prove that a function is lower semicontinuous if and only if its epigraph is a closed set.

34 Metric and Normed Spaces

Exercise 1.25 A function f : R^n → R is coercive if lim ‖x‖→∞ f(x) = ∞. (1.17)

Explicitly, this condition means that for any M > 0 there is an R > 0 such that ‖x‖ ≥ R implies f(x) ≥ M. Prove that if f : R^n → R is lower semicontinuous and coercive, then f is bounded from below and attains its infimum.

Exercise 1.26 Let p : R^2 → R be a polynomial function of two real variables. Suppose that p(x, y) ≥ 0 for all x, y ∈ R. Does every such function attain its infimum? Prove or disprove.

Exercise 1.27 Suppose that (x_n) is a sequence in a compact metric space with the property that every convergent subsequence has the same limit x. Prove that x_n → x as n → ∞.

Chapter 2

Continuous Functions

In Chapter 1, we introduced the notion of a normed linear space, with finite-di-mensional Euclidean space R^n as the main example. In this chapter, we study linear spaces of continuous functions on a compact set equipped with the uniform norm. These function spaces are our first examples of infinite-dimensional normed linear spaces, and we explore the concepts of convergence, completeness, density, and compactness in this context. As an application of compactness, we prove an existence result for initial value problems for ordinary differential equations.

2.1 Convergence of functions

Suppose that (f_n) is a sequence of real-valued functions f_n : X → R defined on a metric space X. What would we mean by f_n → f? Two natural ways to answer this question are the following.

(a) The functions f_n are defined by their values, so the functions converge if the values converge. That is, we say f_n → f if f_n(x) → f(x) for all x ∈ X. This definition reduces the convergence of real-valued functions to the convergence of real numbers, with which we are already familiar. This type of convergence is called pointwise convergence.

(b) We define a suitable notion of the distance between functions, and say that f_n → f if the distance between f_n and f tends to zero. In this approach, we regard the functions as points in a metric space, and use metric convergence.

Both of these ideas are useful. It turns out, however, that they are not compatible. For most domains X — for example, any uncountable domain — pointwise convergence cannot be expressed as convergence with respect to a metric. The next example shows that pointwise convergence is not a good notion of convergence to use for continuous functions because it does not preserve continuity.

36 Continuous Functions

Fig. 2.1 Left: the sequence of functions f_n(x) = x^n converges pointwise but not uniformly on [0, 1]. Right: graphically, uniform convergence means that for an arbitrarily narrow tubular neighborhood of the limiting function, the functions f_n will be contained in it for all sufficiently large n.

Example 2.1 We define f_n : [0, 1] → R by

f_n(x) = x^n.

As illustrated in Figure 2.1, the sequence (f_n) converges pointwise to the function f given by f(x) = { 0 if 0 ≤ x < 1,

1 if x = 1.

The pointwise limit f is discontinuous at x = 1.

In view of these somewhat pathological features of pointwise convergence, we consider metric convergence. As we will see, there are many different ways to define a distance between functions, and different metrics or norms usually lead to different types of convergence. A natural norm on spaces of continuous functions is the uniform or sup norm, which is defined by ‖f‖ = sup_{x∈X} |f(x)|. (2.1) The norm ‖f‖ is finite if and only if f is bounded. The uniform norm is often denoted by ‖ · ‖_{sup} or ‖ · ‖_∞. The reason for the latter notation will become clear when we study L^p spaces in Chapter 12. In this chapter, we only use the uniform norm, so we denote it by ‖ · ‖ without ambiguity.

As illustrated in Figure 2.1, two functions are close in the metric associated with the uniform norm if their pointwise values are uniformly close. Metric convergence with respect to the uniform norm is called uniform convergence.

Definition 2.2 A sequence of bounded, real-valued functions (f_n) on a metric space X converges uniformly to a function f if lim_{n→∞} ‖f_n − f‖ = 0,

Spaces of continuous functions 37

where ‖ · ‖ is defined in (2.1).

Uniform convergence implies pointwise convergence. The sequence defined in Example 2.1 shows that the opposite implication does not hold, since f_n → f pointwise but ‖f_n − f‖ = 1 for every n. Unlike pointwise convergence, uniform convergence preserves continuity.

Theorem 2.3 Let (f_n) be a sequence of bounded, continuous, real-valued functions on a metric space (X, d). If f_n → f uniformly, then f is continuous.

Proof. In order to show that f is continuous at x ∈ X, we need to prove that for every ϵ > 0 there is a δ > 0 such that d(x, y) < δ implies |f(x) − f(y)| < ϵ. By the triangle inequality, we have |f(x) − f(y)| ≤ |f(x) − f_n(x)| + |f_n(x) − f_n(y)| + |f_n(y) − f(y)|. Since f_n → f uniformly, there is an n such that |f(x) − f_n(x)| < ϵ 3 , |f_n(y) − f(y)| < ϵ 3 for all x, y ∈ X. Since f_n is continuous at x, there is a δ > 0 such that d(x, y) < δ implies that |f_n(y) − f_n(x)| < ϵ 3 . It follows that d(x, y) < δ implies |f(x) − f(y)| < ϵ, so f is continuous at x. □

The “ϵ/3-trick” used in this proof has many other applications. The proof fails if f_n → f pointwise but not uniformly.

2.2 Spaces of continuous functions

Let X be a metric space. We denote the set of continuous, real-valued functions f : X → R by C(X). The set C(X) is a real linear space under the pointwise addition of functions and the scalar multiplication of functions by real numbers. That is, for f, g ∈ C(X) and λ ∈ R, we define

(f + g) (x) = f(x) + g(x), (λf) (x) = λ (f(x)) .

From Theorem 1.68, a continuous function f on a compact metric space K is bounded, so the uniform norm ‖f‖ is finite for f ∈ C(K). It is straightforward to check that C(K) equipped with the uniform norm is a normed linear space. For example, the triangle inequality holds because ‖f + g‖ = sup_{x∈K} |f(x) + g(x)| ≤ sup_{x∈K} |f(x)| + sup_{x∈K} |g(x)| = ‖f‖ + ‖g‖. We will always use the uniform norm on C(K), unless we state explicitly otherwise. A basic property of C(K) is that it is complete, and therefore a Banach space.

38 Continuous Functions

Theorem 2.4 Let K be a compact metric space. The space C(K) is complete.

Proof. Let (f_n) be a Cauchy sequence in C(K) with respect to the uniform norm. We have to show that (f_n) converges uniformly. We do this in two steps. First, we construct a candidate function f for the limit of the sequence, as the pointwise limit of the sequence. Second, we show that the sequence converges uniformly to f.

First, the fact that (f_n) is Cauchy in C(K) implies that the sequence (f_n(x)) is Cauchy in R for each x ∈ K. Since R is complete, the sequence of pointwise values converges, and we can define a function f : K → R by

f(x) = lim_{n→∞} f_n(x).

For the second step, we use the fact that (f_n) is Cauchy in C(K) to prove that it converges uniformly to f. Since f_m(x) → f(x) as m → ∞, we have ‖f_n − f‖ = sup_{x∈K} |f_n(x) − f(x)| = sup_{x∈K} lim_{m→∞} |f_n(x) − f_m(x)|

≤ lim inf m→∞ sup_{x∈K} |f_n(x) − f_m(x)|. (2.2)

The fact that (f_n) is Cauchy in the uniform norm means that for all ϵ > 0 there is an N such that sup_{x∈K} |f_n(x) − f_m(x)| < ϵ for all m, n ≥ N. It follows from (2.2) that ‖f_n −f‖ ≤ ϵ for n ≥ N, which proves that ‖f_n −f‖ → 0 as n → ∞. By Theorem 2.3, the limit function f is continuous, and therefore belongs to C(K). Hence, C(K) is complete. □

Example 2.5 Suppose K = {x_1, . . . , x_n} is a finite space, with metric d defined by d(x_i, x_j ) = 1 for i ≠ j. A function f : K → R can be identified with a point y = (y_1, . . . , y_n) ∈ R^n , where f(x_i) = y_i, and ‖f‖ = max_{1≤i≤n} |y_i|. Thus, the space C(K) is linearly isomorphic to the finite-dimensional space R^n with the maximum norm, which we have already observed is a Banach space. If K contains infinitely many points, for example if K = [0, 1], then C(K) is an infinite-dimensional Banach space.

The same proof applies to complex-valued functions f : K → C , and the space of complex-valued continuous functions on a compact metric space is also a Banach space with the uniform norm (2.1).

Spaces of continuous functions 39

The pointwise product of two continuous functions is continuous, so C(K) has an algebra structure. The product is compatible with the norm, in the sense that ‖fg‖ ≤ ‖f‖ ‖g‖. (2.3) We say that C(K) is a Banach algebra. Strict inequality may occur in (2.3); for example, the product of two functions that are nonzero on disjoint sets is zero.

Equation (2.1) does not define a norm on C(X) when X is not compact, since continuous funtions may be unbounded. The space C_b(X) of bounded continuous functions on X is a Banach space with respect to the uniform norm.

Definition 2.6 The support, supp f, of a function f : X → R (or f : X → C ) on a metric space X is the closure of the set on which f is nonzero, supp f = {x ∈ X | f(x) ≠ 0}. We say that f has compact support if supp f is a compact subset of X, and denote the space of continuous functions on X with compact support by C_c(X).

The space C_c(X) is a linear subspace of C_b(X), but it need not be closed, in which case it is not a Banach space. We denote the closure of C_c(X) in C_b(X) by C_0(X). Since C_0(X) is a closed linear subspace of a Banach space, it is also a Banach space. (We warn the reader that the notation C_0(X) is often used to denote the space C_c(X) of functions with compact support.) We have the following inclusions between these spaces of continuous functions: C(X) ⊃ C_b(X) ⊃ C_0(X) ⊃ C_c(X). If X is compact, then these spaces are equal.

Example 2.7 A function f : R^n → R has compact support if there is an R > 0 such that f(x) = 0 for all x with ‖x‖ > R. The space C_0(R) consists of continuous functions that vanish at infinity, meaning that for every ϵ > 0 there is an R > 0 such that ‖x‖ ≥ R implies that |f(x)| < ϵ. We write this condition as lim_{‖x‖→∞} f(x) = 0.

Example 2.8 Consider real functions f : R → R. Then f(x) = x^2 is in C(R) but not C_b(R). The constant function f(x) = 1 is in C_b(R) but not C_0(R). The function f(x) = e^{−x2} is in C_0(R) but not C_c(R). The function f(x) = { 1 − x^2 if |x| ≤ 1, 0 if |x| > 1, is in C_c(R).

40 Continuous Functions

2.3 Approximation by polynomials

A polynomial p : [a, b] → R on a closed, bounded interval [a, b] is a function of the form p(x) = n∑ k=0 c_kx^k , where the coefficients c_k are real numbers. If c_n ≠ 0, the integer n ≥ 0 is called the degree of p. The Weierstrass Approximation Theorem states that every continuous function f : [a, b] → R can be approximated by a polynomial with arbitrary accuracy in the uniform norm.

Theorem 2.9 (Weierstrass approximation) The set of polynomials is dense in C([a, b]). Proof. We need to show that for any f ∈ C([a, b]) there is a sequence of polynomials (p_n) such that p_n → f uniformly.

We first show that, by shifting and rescaling x, it is sufficient to prove the theorem in the case [a, b] = [0, 1]. We define T : C([a, b]) → C([0, 1]) by (T f)(x) = f (a + (b − a)x) . Then T is linear and invertible, with inverse ( T^{−1}f ) (x) = f ( x − a b − a ) . Moreover, T is an isometry, since ‖T f‖ = ‖f‖, and for any polynomial p both T p and T^{−1}p are polynomials. If polynomials are dense in C([0, 1]), then for any f ∈ C([a, b]) we have polynomials p_n such that p_n → T f in C([0, 1]). It follows that the polynomials T^{−1}p_n converge to f in C([a, b]).

To show that polynomials are dense in C([0, 1]), we use a proof by Bernstein, which gives an explicit formula for a sequence of polynomials converging to a function f in C([0, 1]). These polynomials are called the Bernstein polynomials of f, and are defined by

B_n(x; f) = n∑ k=0 f ( k n ) ( n k ) x^k(1 − x)^{n−k} . (2.4)

Notice that each term x^k (1 − x)^{n−k} , attains its maximum at x = k/n. This is illustrated in Figure 2.2 for n = 20 and some values of k. The value of B_n(x; f) for x near k/n, is therefore predominantly determined by the values of f(x) near x = k/n. In (2.4), we use the standard notation for the binomial coefficients, ( n k ) = n! (n − k)!k! .

Approximation by polynomials 41

Fig. 2.2 The polynominals x^k(1 − x)^{n−k} , for the case n = 20, appearing in the definition of the Bernstein polynomials (2.4). Note that they attain their maximum at x = k/n.

The binomial theorem implies that n∑ k=0 ( n k ) x^k(1 − x)^{n−k} = 1.

Therefore, the difference between f and its nth Bernstein polynomial can be written as B_n(x; f) − f(x) = n∑ k=0 [ f ( k n ) − f(x) ] ( n k ) x^k (1 − x)^{n−k} . (2.5)

Taking the supremum with respect to x of the absolute value of this equation, we get ‖B_n(· ; f) − f‖ ≤ sup_{0≤x≤1} [_n ∑ k=0 | | |f ( k n ) − f(x) | | | ( n k ) x^k(1 − x)^{n−k} ] . (2.6)

Here, we use B_n(x; f) to denote the value of the Bernstein polynomial at x, and B_n(· ; f) to denote the corresponding polynomial function.

Let ϵ > 0 be an arbitrary positive number. From Theorem 1.67, the function f is uniformly continuous, so there is a δ > 0 such that |x − y| < δ implies |f(x) − f(y)| < ϵ, (2.7)

42 Continuous Functions

for all x, y ∈ [0, 1]. To estimate the right hand side of (2.6), we divide the terms in the series into two groups. We let I(x) = {k | 0 ≤ k ≤ n and |x − (k/n)| < δ}, J(x) = {k | 0 ≤ k ≤ n and |x − (k/n)| ≥ δ}. (2.8) From (2.6), (2.7), and (2.8), we get the following estimate,

‖B_n(· ; f) − f‖ ≤ ϵ sup_{0≤x≤1} ∑ k∈I(x) ( n k ) x^k (1 − x)^{n−k}

+ sup_{0≤x≤1} ∑ k∈J(x) | | |f ( k n ) − f(x) | | | ( n k ) x^k (1 − x)^{n−k}

≤ ϵ + 2‖f‖ sup_{0≤x≤1} ∑ k∈J(x) ( n k ) x^k (1 − x)^{n−k} . (2.9)

Since [x − (k/n)]^2 ≥ δ^2 for k ∈ J(x), the sum on the right hand side of (2.9) can be estimated as follows: sup 0≤x≤1 ∑ k∈J(x) ( n k ) x^k(1 − x)^{n−k}

≤ 1 δ^2 sup 0≤x≤1 ∑ k∈J(x) ( x − k n )_2 ( n k ) x^k(1 − x)^{n−k}

≤ 1 δ^2 sup 0≤x≤1 [_n ∑ k=0 ( x^2 − 2k n x + k^2 n^2 ) ( n k ) x^k(1 − x)^{n−k} ]

≤ 1 δ^2 sup 0≤x≤1 [ x^2B_n(x; 1) − 2xB_n(x; x) + B_n(x; x^2) ] . (2.10)

To find an expression for the Bernstein polynomials B_n(x; 1), B_n(x; x), and B_n(x; x^2) of the polynomials 1, x, and x^2, we write out the binomial expansion of (x + y)^n, compute the first and second derivatives of the expansion with respect to x, and rearrange the results. This gives

(x + y)^n = n∑ k=0 ( n k ) x^ky^{n−k},

x(x + y)^{n−1} = n∑ k=0 ( k n ) ( n k ) x^ky^{n−k}, ( n − 1 n ) x^2(x + y)^{n−2} + ( 1 n ) x(x + y)^{n−1} = n∑ k=0 ( k n )_2 ( n k ) x^k y^{n−k}.

Approximation by polynomials 43

Fig. 2.3 Some approximations of the function x → cos(4x) by its Bernstein polynomials.

Evaluation of these equations at y = 1 − x, and the use of (2.4) gives

B_n(x; 1) = 1, B_n(x; x) = x, (2.11)

B_n(x; x^2) = ( n − 1 n ) x^2 + ( 1 n ) x, for all n ≥ 1. Using (2.10) and (2.11) in (2.9), we obtain the estimate ‖B_n(· ; f) − f‖ ≤ ϵ + ‖f‖ 2nδ^2 . Taking the lim sup of this equation as n → ∞, we get

lim sup n→∞ ‖B_n(· ; f) − f‖ ≤ ϵ. Since ϵ is arbitrary, it follows that lim sup_{n→∞} ‖B_n(· ; f)−f‖ = 0, so the polynomials B_n(· ; f) converge uniformly to f. □

The first few approximations by Bernstein polynomials of the function f(x) = cos(4x) are graphed in Figure 2.3. Note that we could have formulated the theorem for complex-valued functions with the same proof.

The Weierstrass approximation theorem differs from Taylor’s theorem, which states that a function with sufficiently many derivatives can be approximated locally by its Taylor polynomial. The Weierstrass approximation theorem applies to a

44 Continuous Functions

continuous function, which need not be differentiable, and states that there is a global polynomial approximation of the function on the whole interval [a, b].

An analogous result is the density of trigonometric polynomials in the space of periodic continuous functions on the circle, which we prove below in Theorem 7.3. Both of these theorems are special cases of the Stone-Weierstrass theorem (see Rudin [48]).

2.4 Compact subsets of C(K)

The proof of the Heine-Borel theorem, that a subset of R^n is compact if and only if it is closed and bounded, uses the finite-dimensionality of R^n in an essential way. Compact subsets of infinite-dimensional normed spaces are also closed and bounded, but these properties are no longer sufficient. In this section, we prove the Arzelà-Ascoli theorem, which characterizes the compact subsets of C(K). To state the theorem, we introduce the notion of equicontinuity.

Definition 2.10 Let F be a family of functions from a metric space (X, d) to a metric space (Y, d). The family F is equicontinuous if for every x ∈ X and ϵ > 0 there is a δ > 0 such that d(x, y) < δ implies d (f(x), f(y)) < ϵ for all f ∈ F.

The crucial point in this definition is that δ does not depend on f, although it may depend on x. If δ can be chosen independent of x as well, then the family is said to be uniformly equicontinuous. The following theorem is a generalization of Theorem 1.67.

Theorem 2.11 An equicontinuous family of functions from a compact metric space to a metric space is uniformly equicontinuous.

Proof. Suppose that K is a compact metric space, and F is a family of functions f : K → Y that is not uniformly equicontinuous. We will prove that F is not equicontinuous.

Since F is not uniformly equicontinuous, there is an ϵ > 0, such that for every n ∈ N there are points x_n, y_n ∈ K and a function f_n ∈ F with d (x_n, y_n) < 1 n and d (f_n(y_n), f_n(x_n)) ≥ 2ϵ. (2.12)

Since K is compact, the sequence (x_n) has a convergent subsequence, which we also denote by (x_n). Suppose that x_n → x as n → ∞. Then (2.12) implies that y_n → x as well. Hence, for all δ > 0, there are points x_n, y_n such that d(x_n, x) < δ and d(y_n, x) < δ. But, from (2.12), we must have either d (f_n(x_n), f_n(x)) ≥ ϵ or d (f_n(y_n), f_n(x)) ≥ ϵ, so F is not equicontinuous at x. □

Next, we give necessary and sufficient conditions for compactness in C(K).

Compact subsets of C(K) 45

Theorem 2.12 (Arzelà-Ascoli) Let K be a compact metric space. A subset of C(K) is compact if and only if it is closed, bounded, and equicontinuous.

Proof. Recall that a set is precompact if its closure is compact, and that a set is compact if and only if it is closed and precompact. We will prove that a subset of C(K) is precompact if and only if it is bounded and equicontinuous.

We divide the proof into three parts. First, we show that an unbounded subset is not precompact. Second, we show that a precompact subset is equicontinuous. Third, we show that a bounded, equicontinuous subset is precompact.

For the first part, suppose that F is an unbounded subset of C(K). Then there is a sequence of functions f_n ∈ F, with ‖f_{n+1}‖ ≥ ‖f_n‖ + 1, so that ‖f_n − f_m‖ ≥ 1 for all n ≠ m. It follows that (f_n) has no Cauchy subsequence, and therefore no convergent subsequence, so F is not precompact.

For the second part, suppose that F is a precompact subset of C(K). Fix ϵ > 0. Since F is dense in F, we have F ⊂ ⋃ f ∈F B_{ϵ/3}(f). Since F is compact, there is a finite subset {f_1, . . . , f_k} of F such that F ⊂ k⋃ i=1 B_{ϵ/3}(f_i). Each f_i is uniformly continuous by Theorem 1.67, so there is a δ_i > 0 such that d(x, y) < δ_i implies that |f_i(x) − f_i(y)| < ϵ/3 for all x, y ∈ K. We define δ by δ = min_{1≤i≤k} δ_i. Since δ is the minimum of a finite set of δ_i > 0, we have δ > 0. For every f ∈ F, there is an 1 ≤ i ≤ k such that ‖f − f_i‖ < ϵ/3. We conclude that for d(x, y) < δ |f(x) − f(y)| ≤ |f(x) − f_i(x)| + |f_i(x) − f_i(y)| + |f_i(y) − f(y)| < ϵ. Since ϵ is arbitrary and δ is independent of f, the set F is equicontinuous.

For the third part, suppose that F is a bounded, equicontinuous subset of C(K). We will show that every sequence (f_n) in F has a convergent subsequence. By Lemma 1.63 there is a countable dense set {x_1, x_2, x_3, . . .} in the compact domain K. We choose a subsequence (f_{1,n}) of (f_n) such that the sequence of values (f_{1,n}(x_1)) converges in R. Such a subsequence exists because (f_n(x_1)) is bounded in R, since F is bounded in C(K). We choose a subsequence (f_{2,n}) of (f_{1,n}) such that (f_{2,n}(x_2)) converges, which exists for the same reason. Repeating this procedure, we obtain sequences (f_{k,n})^∞_{n=1} for k = 1, 2, . . . such that (f_{k+1,n}) is a subsequence of (f_{k,n}), and (f_{k,n}(x_k )) converges as n → ∞. Finally, we define a “diagonal” subsequence (g_k) by g_k = f_{k,k}. By construction, the sequence (g_k) is a subsequence of (f_n) with the property that g_k(x_i) converges in R as k → ∞ for all x_i in a dense subset of K.

46 Continuous Functions

So far, we have only used the boundedness of F. The equicontinuity of F is needed to ensure the uniform convergence of (g_k). Let ϵ > 0. Since F is equicontinuous and K is compact, Theorem 2.11 implies that F is uniformly equicontinuous. Consequently, there is a δ > 0 such that d(x, y) < δ implies |g_k(x) − g_k(y)| < ϵ 3 . Since {x_i} is dense in K, we have K ⊂ ∞⋃ i=1 B_δ (x_i).

Since K is compact, there is a finite subset of {x_i}, which we denote by {x_1, . . . , x_n}, such that K ⊂ n⋃ i=1 B_δ (x_i).

The sequence (g_k(x_i)) is convergent for each i = 1, . . . , n, and hence Cauchy, so there is an N such that |g_j (x_i) − g_k(x_i)| < ϵ 3 for all j, k ≥ N and i = 1, . . . , n. For any x ∈ K, there is an i such that x ∈ B_δ(x_i). Then, for j, k ≥ N, we have |g_j (x) − g_k(x)| ≤ |g_j (x) − g_j (x_i)| + |g_j (x_i) − g_k(x_i)| + |g_k(x_i) − g_k(x)| < ϵ. It follows that (g_k) is a Cauchy sequence for the uniform norm and, since C(K) is complete, it converges. □

In the proof of this theorem, we again used Cantor’s diagonal argument, and the “ϵ/3-trick.” The same proof applies to a more general situation. Let C(K, Y ) be the space of all continuous functions f : K → Y , where (K, d_K ) is a compact metric space and (Y, d_Y ) an arbitrary metric space. Define a metric d on C(K, Y ) by d(f, g) = sup_{x∈K} d_Y (f(x), g(x)). Then (C(K, Y ), d) is a complete metric space, and a subset is compact if and only if it is closed, bounded, and equicontinuous.

Example 2.13 For each n ∈ N, we define a function f_n : [0, 1] → R by

f_n(x) =

0 if 0 ≤ x ≤ 2^{−n}, 2^{n+1}(x − 2^{−n}) if 2^{−n} ≤ x ≤ 3 · 2^{−(n+1)}, 2^{n+1}(2^{−(n−1)} − x) if 3 · 2^{−(n+1)} ≤ x ≤ 2^{−(n−1)}, 0 if 2^{−(n−1)} ≤ x ≤ 1.

(2.13)

Compact subsets of C(K) 47

Fig. 2.4 The sequence of bounded continuous functions defined in Example 2.13 is not equicontinuous.

The first two functions are shown in Figure 2.4. Let F = {f_n | n ∈ N}. Then ‖f_n‖ = 1 for all n ≥ 1, so F is bounded, but ‖f_m − f_n‖ = 1 for all m ≠ n, so the sequence (f_n) does not have any convergent subsequences. Hence, the set F is a closed, bounded subset of C([0, 1]) which is not compact. Note that F is not equicontinuous either, because the graphs of the f_n become steeper as n gets larger. The same phenomenon occurs for the set F = {sin(nπx) | n ∈ N}.

Heuristically, a subset of an infinite-dimensional linear space is precompact if it is “almost” contained in a bounded subset of a finite-dimensional subspace. Without making this statement more precise at the moment (but see Theorem 9.17), we illustrate it with the following example.

Example 2.14 Let F be the subset of C([0, 1]) that consists of functions f of the form f(x) = ∞∑ n=1 a_n sin(nπx) with ∞∑ n=1 n|a_n| ≤ 1. The series defining f converges uniformly, so f is an element of C([0, 1]). The set F is bounded in C(K), since for any f ∈ F we have ‖f‖ ≤ ∞∑ n=1 |a_n| ≤ ∞∑ n=1 n|a_n| ≤ 1. By the intermediate value theorem, for any x < y ∈ R there is a x < ξ < y with

sin x − sin y = (cos ξ) (x − y).

Hence, for all x, y ∈ R we have | sin x − sin y| ≤ |x − y|.

48 Continuous Functions

Fig. 2.5 The graph of two continuous functions on [0, 1]: f(x) = x^2, and g(x) = √ x. f is Lipschitz on [0, 1], but g is not Lipschitz at the point 0. The ratio Δf/Δx is bounded for arbitrarily small Δx everywhere in [0, 1], but Δg/Δx is unbounded for small Δx near x = 0.

Thus, every f ∈ F satisfies |f(x) − f(y)| ≤ ∞∑ n=1 |a_n| |sin(nπx) − sin(nπy)| ≤ ∞∑ n=1 πn|a_n| |x − y| ≤ π |x − y| . Therefore, given ϵ > 0, we can pick δ = ϵ/π, and then |x − y| < δ implies |f(x) − f(y)| < ϵ for all f ∈ F. From the Arzelà-Ascoli theorem, F is a precompact subset of C([0, 1]). For large N, the subset F is “almost” contained in the unit ball in the finite-dimensional subspace spanned by {sin πx, sin 2πx, . . . , sin Nπx}.

The previous example illustrates a useful sufficient condition for equicontinuity, which we now describe. We begin by defining Lipschitz continuous functions.

Definition 2.15 A function f : X → R on a metric space X is Lipschitz continuous on X if there is a constant C ≥ 0 such that |f(x) − f(y)| ≤ Cd(x, y) for all x, y ∈ X. (2.14) We will often abbreviate the term “Lipschitz continuous” to “Lipschitz.” Every Lipschitz continuous function is uniformly continuous, but there are uniformly continuous functions that are not Lipschitz.

Compact subsets of C(K) 49

Example 2.16 As illustrated in Figure 2.5, the square function f(x) = x^2 is Lipschitz continuous on [0, 1], but the uniformly continuous square-root function g(x) = √ x is not, because

lim_{x→0+} |g(x) − g(0)| |x − 0| = ∞. If f : X → R is a Lipschitz function, then we define the Lipschitz constant Lip(f) of f by

Lip(f) = sup_{x≠y} |f(x) − f(y)| d(x, y) . Equivalently, Lip(f) is the smallest constant C that works in the Lipschitz condition (2.14), Lip(f) = inf {C | |f(x) − f(y)| ≤ Cd(x, y) for all x, y ∈ X} . Suppose that K is a compact metric space and M > 0. We define a subset F_M of C(K) by

F_M = {f | f is Lipschitz on K and Lip(f) ≤ M} . (2.15)

The set F_M is equicontinuous, since if ϵ > 0 and δ = ϵ/M, then d(x, y) < δ implies |f(x) − f(y)| < ϵ for all f ∈ F_M . The set F_M is closed, since if (f_n) is a sequence in F_M that converges uniformly to f in C(K), then

Lip(f) = sup_{x≠y} |f(x) − f(y)| d(x, y) = sup_{x≠y} [ lim_{n→∞} |f_n(x) − f_n(y)| d(x, y) ]

≤ lim inf n→∞ [ sup x≠y∈K |f_n(x) − f_n(y)| d(x, y) ]

≤ M. Thus, the limit f belongs to F_M . The set F_M is not bounded, since the constant functions belong to F_M and their sup-norms are arbitrarily large. Consequently, although F_M itself is not compact, the Arzelà-Ascoli theorem implies that every closed, bounded subset of F_M is compact, and every bounded subset of F_M is precompact.

Example 2.17 Suppose that x_0 is a point in a compact metric space K. Let

B_M = {f ∈ F_M | f(x_0) = 0}.

50 Continuous Functions

Then B_M is bounded because for every f ∈ B_M we have ‖f‖ = sup_{x∈K} |f(x) − f(x_0)| ≤ M sup_{x∈K} |x − x_0| ≤ Mdiam K, where diam K is finite since K is compact, and hence bounded. The set B_M is closed, since if f_n(x_0) = 0 and f_n → f in C(K), then f(x_0) = lim_{n→∞} f_n(x_0) = 0.

Therefore, the set B_M is a compact subset of C(K).

Lemma 2.18 Suppose that f : C → R is a continuously differentiable function on an open, convex subset C of R^n , and that the partial derivatives of f are bounded on C. Then, for all x, y ∈ C, we have |f(x) − f(y)| ≤ M‖x − y‖, (2.16) where ‖ · ‖ denotes the Euclidean norm and M = sup_{z∈C} ‖∇f(z)‖. (2.17) Proof. Since C is convex, the point tx + (1 − t)y lies in C for all x, y ∈ C and 0 ≤ t ≤ 1. The fundamental theorem of calculus and the chain rule imply that f(x) − f(y) = ∫_1 0 d dt f (tx + (1 − t)y) dt = ∫_1 0 ∇f (tx + (1 − t)y) · (x − y) dt, (2.18) where ∇f = ( ∂f ∂x_1 , . . . , ∂f ∂x_n )

is the gradient of f with respect to x = (x_1, . . . , x_n). We take the absolute value of equation (2.18), and estimate the resulting integral, to obtain |f(x) − f(y)| ≤ sup_{0≤t≤1} {‖∇f (tx + (1 − t)y) ‖} ‖x − y‖. The use of (2.17) in this equation gives (2.16). □ From Lemma 2.18, a continuously differentiable function with bounded partial derivatives is Lipschitz. A Lipschitz continuous function need not be differentiable everywhere, however, since its graph may have “corners.”

Example 2.19 The absolute value function f(x) = |x| is Lipschitz continuous, with Lipschitz constant one, because |f(x) − f(y)| = | |x| − |y| | ≤ |x − y|.

Ordinary differential equations 51

The absolute value function is not differentiable at x = 0.

Lemma 2.18 implies that a family of continuously differentiable functions with uniformly bounded derivatives is equicontinuous. If the family is also bounded, then it is precompact. The idea that a uniform bound on suitable norms of the derivatives of a family of functions implies that the family is precompact will reappear when we study Sobolev spaces in Chapter 12.9.

Example 2.20 Let C^1([0, 1]) denote the space of all continuous functions f on [0, 1] with continuous derivative f^′. For constants M > 0 and N > 0, we define the subset F of C([0, 1]) by F = { f ∈ C^1([0, 1]) | ‖f‖ ≤ M, ‖f^′‖ ≤ N } , where ‖ · ‖ denotes the sup-norm. Then F is precompact in C(K). It is not closed, however, because the uniform limit of continuously differentiable functions need not be differentiable. Thus, F is not compact. Its closure in C([0, 1]) is the compact set F = {f ∈ C([0, 1]) | ‖f‖ ≤ M, Lip(f) ≤ N}.

2.5 Ordinary differential equations

A differential equation is an equation that relates the values of a function and its derivatives at each point. We distinguish between ordinary differential equations (ODEs) for functions of a single variable, and partial differential equations (PDEs) for functions of several variables. In this section, we discuss the existence and uniqueness of solutions of ODEs.

To focus on the central ideas in the simplest setting, we consider a scalar, first order ODE for a real-valued function u(t) of the form

u̇ = f(t, u). (2.19)

In (2.19), we use u̇(t) to denote the derivative of u(t) with respect to t, and f : R^2 → R is a given continuous function. We say that (2.19) is a linear ODE if f(t, u) is a linear (strictly speaking, we should say “affine”) function of u of the form f(t, u) = a(t)u + b(t). Otherwise, we say that (2.19) is a nonlinear ODE.

A solution of (2.19), defined in an open interval I ⊂ R, is a continuously differentiable function u : I → R such that

u̇(t) = f (t, u(t)) for all t ∈ I.

If the solution is defined on the whole of R, then we call it a global solution. If the solution is defined only on a subinterval of R, then we call it a local solution.

52 Continuous Functions

We will refer to the independent variable t in (2.19) as “time.” Equation (2.19) determines the rate of change of the function u at each time in terms of the value of u. We expect that if we know the value of u at some time, then the ODE determines the values of u at nearby times, and by repetition of this process, we expect that there is a unique solution of the initial value problem (IVP)

u̇ = f(t, u), (2.20) u(t_0) = u_0.

Here, t_0 is a given initial time, and u_0 is a given initial value. As the following examples show, however, the question of the existence and uniqueness of solutions (2.20) is not always as straightforward as this naive discussion might suggest.

Example 2.21 Consider the linear initial value problem,

u̇ = au, (2.21) u(0) = u_0,

where a ∈ R is a constant. This initial value problem has a unique, global solution u(t) = u_0e^{at}. Equation (2.21) has a simple interpretation in terms of population growth. It states that the growth rate u̇ of a population is proportional to the population u. If the per capita growth rate u̇/u = a is positive, then the population grows exponentially in time, as Malthus observed in 1798.

Example 2.22 Consider the nonlinear initial value problem,

u̇ = u^2, (2.22) u(0) = u_0.

The unique solution is u(t) = u_0 1 − u_0t . This solution becomes arbitrarily large as t → 1/u_0. For u_0 > 0, the initial value problem in (2.22) has a local solution defined in the interval −∞ < t < 1/u_0, but it does not have a global solution. This phenomenon is called “blow-up,” and is a fundamental difficulty in the study of nonlinear differential equations. When interpreted as a population model, equation (2.22) describes the growth of a population in which the per capita growth rate is equal to the population. Thus, as the population increases the growth rate increases both because the population is larger and because the per capita growth rate is larger. As a result, the solution tends to infinity in finite time.

Ordinary differential equations 53

Example 2.23 Consider the initial value problem

u̇ = √ |u|, (2.23) u(0) = 0.

The zero function u(t) = 0 is a global solution, but it is not the only one. The following function satisfies (2.23) for any a ≥ 0, u(t) = { 0 if t ≤ a, (t − a)^2/4 if t > a. In this example, the function f(u) = √ |u| is a continuous function of u, but it is not Lipschitz continuous at the initial value u = 0.

These examples show that the most we can hope for, if f is an arbitrary continuous function, is the existence of a local solution of the initial value problem (2.20). If f is smooth, the solution is unique, as we will see, but it may not exist globally.

For general f, we cannot prove the existence of a solution by giving an explicit analytical formula for it, as we did in the simple examples above. Instead we use a compactness argument, analogous to the one used in the proof of Theorem 1.68. We construct a family {u_ϵ} of functions that satisfy (2.20) in a suitable approximate sense. Since the functions are approximate solutions of the ordinary differential equation, their derivatives are uniformly bounded, and the Arzelà-Ascoli theorem implies that they form a precompact set. Consequently, there is a subsequence of approximate solutions that converges uniformly as ϵ → 0 to a function u. We then show that u is a solution of (2.20).

Theorem 2.24 Suppose that f(t, u) is a continuous function on R^2 . Then, for every (t_0, u_0), there is an open interval I ⊂ R that contains t_0, and a continuously differentiable function u : I → R that satisfies the initial value problem (2.20).

Proof. We say that u_ϵ(t) is an ϵ-approximate solution of (2.20) in an interval I containing t_0 if:

(a) u_ϵ(t_0) = u_0;

(b) u_ϵ(t) is a continuous function of t that is differentiable at all but finitely many points of I;

(c) at every point t ∈ I where u̇_ϵ(t) exists, we have |u̇_ϵ(t) − f(t, u_ϵ(t))| ≤ ϵ. To construct an ϵ-approximate solution u_ϵ, we first pick T_1 > 0, and let I_1 = {t | |t − t_0| ≤ T_1} . We partition I_1 into 2N subintervals of length h, where T_1 = Nh, and let t_k = t_0 + kh for −N ≤ k ≤ N.

54 Continuous Functions

We denote the values of the approximate solution at the times t_k by u_ϵ(t_k) = a_k. We define these values by the following finite difference approximation of the ODE, a_{k+1} − a_k h = f (t_k, a_k) , a_0 = u_0.

This discretization of (2.20) is called the forward Euler method. It is not an accurate numerical method for the solution of (2.20), but its simplicity makes it convenient for an existence proof.

Inside the subinterval t_k ≤ t ≤ t_{k+1}, we define u_ϵ(t) to be the linear function of t that takes the appropriate values at the endpoints. That is, u_ϵ(t) = a_k + b_k (t − t_k) for t_k ≤ t ≤ t_{k+1}, where the parameters a_k and b_k are defined recursively by a_0 = u_0, a_k = a_{k−1} + b_{k−1}h, b_0 = f(t_0, u_0), b_k = f(t_k, a_k).

Thus, u_ϵ(t) is a continuous, piecewise linear function of t that is differentiable except possibly at the points t = t_k, and u̇_ϵ(t) = b_k for t_k < t < t_{k+1}. For t_k < t < t_{k+1}, we have |u̇_ϵ(t) − f(t, u_ϵ(t))| = |f (t_k, a_k) − f (t, a_k + b_k(t − t_k)) |, (2.24) |t − t_k| ≤ h, |a_k + b_k(t − t_k) − a_k| ≤ |b_k| h. (2.25) We choose an L > 0, and a T ≤ T_1 such that the graph of every u_ϵ with |t − t_0| ≤ T is contained in the rectangle R ⊂ R^2 given by R = {(t, u) | |t − t_0| ≤ T , |u − u_0| ≤ L} . To do this, we consider the closed rectangle R_1 ⊂ R^2 , centered at (t_0, u_0), defined by R_1 = {(t, u) | |t − t_0| ≤ T_1, |u − u_0| ≤ L} . We let M = sup {|f(t, u)| | (t, u) ∈ R_1} , T = min (T_1, L/M) . It follows that, for |t − t_0| ≤ T , the slopes b_k of the linear segments of u_ϵ are less than or equal to M, and the graph of u_ϵ lies in the cone bounded by the lines u − u_0 = M(t − t_0) and u − u_0 = −M(t − t_0). Figure 2.6 shows why this is true.

Since R is compact, the function f is uniformly continuous on R. Therefore, for every ϵ > 0, there is a δ > 0 such that |f(s, u) − f(t, v)| ≤ ϵ

Ordinary differential equations 55

Fig. 2.6 The construction of the rectangle R used in the proof of Theorem 2.24.

for all (s, u), (t, v) ∈ R such that |s − t| ≤ δ and |u − v| ≤ δ. Using (2.24)–(2.25), we see that u_ϵ is an ϵ-approximate solution when h ≤ δ and Mh ≤ δ.

Each u_ϵ is Lipschitz continuous, and its Lipschitz constant is bounded uniformly by M, independently of ϵ. We also have u_ϵ(t_0) = u_0 for all ϵ. From Example 2.17, the set {u_ϵ} is precompact in C([t_0 − T, t_0 + T ]). Hence there is a continuous function u and a sequence (ϵ_n) with ϵ_n → 0 as n → ∞ such that u_{ϵn} → u as n → ∞ uniformly on [t_0 − T, t_0 + T ].

It remains to show that the limiting function u solves (2.20). Since u_ϵ is piecewise linear, we have

u_ϵ(t) = u_ϵ(t_0) + ∫_t t_0 u̇_ϵ(s) ds = u_0 + ∫_t t_0 f(s, u_ϵ(s)) ds + ∫_t t_0

[u̇_ϵ − f(s, u_ϵ(s))] ds. (2.26)

Here, u̇_ϵ is not necessarily defined at the points t_k, but this does not affect the value of the integral. We set ϵ = ϵ_n in (2.26), and let n → ∞. Using Exercise 2.2 to take the limit, we find that

u(t) = u_0 + ∫_t t_0 f(s, u(s)) ds. (2.27) The fundamental theorem of calculus implies that the right hand side of (2.27) is continuously differentiable. Therefore, the function u is also continuously differentiable in |t − t_0| < T , and u̇(t) = f (t, u(t)). □

56 Continuous Functions

More generally, the same proof applies if f is continuous only in some open set D ⊂ R^2 which contains the initial point (t_0, u_0), provided we choose the rectangles R_1 and R so that they are contained in D (see Figure 2.6).

This proof shows the existence of a local solution in some interval about the initial time, but the solution need not be global. A solution has, however, a maximal open interval of existence that contains t_0.

As shown by Example 2.23, the continuity of f does not guarantee uniqueness, but if f(t, u) is Lipschitz continuous in u, then the solution is unique. The condition that f is Lipschitz continuous is a mild one, and is met in nearly all applications, where f is typically a smooth function. To prove this fact, we use the following result, called Gronwall’s inequality.

Theorem 2.25 (Gronwall’s inequality) Suppose that u(t) ≥ 0 and φ(t) ≥ 0 are continuous, real-valued functions defined on the interval 0 ≤ t ≤ T and u_0 ≥ 0 is a constant. If u satisfies the inequality

u(t) ≤ u_0 + ∫_t 0 φ(s)u(s) ds for t ∈ [0, T ], (2.28)

then

u(t) ≤ u_0 exp (∫_t 0 φ(s) ds ) for t ∈ [0, T ].

In particular, if u_0 = 0 then u(t) = 0.

Proof. Suppose first that u_0 > 0. Let

U(t) = u_0 + ∫_t 0 φ(s)u(s) ds. Then, since u(t) ≤ U(t), we have that U̇ = φu ≤ φU, U(0) = u_0. Since U(t) > 0, it follows that d dt log U = U̇ U ≤ φ. Hence

log U(t) ≤ log u_0 + ∫_t 0 φ(s) ds, so u(t) ≤ U(t) ≤ u_0 exp (∫_t 0 φ(s) ds ) . (2.29)

Ordinary differential equations 57

If the inequality (2.28) holds for u_0 = 0, then it also holds for all u_0 > 0, so (2.29) holds for all u_0 > 0. Taking the limit of (2.29) as u_0 → 0^+, we conclude that u(t) = 0, which proves the result when u_0 = 0. □

Theorem 2.26 Suppose that f(t, u) is continuous in the rectangle R = {(t, u) | |t − t_0| ≤ T , |u − u_0| ≤ L} , and that |f(t, u)| ≤ M if (t, u) ∈ R. Let δ = min(T, L/M). If u(t) is any solution of (2.20), then

|u(t) − u_0| ≤ L when |t − t_0| ≤ δ. (2.30)

Suppose, in addition, that f is a Lipschitz continuous function of u, uniformly in t, meaning that there is a constant C such that |f(t, u) − f(t, v)| ≤ C|u − v| for all (t, u) ∈ R. Then the solution of (2.20) is unique in the interval |t − t_0| ≤ δ.

Proof. The result in (2.30) is intuitively obvious: if a solution u(t) stays inside the interval |u(t) − u_0| ≤ L, then its derivative is bounded by M, so the solution cannot escape the interval in less time than L/M. To avoid circularity in the proof, we use a “continuous induction” argument. We consider the set D defined by D = {0 ≤ η ≤ δ | |u(t) − u_0| ≤ L for all |t − t_0| ≤ η} . Then 0 ∈ D, and if η ∈ D, then η^′ ∈ D for all 0 ≤ η^′ ≤ η. Thus, D is a nonempty interval. Moreover, D is closed in [0, δ] because u(t) is a continuous function of t. If η ∈ D and η < δ, then f (t, u(t)) ≤ M for |t − t_0| ≤ η, so |u(t) − u_0| ≤ | | | | ∫_t t_0 f (s, u(s)) ds | | | | ≤ Mη < Mδ = L. Since we have strict inequality, and u is continuous, it follows that there is an ϵ > 0 such that |u(t) − u_0| ≤ L when |t − t_0| ≤ η + ϵ. Thus, D is open in [0, δ], from which we conclude that D = [0, δ]. This proves the first part of the theorem.

To prove the uniqueness part, we use a common strategy: we derive an equation for the difference of two solutions which shows that it is zero. Suppose that u and v are solutions of (2.20) on a interval I that contains t_0. Then subtraction and integration of the ODEs satisfied by u and v implies that u(t) − v(t) = ∫_t t_0 [f (s, u(s)) − f (s, v(s))] ds.

58 Continuous Functions

Taking the absolute value of this equation, and estimating the result, we find that w = |u − v| satisfies the inequality w(t) ≤ ∫_t t_0 |f (s, u(s)) − f (s, v(s))| ds. (2.31) By the first part of the theorem, the graph of any solution remains in R for |t−t_0| ≤ δ. The Lipschitz continuity of f in R therefore implies that |f (t, u(t)) − f (t, v(t)) | ≤ C|u(t) − v(t)| = Cw(t). The use of this inequality in (2.31) implies that w ≥ 0 satisfies w(t) ≤ C ∫_t t_0 w(s) ds. Therefore, from Gronwall’s inequality, we have w = 0, and u = v. □ We will give another proof of the existence and uniqueness of solutions of the initial value problem for ODEs in the next chapter, as a consequence of the contraction mapping theorem. The existence theorem above, based on compactness, is called the Peano existence theorem, while the theorem in the next chapter, based on the contraction mapping theorem, is called the Picard existence theorem.

2.6 References Most of the material in this chapter is also covered in Rudin [47] and Marsden and Hoffman [37]. For an introduction to the theory of ordinary differential equations, see Hirsch and Smale [21].

2.7 Exercises Exercise 2.1 Define f : [0, 1] → R by f(x) = { x if x is irrational, p sin(1/q) if x = p/q, where p,q are relatively prime integers.

Determine the set of points where f is continuous.

Exercise 2.2 Let f_n ∈ C([a, b]) be a sequence of functions converging uniformly to a function f. Show that lim_{n→∞} ∫_b a f_n(x) dx = ∫_b a f(x) dx.

Exercises 59

Give a counterexample to show that the pointwise convergence of continuous functions f_n to a continuous function f does not imply the convergence of the corresponding integrals.

Exercise 2.3 Suppose that f : G → R is a uniformly continuous function defined on an open subset G of a metric space X. Prove that f has a unique extension to a continuous function f : G → R defined on the closure G of G. Show that such an extension need not exist if f is continuous but not uniformly continuous on G. Exercise 2.4 Give a counterexample to show that f_n → f in C([0, 1]) and f_n continuously differentiable does not imply that f is continuously differentiable. Exercise 2.5 Consider the space of continuously differentiable functions, C^1 ([a, b]) = {f : [a, b] → R | f, f^′ are continuous} , with the C^1-norm, ‖f‖ = sup_{a≤x≤b} |f(x)| + sup_{a≤x≤b} |f^′(x)|. Prove that C^1 ([a, b]) is a Banach space.

Exercise 2.6 Show that the space C ([a, b]) equipped with the L^1-norm ‖ · ‖_1 defined by ‖f‖_1 = ∫_b a |f(x)| dx, is incomplete. Show that if f_n → f with respect to the sup-norm ‖ · ‖_∞, then f_n → f with respect to ‖ · ‖_1. Give a counterexample to show that the converse statement is false.

Exercise 2.7 Prove that the set of Lipschitz continuous functions on [0, 1] with Lipschitz constant less than one and zero integral is compact in C([0, 1]). Exercise 2.8 Prove that C([a, b]) is separable.

Exercise 2.9 Let w : [0, 1] → R be a nonnegative, continuous function. For f ∈ C([0, 1]), we define the weighted supremum norm by ‖f‖_w = sup_{0≤x≤1} {w(x)|f(x)|} . If w(x) > 0 for 0 < x < 1, show that ‖ · ‖_w is a norm on C([0, 1]). If w(x) > 0 for 0 ≤ x ≤ 1, show that ‖ · ‖_w is equivalent to the usual sup-norm, corresponding to w = 1. (See Definition 5.21 for the definition of equivalent norms.) Show that the norm ‖ · ‖_x corresponding to w(x) = x is not equivalent to the usual sup-norm. Is the space C([0, 1]) equipped with the weighted norm ‖ · ‖_x a Banach space?

60 Continuous Functions

Exercise 2.10 Let C_0(R^n ) be the closure of the space C_c(R^n ) of continuous, compactly supported functions with respect to the uniform norm. Prove that C_0(R^n ) is the space of functions that vanish at infinity.

Exercise 2.11 Suppose f_n ∈ C([0, 1]) is a monotone decreasing sequence that converges pointwise to f ∈ C([0, 1]). Prove that f_n converges uniformly to f. This result is called Dini’s monotone convergence theorem.

Exercise 2.12 Let {f_n ∈ C([0, 1]) | n ∈ N} be equicontinuous. If f_n → f pointwise, prove that f is continuous.

Exercise 2.13 Consider the scalar initial value problem, u̇(t) = |u(t)|^α, u(0) = 0.

Show that the solution is unique if α ≥ 1, but not if 0 ≤ α < 1. Exercise 2.14 Suppose that f(t, u) is a continuous function f : R^2 → R such that |f(t, u) − f(t, v)| ≤ K|u − v| for all t, u, v ∈ R. Also suppose that M = sup {|f(t, u_0)| | |t − t_0| ≤ T } . Prove that the solution u(t) of the initial value problem u̇ = f(t, u), u(t_0) = u_0 satisfies the estimate |u(t) − u_0| ≤ MT e^{KT} for |t − t_0| ≤ T . Explicitly check this estimate for the linear initial value problem u̇ = Ku, u(t_0) = u_0.

Chapter 3

The Contraction Mapping Theorem

In this chapter we state and prove the contraction mapping theorem, which is one of the simplest and most useful methods for the construction of solutions of linear and nonlinear equations. We also present a number of applications of the theorem.

3.1 Contractions

Definition 3.1 Let (X, d) be a metric space. A mapping T : X → X is a contraction mapping, or contraction, if there exists a constant c, with 0 ≤ c < 1, such that d(T (x), T (y)) ≤ c d(x, y) (3.1) for all x, y ∈ X.

Thus, a contraction maps points closer together. In particular, for every x ∈ X, and any r > 0, all points y in the ball B_r(x), are mapped into a ball B_s(T x), with

Fig. 3.1 T is a contraction.

62 The Contraction Mapping Theorem

s < r. This is illustrated in Figure 3.1. Sometimes a map satisfying (3.1) with c = 1 is also called a contraction, and then a map satisfying (3.1) with c < 1 is called a strict contraction. It follows from (3.1) that a contraction mapping is uniformly continuous.

If T : X → X, then a point x ∈ X such that

T (x) = x (3.2)

is called a fixed point of T . The contraction mapping theorem states that a strict contraction on a complete metric space has a unique fixed point. The contraction mapping theorem is only one example of what are more generally called fixed-point theorems. There are fixed-point theorems for maps satisfying (3.1) with c = 1, and even for arbitrary continuous maps on certain metric spaces. For example, the Schauder fixed point theorem states that a continuous mapping on a convex, compact subset of a Banach space has a fixed point. The proof is topological in nature (see Kantorovich and Akilov [27]), and we will not discuss such fixed point theorems in this book.

In general, the condition that c is strictly less than one is needed for the uniqueness and the existence of a fixed point. For example, if X = {0, 1} is the discrete metric space with metric determined by d(0, 1) = 1, then the map T defined by T (0) = 1, T (1) = 0 satisfies (3.1) with c = 1, but T does not have any fixed points. On the other hand, the identity map on any metric space satisfies (3.1) with c = 1, and every point is a fixed point.

It is worth noting that (3.2), and hence its solutions, do not depend on the metric d. Thus, if we can find any metric on X such that X is complete and T is a contraction on X, then we obtain the existence and uniqueness of a fixed point. It may happen that X is not complete in any of the metrics for which one can prove that T is a contraction. This can be an indication that the solution of the fixed point problem does not belong to X, but to a larger space, namely the completion of X with respect to a suitable metric d.

Theorem 3.2 (Contraction mapping) If T : X → X is a contraction mapping on a complete metric space (X, d), then there is exactly one solution x ∈ X of (3.2).

Proof. The proof is constructive, meaning that we will explicitly construct a sequence converging to the fixed point. Let x_0 be any point in X. We define a sequence (x_n) in X by

x_{n+1} = T x_n for n ≥ 0.

To simplify the notation, we often omit the parentheses around the argument of a map. We denote the nth iterate of T by T^n, so that x_n = T^nx_0.

Fixed points of dynamical systems 63

First, we show that (x_n) is a Cauchy sequence. If n ≥ m ≥ 1, then from (3.1) and the triangle inequality, we have

d(x_n, x_m) = d(T^nx_0, T^mx_0) ≤ c^md(T^{n−m}x_0, x_0) ≤ c^m [ d(T^{n−m}x_0, T^{n−m−1}x_0) + d(T^{n−m−1}x_0, T^{n−m−2}x_0) + · · · + d(T x_0, x_0)] ≤ c^m [_{n−m−1} ∑ k=0 c^k ] d(x_1, x_0)

≤ c^m [_∞ ∑ k=0 c^k ] d(x_1, x_0) ≤ ( c^m 1 − c ) d(x_1, x_0),

which implies that (x_n) is Cauchy. Since X is complete, (x_n) converges to a limit x ∈ X. The fact that the limit x is a fixed point of T follows from the continuity of T :

T x = T lim_{n→∞} x_n = lim_{n→∞} T x_n = lim_{n→∞} x_{n+1} = x.

Finally, if x and y are two fixed points, then 0 ≤ d(x, y) = d(T x, T y) ≤ cd(x, y). Since c < 1, we have d(x, y) = 0, so x = y and the fixed point is unique. □

3.2 Fixed points of dynamical systems

A dynamical system describes the evolution in time of the state of some system. Dynamical systems arise as models in many different disciplines, including physics, chemistry, engineering, biology, and economics. They also arise as an auxiliary tool for solving other problems in mathematics, and the properties of dynamical systems are of intrinsic mathematical interest.

A dynamical system is defined by a state space X, whose elements describe the different states the system can be in, and a prescription that relates the state x_t ∈ X at time t to the state at a previous time. We call a dynamical system continuous or discrete, depending on whether the time variable is continuous or discrete. For a continuous dynamical system, the time t belongs to an interval in R, and the dynamics of the system is typically described by an ODE of the form

ẋ = f(x), (3.3)

64 The Contraction Mapping Theorem

where the dot denotes a time derivative, and f is a vector field on X. There is little loss of generality in assuming this form of equation. For example, a second order, nonautonomous ODE ÿ = g(t, y, ẏ) may be written as a first order, autonomous system of the form (3.3) for the state variable x = (s, y, v), where s = t and v = ẏ, with ṡ = 1, ẏ = v, v̇ = g(s, y, v). For a discrete dynamical system, we may take time t = n to be an integer, and the dynamics is defined by a map T : X → X that relates the state x_{n+1} at time t = n + 1 to the state x_n at time t = n,

x_{n+1} = T x_n. (3.4)

If T is not invertible, then the dynamics is defined only forward in time, while if T is invertible, then the dynamics is defined both backward and forward in time. A fixed point of the map T correponds to an equilibrium state of the discrete dynamical system. If the state space is a complete metric space and T is a contraction, then the contraction mapping theorem implies that there is a unique equilibrium state, and that the system approaches this state as time tends to infinity starting from any initial state. In this case, we say that the fixed point is globally asymptotically stable.

One of the simplest, and most famous, discrete dynamical systems is the logistic equation of population dynamics,

x_{n+1} = 4μx_n (1 − x_n) , (3.5)

where 0 ≤ μ ≤ 1 is a parameter, and x_n ∈ [0, 1]. This equation is of the form (3.4) where T : [0, 1] → [0, 1] is defined by T x = 4μx(1 − x). See Figure 3.2 for a plot of x → T x, for three different values of μ. We may interpret x_n as the population of the nth generation of a reproducing species. The linear equation x_{n+1} = 4μx_n describes the exponential growth (if 4μ > 1) or decay (if 4μ < 1) of a population with constant birth or death rate. The nonlinearity in (3.5) provides a simple model for a species in which the effects of overcrowding lead to a decline in the birth rate as the population increases.

The logistic equation shows that the iterates of even very simple nonlinear maps can have amazingly complex behavior. Analyzing the full behavior of the logistic map is beyond the scope of the elementary application of the contraction mapping theorem we give here.

When 0 ≤ μ ≤ 1/4, the point 0 is the only fixed point of T in [0, 1], and T is a contraction on [0, 1]. The proof of the contraction mapping theorem therefore

Fixed points of dynamical systems 65

Fig. 3.2 The logistic map for three different values of the parameter μ. For μ = 0.2, 0 is the only fixed point and it is stable. For μ = 0.5, 0 is an unstable fixed point and there is a nonzero, stable, fixed point. For μ = 1, the two fixed points are unstable and more complex (and more interesting) asymptotic behavior of the dynamical system occurs.

implies that T^nx_0 → 0 for an arbitrary initial population x_0 ∈ [0, 1], meaning that the population dies out. When 1/4 < μ ≤ 1, there is a second fixed point at x = (4μ − 1)/4μ. The appearance of a new fixed point as the parameter μ varies is an example of a bifurcation of fixed points. As μ increases further, there is an infinite sequence of more complicated bifurcations, leading to chaotic dynamics for μ ≥ 0.89 . . .. As a second application of the contraction mapping theorem, we consider the solution of an equation f(x) = 0. One way to obtain a solution is to recast the equation in the form of a fixed point equation x = T x, and then construct approximations x_n starting from an initial guess x_0 by the iteration scheme

x_{n+1} = T x_n.

In other words, we are attempting to find the solution as the time-asymptotic state of an associated discrete dynamical system which has the solution as a stable fixed point. Similar ideas apply in other contexts. For example, we may attempt to construct the solution of an elliptic PDE as the time-asymptotic state of an associated parabolic PDE.

There are many ways to rewrite an equation f(x) = 0 as a fixed point problem, some of which will work better than others. Ideally, we would like to rewrite the equation as a fixed point equation in which T is a contraction on the whole space,

66 The Contraction Mapping Theorem

or at least a contraction on some set that contains the solution we seek.

To provide a simple illustration of these ideas, we prove the convergence of an algorithm to compute square roots. If a > 0, then x = √ a is the positive solution of the equation

x^2 − a = 0.

We rewrite this equation as the fixed point problem x = 1 2 ( x + a x ) . The associated iteration scheme is then

x_{n+1} = 1 2 ( x_n + a x_n ) , corresponding to a map T : (0, ∞) → (0, ∞) given by T x = 1 2 ( x + a x ) . (3.6)

Clearly, x = √ a is a fixed point of T . Moreover, given an approximation x_n of √ a, the average of x_n and a/x_n should be a better approximation provided that x_n is not too small, so it is reasonable to expect that the sequence of approximations obtained by iteration of the fixed point equation converges to √ a. We will prove that this is indeed true by finding an interval on which T is a contraction with respect to the usual absolute value metric on R.

First, let us see whether T contracts at all. For x_1, x_2 > 0, we estimate that

|T x_1 − T x_2| = | | | | 1 2 ( x_1 + a x_1 ) − 1 2 ( x_2 + a x_2 )| | | = 1 2 | | |1 − a x_1x_2 | | | |x^1 − x^2|. It follows that T contracts distances when 3x_1x_2 > a. To satisfy this condition, we need to exclude arguments x that are too small. Therefore, we consider the action of T on an interval of the form [b, ∞) with b > 0. This is a complete metric space because [b, ∞) is a closed subset of R and R is complete.

In order to make a good choice for b we first observe that T x = √ a + (x − √ a)^2 2x ≥ √ a (3.7)

for all x > 0. Therefore, the restriction of T to [ √ a, ∞) is well-defined, since T ( [ √ a, ∞) ) ⊂ [ √ a, ∞), and T is a contraction on [ √ a, ∞) with c = 1/2. It follows that for any x_0 ≥ √ a, the sequence x_n = T^nx_0 converges to √ a as n → ∞. Moreover, as shown in the

Integral equations 67

proof of Theorem 3.2, the convergence is exponentially fast, with

|T^nx_0 − √ a| ≤ |T^nx_0 − T^mx_0| ≤ c^n 1 − c |T x_0 − x_0| ≤ 1 2^{n−1} | | | a x_0 − x_0 | | | . If 0 < x_0 < √ a, then x_1 > √ a, and subsequent iterates remain in [ √ a, ∞), so the iterates converge for any starting guess x_0 ∈ (0, ∞).

Newton’s method for the solution of a nonlinear system of equations, discussed in Section 13.5, can also be formulated as a fixed point iteration.

3.3 Integral equations

A linear Fredholm integral equation of the second kind for an unknown function f : [a, b] → R is an equation of the form f(x) − ∫_b a k(x, y)f(y) dy = g(x), (3.8) where k : [a, b] × [a, b] → R and g : [a, b] → R are given functions. A Fredholm integral equation of the first kind is an equation of the form ∫_b a k(x, y)f(y) dy = g(x). The integral equation (3.8) may be written as a fixed point equation T f = f, where the map T is defined by T f(x) = g(x) + ∫_b a k(x, y)f(y) dy. (3.9) Theorem 3.3 Suppose that k : [a, b] × [a, b] → R is a continuous function such that sup a≤x≤b {∫_b a |k(x, y)| dy } < 1, (3.10)

and g : [a, b] → R is a continuous function. Then there is a unique continuous function f : [a, b] → R that satisfies (3.8).

Proof. We prove this result by showing that, when (3.10) is satisfied, the map T is a contraction on the normed space C([a, b]) with the uniform norm ‖ · ‖_∞.

68 The Contraction Mapping Theorem

From Theorem 2.4, the space C([a, b]) is complete. Moreover, T is a contraction since, for any f_1, f_2 ∈ C([a, b]), we have ‖T f_1 − T f_2‖_∞ = sup_{a≤x≤b} | | | | ∫_b a k(x, y)(f_1(y) − f_2(y)) dy | | | | ≤ sup_{a≤x≤b} ∫_b a |k(x, y)| |f_1(y) − f_2(y)| dy

≤ ‖f_1 − f_2‖_∞ sup_{a≤x≤b} {∫_b a |k(x, y)| dy }

≤ c‖f_1 − f_2‖_∞, where c = sup_{a≤x≤b} {∫_b a |k(x, y)| dy } < 1. The result then follows from the contraction mapping theorem. □ From the proof of the contraction mapping theorem, we can obtain the fixed point f as a limit, f = lim_{n→∞} T^nf_0, (3.11)

for any f_0 ∈ C([a, b]). It is interesting to reinterpret this limit as a series. We define a map K : C([a, b]) → C([a, b]) by Kf = ∫_b a k(x, y)f(y) dy. The map K is called a Fredholm integral operator, and the function k is called the kernel of K. Equation (3.8) may be written as

(I − K)f = g, (3.12)

where I is the identity map, meaning that If = f. The contraction mapping T is given by T f = g + Kf, which implies that

T^nf_0 = g + K (g + . . . + K (g + Kf_0)) = g + Kg + . . . + K^ng + K^{n+1}f_0.

Using this equation in (3.11), we find that f = ∞∑ n=0 K^ng.

Boundary value problems for differential equations 69

Since f = (I − K)^{−1}g, we may write this equation formally as

(I − K)^{−1} = ∞∑ n=0 K^n. (3.13)

This series is called the Neumann series. The use of the partial sums of this series to approximate the inverse is called the Born approximation. Explicitly, we have ( I + K + K^2 + . . . ) f(x) = f(x) + ∫_b a k(x, y)f(y) dy + ∫_b a ∫_b a k(x, y)k(y, z)f(z) dydz + . . . . The Neumann series resembles the geometric series,

(1 − x)^{−1} = ∞∑ n=0 x^n for |x| < 1. In fact, (3.13) really is a geometric series that is absolutely convergent with respect to a suitable operator norm when ‖K‖ < 1 (see Exercise 5.17). This explains why we do not need a condition on g; equation (3.10) is a condition that ensures I − K is invertible, and this only involves k.

3.4 Boundary value problems for differential equations

Consider a copper rod or pipe that is wrapped with imperfect insulation. We use the temperature outside the rod as the zero point of our temperature scale. We denote the spatial coordinate along the rod by x, nondimensionalized so that the length of the rod is one, and time by t. The temperature u(x, t) of the rod then satisfies the following linear PDE,

u_t = u_{xx} − q(x)u, (3.14)

where the subscripts denote partial derivatives,

u_t = ∂u ∂t , u_{xx} = ∂^2u ∂x^2 . The lateral heat loss is proportional to the coefficient function q(x) and the temperature difference u between the rod and the outside. If the rod is perfectly insulated, then q = 0 and (3.14) is the one-dimensional heat or diffusion equation.

Equation (3.14) does not uniquely determine u, and it has to be supplemented by an initial condition

u(x, 0) = u_0(x) for 0 < x < 1

that specifies the initial temperature u_0(x) of the rod, and boundary conditions at the ends of the rod. We suppose that the ends x = 0 and x = 1 of the rod are kept

70 The Contraction Mapping Theorem

at constant temperatures of T_0 and T_1, respectively. Then u(0, t) = T_0, u(1, t) = T_1 for all t > 0.

As t → ∞, the system “forgets” its initial state and approaches an equilibrium state u = u(x), which satisfies the following boundary value problem (BVP) for an ODE:

−u^{′′}(x) + q(x)u(x) = 0, 0 < x < 1, (3.15) u(0) = T_0, u(1) = T_1. (3.16) If q is a constant function, then (3.15) is easy to solve explicitly; but if q(x) is not constant, explicit integration is in general impossible. We will use the contraction mapping theorem to show that there is a unique solution of this BVP when q is not too large.

First, we replace the nonhomogeneous boundary conditions (3.16) by the corresponding homogeneous conditions. To do this, we write u as u(x) = v(x) + u_p(x), where v is a new unknown function and u_p is a function that satisfies the nonhomogeneous boundary conditions. A convenient choice for u_p is the linear function u_p(x) = T_0 + (T_1 − T_0) x. (3.17) The function v then satisfies −v^{′′} + q(x)v(x) = f(x), (3.18) v(0) = 0, v(1) = 0, (3.19) where f = −qu_p. The transfer of nonhomogeneous terms between the boundary conditions and the differential equation is a common procedure in the analysis of linear boundary value problems. The boundary value problem (3.18)–(3.19) is an example of a Sturm-Liouville problem, which we will study in Chapter 10. We will use the following proposition to reformulate this boundary value problem as a fixed point problem for a Fredholm integral operator.

Proposition 3.4 Let f : [0, 1] → R be a continuous function. The unique solution v of the boundary value problem −v^{′′} = f, (3.20) v(0) = 0, v(1) = 0, (3.21) is given by v(x) = ∫_1 0 g(x, y)f(y) dy,

Boundary value problems for differential equations 71

where g(x, y) = { x(1 − y) if 0 ≤ x ≤ y ≤ 1, y(1 − x) if 0 ≤ y ≤ x ≤ 1.

(3.22) Proof. Integrating (3.20) twice, we obtain that v(x) = − ∫_x 0 ∫_y 1 f(s) ds dy + C_1x + C_2, where C_1 and C_2 are two real constants to be determined later. Integration by parts of the integral with respect to y in this equation gives v(x) = − [ y ∫_y 1 f(s) ds ]_x 0 + ∫_x 0 yf(y) dy + C_1x + C_2 = x ∫_1 x f(y) dy + ∫_x 0 yf(y) dy + C_1x + C_2.

We determine C_1 and C_2 from (3.21), which implies that C_1 = −

∫_1 0 yf(y) dy, C_2 = 0. It follows that v(x) = ∫_x 0 y(1 − x)f(y) dy + ∫_1 x x(1 − y)f(y) dy, which is what we had to prove. □ The function g(x, y) constructed in this proposition is called the Green’s function of the differential operator A = −d^2/dx^2 in (3.20) with the Dirichlet boundary conditions (3.21). The inverse of the differential operator A is an integral operator whose kernel is the Green’s function. We will study Green’s functions in greater detail in Chapter 10.

Replacing f by −qv + f in Proposition 3.4, we may rewrite (3.18) as an integral equation for v, v(x) = − ∫_1 0 g(x, y)q(y)v(y) dy + ∫_1 0 g(x, y)f(y) dy. This equation has the form (I − K)v = h, where the integral operator K and the right-hand side h are given by: Kv(x) = − ∫_1 0 g(x, y)q(y)v(y) dy, h(x) = − ∫_1 0 g(x, y)q(y)u_p(y) dy. (3.23)

72 The Contraction Mapping Theorem

Theorem 3.3 now implies the following result.

Theorem 3.5 If q : [0, 1] → R is continuous, and sup 0≤x≤1 {∫_1 0 |g(x, y)q(y)| dy } < 1, (3.24)

where g(x, y) is defined in (3.22), then the boundary value problem (3.15)–(3.16) has a unique solution.

Using (3.22), we find the estimate sup 0≤x≤1 {∫_1 0 |g(x, y)q(y)| dy } ≤ 1 8 ‖q‖_∞. Thus, there is a unique solution of (3.15)–(3.16) for any continuous q with ‖q‖_∞ < 8. Existence or uniqueness may break down when ‖q‖_∞ is sufficiently large. For example, if q = −n^2π^2, where n = 1, 2, 3, . . ., then the BVP

−u^{′′} − n^2π^2u = 0, u(0) = 0, u(1) = 0,

has the one-parameter family of solutions u = c sin nπx, where c is an arbitrary constant, and no solution may exist in the case of nonzero boundary conditions. Since π^2 > 8, this result is consistent with Theorem 3.5.

The nonuniqueness breaks down only if q is negative. This is not physically realistic in the heat flow problem, where it would correspond to the flow of heat from cold to hot, but the same equation arises in many other problems with negative coefficient functions q.

If q(x) > 0 in 0 < x < 1, we may prove uniqueness by a simple maximum principle argument. Suppose that −u^{′′} + q(x)u = 0 and u(0) = u(1) = 0. Since u is continuous, it attains its maximum and minimum on the interval [0, 1]. If u attains its maximum at an interior point, then u^{′′} ≤ 0 at that point, so u = u^{′′}/q ≤ 0. Since u = 0 at the endpoints, we conclude that max 0≤x≤1 u(x) ≤ 0. Similarly, at an interior minimum, we have u^{′′} ≥ 0, so u ≥ 0, and therefore min 0≤x≤1 u(x) ≥ 0. It follows that u = 0, so the solution of the boundary value problem is unique. Generalizations of this maximum principle argument apply to scalar elliptic partial differential equations, such as Laplace’s equation.

Initial value problems for differential equations 73

3.5 Initial value problems for differential equations

The contraction mapping theorem may be used to prove the existence and uniqueness of solutions of the initial value problem for ordinary differential equations. We consider a first-order system of ODEs for a function u(t) that takes values in R^n ,

u̇(t) = f (t, u(t)) , (3.25) u(t_0) = u_0. (3.26)

The function f(t, u) also takes values in R^n , and is assumed to be a continuous function of t and a Lipschitz continuous function of u on a suitable domain. The initial value problem (3.25)–(3.26) can be reformulated as an integral equation,

u(t) = u_0 + ∫_t t_0 f (s, u(s)) ds. (3.27) By the fundamental theorem of calculus, a continuous solution of (3.27) is a continuously differentiable solution of (3.25)–(3.26). Equation (3.27) may be written as a fixed point equation

u = T u (3.28)

for the map T defined by

T u(t) = u_0 + ∫_t t_0 f(s, u(s)) ds. (3.29) We want to find conditions which guarantee that T is a contraction on a suitable space of continuous functions. The simplest such condition is given in the following definition.

Definition 3.6 Suppose that f : I × R^n → R^n , where I is an interval in R. We say that f(t, u) is a globally Lipschitz continuous function of u uniformly in t if there is a constant C > 0 such that ‖f(t, u) − f(t, v)‖ ≤ C‖u − v‖ for all u, v ∈ R^n and all t ∈ I. (3.30) Theorem 3.7 Suppose that f : I × R^n → R^n , where I is an interval in R and t_0 is a point in the interior of I. If f(t, u), is a continuous function of (t, u) and a globally Lipschitz continuous function of u, uniformly in t, on I × R^n , then there is a unique continuously differentiable function u : I → R^n that satisfies (3.25).

Proof. We will show that T is a contraction on the space of continuous functions defined on a time interval t_0 ≤ t ≤ t_0 + δ, for sufficiently small δ. Suppose that u, v : [t_0, t_0 + δ] → R^n are two continuous functions. Then, from (3.29) and (3.30),

74 The Contraction Mapping Theorem

we estimate ‖T u − T v‖_∞ = sup_{t0 ≤t≤t0+δ} ‖T u(t) − T v(t)‖ = sup t_0 ≤t≤t_0+δ ‖ ‖ ‖ ‖ ∫_t t_0 f(s, u(s)) − f(s, v(s)) ds ‖ ‖ ‖ ‖ ≤ sup t_0 ≤t≤t_0+δ ∫_t t_0 ‖f(s, u(s)) − f(s, v(s))‖ ds ≤ sup t_0 ≤t≤t_0+δ ∫_t t_0 C ‖u(s) − v(s)‖ ds ≤ Cδ‖u − v‖_∞. It follows that if δ < 1/C, then T is a contraction on C([t_0, t_0 + δ]). Therefore, there is a unique solution u : [t_0, t_0 + δ] → R^n . The argument holds for any t_0 ∈ I, and by covering I with overlapping intervals of length less than 1/C, we see that (3.25) has a unique continuous solution defined on all of I. The same proof applies for times t_0 − δ < t < t_0. □

We may have I = R in this theorem, in which case the solution exists globally.

Example 3.8 Linear ODEs with continuous coefficients have unique global solutions. Since higher order ODEs may be reduced to first-order systems, it is sufficient to consider a first-order linear system of the form u̇(t) = A(t)u(t) + b(t), u(0) = u_0,

where A : R → R^{n×n} is a continuous matrix-valued function (with respect to any matrix norm — see the discussion in Section 5.2 below) and b : R → R^n is a continuous vector-valued function. For any bounded interval I ⊂ R, there exists a constant C such that ‖A(t)u‖ ≤ C‖u‖ for all t ∈ I and u ∈ R^n . Therefore, ‖A(t)u − A(t)v‖ ≤ C‖u − v‖, for all u, v ∈ R^n and t ∈ I, so the hypotheses of Theorem 3.7 are satisfied, and we have a unique continuous solution on I. Since I is an arbitrary interval, we conclude that there is a unique continuous solution for all t ∈ R.

The applications of Theorem 3.7 are not limited to linear ODEs.

Initial value problems for differential equations 75

Example 3.9 Consider the nonlinear, scalar ODE given by

u̇(t) = √ a(t)^2 + u(t)^2, u(0) = u_0,

where a : R → R is a continuous function. Here, f(t, u) = √ a(t)^2 + u^2.

This function is globally Lipschitz, with |f(t, u) − f(t, v)| ≤ |u − v| for all t, u, v, ∈ R, since | | | √ a^2 + u^2 − √ a^2 + v^2 | | | = |( a^2 + u^2 ) − ( a^2 + v^2 )| √ a^2 + u^2 + √ a^2 + v^2 ≤ |u − v| |u| + |v| √ a^2 + u^2 + √ a^2 + v^2 ≤ |u − v| . Theorem 3.7 implies that there is a unique global solution of this ODE.

The global Lipschitz condition (3.30) plays two roles in Theorem 3.7. First, it ensures uniqueness, which may fail if f is only a continuous function of u. Second, it implies that f does not grow faster than a linear function of u as ‖u‖ → ∞. This is what guarantees global existence. If f is a nonlinear function, such as f(u) = u^2 in Example 2.22, that satisfies a local Lipschitz condition but not a global Lipschitz condition, then “blow-up” may occur, so that the solution exists only locally.

The above proof may be modified to provide a local existence result.

Theorem 3.10 (Local existence for ODEs) Let f : I × B_R(u_0) → R^n , where I = {t ∈ R | |t − t_0| ≤ T } is an interval in R, and B_R(u_0) = {u ∈ R^n | ‖u − u_0‖ ≤ R} is the closed ball of radius R > 0 centered at u_0 ∈ R^n . Suppose that f(t, u) is continuous on I × B_R(u_0) and Lipschitz continuous with respect to u uniformly in t. Let

M = sup { ‖f(t, u)‖ | t ∈ I and u ∈ B_R(u_0) } < ∞. Then the initial value problem

u̇ = f(u), u(t_0) = u_0

76 The Contraction Mapping Theorem

has a unique continuously differentiable local solution u(t), defined in the time interval |t − t_0| < δ, where δ = min (T, R/M).

Proof. We rewrite the initial value problem as a fixed point equation u = T u, where

T u(t) = u_0 + ∫_t t_0 f (s, u(s)) ds. For 0 < η < δ we define X = { u : [t_0 − η, t_0 + η] → B_R(u_0) | u is continuous } , where X is equipped with the sup-norm, ‖u‖_∞ = sup_{|t−t0|≤η} ‖u(t)‖. We will show that T maps X into X, and is a contraction when η is sufficiently small.

First, if u ∈ X, then ‖T u(t) − u_0‖ = ‖ ‖ ‖ ‖ ∫_t t_0 f (s, u(s)) ds ‖ ‖ ‖ ‖ ≤ Mη < R. Hence T u ∈ X so that T : X → X.

Second, we estimate ‖T u − T v‖_∞ = sup_{|t−t0|≤η} ‖ ‖ ‖ ∫_t t_0 [f (s, u(s)) − f (s, v(s))] ds ‖ ‖ ‖ ≤ Cη‖u − v‖_∞, where C is a Lipschitz constant for f. Hence if we choose η = C/2 then T is a contraction on X and it has a unique fixed point.

Since η depends only on the Lipschitz constant of f and on the distance R of the initial data from the boundary of B_R(u_0), repeated application of this result gives a unique local solution defined for |t − t_0| < δ. □

A significant feature of this result is that if f(t, u) is continuous for all t ∈ R, then the existence time δ only depends on the norm of u. Thus, the only way in which the solution of an ODE can fail to exist, assuming that the vector field f is Lipschitz continuous on any ball, is if ‖u(t)‖ becomes unbounded. There are many functions that are bounded and continuous on an open interval which cannot be extended continuously to R; for example, u(t) = sin(1/t) is bounded and continuous on (−∞, 0) but has no continuous extension to (−∞, 0]. This kind of behavior cannot happen for solutions of ODEs with continuous right-hand sides, because the derivative of the solution cannot become large unless the solution itself becomes

Initial value problems for differential equations 77

large. If we can prove that for every T > 0 any local solution satisfies an a priori estimate of the form ‖u(t)‖ ≤ R for |t| ≤ T , then the local existence theorem implies that the local solution can be extended to the interval (−T, T ), and hence to a global solution.

Example 3.11 A gradient flow is defined by a system of ODEs of the form

u̇ = −∇V (u), (3.31)

where V : R^n → R is a smooth real-valued function of u, and ∇ denotes the gradient with respect to u. The component form of this equation is

u̇_i = − ∂V ∂u_i . Solutions of a gradient system flow “down hill” in the direction of decreasing V . It follows from (3.31) and the chain rule that V̇ (u) = ∇V (u) · u̇ = −‖∇V (u)‖^2 ≤ 0. Thus, if V_0 = V (u(0)), we have

V (u(t)) ≤ V_0 for t > 0

for any local solution. Therefore, if the set {u ∈ R^n | V (u) ≤ V_0} is bounded (which is the case, for example, if V (u) → ∞ as ‖u‖ → ∞), then the solution of the initial value problem for (3.31) exists for all t > 0. The function V is an example of a Liapunov function.

Most systems of ODEs cannot be written as a gradient system for any potential V (u). If f is a smooth vector field on R^n , then f = −∇V if and only if its components f_i satisfy the integrability conditions that arise from the equality of mixed partial derivatives of V , ∂f_i ∂u_j = ∂f_j ∂u_i . With a suitable definition of the gradient of functionals on an infinite-dimensional space (see Chapter 13), a number of PDEs, such as the heat equation, can also be interpreted as gradient flows.

Example 3.12 A Hamiltonian system of ODEs for q(t), p(t) ∈ R^n is a system of the form

q̇ = ∇_pH, ṗ = −∇_q H, (3.32)

78 The Contraction Mapping Theorem

where H(q, p) is a given smooth function, H : R^{2n} → R, called the Hamiltonian. The chain rule implies that Ḣ = ∇_qH · q̇ + ∇_pH · ṗ = 0, so H is constant on solutions. If the level sets of H are bounded, then solutions of (3.32) exist globally in time.

3.6 References

General references for this chapter are Simmons [50] and Marsden and Hoffman [37]. For more about the logistic map and chaotic dynamical systems, see Devaney [8], Guckenheimer and Holmes [18], and Schroeder [51]. Hirsch and Smale [21] discusses gradient flows.

3.7 Exercises

Exercise 3.1 Show that T : R → R defined by

T (x) = π 2 + x − tan^{−1} x

has no fixed point, and |T (x) − T (y)| < |x − y| for all x, y ∈ R. Why doesn’t this example contradict the contraction mapping theorem?

Exercise 3.2 (a) Show that for any y > 0, the convergence of T^ny to √ x is in fact faster than exponential. Start from (3.7) to obtain a good estimate for |T y − √ x|. (b) Take y = 1 and x = 2. Find a good estimate of how large n needs to be for T^n1 and √ 2 to have identical first d digits. For example, how many iterations of the map T are sufficient to compute the first 63 digits of √ 2? Exercise 3.3 The secant method for solving an equation f(x) = 0, where f : R → R, is a variant of Newton’s method. Starting with two initial points x_0, x_1, we compute a sequence of iterates (x_n) by:

x_{n+1} = x_n − f (x_n) x_n − x_{n−1} f (x_n) − f (x_{n−1}) for n = 1, 2, 3, . . .

Formulate and prove a convergence theorem for the secant method with f(x) = x^2 − 2.

Exercises 79

Exercise 3.4 If T satisfies (3.1) for c < 1, show that we can estimate the distance of the fixed point x from the initial point x_0 of the fixed point iteration by d(x, x_0) ≤ 1 1 − c d(x_1, x_0).

Exercise 3.5 An n × n matrix A is said to be diagonally dominant if for each row the sum of the absolute values of the off-diagonal terms is less than the absolute value of the diagonal term. We write A = D − L − U where D is diagonal, L is lower triangular, and U is upper triangular. If A is diagonally dominant, show that ‖L‖_∞ + ‖U‖_∞ < ‖D‖_∞, where the ∞-norm ‖·‖_∞ of a matrix is defined in (5.9). Use the contraction mapping theorem to prove that if A is diagonally dominant, then A is invertible and that the following iteration schemes converge to a solution of the equation Ax = b:

x_{n+1} = D^{−1} (L + U) x_n + D^{−1}b, (3.33) x_{n+1} = (D − L)^{−1} Ux_n + (D − L)^{−1} b. (3.34)

What can you say about the rates of convergence?

Such iterative schemes provide an efficient way to compute numerical solutions of large, sparse linear systems. The iteration (3.33) is called Jacobi’s method, and (3.34) is called the Gauss-Seidel method.

Exercise 3.6 The following integral equation for f : [−a, a] → R arises in a model of the motion of gas particles on a line:

f(x) = 1 + 1 π ∫_a −a 1 1 + (x − y)^2 f(y) dy for −a ≤ x ≤ a. Prove that this equation has a unique bounded, continuous solution for every 0 < a < ∞. Prove that the solution is nonnegative. What can you say if a = ∞?

Exercise 3.7 Prove that there is a unique solution of the following nonlinear BVP when the constant λ is sufficiently small, −u^{′′} + λ sin u = f(x), u(0) = 0, u(1) = 0.

Here, f : [0, 1] → R is a given continuous function. Write out the first few iterates of a uniformly convergent sequence of approximations, beginning with u_0 = 0. Hint. Reformulate the problem as a nonlinear integral equation.

80 The Contraction Mapping Theorem

Chapter 4

Topological Spaces

In the previous chapters, we discussed the convergence of sequences, the continuity of functions, and the compactness of sets. We expressed these properties in terms of a metric or norm. Some types of convergence, such as the pointwise convergence of real-valued functions defined on an interval, cannot be expressed in terms of a metric on a function space. Topological spaces provide a general framework for the study of convergence, continuity, and compactness. The fundamental structure on a topological space is not a distance function, but a collection of open sets; thinking directly in terms of open sets often leads to greater clarity as well as greater generality.

4.1 Topological spaces

Definition 4.1 A topology on a nonempty set X is a collection of subsets of X, called open sets, such that:

(a) the empty set ∅ and the set X are open;

(b) the union of an arbitrary collection of open sets is open; (c) the intersection of a finite number of open sets is open.

A subset A of X is a closed set if and only if its complement, A^c = X \ A, is open.

More formally, a collection T of subsets of X is a topology on X if: (a) ∅, X ∈ T ; (b) if G_α ∈ T for α ∈ A, then ⋃ α∈A G_α ∈ T ; (c) if G_i ∈ T for i = 1, 2 . . . , n, then ⋂_n i=1 G_i ∈ T .

We call the pair (X, T ) a topological space; if T is clear from the context, then we often refer to X as a topological space.

Example 4.2 Let X be a nonempty set. The collection {∅, X}, consisting of the empty set and the whole set, is a topology on X, called the trivial topology or

82 Topological Spaces

Fig. 4.1 The Hausdorff property.

indiscrete topology. The power set P(X) of X, consisting of all subsets of X, is a topology on X, called the discrete topology.

Example 4.3 Let (X, d) be a metric space. Then the set of all open sets defined in Definition 1.36 is a topology on X, called the metric topology. For instance, a subset G of R is open with respect to the standard, metric topology on R if and only if for every x ∈ G there is an open interval I such that x ∈ I and I ⊂ G.

Example 4.4 Let (X, T ) be a topological space and Y a subset of X. Then S = {H ⊂ Y | H = G ∩ Y for some G ∈ T } is a topology on Y . The open sets in Y are the intersections of open sets in X with Y . This topology is called the induced or relative topology of Y in X, and (Y, S) is called a topological subspace of (X, T ). For instance, the interval [0, 1/2) is an open subset of [0, 1] with respect to the induced metric topology of [0, 1] in R, since [0, 1/2) = (−1/2, 1/2) ∩ [0, 1].

A set V ⊂ X is a neighborhood of a point x ∈ X if there exists an open set G ⊂ V with x ∈ G. We do not require that V itself is open. A topology T on X is called Hausdorff if every pair of distinct points x, y ∈ X has a pair of nonintersecting neighborhoods, meaning that there are neighborhoods V_x of x and V_y of y such that V_x ∩ V_y = ∅ (see Figure 4.1). When the topology is clear, we often refer to X as a Hausdorff space. Almost all the topological spaces encountered in analysis are Hausdorff. For example, all metric topologies are Hausdorff. On the other hand, if X has at least two elements, then the trivial topology on X is not Hausdorff.

We can express the notions of convergence, continuity, and compactness in terms of open sets. Let X and Y be a topological spaces.

Definition 4.5 A sequence (x_n) in X converges to a limit x ∈ X if for every neighborhood V of x, there is a number N such that x_n ∈ V for all n ≥ N.

This definition says that the sequence eventually lies entirely in every neighborhood of x.

Topological spaces 83

Fig. 4.2 The interval and the circle are not homeomorphic. There are arbitrarily close points on the circle, P and Q in the figure, which have inverse images near the left and right end points of the interval respectively. Hence, the inverse images are not close and the inverse map cannot be continuous.

Definition 4.6 A function f : X → Y is continuous at x ∈ X if for each neighborhood W of f(x) there exists a neighborhood V of x such that f(V ) ⊂ W . We say that f is continuous on X if it is continuous at every x ∈ X.

Theorem 4.7 Let (X, T ) and (Y, S) be two topological spaces and f : X → Y . Then f is continuous on X if and only if f^{−1}(G) ∈ T for every G ∈ S.

Thus, a continuous function is defined by the property that the inverse image of an open set is open. We leave the proof to Exercise 4.4.

Definition 4.8 A function f : X → Y between topological spaces X and Y is a homeomorphism if it is a one-to-one, onto map and both f and f^{−1} are continuous. Two topological spaces X and Y are homeomorphic if there is a homeomorphism f : X → Y . Homeomorphic spaces are indistinguishable as topological spaces. For example, if f : X → Y is a homeomorphism, then G is open in X if and only if f(G) is open in Y , and a sequence (x_n) converges to x in X if and only if the sequence (f(x_n)) converges to f(x) in Y .

A one-to-one, onto map f always has an inverse f^{−1}, but f^{−1} need not be continuous even if f is.

Example 4.9 We define f : [0, 2π) → T by f(θ) = e^{iθ}, where [0, 2π) ⊂ R with the topology induced by the usual topology on R, and T ⊂ C is the unit circle with the topology induced by the usual topology on C . Then, as illustrated in Figure 4.2, f is continuous but f^{−1} is not.

Definition 4.10 A subset K of a topological space X is compact if every open cover of K contains a finite subcover.

84 Topological Spaces

It follows from the definition that a subset K of X is compact in the topology on X if and only if K is compact as a subset of itself with respect to the relative topology of K in X. This contrasts with the fact that a set G ⊂ Y may be relatively open in Y , yet not be open in X. For this reason, while we define the notion of relatively open, we do not define the notion of relatively compact.

4.2 Bases of open sets

The collection of all open sets in a topological space is often huge and unwieldy. The topological properties of metric spaces can be expressed entirely in terms of open balls, which form a rather small subset of the open sets. In this section we introduce subsets of a topological space that play a similar role to open balls in a metric space.

Definition 4.11 A subset B of a topology T is a base for T if for every G ∈ T there is a collection of sets B_α ∈ B such that G = ⋃ α B_α. A collection N of neighborhoods of a point x ∈ X is called a neighborhood base for x if for each neighborhood V of x there is a neighborhood W ∈ N such that W ⊂ V . A topological space X is first countable if every x ∈ X has a countable neighborhood base, and second countable if X has a countable base.

Example 4.12 The collection of all open intervals (a, b) with a, b ∈ R is a base for the standard topology on R. The collection of all open intervals (a, b) ⊂ R with rational endpoints a, b ∈ Q is a countable base for the standard topology on R. Thus, the standard topology is second countable.

Example 4.13 Let X be a metric space and A a dense subspace of X. The set of open balls B_{1/n}(x), with n ≥ 1 and x ∈ A is a base for the metric topology on X. A metric space is first countable, and a separable metric space is second countable.

Example 4.14 If X is topological space with the discrete topology, then the collection of open sets B = {{x} | x ∈ X} is a base. The discrete topology is first countable, and if X is countable, then it is second countable.

It is often useful to define a topology in terms of a base.

Theorem 4.15 A collection of open sets B ⊂ T is a base for the topology T on a set X if and only if B contains a neighborhood base for x for every x ∈ X.

Proof. Suppose B is a base for T . If N is a neighborhood of x ∈ X, then there is an open set G ∈ T such that x ∈ G ⊂ N. Since B is a base, there are sets B_α ∈ B

Bases of open sets 85

such that ⋃ α B_α = G. Therefore, there is an α such that x ∈ B_α and B_α ⊂ N. It follows that B contains a neighborhood base for x.

Conversely, if a collection of open sets B contains a neighborhood base for every x ∈ X, then for every open set G ∈ T and every x ∈ G there exists B_x ∈ B such that x ∈ B_x ⊂ G. Therefore, ⋃ x B_x = G, so B is a base for the topology. □

Example 4.16 Suppose that X is the space of all real-valued functions on the interval [a, b]. We may identify a function f : [a, b] → R with a point ∏ x∈[a,b] f(x) in R^{[a,b]} , so X = R^{[a,b]} is the [a, b]-fold Cartesian product of R. Let x = {x_1, . . . , x_n}, where x_i ∈ [a, b], and y = {y_1, . . . , y_n}, where y_i ∈ R, be finite subsets of [a, b] and R, respectively. For ϵ > 0, we define a subset B_{x,y,ϵ} of X by B_{x,y,ϵ} = {f ∈ X | |f(x_i) − y_i| < ϵ for i = 1, . . . , n}. (4.1) The topology of pointwise convergence is the smallest topology on X that contains the sets B_{x,y,ϵ} for all finite sets x ⊂ [a, b], y ⊂ R, and ϵ > 0. We have f_n → f with respect to this topology if and only if f_n(x) → f(x) for every x ∈ [a, b]. If f ∈ X and y_i = f(x_i), then the sets B_{x,y,ϵ} form a neighborhood base for f ∈ X. This topology is not first countable.

The set B_{x,y,ϵ} in (4.1) is called a cylinder set. It has a rectangular base

(y_1 − ϵ, y_1 + ϵ) × (y_2 − ϵ, y_2 + ϵ) × . . . × (y_n − ϵ, y_n + ϵ)

in the x_1, x_2, . . . , x_n coordinates, and is unrestricted in the other coordinate directions. More picturesquely, B_{x,y,ϵ} is sometimes called a “slalom set,” because it consists of all functions whose graphs pass through the “slalom gates” at x_i with radius ϵ and center y_i.

A base for the topology of pointwise convergence is given by all finite intersections of sets of the form B_{x,y,ϵ}. In fact, it is sufficient to take the sets of the form {f ∈ X | |f(x_i) − y_i| < ϵ_i for i = 1, . . . , n} (4.2) where n ∈ N, {x_1, . . . , x_n} ⊂ [a, b], {y_1, . . . , y_n} ⊂ R, and ϵ_i > 0. The sets of functions in (4.2) with intervals of variable width ϵ_i > 0 generate the same topology as the sets with intervals of a fixed width because B_{x,y,ϵ} with ϵ = min ϵ_i > 0 is contained inside the set in (4.2).

We say that a topological space (X, T ) is metrizable if there is a metric on X whose metric topology is T . For a metrizable space, we can give sequential characterizations of compact sets (Theorem 1.62), closed sets (Proposition 1.41), and continuous functions (Proposition 1.34). These sequential characterizations may not apply in a nonmetrizable topological space. There is, however, a generalization of sequences, called nets, that can be used to express all the above properties in an analogous way [12]. We will not make use of nets in this book.

86 Topological Spaces

For example, the closure A of a subset A of a topological space X is the smallest closed set that contains A. If X is metrizable, then A is the set of limits of convergent sequences whose terms are in A (see Section 1.5), but if X is a not metrizable, then this procedure may fail. We call the set of limit points of sequences in A the sequential closure of A and denote it by A^S . The sequential closure is a subset of the closure, but it may be a strict subset, as illustrated by the following example.

Example 4.17 Consider the space of all functions f : [0, 1] → R with the topology of pointwise convergence. For each m, n ≥ 1, we let

f_{m,n}(x) = [cos(m!πx)]^{2n}.

We define functions f_m and f by the pointwise limits,

f_m(x) = lim_{n→∞} f_{m,n}(x) = { 1 if x = k/m!, k = 0, . . . , m!, 0 otherwise,

f(x) = lim_{m→∞} f_m(x) = { 1 if x ∈ Q ∩ [0, 1], 0 otherwise.

Let A = {f_{m,n} | m, n ≥ 1}. Then these limits show that f_m ∈ A^S , f ∈ A^S S . It is possible to show that the pointwise limit of a sequence of continuous functions on [0, 1] is continuous on a dense subset of [0, 1]. Since f is nowhere continuous in [0, 1], it is not the pointwise limit of any subsequence of the continuous functions f_{m,n}. Therefore, f ∈ A but f ∉ A^S . This example shows that the topology of pointwise convergence on the real-valued functions on [0, 1] is not metrizable.

A linear space with a topology defined on it, which need not be derived from a norm or metric, such that the operations of vector addition and scalar multiplication are continuous is called a topological linear space, or a topological vector space. The space of real-valued functions on a set with the topology of pointwise convergence is an example of a topological linear space. Topological linear spaces, such as the Schwartz space, also arise in connection with distribution theory (see Chapter 11).

4.3 Comparing topologies

Let T_1, T_2 be two topologies on the same space X. Then T_2 is said to be finer or stronger than T_1 if T_1 ⊂ T_2, meaning that T_2 has more open sets; we also say that T_1 is coarser or weaker than T_2. If T_1 is stronger than T_2, then x_n → x with respect to T_1 implies that x_n → x with respect to T_2. For example, the strongest topology on any set is the discrete topology, and a sequence converges with respect to the discrete topology if and only if it is eventually constant. The weakest topology

Comparing topologies 87

on any set is the trivial topology, and every sequence converges with respect to the trivial topology. It is possible that two topologies T_1, T_2 are not comparable, meaning that T_1 is neither finer nor coarser than T_2.

Proposition 4.18 Let X and Y be two spaces, each with two topologies, T_1, T_2 and S_1, S_2 respectively. Suppose that f : (X, T_1) → (Y, S_1) is a map from X to Y that is continuous with respect to the indicated topologies.

(a) If T_2 is finer than T_1, then f : (X, T_2) → (Y, S_1) is continuous. (b) If S_2 is coarser than S_1, then f : (X, T_1) → (Y, S_2) is continuous.

Proof. These statements are a direct consequence of the general definition of continuity in Definition 4.6. □

The identity map I : (X, T ) → (X, T ), where I(x) = x, is a homeomorphism when we use the same topology T on the domain and range. This is not true when we use two different topologies on X. For example, the identity map from a set X containing at least two elements equipped with the trivial topology to the set X equipped with the discrete topology, I : (X, {∅, X}) → (X, P(X)), is discontinuous at every point x ∈ X. As the following theorems show, the identity map is a useful tool for comparing topologies on a set.

Theorem 4.19 Let T_1 and T_2 be two topologies on X. Then the identity map I : (X, T_1) → (X, T_2) is continuous if and only if T_1 is finer than T_2.

Proof. This is a direct consequence of Theorem 4.7. □

Corollary 4.20 The identity map I : (X, T_1) → (X, T_2) is a homeomorphism if and only if T_1 = T_2.

Theorem 4.21 Let T_1 and T_2 be two topologies on X. Then the equality of T_1 and T_2 is equivalent to the following condition: for all topological spaces (Y, S), a function f : (X, T_1) → (Y, S) is continuous if and only if the function f : (X, T_2) → (Y, S) is continuous.

Proof. If T_1 = T_2, then the condition about continuous functions f : X → Y is trivial. Conversely, taking (Y, S) = (X, T_1) and (Y, S) = (X, T_2), we see that the condition implies that I : (X, T_1) → (X, T_2) is a homeomorphism, so T_1 = T_2 from Corollary 4.20. □

A topology is often defined by the specification of a neighborhood base at each point. We therefore want to compare topologies in terms of their neighborhood bases.

88 Topological Spaces

Theorem 4.22 Let T_1 and T_2 be two topologies on X. Suppose that for each x ∈ X there are neighborhood bases N_1 and N_2 of x for T_1 and T_2, respectively, such that for every V_1 ∈ N_1 there is a V_2 ∈ N_2 with V_2 ⊂ V_1. Then T_2 is finer than T_1.

Proof. The hypothesis of the theorem implies that I : (X, T_2) → (X, T_1) is continuous, so the result follows from Theorem 4.19. □

Corollary 4.23 Let T_1 and T_2 be two topologies on X. Then T_1 = T_2 if and only if for each x ∈ X there are neighborhood bases M_1 and M_2 of x for T_1 and T_2, respectively, such that for every V_1 ∈ M_1 there is a V_2 ∈ M_2 with V_2 ⊂ V_1, and there are neighborhood bases N_1 and N_2 of x for T_1 and T_2, respectively, such that for every W_2 ∈ N_2 there is a W_1 ∈ N_1 with W_1 ⊂ W_2.

Different metrics, or norms, on a space X can lead to the same topology. For example, this is certainly the case if d_1 and d_2 are two metrics on X such that d_1(x, y) = 2d_2(x, y) for all x, y ∈ X. More generally, if two metrics lead to the same set of convergent sequences, then all their topological properties are the same.

Theorem 4.24 Two metric topologies, defined by two metrics on the same space, are equal if and only if they have the same collection of convergent sequences with the same limits.

Proof. The proof is a direct application of Corollary 4.20 and the sequential characterization of continuity on metric spaces. □

4.4 References

In this chapter, we have limited our discussion to the basic definitions of point set topology. For more information, see Kelley [28] and Rudin [48].

4.5 Exercises

Exercise 4.1 Suppose that K is a compact subspace of a Hausdorff space. Prove that K is closed. Show that this result need not be true if X is not Hausdorff.

Exercise 4.2 If A is a subset of a topological space, then the interior A^∘ of A is the union of all open sets contained in A, the closure A of A is the intersection of all closed sets that contain A, and the boundary ∂A of A is defined by ∂A = A ⋂ A^c.

Show that a set is closed if and only if it contains its boundary, and open if and only if it is disjoint from its boundary. What are the closure, interior, and boundary of the Cantor set in R with its usual topology?

Exercises 89

Exercise 4.3 Let (X, d_1) and (Y, d_2) be metric spaces. Prove that the topological definitions of convergence and continuity are equivalent to the metric space definitions in Definitions 1.12 and 1.26.

Exercise 4.4 Prove Theorem 4.7.

Exercise 4.5 A topological space is connected if it is not the disjoint union of two open sets.

(a) What are the connected subsets of R?

(b) Show that X × Y is connected if X and Y are connected.

Exercise 4.6 Show that R is homeomorphic to (0, 1), but not to R^2 . Hint. Show that R^2 remains connected when one point is removed. Note that there are space filling curves, that is continuous, one-to-one, onto maps from R to R^2 .

90 Topological Spaces

Chapter 5

Banach Spaces

Many linear equations may be formulated in terms of a suitable linear operator acting on a Banach space. In this chapter, we study Banach spaces and linear operators acting on Banach spaces in greater detail. We give the definition of a Banach space and illustrate it with a number of examples. We show that a linear operator is continuous if and only if it is bounded, define the norm of a bounded linear operator, and study some properties of bounded linear operators. Unbounded linear operators are also important in applications: for example, differential operators are typically unbounded. We will study them in later chapters, in the simpler context of Hilbert spaces.

5.1 Banach spaces

A normed linear space is a metric space with respect to the metric d derived from its norm, where d(x, y) = ‖x − y‖.

Definition 5.1 A Banach space is a normed linear space that is a complete metric space with respect to the metric derived from its norm.

The following examples illustrate the definition. We will study many of these examples in greater detail later on, so we do not present proofs here.

Example 5.2 For 1 ≤ p < ∞, we define the p-norm on R^n (or C^n ) by

‖(x_1, x_2, . . . , x_n)‖_p = (|x_1|^p + |x_2|^p + . . . + |x_n|^p)^{1/p} .

For p = ∞, we define the ∞, or maximum, norm by ‖(x_1, x_2, . . . , x_n)‖_∞ = max {|x_1|, |x_2|, . . . , |x_n|} . Then R^n equipped with the p-norm is a finite-dimensional Banach space for 1 ≤ p ≤ ∞.

92 Banach Spaces

Example 5.3 The space C([a, b]) of continuous, real-valued (or complex-valued) functions on [a, b] with the sup-norm is a Banach space. More generally, the space C(K) of continuous functions on a compact metric space K equipped with the sup-norm is a Banach space.

Example 5.4 The space C^k([a, b]) of k-times continuously differentiable functions on [a, b] is not a Banach space with respect to the sup-norm ‖ · ‖_∞ for k ≥ 1, since the uniform limit of continuously differentiable functions need not be differentiable. We define the C^k-norm by ‖f‖_Ck = ‖f‖_∞ + ‖f^′‖_∞ + . . . + ‖f^{(k)}‖_∞. Then C^k([a, b]) is a Banach space with respect to the C^k-norm. Convergence with respect to the C^k-norm is uniform convergence of functions and their first k derivatives.

Example 5.5 For 1 ≤ p < ∞, the sequence space ℓ^p(N) consists of all infinite sequences x = (x_n)^∞_{n=1} such that ∞∑ n=1 |x_n|^p < ∞, with the p-norm, ‖x‖_p = (_∞ ∑ n=1 |x_n|^p )_{1/p} . For p = ∞, the sequence space ℓ^∞(N) consists of all bounded sequences, with ‖x‖_∞ = sup{|x_n| | n = 1, 2, . . .}. Then ℓ^p(N) is an infinite-dimensional Banach space for 1 ≤ p ≤ ∞. The sequence space ℓ^p(Z) of bi-infinite sequences x = (x_n)^∞_{n=−∞} is defined in an analogous way.

Example 5.6 Suppose that 1 ≤ p < ∞, and [a, b] is an interval in R. We denote by L^p ([a, b]) the set of Lebesgue measurable functions f : [a, b] → R (or C ) such that ∫_b a |f(x)|^p dx < ∞, where the integral is a Lebesgue integral, and we identify functions that differ on a set of measure zero (see Chapter 12). We define the L^p-norm of f by

‖f‖_p = (∫_b a |f(x)|^p dx )_{1/p} .

Banach spaces 93

For p = ∞, the space L^∞ ([a, b]) consists of the Lebesgue measurable functions f : [a, b] → R (or C ) that are essentially bounded on [a, b], meaning that f is bounded on a subset of [a, b] whose complement has measure zero. The norm on L^∞ ([a, b]) is the essential supremum ‖f‖_∞ = inf {M | |f(x)| ≤ M a.e. in [a, b]} . More generally, if Ω is a measurable subset of R^n , which could be equal to R^n itself, then L^p(Ω) is the set of Lebesgue measurable functions f : Ω → R (or C ) whose pth power is Lebesgue integrable, with the norm ‖f‖_p = (∫ Ω |f(x)|^p dx )_{1/p} . We identify functions that differ on a set of measure zero. For p = ∞, the space L^∞(Ω) is the space of essentially bounded Lebesgue measurable functions on Ω with the essential supremum as the norm. The spaces L^p(Ω) are Banach spaces for 1 ≤ p ≤ ∞. Example 5.7 The Sobolev spaces, W^{k,p}, consist of functions whose derivatives satisfy an integrability condition. If (a, b) is an open interval in R, then we define W^{k,p} ((a, b)) to be the space of functions f : (a, b) → R (or C ) whose derivatives of order less than or equal to k belong to L^p ((a, b)), with the norm

‖f‖_W k,p = k∑ j=0 ∫_b a | |f_{(j)}(x) | |^p dx 1/p .

The derivatives f^{(j)} are defined in a weak, or distributional, sense as we explain later on. More generally, if Ω is an open subset of R^n , then W^{k,p}(Ω) is the set of functions whose partial derivatives of order less than or equal to k belong to L^p(Ω). Sobolev spaces are Banach spaces. We will give more detailed definitions of these spaces, and state some of their main properties, in Chapter 12.

A closed linear subspace of a Banach space is a Banach space, since a closed subset of a complete space is complete. Infinite-dimensional subspaces need not be closed, however. For example, infinite-dimensional Banach spaces have proper dense subspaces, something which is difficult to visualize from our intuition of finitedimensional spaces.

Example 5.8 The space of polynomial functions is a linear subspace of C ([0, 1]), since a linear combination of polynomials is a polynomial. It is not closed, and Theorem 2.9 implies that it is dense in C ([0, 1]). The set {f ∈ C ([0, 1]) | f(0) = 0} is a closed linear subspace of C ([0, 1]), and is a Banach space equipped with the sup-norm.

94 Banach Spaces

Example 5.9 The set ℓ_c(N) of all sequences of the form (x_1, x_2, . . . , x_n, 0, 0, . . .) whose terms vanish from some point onwards is an infinite-dimensional linear subspace of ℓ^p(N) for any 1 ≤ p ≤ ∞. The subspace ℓ_c(N) is not closed, so it is not a Banach space. It is dense in ℓ^p(N) for 1 ≤ p < ∞. Its closure in ℓ^∞(N) is the space c_0(N) of sequences that converge to zero.

A Hamel basis, or algebraic basis, of a linear space is a maximal linearly independent set of vectors. Each element of a linear space may be expressed as a unique finite linear combination of elements in a Hamel basis. Every linear space has a Hamel basis, and any linearly independent set of vectors may be extended to a Hamel basis by the repeated addition of linearly independent vectors to the set until none are left (a procedure which is formalized by the axiom of choice, or Zorn’s lemma, in the case of infinite-dimensional spaces). A Hamel basis of an infinite-dimensional space is frequently very large. In a normed space, we have a notion of convergence, and we may therefore consider various types of topological bases in which infinite sums are allowed.

Definition 5.10 Let X be a separable Banach space. A sequence (x_n) is a Schauder basis of X if for every x ∈ X there is a unique sequence of scalars (c_n) such that x = ∑_∞ n=1 c_nx_n.

The concept of a Schauder basis is not as straightforward as it may appear. The Banach spaces that arise in applications typically have Schauder bases, but Enflo showed in 1973 that there exist separable Banach spaces that do not have any Schauder bases. As we will see, this problem does not arise in Hilbert spaces, which always have an orthonormal basis.

Example 5.11 A Schauder basis (f_n)^∞_{n=0} of C([0, 1]) may be constructed from “tent” functions. For n = 0, 1, we define

f_0(x) = 1, f_1(x) = x.

For 2^{k−1} < n ≤ 2^k, where k ≥ 1, we define

f_n(x) =

2^k [ x − ( 2^{−k}(2n − 2) − 1 )] if x ∈ I_n, 1 − 2^k [ x − ( 2^{−k}(2n − 1) − 1 )] if x ∈ J_n, 0 otherwise,

where

I_n = [ 2^{−k}(2n − 2) − 1, 2^{−k}(2n − 1) − 1 ) , J_n = [ 2^{−k}(2n − 1) − 1, 2^{−k}(2n) − 1 ) . The graphs of these functions form a sequence of “tents” of height one and width 2^{−k+1} that sweep across the interval [0, 1]. If f ∈ C([0, 1]), then we may compute

Bounded linear maps 95

the coefficients c_n in the expansion f(x) = ∞∑ n=0 c_nf_n(x) by equating the values of f and the series at the points x = 2^{−k}m for k ∈ N and m = 0, 1, . . . , 2^k. The uniform continuity of f implies that the resulting series converges uniformly to f.

5.2 Bounded linear maps

A linear map or linear operator T between real (or complex) linear spaces X, Y is a function T : X → Y such that T (λx + μy) = λT x + μT y for all λ, μ ∈ R (or C ) and x, y ∈ X. A linear map T : X → X is called a linear transformation of X, or a linear operator on X. If T : X → Y is one-to-one and onto, then we say that T is nonsingular or invertible, and define the inverse map T^{−1} : Y → X by T^{−1}y = x if and only if T x = y, so that T T^{−1} = I, T^{−1}T = I. The linearity of T implies the linearity of T^{−1}.

If X, Y are normed spaces, then we can define the notion of a bounded linear map. As we will see, the boundedness of a linear map is equivalent to its continuity.

Definition 5.12 Let X and Y be two normed linear spaces. We denote both the X and Y norms by ‖ · ‖. A linear map T : X → Y is bounded if there is a constant M ≥ 0 such that ‖T x‖ ≤ M‖x‖ for all x ∈ X. (5.1) If no such constant exists, then we say that T is unbounded. If T : X → Y is a bounded linear map, then we define the operator norm or uniform norm ‖T ‖ of T by ‖T ‖ = inf{M | ‖T x‖ ≤ M‖x‖ for all x ∈ X}. (5.2) We denote the set of all linear maps T : X → Y by L(X, Y ), and the set of all bounded linear maps T : X → Y by B(X, Y ). When the domain and range spaces are the same, we write L(X, X) = L(X) and B(X, X) = B(X).

Equivalent expressions for ‖T ‖ are:

‖T ‖ = sup_{x≠0} ‖T x‖ ‖x‖ ; ‖T ‖ = sup_{‖x‖≤1} ‖T x‖; ‖T ‖ = sup_{‖x‖=1} ‖T x‖. (5.3) We also use the notation R^{m×n} , or C^{m×n} , to denote the space of linear maps from R^n to R^m , or C^n to C^m , respectively.

96 Banach Spaces

Example 5.13 The linear map A : R → R defined by Ax = ax, where a ∈ R, is bounded, and has norm ‖A‖ = |a|.

Example 5.14 The identity map I : X → X is bounded on any normed space X, and has norm one. If a map has norm zero, then it is the zero map 0x = 0.

Linear maps on infinite-dimensional normed spaces need not be bounded.

Example 5.15 Let X = C^∞([0, 1]) consist of the smooth functions on [0, 1] that have continuous derivatives of all orders, equipped with the maximum norm. The space X is a normed space, but it is not a Banach space, since it is incomplete. The differentiation operator Du = u^′ is an unbounded linear map D : X → X. For example, the function u(x) = e^{λx} is an eigenfunction of D for any λ ∈ R, meaning that Du = λu. Thus ‖Du‖/‖u‖ = |λ| may be arbitrarily large. The unboundedness of differential operators is a fundamental difficulty in their study.

Suppose that A : X → Y is a linear map between finite-dimensional real linear spaces X, Y with dim X = n, dim Y = m. We choose bases {e_1, e_2, . . . , e_n} of X and {f_1, f_2, . . . , f_m} of Y . Then

A (e_j ) = m∑ i=1 a_{ij} f_i, for a suitable m × n matrix (a_{ij} ) with real entries. We expand x ∈ X as x = n∑ i=1 x_ie_i, (5.4)

where x_i ∈ R is the ith component of x. It follows from the linearity of A that A n∑ j=1 x_j e_j = m∑ i=1 y_if_i, where

y_i = n∑ j=1 a_{ij} x_j . Thus, given a choice of bases for X, Y we may represent A as a linear map A : R^n → R^m with matrix A = (a_{ij} ), where

y_1 y_2 . . y_m = a_{11} a_{12} · · · a_{1n} a_{21} a_{22} · · · a_{2n} . . . . . . . . . a_{m1} a_{m2} · · · a_{mn} x_1 x_2 . . x_n . (5.5)

Bounded linear maps 97

We will often use the same notation A to denote a linear map on a finite-dimensional space and its associated matrix, but it is important not to confuse the geometrical notion of a linear map with the matrix of numbers that represents it.

Each pair of norms on R^n and R^m induces a corresponding operator, or matrix, norm on A. We first consider the Euclidean norm, or 2-norm, ‖A‖_2 of A. The Euclidean norm of a vector x is given by ‖x‖^2 = (x, x), where (x, y) = x^T y. From (5.3), we may compute the Euclidean norm of A by maximizing the function ‖Ax‖^2 on the unit sphere ‖x‖^2 = 1. The maximizer x is a critical point of the function f(x, λ) = (Ax, Ax) − λ {(x, x) − 1} , where λ is a Lagrange multiplier. Computing ∇f and setting it equal to zero, we find that x satisfies A^T Ax = λx. (5.6) Hence, x is an eigenvector of the matrix A^T A and λ is an eigenvalue. The matrix A^T A is an n × n symmetric matrix, with real, nonnegative eigenvalues. At an eigenvector x of A^T A that satisfies (5.6), normalized so that ‖x‖_2 = 1, we have (Ax, Ax) = λ. Thus, the maximum value of ‖Ax‖^2 on the unit sphere is the maximum eigenvalue of A^T A.

We define the spectral radius r(B) of a matrix B to be the maximum absolute value of its eigenvalues. It follows that the Euclidean norm of A is given by

‖A‖_2 = √ r (A^T A). (5.7)

In the case of linear maps A : C^n → C^m on finite dimensional complex linear spaces, equation (5.7) holds with A^T A replaced by A^∗A, where A^∗ is the Hermitian conjugate of A. Proposition 9.7 gives a formula for the spectral radius of a bounded operator in terms of the norms of its powers.

To compute the maximum norm of A, we observe from (5.5) that |y_i| ≤ |a_{i1}||x_1| + |a_{i2}||x_2| + . . . + |a_{in}||x_n| ≤ (|a_{i1}| + |a_{i2}| + . . . + |a_{in}|) ‖x‖_∞. Taking the maximum of this equation with respect to i and comparing the result with the definition of the operator norm, we conclude that ‖A‖_∞ ≤ max_{1≤i≤m} (|a_{i1}| + |a_{i2}| + . . . + |a_{in}|) . Conversely, suppose that the maximum on the right-hand side of this equation is attained at i = i_0. Let x be the vector with components x_j = sgn a_{i0j} , where sgn is the sign function,

sgn x =

1 if x > 0, 0 if x = 0, −1 if x < 0. (5.8)

98 Banach Spaces

Then, if A is nonzero, we have ‖x‖_∞ = 1, and ‖Ax‖_∞ = |a_{i0 1}| + |a_{i02}| + . . . + |a_{i0n}|. Since ‖A‖_∞ ≥ ‖Ax‖_∞, we obtain that ‖A‖_∞ ≥ max_{1≤i≤m} (|a_{i1}| + |a_{i2}| + . . . + |a_{in}|) . Therefore, we have equality, and the maximum norm of A is given by the maximum row sum, ‖A‖_∞ = max_{1≤i≤m} n∑ j=1 |a_{ij} | . (5.9)

A similar argument shows that the sum norm of A is given by the maximum column sum ‖A‖_1 = max_{1≤j≤n} {_m ∑ i=1 |a_{ij} | } . For 1 < p < ∞, one can show (see Kato [26]) that the p-matrix norm satisfies ‖A‖_p ≤ ‖A‖^{1/p}_1 ‖A‖^{1−1/p}_∞ . There are norms on the space B(R^n , R^m ) = R^{m×n} of m × n matrices that are not associated with any vector norms on R^n and R^m . An example is the Hilbert-Schmidt norm

‖A‖ = m∑ i=1 n∑ j=1 |a_{ij} |^2 1/2 . Next, we give some examples of linear operators on infinite-dimensional spaces.

Example 5.16 Let X = ℓ^∞(N) be the space of bounded sequences {(x_1, x_2, . . .)} with the norm ‖(x_1, x_2, . . .)‖_∞ = sup_{i∈N} |x_i|. A linear map A : X → X is represented by an infinite matrix (a_{ij} )^∞_{i,j=1}, where

(Ax)_i = ∞∑ j=1 a_{ij} x_j . In order for this sum to converge for any x ∈ ℓ^∞(N), we require that ∞∑ j=1 |a_{ij} | < ∞

Bounded linear maps 99

for each i ∈ N, and in order for Ax to belong to ℓ^∞(N), we require that

sup_{i∈N} ∞∑ j=1 |a_{ij} | < ∞.

Then A is a bounded linear operator on ℓ^∞(N), and its norm is the maximum row sum,

‖A‖_∞ = sup_{i∈N} ∞∑ j=1 |a_{ij} | .

Example 5.17 Let X = C([0, 1]) with the maximum norm, and k : [0, 1] × [0, 1] → R be a continuous function. We define the linear Fredholm integral operator K : X → X by Kf(x) = ∫_1 0 k(x, y)f(y) dy. Then K is bounded and ‖K‖ = max_{0≤x≤1} {∫_1 0 |k(x, y)| dy } . This expression is the “continuous” analog of the maximum row sum for the ∞-norm of a matrix.

For linear maps, boundedness is equivalent to continuity. Theorem 5.18 A linear map is bounded if and only if it is continuous. Proof. First, suppose that T : X → Y is bounded. Then, for all x, y ∈ X, we have ‖T x − T y‖ = ‖T (x − y)‖ ≤ M‖x − y‖, where M is a constant for which (5.1) holds. Therefore, we can take δ = ϵ/M in the definition of continuity, and T is continuous.

Second, suppose that T is continuous at 0. Since T is linear, we have T (0) = 0. Choosing ϵ = 1 in the definition of continuity, we conclude that there is a δ > 0 such that ‖T x‖ ≤ 1 whenever ‖x‖ ≤ δ. For any x ∈ X, with x ≠ 0, we define x̃ by x̃ = δ x ‖x‖ .

100 Banach Spaces

Then ‖x̃‖ ≤ δ, so ‖T x̃‖ ≤ 1. It follows from the linearity of T that ‖T x‖ = ‖x‖ δ ‖T x̃‖ ≤ M‖x‖, where M = 1/δ. Thus T is bounded. □

The proof shows that if a linear map is continuous at zero, then it is continuous at every point. A nonlinear map may be bounded but discontinuous, or continuous at zero but discontinuous at other points.

The following theorem, sometimes called the BLT theorem for “bounded linear transformation” has many applications in defining and studying linear maps.

Theorem 5.19 (Bounded linear transformation) Let X be a normed linear space and Y a Banach space. If M is a dense linear subspace of X and T : M ⊂ X → Y is a bounded linear map, then there is a unique bounded linear map T : X → Y such that T x = T x for all x ∈ M, and ‖ T ‖ = ‖T ‖. Proof. For every x ∈ X, there is a sequence (x_n) in M that converges to x. We define T x = lim_{n→∞} T x_n. This limit exists because (T x_n) is Cauchy, since T is bounded and (x_n) Cauchy, and Y is complete. We claim that the value of the limit does not depend on the sequence in M that is used to approximate x. Suppose that (x_n) and (x^′_n) are any two sequences in M that converge to x. Then ‖x_n − x^′_n‖ ≤ ‖x_n − x‖ + ‖x − x^′_n‖, and, taking the limit of this equation as n → ∞, we see that lim_{n→∞} ‖x_n − x^′_n‖ = 0. It follows that ‖T x_n − T x^′_n‖ ≤ ‖T ‖ ‖x_n − x^′_n‖ → 0 as n → ∞. Hence, (T x_n) and (T x^′_n) converge to the same limit.

The map T is an extension of T , meaning that T x = T x, for all x ∈ M, because if x ∈ M, we can use the constant sequence with x_n = x for all n to define T x. The linearity of T follows from the linearity of T .

The fact that T is bounded follows from the inequality ‖ ‖T x ‖ ‖ = lim_{n→∞} ‖T x_n‖ ≤ lim_{n→∞} ‖T ‖ ‖x_n‖ = ‖T ‖ ‖x‖ . It also follows that ‖ ‖T ‖ ‖ ≤ ‖T ‖. Since T x = T x for x ∈ M, we have ‖ ‖T ‖ ‖ = ‖T ‖.

Bounded linear maps 101

Finally, we show that T is the unique bounded linear map from X to Y that coincides with T on M. Suppose that ~T is another such map, and let x be any point in X, We choose a sequence (x_n) in M that converges to x. Then, using the continuity of ~T , the fact that ~T is an extension of T , and the definition of T , we see that ~T x = lim_{n→∞} ~T x_n = lim_{n→∞} T x_n = T x. □ We can use linear maps to define various notions of equivalence between normed linear spaces.

Definition 5.20 Two linear spaces X, Y are linearly isomorphic if there is a oneto-one, onto linear map T : X → Y . If X and Y are normed linear spaces and T , T^{−1} are bounded linear maps, then X and Y are topologically isomorphic. If T also preserves norms, meaning that ‖T x‖ = ‖x‖ for all x ∈ X, then X, Y are isometrically isomorphic.

When we say that two normed linear spaces are “isomorphic” we will usually mean that they are topologically isomorphic. We are often interested in the case when we have two different norms defined on the same space, and we would like to know if the norms define the same topologies.

Definition 5.21 Let X be a linear space. Two norms ‖ · ‖_1 and ‖ · ‖_2 on X are equivalent if there are constants c > 0 and C > 0 such that

c‖x‖_1 ≤ ‖x‖_2 ≤ C‖x‖_1 for all x ∈ X. (5.10)

Theorem 5.22 Two norms on a linear space generate the same topology if and only if they are equivalent.

Proof. Let ‖ · ‖_1 and ‖ · ‖_2 be two norms on a linear space X. We consider the identity map I : (X, ‖ · ‖_1) → (X, ‖ · ‖_2). From Corollary 4.20, the topologies generated by the two norms are the same if and only if I and I^{−1} are continuous. Since I is linear, it is continuous if and only if it is bounded. The boundedness of the identity map and its inverse is equivalent to the existence of constants c and C such that (5.10) holds. □

Geometrically, two norms are equivalent if the unit ball of either one of the norms is contained in a ball of finite radius of the other norm.

We end this section by stating, without proof, a fundamental fact concerning linear operators on Banach spaces.

Theorem 5.23 (Open mapping) Suppose that T : X → Y is a one-to-one, onto bounded linear map between Banach spaces X, Y . Then T^{−1} : Y → X is bounded.

102 Banach Spaces

This theorem states that the existence of the inverse of a continuous linear map between Banach spaces implies its continuity. Contrast this result with Example 4.9.

5.3 The kernel and range of a linear map

The kernel and range are two important linear subspaces associated with a linear map.

Definition 5.24 Let T : X → Y be a linear map between linear spaces X, Y . The null space or kernel of T , denoted by ker T , is the subset of X defined by ker T = {x ∈ X | T x = 0} . The range of T , denoted by ran T , is the subset of Y defined by

ran T = {y ∈ Y | there exists x ∈ X such that T x = y} .

The word “kernel” is also used in a completely different sense to refer to the kernel of an integral operator. A map T : X → Y is one-to-one if and only if ker T = {0}, and it is onto if and only if ran T = Y .

Theorem 5.25 Suppose that T : X → Y is a linear map between linear spaces X, Y . The kernel of T is a linear subspace of X, and the range of T is a linear subspace of Y . If X and Y are normed linear spaces and T is bounded, then the kernel of T is a closed linear subspace.

Proof. If x_1, x_2 ∈ ker T and λ_1, λ_2 ∈ R (or C ), then the linearity of T implies that

T (λ_1x_1 + λ_2x_2) = λ_1T x_1 + λ_2T x_2 = 0,

so λ_1x_1 + λ_2x_2 ∈ ker T . Therefore, ker T is a linear subspace. If y_1, y_2 ∈ ran T , then there are x_1, x_2 ∈ X such that T x_1 = y_1 and T x_2 = y_2. Hence

T (λ_1x_1 + λ_2x_2) = λ_1T x_1 + λ_2T x_2 = λ_1y_1 + λ_2y_2,

so λ_1y_1 + λ_2y_2 ∈ ran T . Therefore, ran T is a linear subspace.

Now suppose that X and Y are normed spaces and T is bounded. If (x_n) is a sequence of elements in ker T with x_n → x in X, then the continuity of T implies that T x = T ( lim_{n→∞} x_n ) = lim_{n→∞} T x_n = 0,

so x ∈ ker T , and ker T is closed. □

The nullity of T is the dimension of the kernel of T , and the rank of T is the dimension of the range of T . We now consider some examples.

The kernel and range of a linear map 103

Example 5.26 The right shift operator S on ℓ^∞(N) is defined by

S(x_1, x_2, x_3, . . .) = (0, x_1, x_2, . . .),

and the left shift operator T by

T (x_1, x_2, x_3, . . .) = (x_2, x_3, x_4, . . .).

These maps have norm one. Their matrices are the infinite-dimensional Jordan blocks,

[S] =

0 0 0 . . . 1 0 0 . . . 0 1 0 . . . . . . . . . .. . , [T ] =

0 1 0 . . . 0 0 1 . . . 0 0 0 . . . . . . . . . . . . .

The kernel of S is {0} and the range of S is the subspace

ran S = {(0, x_2, x_3, . . .) ∈ ℓ^∞(N)} .

The range of T is the whole space ℓ^∞(N), and the kernel of T is the one-dimensional subspace

ker T = {(x_1, 0, 0, . . .) | x_1 ∈ R} .

The operator S is one-to-one but not onto, and T is onto but not one-to-one. This cannot happen for linear maps T : X → X on a finite-dimensional space X, such as X = R^n . In that case, ker T = {0} if and only if ran T = X.

Example 5.27 An integral operator K : C([0, 1]) → C([0, 1]) Kf(x) = ∫_1 0 k(x, y)f(y) dy is said to be degenerate if k(x, y) is a finite sum of separated terms of the form k(x, y) = n∑ i=1 φ_i(x)ψ_i(y), where φ_i, ψ_i : [0, 1] → R are continuous functions. We may assume without loss of generality that {φ_1, . . . , φ_n} and {ψ_1, . . . , ψ_n} are linearly independent. The range of K is the finite-dimensional subspace spanned by {φ_1, φ_2, . . . , φ_n}, and the kernel of K is the subspace of functions f ∈ C([0, 1]) such that ∫_1 0 f(y)ψ_i(y) dy = 0 for i = 1, . . . , n. Both the range and kernel are closed linear subspaces of C([0, 1]).

104 Banach Spaces

Example 5.28 Let X = C([0, 1]) with the maximum norm. We define the integral operator K : X → X by Kf(x) = ∫_x 0 f(y) dy. (5.11) An integral operator like this one, with a variable range of integration, is called a Volterra integral operator. Then K is bounded, with ‖K‖ ≤ 1, since ‖Kf‖ ≤ sup_{0≤x≤1} ∫_x 0 |f(y)| dy ≤ ∫_1 0 |f(y)| dy ≤ ‖f‖. In fact, ‖K‖ = 1, since K(1) = x and ‖x‖ = ‖1‖. The range of K is the set of continuously differentiable functions on [0, 1] that vanish at x = 0. This is a linear subspace of C([0, 1]) but it is not closed. The lack of closure of the range of K is due to the “smoothing” effect of K, which maps continuous functions to differentiable functions. The problem of inverting integral operators with similar properties arises in a number of inverse problems, where one wants to reconstruct a source distribution from remotely sensed data. Such problems are ill-posed and require special treatment.

Example 5.29 Consider the operator T = I + K on C([0, 1]), where K is defined in (5.11), which is a perturbation of the identity operator by K. The range of T is the whole space C([0, 1]), and is therefore closed. To prove this statement, we observe that g = T f if and only if f(x) + ∫_x 0 f(y) dy = g(x). Writing F (x) = ∫_x 0 f(y) dy, we have F^′ = f and F^′ + F = g, F (0) = 0.

The solution of this initial value problem is F (x) = ∫_x 0 e^{−(x−y)}g(y) dy. Differentiating this expression with respect to x, we find that f is given by f(x) = g(x) − ∫_x 0 e^{−(x−y)}g(y) dy. Thus, the operator T = I + K is invertible on C([0, 1]) and (I + K)^{−1} = I − L, where L is the Volterra integral operator Lg(x) = ∫_x 0 e^{−(x−y)}g(y) dy.

The kernel and range of a linear map 105

The following result provides a useful way to show that an operator T has closed range. It states that T has closed range if one can estimate the norm of the solution x of the equation T x = y in terms of the norm of the right-hand side y. In that case, it is often possible to deduce the existence of solutions (see Theorem 8.18).

Proposition 5.30 Let T : X → Y be a bounded linear map between Banach spaces X, Y . The following statements are equivalent:

(a) there is a constant c > 0 such that c‖x‖ ≤ ‖T x‖ for all x ∈ X; (b) T has closed range, and the only solution of the equation T x = 0 is x = 0.

Proof. First, suppose that T satisfies (a). Then T x = 0 implies that ‖x‖ = 0, so x = 0. To show that ran T is closed, suppose that (y_n) is a convergent sequence in ran T , with y_n → y ∈ Y . Then there is a sequence (x_n) in X such that T x_n = y_n. The sequence (x_n) is Cauchy, since (y_n) is Cauchy and ‖x_n − x_m‖ ≤ 1 c ‖T (x_n − x_m)‖ = 1 c ‖y_n − y_m‖. Hence, since X is complete, we have x_n → x for some x ∈ X. Since T is bounded, we have

T x = lim_{n→∞} T x_n = lim_{n→∞} y_n = y,

so y ∈ ran T , and ran T is closed.

Conversely, suppose that T satisfies (b). Since ran T is closed, it is a Banach space. Since T : X → Y is one-to-one, the operator T : X → ran T is a one-to-one, onto map between Banach spaces. The open mapping theorem, Theorem 5.23, implies that T^{−1} : ran T → X is bounded, and hence that there is a constant C > 0 such that ‖ ‖T^{−1}y ‖ ‖ ≤ C‖y‖ for all y ∈ ran T . Setting y = T x, we see that c‖x‖ ≤ ‖T x‖ for all x ∈ X, where c = 1/C. □

Example 5.31 Consider the Volterra integral operator K : C([0, 1]) → C([0, 1]) defined in (5.11). Then

K [cos nπx] = ∫_x 0 cos nπy dy = sin nπx nπ . We have ‖ cos nπx‖ = 1 for every n ∈ N, but ‖K [cos nπx] ‖ → 0 as n → ∞. Thus, it is not possible to estimate ‖f‖ in terms of ‖Kf‖, consistent with the fact that the range of K is not closed.

106 Banach Spaces

5.4 Finite-dimensional Banach spaces

In this section, we prove that every finite-dimensional (real or complex) normed linear space is a Banach space, that every linear operator on a finite-dimensional space is continuous, and that all norms on a finite-dimensional space are equivalent. None of these statements is true for infinite-dimensional linear spaces. As a result, topological considerations can often be neglected when dealing with finite-dimensional spaces but are of crucial importance when dealing with infinite-dimensional spaces.

We begin by proving that the components of a vector with respect to any basis of a finite-dimensional space can be bounded by the norm of the vector.

Lemma 5.32 Let X be a finite-dimensional normed linear space with norm ‖ · ‖, and {e_1, e_2, . . . , e_n} any basis of X. There are constants m > 0 and M > 0 such that if x = ∑_n i=1 x_ie_i, then m n∑ i=1 |x_i| ≤ ‖x‖ ≤ M n∑ i=1 |x_i| . (5.12)

Proof. By the homogeneity of the norm, it suffices to prove (5.12) for x ∈ X such that ∑_n i=1 |x_i| = 1. The “cube” C = { (x_1, . . . , x_n) ∈ R^n | | | n∑ i=1 |x_i| = 1 }

is a closed, bounded subset of R^n , and is therefore compact by the Heine-Borel theorem. We define a function f : C → X by

f ((x_1, . . . , x_n)) = n∑ i=1 x_ie_i. For (x_1, . . . , x_n) ∈ R^n and (y_1, . . . , y_n) ∈ R^n , we have ‖f ((x_1, . . . , x_n)) − f ((y_1, . . . , y_n))‖ ≤ n∑ i=1 |x_i − y_i|‖e_i‖, so f is continuous. Therefore, since ‖ · ‖ : X → R is continuous, the map (x_1, . . . , x_n) → ‖f ((x_1, . . . , x_n)) ‖ is continuous. Theorem 1.68 implies that ‖f‖ is bounded on C and attains its infimum and supremum. Denoting the minimum by m ≥ 0 and the maximum by M ≥ m, we obtain (5.12). Let (x_1, . . . , x_n) be a point in C where ‖f‖ attains its minimum, meaning that

‖x_1e_1 + . . . + x_ne_n‖ = m.

The linear independence of the basis vectors {e_1, . . . , e_n} implies that m ≠ 0, so m > 0. □

Finite-dimensional Banach spaces 107

This result is not true in an infinite-dimensional space because, if a basis consists of vectors that become “almost” parallel, then the cancellation in linear combinations of basis vectors may lead to a vector having large components but small norm. Theorem 5.33 Every finite-dimensional normed linear space is a Banach space. Proof. Suppose that (x_k )^∞_{k=1} is a Cauchy sequence in a finite-dimensional normed linear space X. Let {e_1, . . . , e_n} be a basis of X. We expand x_k as x_k = n∑ i=1 x_{i,k}e_i, where x_{i,k} ∈ R. For 1 ≤ i ≤ n, we consider the real sequence of ith components, (x_{i,k} )^∞_{k=1}. Equation (5.12) implies that |x_{i,j} − x_{i,k}| ≤ 1 m ‖x_j − x_k ‖, so (x_{i,k} )^∞_{k=1} is Cauchy. Since R is complete, there is a y_i ∈ R, such that lim_{k→∞} x_{i,k} = y_i. We define y ∈ X by y = k∑ i=1 y_ie_i. Then, from (5.12), ‖x_k − y‖ ≤ M n∑ i=1 |x_{i,k} − y_i| ‖e_i‖, and hence x_k → y as k → ∞. Thus, every Cauchy sequence in X converges, and X is complete. □ Since a complete space is closed, we have the following corollary.

Corollary 5.34 Every finite-dimensional linear subspace of a normed linear space is closed.

In Section 5.2, we proved explicitly the boundedness of linear maps on finitedimensional linear spaces with respect to certain norms. In fact, linear maps on finite-dimensional spaces are always bounded.

Theorem 5.35 Every linear operator on a finite-dimensional linear space is bound- ed.

108 Banach Spaces

Proof. Suppose that A : X → Y is a linear map and X is finite dimensional. Let {e_1, . . . , e_n} be a basis of X. If x = ∑_n i=1 x_ie_i ∈ X, then (5.12) implies that ‖Ax‖ ≤ n∑ i=1 |x_i| ‖Ae_i‖ ≤ max_{1≤i≤n} {‖Ae_i‖} n∑ i=1 |x_i| ≤ 1 m max 1≤i≤n {‖Ae_i‖} ‖x‖, so A is bounded. □ Finally, we show that although there are many different norms on a finitedimensional linear space they all lead to the same topology and the same notion of convergence. This fact follows from Theorem 5.22 and the next result. Theorem 5.36 Any two norms on a finite-dimensional space are equivalent. Proof. Let ‖ · ‖_1 and ‖ · ‖_2 be two norms on a finite-dimensional space X. We choose a basis {e_1, e_2, . . . , e_n} of X. Then Lemma 5.32 implies that there are strictly positive constants m_1, m_2, M_1, M_2 such that if x = ∑_n i=1 x_ie_i, then

m_1 n∑ i=1 |x_i| ≤ ‖x‖_1 ≤ M_1 n∑ i=1 |x_i| ,

m_2 n∑ i=1 |x_i| ≤ ‖x‖_2 ≤ M_2 n∑ i=1 |x_i| . Equation (5.10) then follows with c = m_2/M_1 and C = M_2/m_1. □

5.5 Convergence of bounded operators The set B(X, Y ) of bounded linear maps from a normed linear space X to a normed linear space Y is a linear space with respect to the natural pointwise definitions of vector addition and scalar multiplication: (S + T )x = Sx + T x, (λT )x = λ(T x). It is straightforward to check that the operator norm in Definition 5.12, ‖T ‖ = sup_{x≠0} ‖T x‖ ‖x‖ , defines a norm on B(X, Y ), so that B(X, Y ) is a normed linear space.

The composition of two linear maps is linear, and the following theorem states that the composition of two bounded linear maps is bounded.

Theorem 5.37 Let X, Y , and Z be normed linear spaces. If T ∈ B(X, Y ) and S ∈ B(Y, Z), then ST ∈ B(X, Z), and ‖ST ‖ ≤ ‖S‖ ‖T ‖. (5.13)

Convergence of bounded operators 109

Proof. For all x ∈ X we have ‖ST x‖ ≤ ‖S‖ ‖T x‖ ≤ ‖S‖ ‖T ‖ ‖x‖. □ For example, if T ∈ B(X), then T^n ∈ B(X) and ‖T^n‖ ≤ ‖T ‖^n. It may well happen that we have strict inequality in (5.13).

Example 5.38 Consider the linear maps A, B on R^2 with matrices A = ( λ 0 0 0 ) , B = ( 0 0 0 μ ) . These matrices have the Euclidean (or sum, or maximum) norms ‖A‖ = |λ| and ‖B‖ = |μ|, but ‖AB‖ = 0. A linear space with a product defined on it is called an algebra. The composition of maps defines a product on the space B(X) of bounded linear maps on X into itself, so B(X) is an algebra. The algebra is associative, meaning that (RS)T = R(ST ), but is not commutative, since in general ST is not equal to T S. If S, T ∈ B(X), we define the commutator [S, T ] ∈ B(X) of S and T by [S, T ] = ST − T S. If ST = T S, or equivalently if [S, T ] = 0, then we say that S and T commute.

The convergence of operators in B(X, Y ) with respect to the operator norm is called uniform convergence.

Definition 5.39 If (T_n) is a sequence of operators in B(X, Y ) and

lim_{n→∞} ‖T_n − T ‖ = 0

for some T ∈ B(X, Y ), then we say that T_n converges uniformly to T , or that T_n converges to T in the uniform, or operator, topology on B(X, Y ).

Example 5.40 Let X = C([0, 1]) equipped with the supremum norm. For k_n(x, y) is a real-valued continuous function on [0, 1] × [0, 1], we define K_n ∈ B(X) by K_nf(x) = ∫_1 0 k_n(x, y)f(y) dy. (5.14) Then K_n → 0 uniformly as n → ∞ if

‖K_n‖ = max_{x∈[0,1]} {∫_1 0 |k_n(x, y)| dy } → 0 as n → ∞. (5.15)

An example of functions k_n satisfying (5.15) is k_n(x, y) = xy^n.

A basic fact about a space of bounded linear operators that take values in a Banach space is that it is itself a Banach space.

110 Banach Spaces

Theorem 5.41 If X is a normed linear space and Y is a Banach space, then B(X, Y ) is a Banach space with respect to the operator norm.

Proof. We have to prove that B(X, Y ) is complete. Let (T_n) be a Cauchy sequence in B(X, Y ). For each x ∈ X, we have ‖T_nx − T_mx‖ ≤ ‖T_n − T_m‖ ‖x‖, which shows that (T_nx) is a Cauchy sequence in Y . Since Y is complete, there is a y ∈ Y such that T_nx → y. It is straightforward to check that T x = y defines a linear map T : X → Y . We show that T is bounded. For any ϵ > 0, let N_ϵ be such that ‖T_n − T_m‖ < ϵ/2 for all n, m ≥ N_ϵ. Take n ≥ N_ϵ. Then for each x ∈ X, there is an m(x) ≥ N_ϵ such that ‖T_{m(x)}x − T x‖ ≤ ϵ/2. If ‖x‖ = 1, we have ‖T_nx − T x‖ ≤ ‖T_nx − T_{m(x)}x‖ + ‖T_{m(x)}x − T x‖ ≤ ϵ. (5.16) It follows that if n ≥ N_ϵ, then ‖T x‖ ≤ ‖T_nx‖ + ‖T x − T_nx‖ ≤ ‖T_n‖ + ϵ for all x with ‖x‖ = 1, so T is bounded. Finally, from (5.16) it follows that lim_{n→∞} ‖T_n − T ‖ = 0. Hence, T_n → T in the uniform norm. □

A particularly important class of bounded operators is the class of compact operators.

Definition 5.42 A linear operator T : X → Y is compact if T (B) is a precompact subset of Y for every bounded subset B of X.

An equivalent formulation is that T is compact if and only if every bounded sequence (x_n) in X has a subsequence (x_{nk} ) such that (T x_{nk} ) converges in Y . We do not require that the range of T be closed, so T (B) need not be compact even if B is a closed bounded set. We leave the proof of the following properties of compact operators as an exercise.

Proposition 5.43 (a) A compact operator is bounded.

(b) A linear combination of compact operators is compact. (c) The composition of a compact operator with a bounded operator, in either order, is compact.

(d) The uniform limit of a sequence of compact operators is compact. (e) An operator with finite-dimensional range is compact.

It follows from parts (a)–(c) of this proposition that the space K(X, Y ) of compact linear operators from X to Y is a closed linear subspace of B(X, Y ). Part (d) implies that K(X) is a two-sided ideal of B(X), meaning that if K ∈ K(X), then AK ∈ K(X) and KA ∈ K(X) for all A ∈ B(X).

Convergence of bounded operators 111

From parts (c)–(d), an operator that is the uniform limit of operators with finite rank, that is with finite-dimensional range, is compact. The converse is also true for compact operators on many Banach spaces, including all Hilbert spaces, although there exist separable Banach spaces on which some compact operators cannot be approximated by finite-rank operators. As a result, compact operators on infinitedimensional spaces behave in many respects like operators on finite-dimensional spaces. We will discuss compact operators on a Hilbert space in greater detail in Chapter 9.

Another type of convergence of linear maps is called strong convergence.

Definition 5.44 A sequence (T_n) in B(X, Y ) converges strongly if

lim_{n→∞} T_nx = T x for every x ∈ X.

Thus, strong convergence of linear maps is convergence of their pointwise values with respect to the norm on X. The terminology here is a little inconsistent: strong and norm convergence mean the same thing for vectors in a Banach space, but different things for operators on a Banach space. The associated strong topology on B(X, Y ) is distinct from the uniform norm topology whenever X is infinitedimensional, and is not derived from a norm. We leave the proof of the following theorem as an exercise.

Theorem 5.45 If T_n → T uniformly, then T_n → T strongly.

The following examples show that strong convergence does not imply uniform convergence.

Example 5.46 Let X = ℓ^2(N), and define the projection P_n : X → X by P_n(x_1, x_2, . . . , x_n, x_{n+1}, x_{n+2}, . . .) = (x_1, x_2, . . . , x_n, 0, 0, . . .). Then ‖P_n − P_m‖ = 1 for n ≠ m, so (P_n) does not converge uniformly. Nevertheless, if x ∈ ℓ^2(N) is any fixed vector, we have P_nx → x as n → ∞. Thus, P_n → I strongly.

Example 5.47 Let X = C([0, 1]), and consider the sequence of continuous linear functionals K_n : X → R, given by K_nf = ∫_1 0 sin(nπx) f(x) dx. If p is a polynomial, then an integration by parts implies that K_np = p(0) − cos(nπ)p(1) nπ + 1 nπ ∫_1 0 cos(nπx) p^′(x) dx.

112 Banach Spaces

Hence, K_np → 0 as n → ∞. If f ∈ C([0, 1]), then by Theorem 2.9 for any ϵ > 0 there is a polynomial p such that ‖f − p‖ < ϵ/2, and there is an N such that |K_np| < ϵ/2 for n ≥ N. Since ‖K_n‖ ≤ 1 for all n, it follows that |K_nf| ≤ ‖K_n‖ ‖f − p‖ + |K_np| < ϵ when n ≥ N. Thus, K_nf → 0 as n → ∞ for every f ∈ C([0, 1]). This result is a special case of the Riemann-Lebesgue lemma, which we prove in Theorem 11.34. On the other hand, if f_n(x) = sin(nπx), then ‖f_n‖ = 1 and ‖K_nf_n‖ = 1/2, which implies that ‖K_n‖ ≥ 1/2. (In fact, ‖K_n‖ = 2/π for each n.) Hence, K_n → 0 strongly, but not uniformly.

A third type of convergence of operators, weak convergence, may be defined using the notion of weak convergence in a Banach space, given in Definition 5.59 below. We say that T_n converges weakly to T in B(X, Y ) if the pointwise values T_nx converge weakly to T x in Y . We will not consider the weak convergence of operators in this book.

We end this section with two applications of operator convergence. First we define the exponential of an operator, and use it to solve a linear evolution equation. If A : X → X is a bounded linear operator on a Banach space X, then, by analogy with the power series expansion of e^a, we define

e^A = I + A + 1 2! A^2 + 1 3! A^3 + . . . + 1 n! A^n + . . . . (5.17)

A comparison with the convergent real series e^{‖A‖} = 1 + ‖A‖ + 1 2! ‖A‖^2 + 1 3! ‖A‖^3 + . . . + 1 n! ‖A‖^n + . . . , implies that the series on the right hand side of (5.17) is absolutely convergent in B(X), and hence norm convergent. It also follows that ‖ ‖e^A ‖ ‖ ≤ e^{‖A‖}. If A and B commute, then multiplication and rearrangement of the series for the exponentials implies that e^Ae^B = e^{A+B}. The solution of the initial value problem for the linear, scalar ODE x_t = ax with x(0) = x_0 is given by x(t) = x_0e^{at}. This result generalizes to a linear system,

x_t = Ax, x(0) = x_0, (5.18)

where x : R → X, with X a Banach space, and A : X → X is a bounded linear operator on X. The solution of (5.18) is given by x(t) = e^{tA}x_0.

Convergence of bounded operators 113

This is a solution because d dt e^{tA} = Ae^{tA}, where the derivative is given by the uniformly convergent limit, d dt e^{tA} = lim_{h→0} ( e^{A(t+h)} − e^{tA} h )

= e^{tA} lim_{h→0} ( e^{Ah} − I h )

= Ae^{tA} lim_{h→0} ∞∑ n=0 1 (n + 1)! A^nh^n = Ae^{tA}. An important application of this result is to linear systems of ODEs when x(t) ∈ R^n and A is an n × n matrix, but it also applies to linear equations on infinitedimensional spaces.

Example 5.48 Suppose that k : [0, 1] × [0, 1] → R is a continuous function, and K : C([0, 1]) → C([0, 1]) is the integral operator Ku(x) = ∫_1 0 k(x, y)u(y) dy. The solution of the initial value problem u_t(x, t) + λu(x, t) = ∫_1 0 k(x, y)u(y, t) dy, u(x, 0) = u_0(x), with u(·, t) ∈ C([0, 1]), is u = e^{(K−λI)t}u_0.

The one-parameter family of operators T (t) = e^{tA} is called the flow of the evolution equation (5.18). The operator T (t) maps the solution at time 0 to the solution at time t. We leave the proof of the following properties of the flow as an exercise.

Theorem 5.49 If A : X → X is a bounded linear operator and T (t) = e^{tA} for t ∈ R, then:

(a) T (0) = I;

(b) T (s)T (t) = T (s + t) for s, t ∈ R; (c) T (t) → I uniformly as t → 0.

A family of bounded linear operators {T (t) | t ∈ R} that satisfies the properties (a)–(c) in this theorem is called a one-parameter uniformly continuous group. Properties (a)–(b) imply that the operators form a commutative group under composition, while (c) states that T : R → B(X) is continuous with respect to the

114 Banach Spaces

uniform, or norm, topology on B(X) at t = 0. The group property implies that T is uniformly continuous on R, meaning that ‖T (t) − T (t_0)‖ → 0 as t → t_0 for any t_0 ∈ R.

Any one-parameter uniformly continuous group of operators can be written as T (t) = e^{tA} for a suitable operator A, called the generator of the group. The generator A may be recovered from the operators T (t) by

A = lim_{t→0} ( T (t) − I t ) . (5.19)

Many linear partial differential equations can be written as evolution equations of the form (5.18) in which A is an unbounded operator. Under suitable conditions on A, there exist solution operators T (t), which may be defined only for t ≥ 0, and which are strongly continuous functions of t, rather than uniformly continuous. The solution operators are then said to form a C_0-semigroup. For an example, see the discussion of the heat equation in Section 7.3.

As a second application of operator convergence, we consider the convergence of approximation schemes. Suppose we want to solve an equation of the form

Au = f, (5.20)

where A : X → Y is a nonsingular linear operator between Banach spaces and f ∈ Y is given. Suppose we can approximate (5.20) by an equation

A_ϵu_ϵ = f_ϵ, (5.21)

whose solution u_ϵ can be computed more easily. We assume that A_ϵ : X → Y is a nonsingular linear operator with a bounded inverse. We call the family of equations (5.21) an approximation scheme for (5.20). For instance, if (5.20) is a differential equation, then (5.21) may be obtained by a finite difference or finite element approximation, where ϵ is a grid spacing. One complication is that a numerical approximation A_ϵ may act on a different space X_ϵ than the space X. For simplicity, we suppose that the approximations A_ϵ may be defined on the same space as A. The primary requirement of an approximation scheme is that it is convergent.

Definition 5.50 The approximation scheme (5.21) is convergent to (5.20) if u_ϵ → u as ϵ → 0 whenever f_ϵ → f.

We make precise the idea that A_ϵ approximates A in the following definition of consistency.

Definition 5.51 The approximation scheme (5.21) is consistent with (5.20) if A_ϵv → Av as ϵ → 0 for each v ∈ X.

Dual spaces 115

In other words, the approximation scheme is consistent if A_ϵ converges strongly to A as ϵ → 0. Consistency on its own is not sufficient to guarantee convergence. We also need a second property called stability.

Definition 5.52 The approximation scheme (5.21) is stable if there is a constant M, independent of ϵ, such that ‖A^{−1}_ϵ ‖ ≤ M. Consistency relates the operators A_ϵ to A, while stability is a property of the approximate operators A_ϵ alone. The Lax equivalence theorem states that an approximation scheme is convergent if and only if it is consistent and stable. Stability plays a crucial role in convergence, because it prevents the amplification of errors in the approximate solutions as ϵ → 0.

Theorem 5.53 (Lax equivalence) An approximation scheme is convergent if and only if it is consistent and stable.

Proof. If Au = f and A_ϵu_ϵ = f_ϵ, then u − u_ϵ = A^{−1}_ϵ (A_ϵu − Au + f − f_ϵ) . Taking the norm of this equation, using the definition of the operator norm, and the triangle inequality, we find that ‖u − u_ϵ‖ ≤ ‖A^{−1}_ϵ ‖ (‖A_ϵu − Au‖ + ‖f − f_ϵ‖) . (5.22) If the scheme is stable, then ‖u − u_ϵ‖ ≤ M (‖A_ϵu − Au‖ + ‖f − f_ϵ‖) , and if the scheme is consistent, then A_ϵu → Au as ϵ → 0. It follows that u_ϵ → u if f_ϵ → f, and the scheme is convergent.

Conversely, if the approximation scheme is not convergent, then there are f_ϵ ∈ Y such that (f_ϵ) converges to f as ϵ → 0 but (u_ϵ) does not converge to u. Equation (5.22) then implies that either ‖A^{−1}_ϵ ‖ is unbounded as ϵ → 0, so the scheme is unstable, or A_ϵu does not converge to Au, so the scheme is inconsistent. □

An analogous result holds for linear evolution equations of the form (5.18) (see Strikwerder [53], for example). There is, however, no general criterion for the convergence of approximation schemes for nonlinear equations.

5.6 Dual spaces

The dual space of a linear space consists of the scalar-valued linear maps on the space. Duality methods play a crucial role in many parts of analysis. In this section,

116 Banach Spaces

we consider real linear spaces for definiteness, but all the results hold for complex linear spaces.

Definition 5.54 A scalar-valued linear map from a linear space X to R is called a linear functional or linear form on X. The space of linear functionals on X is called the algebraic dual space of X, and the space of continuous linear functionals on X is called the topological dual space of X.

In terms of the notation in Definition 5.12, the algebraic dual space of X is L(X, R), and the topological dual space is B(X, R). A linear functional φ : X → R is bounded if there is a constant M such that |φ(x)| ≤ M‖x‖ for all x ∈ X, and then we define ‖φ‖ by ‖φ‖ = sup_{x≠0} |φ(x)| ‖x‖ . (5.23)

If X is infinite dimensional, then L(X, R) is much larger than B(X, R), as we illustrate in Example 5.57 below. Somewhat confusingly, both dual spaces are commonly denoted by X^∗. We will use X^∗ to denote the topological dual space of X. Either dual space is itself a linear space under the operations of pointwise addition and scalar multiplication of maps, and the topological dual is a Banach space, since R is complete.

If X is finite dimensional, then L(X, R) = B(X, R), so there is no need to distinguish between the algebraic and topological dual spaces. Moreover, the dual space X^∗ of a finite-dimensional space X is linearly isomorphic to X. To show this, we pick a basis {e_1, e_2, . . . , e_n} of X. The map ω_i : X → R defined by ω_i (_n ∑ i=1 x_ie_i ) = x_i (5.24)

is an element of the algebraic dual space X^∗. The linearity of ω_i is obvious.

For example, if X = R^n and

e_1 = (1, 0, . . . , 0), e_2 = (0, 1, . . . , 0), . . . , e_n = (0, 0, . . . , 1),

are the coordinate basis vectors, then ω_i : (x_1, x_2, . . . , x_n) → x_i is the map that takes a vector to its ith coordinate.

The action of a general element φ of the dual space φ : X → R on a vector x ∈ X is given by a linear combination of the components of x, since φ (_n ∑ i=1 x_ie_i ) = n∑ i=1 φ_ix_i,

Dual spaces 117

where φ_i = φ(e_i) ∈ R. It follows that, as a map, φ = n∑ i=1 φ_iω_i. Thus, {ω_1, ω_2, . . . , ω_n} is a basis of X^∗, called the dual basis of {e_1, e_2, . . . , e_n}, and both X and X^∗ are linearly isomorphic to R^n . The dual basis has the property that

ω_i(e_j ) = δ_{ij} ,

where δ_{ij} is the Kronecker delta function, defined by δ_{ij} = { 1 if i = j, 0 if i ≠ j. (5.25)

Although a finite-dimensional space is linearly isomorphic with its dual space, there is no canonical way to identify the space with its dual; there are many isomorphisms, depending on an arbitrary choice of a basis. In the following chapters, we will study Hilbert spaces, and show that the topological dual space of a Hilbert space can be identified with the original space in a natural way through the inner product (see the Riesz representation theorem, Theorem 8.12). The dual of an infinite-dimensional Banach space is, in general, different from the original space.

Example 5.55 In Section 12.8, we will see that for 1 ≤ p < ∞ the dual of L^p(Ω) is L^{p′} (Ω), where 1/p + 1/p^′ = 1. The Hilbert space L^2(Ω) is self-dual.

Example 5.56 Consider X = C([a, b]). For any ρ ∈ L^1([a, b]), the following formula defines a continuous linear functional φ on X: φ(f) = ∫_b a f(x)ρ(x) dx. (5.26) Not all continuous linear functionals are of the form (5.26). For example, if x_0 ∈ [a, b], then the evaluation of f at x_0 is a continuous linear functional. That is, if we define δ_{x0} : C([a, b]) → R by

δ_{x0} (f) = f(x_0),

then δ_{x0} is a continuous linear functional on C([a, b]). A full description of the dual space of C([a, b]) is not so simple: it may be identified with the space of Radon measures on [a, b] (see [12], for example).

One way to obtain a linear functional on a linear space is to start with a linear functional defined on a subspace, extend a Hamel basis of the subspace to a Hamel basis of the whole space and extend the functional to the whole space, by use of linearity and an arbitrary definition of the functional on the additional basis elements. The next example uses this procedure to obtain a discontinuous linear functional on C([0, 1]).

118 Banach Spaces

Example 5.57 Let M = {x^n | n = 0, 1, 2, . . .} be the set of monomials in C([0, 1]). The set M is linearly independent, so it may be extended to a Hamel basis H. Each f ∈ C([0, 1]) can be written uniquely as

f = c_1h_1 + · · · + c_N h_N , (5.27)

for suitable basis functions h_i ∈ H and nonzero scalar coefficients c_i. For each n = 0, 1, 2, . . ., we define φ_n(f) by

φ_n(f) = { c_i if h_i = x^n, 0 otherwise.

Due to the uniqueness of the decomposition in (5.27), the functional φ_n is welldefined. We define a linear functional φ on C([0, 1]) by φ(f) = ∞∑ n=1 nφ_n(f). For each f, only a finite number of terms in this sum are nonzero, so φ is a welldefined linear functional on C([0, 1]). The functional is unbounded, since for each n = 0, 1, 2, . . . we have ‖x^n‖ = 1 and |φ(x^n)| = n.

A similar construction shows that every infinite-dimensional linear space has discontinuous linear functionals defined on it. On the other hand, Theorem 5.35 implies that all linear functionals on a finite-dimensional linear space are bounded.

It is not obvious that this extension procedure can be used to obtain bounded linear functionals on an infinite-dimensional linear space, or even that there are any nonzero bounded linear functionals at all, because the extension need not be bounded. In fact, it is possible to maintain boundedness of an extension by a suitable choice of its values off the original subspace, as stated in the following version of the Hahn-Banach theorem.

Theorem 5.58 (Hahn-Banach) If Y is a linear subspace of a normed linear space X and ψ : Y → R is a bounded linear functional on Y with ‖ψ‖ = M, then there is a bounded linear functional φ : X → R on X such that φ restricted to Y is equal to ψ and ‖φ‖ = M.

We omit the proof here. One consequence of this theorem is that there are enough bounded linear functionals to separate X, meaning that if φ(x) = φ(y) for all φ ∈ X^∗, then x = y (see Exercise 5.6).

Since X^∗ is a Banach space, we can form its dual space X^{∗∗}, called the bidual of X. There is no natural way to identify an element of X with an element of the dual X^∗, but we can naturally identify an element of X with an element of the bidual X^{∗∗}. If x ∈ X, then we define F_x ∈ X^{∗∗} by evaluation at x:

F_x(φ) = φ(x) for every φ ∈ X^∗. (5.28)

Dual spaces 119

Thus, we may regard X as a subspace of X^{∗∗}. If all continuous linear functionals on X^∗ are of the form (5.28), then X = X^{∗∗} under the identification x → F_x, and we say that X is a reflexive.

Linear functionals may be used to define a notion of convergence that is weaker than norm, or strong, convergence on an infinite-dimensional Banach spaces.

Definition 5.59 A sequence (x_n) in a Banach space X converges weakly to x, denoted by x_n ⇀ x as n → ∞, if φ(x_n) → φ(x) as n → ∞, for every bounded linear functional φ in X^∗.

If we think of a linear functional φ : X → R as defining a coordinate φ(x) of x, then weak convergence corresponds to coordinate-wise convergence. Strong convergence implies weak convergence: if x_n → x in norm and φ is a bounded linear functional, then |φ(x_n) − φ(x)| = |φ(x_n − x)| ≤ ‖φ‖‖x_n − x‖ → 0. Weak convergence does not imply strong convergence on an infinite-dimensional space, as we will see in Section 8.6.

If X^∗ is the dual of a Banach space X, then we can define another type of weak convergence on X^∗, called weak-∗ convergence, pronounced “weak star.”

Definition 5.60 Let X^∗ be the dual of a Banach space X. We say φ ∈ X^∗ is the weak-∗ limit of a sequence (φ_n) in X^∗ if φ_n(x) → φ(x) as n → ∞, for every x ∈ X. We denote weak-∗ convergence by φ_n^∗⇀ φ. By contrast, weak convergence of (φ_n) in X^∗ means that F (φ_n) → F (φ) as n → ∞, for every F ∈ X^{∗∗}. If X is reflexive, then weak and weak-∗ convergence in X^∗ are equivalent because every bounded linear functional on X^∗ is of the form (5.28). If X^∗ is the dual space of a nonreflexive space X, then weak and weak-∗ convergence are different, and it is preferable to use weak-∗ convergence in X^∗ instead of weak convergence.

One reason for the importance of weak-∗ convergence is the following compactness result, called the Banach-Alaoglu theorem.

Theorem 5.61 (Banach-Alaoglu) Let X^∗ be the dual space of a Banach space X. The closed unit ball in X^∗ is weak-∗ compact.

120 Banach Spaces

We will not prove this result here, but we prove a special case of it in Theorem 8.45.

5.7 References

For more on linear operators in Banach spaces, see Kato [26]. For proofs of the Hahn-Banach, open mapping, and Banach-Alaoglu theorems, see Folland [12], Reed and Simon [45], or Rudin [48]. The use of linear and Banach spaces in optimization theory is discussed in [34]. Applied functional analysis is discussed in Lusternik and Sobolev [33]. For an introduction to semigroups associated with evolution equations, see [4]. For more on matrices, see [24]. An introduction to the numerical aspects of matrices and linear algebra is in [54]. For more on the stability, consistency, and convergence of finite difference schemes for partial differential equations, see Strikwerder [53].

5.8 Exercises

Exercise 5.1 Prove that the expressions in (5.2) and (5.3) for the norm of a bounded linear operator are equivalent.

Exercise 5.2 Suppose that {e_1, e_2, . . . , e_n} and {~e_1, ~e_2, . . . , ~e_n} are two bases of the n-dimensional linear space X, with ~e_i = n∑ j=1 L_{ij} e_j , e_i = n∑ j=1 ~L_{ij} ~e_j ,

where (L_{ij} ) is an invertible matrix with inverse ( ~L_{ij} ) , meaning that n∑ j_= 1 L_{ij} ~L_{jk} = δ_{ik}.

Let {ω_1, ω_2, . . . , ω_n} and {~ω_1, ~ω_2, . . . , ~ω_n} be the associated dual bases of X^∗.

(a) If x = ∑ x_ie_i = ∑ ~x_i~e_i ∈ X, then prove that the components of x transform under a change of basis according to

~x_i = ~L_{ij} x_j . (5.29)

(b) If φ = ∑ φ_iω_i = ∑ ~φ_i ~ω_i ∈ X^∗, then prove that the components of φ transform under a change of basis according to

~φ_i = L_{ji}φ_j . (5.30)

Exercises 121

Exercise 5.3 Let δ : C([0, 1]) → R be the linear functional that evaluates a function at the origin: δ(f) = f(0). If C([0, 1]) is equipped with the sup-norm, ‖f‖_∞ = sup_{0≤x≤1} |f(x)|, show that δ is bounded and compute its norm. If C([0, 1]) is equipped with the one-norm, ‖f‖_1 =

∫_1 0 |f(x)|dx, show that δ is unbounded.

Exercise 5.4 Consider the 2 × 2 matrix A = ( 0 a^2 b^2 0 ) , where a > b > 0. Compute the spectral radius r(A) of A. Show that the Euclidean norms of powers of the matrix are given by ‖ ‖A^{2n} ‖ ‖ = a^{2n}b^{2n}, ‖ ‖A^{2n+1} ‖ ‖ = a^{2n+2}b^{2n}.

Verify that r(A) = lim_{n→∞} ‖A^n‖^{1/n}.

Exercise 5.5 Define K : C([0, 1]) → C([0, 1]) by Kf(x) = ∫_1 0 k(x, y)f(y) dy, where k : [0, 1] × [0, 1] → R is continuous. Prove that K is bounded and ‖K‖ = max_{0≤x≤1} {∫_1 0 |k(x, y)| dy } . Exercise 5.6 Let X be a normed linear space. Use the Hahn-Banach theorem to prove the following statements.

(a) For any x ∈ X, there is a bounded linear functional φ ∈ X^∗ such that ‖φ‖ = 1 and φ(x) = ‖x‖. (b) If x, y ∈ X and φ(x) = φ(y) for all φ ∈ X^∗, then x = y.

Exercise 5.7 Find the kernel and range of the linear operator K : C([0, 1]) → C([0, 1]) defined by Kf(x) = ∫_1 0 sin π(x − y)f(y) dy. Exercise 5.8 Prove that equivalent norms on a normed linear space X lead to equivalent norms on the space B(X) of bounded linear operators on X.

122 Banach Spaces

Exercise 5.9 Prove Proposition 5.43.

Exercise 5.10 Suppose that k : [0, 1] × [0, 1] → R is a continuous function. Prove that the integral operator K : C([0, 1]) → C([0, 1]) defined by Kf(x) = ∫_1 0 k(x, y)f(y) dy is compact.

Exercise 5.11 Prove that if T_n → T uniformly, then ‖T_n‖ → ‖T ‖.

Exercise 5.12 Prove that if T_n converges to T uniformly, then T_n converges to T strongly.

Exercise 5.13 Suppose that Λ is the diagonal n × n matrix and N is the n × n nilpotent matrix (meaning that N^k = 0 for some k)

Λ = λ_1 0 . . . 0 0 λ_2 . . . 0 . . . . .. . . . 0 0 . . . λ_n , N = 0 1 0 . . . 0 0 0 1 . . . 0 . . . . . . .. . . . 0 0 0 . . . 1 0 0 0 . . . 0 .

(a) Compute the two-norms and spectral radii of Λ and N. (b) Compute e^{Λt} and e^{Nt}.

Exercise 5.14 Suppose that A is an n × n matrix. For t ∈ R we define f(t) = det e^{tA}.

(a) Show that

lim_{t→0} f(t) − 1 t = tr A,

where tr A is the trace of the matrix A, that is the sum of its diagonal elements.

(b) Deduce that f : R → R is differentiable, and is a solution of the ODE ḟ = (tr A)f.

(c) Show that

det e^A = e^{tr A}.

Exercise 5.15 Suppose that A and B are bounded linear operators on a Banach space.

(a) If A and B commute, then prove that e^Ae^B = e^{A+B} .

Exercises 123

(b) If [A, [A, B]] = [B, [A, B]] = 0, then prove that e^Ae^B = e^{A+B+[A,B]/2}. This result is called the Baker-Campbell-Hausdorff formula.

Exercise 5.16 Suppose that A and B are, possibly noncommuting, bounded operators on a Banach space. Show that lim_{t→0} e^{t(A+B)} − e^{tA}e^{tB} t^2 = − 1 2 [A, B], lim_{t→0} e^{t(A+B)} − e^{tA/2}e^{tB} e^{tA/2} t^2

= 0.

Show that for small t the function e^{tA/2}e^{tB} e^{tA/2}x(0) provides a better approximation to the solution of the equation x_t = (A + B)x than the function e^{tA}e^{tB}x(0). The approximation e^{t(A+B)} ≈ e^{tA/2}e^{tB} e^{tA/2}, called Strang splitting, is useful in the numerical solution of evolution equations by fractional step methods. Exercise 5.17 Suppose that K : X → X is a bounded linear operator on a Banach space X with ‖K‖ < 1. Prove that I − K is invertible and (I − K)^{−1} = I + K + K^2 + K^3 + . . . , where the series on the right hand side converges uniformly in B(X).

124 Banach Spaces

Chapter 6

Hilbert Spaces

So far, in increasing order of specialization, we have studied topological spaces, metric spaces, normed linear spaces, and Banach spaces. Hilbert spaces are Banach spaces with a norm that is derived from an inner product, so they have an extra feature in comparison with arbitrary Banach spaces, which makes them still more special. We can use the inner product to introduce the notion of orthogonality in a Hilbert space, and the geometry of Hilbert spaces is in almost complete agreement with our intuition of linear spaces with an arbitrary (finite or infinite) number of orthogonal coordinate axes. By contrast, the geometry of infinite-dimensional Banach spaces can be surprisingly complicated and quite different from what naive extrapolations of the finite-dimensional situation would suggest.

6.1 Inner products

To be specific, we consider complex linear spaces throughout this chapter. We use a bar to denote the complex conjugate of a complex number. The corresponding results for real linear spaces are obtained by replacing C by R and omitting the complex conjugates.

Definition 6.1 An inner product on a complex linear space X is a map ( · , · ) : X × X → C such that, for all x, y, z ∈ X and λ, μ ∈ C :

(a) (x, λy + μz) = λ(x, y) + μ(x, z) (linear in the second argument); (b) (y, x) = (x, y) (Hermitian symmetric); (c) (x, x) ≥ 0 (nonnegative);

(d) (x, x) = 0 if and only if x = 0 (positive definite).

We call a linear space with an inner product an inner product space or a pre-Hilbert space.

126 Hilbert Spaces

From (a) and (b) it follows that ( · , · ) is antilinear, or conjugate linear, in the first argument, meaning that (λx + μy, z) = λ(x, z) + μ(y, z). If X is real, then ( · , · ) is bilinear, meaning that it is a linear function of each argument. If X is complex, then ( · , · ) is said to be sesquilinear, a name that literally means “one-and-half” linear.

There are two conventions for the linearity of the inner product. In most of the mathematically oriented literature ( · , · ) is linear in the first argument. We adopt the convention that the inner product is linear in the second argument, which is more common in applied mathematics and physics.

If X is a linear space with an inner product ( · , · ), then we can define a norm on X by ‖x‖ = √ (x, x). (6.1)

Thus, any inner product space is a normed linear space. We will always use the norm defined in (6.1) on an inner product space.

Definition 6.2 A Hilbert space is a complete inner product space.

In particular, every Hilbert space is a Banach space with respect to the norm in (6.1).

Example 6.3 The standard inner product on C^n is given by (x, y) = n∑ j=1 x_j y_j , where x = (x_1, . . . , x_n) and y = (y_1, . . . , y_n), with x_j , y_j ∈ C . This space is complete, and therefore it is a finite-dimensional Hilbert space.

Example 6.4 Let C([a, b]) denote the space of all complex-valued continuous functions defined on the interval [a, b]. We define an inner product on C([a, b]) by (f, g) = ∫_b a f(x)g(x) dx, where f, g : [a, b] → C are continuous functions. This space is not complete, so it is not a Hilbert space. The completion of C([a, b]) with respect to the associated norm, ‖f‖ = (∫_b a |f(x)|^2 dx )_{1/2} , is denoted by L^2([a, b]). The spaces L^p([a, b]), defined in Example 5.6, are Banach spaces but they are not Hilbert spaces when p ≠ 2.

Inner products 127

Similarly, if T is the circle, then L^2(T) is the Hilbert space of square-integrable functions f : T → C with the inner product (f, g) = ∫ T f(x)g(x) dx. Example 6.5 We define the Hilbert space ℓ^2(Z) of bi-infinite complex sequences by ℓ^2(Z) = { (z_n)^∞_{n=−∞} | | | ∞∑ n=−∞ |z_n|^2 < ∞ } . The space ℓ^2(Z) is a complex linear space, with the obvious operations of addition and multiplication by a scalar. An inner product on it is given by (x, y) = ∞∑ n=−∞ x_ny_n. The name “ℓ^2” is pronounced “little ell two” to distinguish it from L^2 or “ell two” in the previous example. The space ℓ^2(N) of square-summable sequences (z_n)^∞_{n=1} is defined in an analogous way.

Example 6.6 Let C^{m×n} denote the space of all m × n matrices with complex entries. We define an inner product on C^{m×n} by (A, B) = tr (A^∗B) , where tr denotes the trace and^∗ denotes the Hermitian conjugate of a matrix — that is, the complex-conjugate transpose. In components, if A = (a_{ij} ) and B = (b_{ij} ), then (A, B) = m∑ i=1 n∑ j=1 a_{ij} b_{ij} . This inner product is equal to the one obtained by identification of a matrix in C^{m×n} with a vector in C^{mn} . The corresponding norm,

‖A‖ = m∑ i=1 n∑ j=1 |a_{ij} |^2 1/2 , is called the Hilbert-Schmidt norm.

Example 6.7 Let C^k([a, b]) be the space of functions with k continuous derivatives on [a, b]. We define an inner product on C^k([a, b]) by (f, g) = k∑ j=0 ∫_b a f^{(j)}(x)g^{(j)}(x) dx,

128 Hilbert Spaces

where f^{(j)} denotes the jth derivative of f. The corresponding norm is

‖f‖ = k∑ j=0 ∫_b a |f^{(j)}(x)|^2 dx 1/2 . (6.2)

The space C^k([a, b]) is an inner product space, but it is not complete. The Hilbert space obtained by completion of C^k([a, b]) with respect to the norm ‖ · ‖ is a Sobolev space, denoted by H^k ((a, b)). In the notation of Example 5.7, we have H^k ((a, b)) = W^{k,2} ((a, b)) .

The following fundamental inequality on an inner product space is called the Cauchy-Schwarz inequality.

Theorem 6.8 (Cauchy-Schwarz) If x, y ∈ X, where X is an inner product space, then |(x, y)| ≤ ‖x‖‖y‖, (6.3) where the norm ‖ · ‖ is defined in (6.1).

Proof. By the nonnegativity of the inner product, we have 0 ≤ (λx − μy, λx − μy) for all x, y ∈ X and λ, μ ∈ C . Expansion of the inner product, and use of (6.1), implies that λμ(x, y) + λμ(y, x) ≤ |λ|^2‖x‖^2 + |μ|^2‖y‖^2. If (x, y) = re^{iφ}, where r = |(x, y)| and φ = arg (x, y), then we choose λ = ‖y‖e^{iφ}, μ = ‖x‖. It follows that 2‖x‖‖y‖|(x, y)| ≤ 2‖x‖^2‖y‖^2, which proves the result. □ An inner product space is a normed space with respect to the norm defined in (6.1). The converse question of when a norm is derived from an inner product in this way is answered by the following theorem.

Theorem 6.9 A normed linear space X is an inner product space with a norm derived from the inner product by (6.1) if and only if ‖x + y‖^2 + ‖x − y‖^2 = 2‖x‖^2 + 2‖y‖^2 for all x, y ∈ X. (6.4)

Inner products 129

Fig. 6.1 The geometric interpretation of the parallelogram law (6.4).

Proof. Use of (6.1) to write norms in terms of inner products, and expansion of the result, implies that (6.4) holds for any norm that is derived from an inner product. Conversely, if a norm satisfies (6.4), then the equation (x, y) = 1 4 { ‖x + y‖^2 − ‖x − y‖^2 − i‖x + iy‖^2 + i‖x − iy‖^2 } (6.5)

defines an inner product on X. We leave a detailed verification of this fact to the reader. □

The relation (6.4) is called the parallelogram law. Its geometrical interpretation is that the sum of the squares of the sides of a parallelogram is equal to the sum of the squares of the diagonals (see Figure 6.1). As the polarization formula (6.5) shows, an inner product is uniquely determined by its values on the diagonal, that is, by its values when the first and second arguments are equal.

Let (X, ( · , · )_X ) and (Y, ( · , · )_Y ) be two inner product spaces. Then there is a natural inner product on the Cartesian product space X × Y = {(x, y) | x ∈ X, y ∈ Y } given by

((x_1, y_1), (x_2, y_2))_{X×Y} = (x_1, x_2)_X + (y_1, y_2)_Y .

The associated norm on X × Y is ‖(x, y)‖ = √ ‖x‖^2 + ‖y‖^2 Unless stated otherwise, we will use this inner product and norm on the Cartesian product of two inner product spaces.

Theorem 6.10 Let X be an inner product space. The inner product is a continuous map from X × X → C .

130 Hilbert Spaces

Proof. For all x_1, x_2, y_1, y_2 ∈ X, the Cauchy-Schwarz inequality implies that

|(x_1, y_1) − (x_2, y_2)| = |(x_1 − x_2, y_1) + (x_2, y_1 − y_2)| ≤ ‖x_1 − x_2‖ ‖y_1‖ + ‖x_2‖ ‖y_1 − y_2‖.

This estimate implies the continuity of the inner product. □

6.2 Orthogonality

Let H be a Hilbert space. We denote its inner product by ⟨·, ·⟩, which is another common notation for inner products that is often reserved for Hilbert spaces. The inner product structure of a Hilbert space allows us to introduce the concept of orthogonality, which makes it possible to visualize vectors and linear subspaces of a Hilbert space in a geometric way.

Definition 6.11 If x, y are vectors in a Hilbert space H, then we say that x and y are orthogonal, written x ⊥ y, if ⟨x, y⟩ = 0. We say that subsets A and B are orthogonal, written A ⊥ B, if x ⊥ y for every x ∈ A and y ∈ B. The orthogonal complement A^⊥ of a subset A is the set of vectors orthogonal to A, A^⊥ = {x ∈ H | x ⊥ y for all y ∈ A} . Theorem 6.12 The orthogonal complement of a subset of a Hilbert space is a closed linear subspace.

Proof. Let H be a Hilbert space and A a subset of H. If y, z ∈ A^⊥ and λ, μ ∈ C , then the linearity of the inner product implies that ⟨x, λy + μz⟩ = λ⟨x, y⟩ + μ⟨x, z⟩ = 0 for all x ∈ A. Therefore, λy + μz ∈ A^⊥, so A^⊥ is a linear subspace.

To show that A^⊥ is closed, we show that if (y_n) is a convergent sequence in A^⊥, then the limit y also belongs to A^⊥. Let x ∈ A. From Theorem 6.10, the inner product is continuous and therefore ⟨x, y⟩ = ⟨x, lim_{n→∞} y_n⟩ = lim_{n→∞}⟨x, y_n⟩ = 0, since ⟨x, y_n⟩ = 0 for every x ∈ A and y_n ∈ A^⊥. Hence, y ∈ A^⊥. □

The following theorem expresses one of the fundamental geometrical properties of Hilbert spaces. While the result may appear obvious (see Figure 6.2), the proof is not trivial.

Theorem 6.13 (Projection) Let M be a closed linear subspace of a Hilbert space H.

Orthogonality 131

Fig. 6.2 y is the point in M closest to x.

(a) For each x ∈ H there is a unique closest point y ∈ M such that ‖x − y‖ = min_{z∈M} ‖x − z‖. (6.6) (b) The point y ∈ M closest to x ∈ H is the unique element of M with the property that (x − y) ⊥ M.

Proof. Let d be the distance of x from M, d = inf {‖x − z‖ | z ∈ M} . (6.7) First, we prove that there is a closest point y ∈ M at which this infimum is attained, meaning that ‖x − y‖ = d. From the definition of d, there is a sequence of elements y_n ∈ M such that lim_{n→∞} ‖x − y_n‖ = d. Thus, for all ϵ > 0, there is an N such that ‖x − y_n‖ ≤ d + ϵ when n ≥ N. We show that the sequence (y_n) is Cauchy. From the parallelogram law, we have ‖y_m − y_n‖^2 + ‖2x − y_m − y_n‖^2 = 2‖x − y_m‖^2 + 2‖x − y_n‖^2.

Since (y_m + y_n)/2 ∈ M, equation (6.7) implies that ‖x − (y_m + y_n)/2‖ ≥ d.

132 Hilbert Spaces

Combining these equations, we find that for all m, n ≥ N,

‖y_m − y_n‖^2 = 2‖x − y_m‖^2 + 2‖x − y_n‖^2 − ‖2x − y_m − y_n‖^2 ≤ 4(d + ϵ)^2 − 4d^2 ≤ 4ϵ(2d + ϵ). Therefore, (y_n) is Cauchy. Since a Hilbert space is complete, there is a y such that y_n → y, and, since M is closed, we have y ∈ M. The norm is continuous, so ‖x − y‖ = lim_{n→∞} ‖x − y_n‖ = d. Second, we prove the uniqueness of a vector y ∈ M that minimizes ‖x − y‖.

Suppose y and y^′ both minimize the distance to x, meaning that ‖x − y‖ = d, ‖x − y^′‖ = d. Then the parallelogram law implies that 2‖x − y‖^2 + 2‖x − y^′‖^2 = ‖2x − y − y^′‖^2 + ‖y − y^′‖^2.

Hence, since (y + y^′)/2 ∈ M, ‖y − y^′‖^2 = 4d^2 − 4‖x − (y + y^′)/2‖^2 ≤ 0.

Therefore, ‖y − y^′‖ = 0 so that y = y^′.

Third, we show that the unique y ∈ M found above satisfies the condition that the “error” vector x − y is orthogonal to M. Since y minimizes the distance to x, we have for every λ ∈ C and z ∈ M that ‖x − y‖^2 ≤ ‖x − y + λz‖^2. Expanding the right-hand side of this equation, we obtain that 2Re λ⟨x − y, z⟩ ≤ |λ|^2‖z‖^2. Suppose that ⟨x − y, z⟩ = |⟨x − y, z⟩| e^{iφ}. Choosing λ = ϵe^{−iφ}, where ϵ > 0, and dividing by ϵ, we get 2 |⟨x − y, z⟩| ≤ ϵ‖z‖^2. Taking the limit as ϵ → 0^+, we find that ⟨x − y, z⟩ = 0, so (x − y) ⊥ M.

Finally, we show that y is the only element in M such that x − y ⊥ M. Suppose that y^′ is another such element in M. Then y − y^′ ∈ M, and, for any z ∈ M, we have ⟨z, y − y^′⟩ = ⟨z, y − y^′⟩ − ⟨z, y − y⟩ = 0. In particular, we may take z = y − y^′, and therefore we must have y = y^′. □ The proof of part (a) applies if M is any closed convex subset of H (see Exercise 6.1). Theorem 6.13 can also be stated in terms of the decomposition of H into an orthogonal direct sum of closed subspaces.

Orthonormal bases 133

Definition 6.14 If M and N are orthogonal closed linear subspaces of a Hilbert space, then we define the orthogonal direct sum, or simply the direct sum, M ⊕ N of M and N by M ⊕ N = {y + z | y ∈ M and z ∈ N } . We may also define the orthogonal direct sum of two Hilbert spaces that are not subspaces of the same space (see Exercise 6.4).

Theorem 6.13 states that if M is a closed subspace, then any x ∈ H may be uniquely represented as x = y + z, where y ∈ M is the best approximation to x, and z ⊥ M. We therefore have the following corollary

Corollary 6.15 If M is a closed subspace of a Hilbert space H, then H = M⊕M^⊥.

Thus, every closed subspace M of a Hilbert space has a closed complementary subspace M^⊥. If M is not closed, then we may still decompose H as H = M⊕M^⊥. In a general Banach space, there may be no element of a closed subspace that is closest to a given element of the Banach space (see Exercise 6.2), and a closed linear subspace of a Banach space may have no closed complementary subspace. These facts are one indication of the much murkier geometrical properties of infinitedimensional Banach spaces in comparison with Hilbert spaces.

6.3 Orthonormal bases

A subset U of nonzero vectors in a Hilbert space H is orthogonal if any two distinct elements in U are orthogonal. A set of vectors U is orthonormal if it is orthogonal and ‖u‖ = 1 for all u ∈ U, in which case the vectors u are said to be normalized. An orthonormal basis of a Hilbert space is an orthonormal set such that every vector in the space can be expanded in terms of the basis, in a way that we make precise below. In this section, we show that every Hilbert space has an orthonormal basis, which may be finite, countably infinite, or uncountable. Two Hilbert spaces whose orthonormal bases have the same cardinality are isomorphic — any linear map that identifies basis elements is an isomorphism — but many different concrete realizations of a given abstract Hilbert space arise in applications. The most important case in practice is that of a separable Hilbert space, which has a finite or countably infinite orthonormal basis. As shown in Exercise 6.10, this condition is equivalent to the separability of the Hilbert space as a metric space, meaning that it contains a countable dense subset.

Before studying orthonormal bases in general Hilbert spaces, we give some examples.

Example 6.16 A set of vectors {e_1, . . . , e_n} is an orthonormal basis of the finitedimensional Hilbert spaces C^n if:

134 Hilbert Spaces

(a) ⟨e_j , e_k⟩ = δ_{jk} for 1 ≤ j, k ≤ n;

(b) for all x ∈ C^n there are unique coordinates x_k ∈ C such that x = n∑ k=1 x_k e_k, (6.8)

where δ_{jk} is the Kronecker delta defined in (5.25). The orthonormality of the basis implies that x_k = ⟨e_k, x⟩. For example, the standard orthonormal basis of C^n consists of the vectors

e_1 = (1, 0, . . . , 0), e_2 = (0, 1, . . . , 0), . . . , e_n = (0, 0, . . . , 1).

Example 6.17 Consider the Hilbert space ℓ^2(Z) defined in Example 6.5. An orthonormal basis of ℓ^2(Z) is the set of coordinate basis vectors {e_n | n ∈ Z} given by e_n = (δ_{kn})^∞_{k=−∞} .

For example, e_{−1} = (. . . , 0, 1, 0, 0, 0, . . .) , e_0 = (. . . , 0, 0, 1, 0, 0, . . .) , e_1 = (. . . , 0, 0, 0, 1, 0, . . .) . Example 6.18 The set of functions {e_n(x) | n ∈ Z}, given by e_n(x) = 1 √ 2π e^{inx}, is an orthonormal basis of the space L^2(T) of 2π-periodic functions, called the Fourier basis. We will study it in detail in the next chapter. As we will see, the inverse Fourier transform F^{−1} : ℓ^2(Z) → L^2(T), defined by F^{−1}(c_k) = 1 √ 2π ∞∑ k=−∞ c_ke^{ikx}, is a Hilbert space isomorphism between ℓ^2(Z) and L^2(T). Both Hilbert spaces are separable with a countably infinite basis.

Example 6.19 A function that is a sum of finitely many periodic functions is said to be quasiperiodic. If the ratios of the periods of the terms in the sum are rational, then the sum is itself periodic, but if at least one of the ratios is irrational, then the sum is not periodic. For example, f(t) = e^{it} + e^{iπt} is quasiperiodic but not periodic. Let X be the space of quasiperiodic functions f : R → C of the form f(t) = n∑ k=1 a_ke^{iωk t},

Orthonormal bases 135

where n ∈ N, a_k ∈ C , and ω_k ∈ R are arbitrary constants. We may think of t as a time variable, in which case f is a sum of time-harmonic functions with amplitudes |a_k|, phases arg a_k, and frequencies ω_k. When some of the frequencies are incommensurable, the function f “almost” repeats itself, but it is not periodic with any period, although it is bounded.

We define an inner product on X by means of the time average, ⟨f, g⟩ = lim_{T →∞} 1 2T ∫_T −T f(t)g(t) dt. If f(t) = ∑_n k=1 a_ke^{iωk t} and g(t) = ∑_n k=1 b_ke^{iωk t}, where ω_j ≠ ω_k for j ≠ k, then ⟨f, g⟩ = n∑ k=1 a_kb_k. The inner product may also be written as ⟨f, g⟩ = lim_{T →∞} 1 T ∫_{t0 +T} t_0 f(t)g(t) dt, where t_0 is any fixed time independent of T . The set of functions { e^{iωt} | ω ∈ R } (6.9)

is an orthonormal set in X. The space X is an inner product space, but it is not complete. We call the completion of X the space of L^2-almost periodic functions. This space consists of equivalence classes of functions of the form f(t) = ∞∑ k=1 a_ke^{iωk t}, (6.10) where ∑_∞ k=1 |a_k|^2 < ∞. The sum converges in norm, meaning that for any t_0 ∈ R,

lim_{T →∞} 1 2T ∫_T −T | | | | | f(t) − n∑ k=1 a_ke^{iωk t} | | | | | 2 dt → 0 as n → ∞. The set in (6.9) is an uncountable orthonormal basis of this Hilbert space, so the space is not separable.

Although in the future we will mainly consider separable Hilbert spaces, it is worth postponing this restriction for a little while. First, we say what we mean by a sum with a possibly uncountable number of terms. This definition also clarifies the sense in which our infinite sums converge, which is stronger than the sense in which infinite series converge.

136 Hilbert Spaces

Definition 6.20 Let {x_α ∈ X | α ∈ I} be an indexed set in a Banach space X, where the index set I may be countable or uncountable. For each finite subset J of I, we define the partial sum S_J by

S_J = ∑ α∈J x_α.

The unordered sum of the indexed set {x_α | α ∈ I} converges to x ∈ X, written x = ∑ α∈I x_α, (6.11)

if for every ϵ > 0 there is a finite subset J^ϵ of I such that ‖S_J − x‖ < ϵ for all finite subsets J of I that contain J^ϵ. An unordered sum is said to converge unconditionally.

All the sums in this chapter are to be interpreted as unordered sums. The convergence of finite partial sums S_J , indexed by finite subsets J of I, is a special case of the convergence of nets [12]. One can show that an unordered sum converges if and only if any permutation of its terms converges, and the sum is independent of the ordering of its terms.

A sum ∑ α∈I x_α is said to converge absolutely if the sum ∑ α∈I ‖x_α‖ of non- negative numbers converges unconditionally. The unordered sum of a sequence of real or complex numbers exists if and only if the corresponding series is absolutely convergent. An absolutely convergent sum in an infinite-dimensional Banach space converges unconditionally, but an unconditionally convergent sum need not converge absolutely (see Exercise 6.8 for an example).

If an unordered sum ∑ α∈I x_α converges to x, then for each n ∈ N there is a finite subset J_n of I such that S_{Jn} = ∑ α∈J_n xα satisfies ‖SJn − x‖ ≤ 1/n. It follows that x_α = 0 if α /∈ ⋃ n∈N J_n, so a convergent unordered sum has only countably many nonzero terms. Moreover, there is a sequence (S_{Jn} ) of finite partial sums that converges to x as n → ∞. The continuity of the inner product implies that ⟨ ∑ α∈I x_α, ∑ β∈J y_β ⟩ = ∑ (α,β)∈I×J ⟨x_α, y_β⟩.

There is a generalization of the Cauchy criterion for the convergence of series to unordered sums.

Definition 6.21 An unordered sum ∑ α∈I x_α is Cauchy if for every ϵ > 0 there is a finite set J^ϵ ⊂ I such that ‖S_K ‖ < ϵ for every finite set K ⊂ I \ J^ϵ.

Proposition 6.22 An unordered sum in a Banach space converges if and only if it is Cauchy.

Orthonormal bases 137

Proof. First, suppose that the unordered sum ∑ α∈I x_α converges to x. Let ϵ > 0.

By the definition of convergence, there is a finite set J^ϵ such that ‖S_J − x‖ < ϵ/2 for all finite sets J that contain J^ϵ. If K is any finite subset of I \ J^ϵ, then we let J = J^ϵ ∪ K. Since J contains J^ϵ, we have ‖S_K ‖ = ‖S_J − S_J ϵ ‖ ≤ ‖S_J − x‖ + ‖x − S_J ϵ ‖ < ϵ. Hence, the sequence is Cauchy.

Conversely, suppose that an unordered sum is Cauchy. Let J_n be finite subsets of I such that ‖S_K ‖ < 1/n for every K ⊂ I \ J_n. Without loss of generality, we may assume that J_n ⊂ J_{n+1} for all n. It follows that for all n ≤ m we have ‖S_{Jm} − S_{Jn} ‖ < 1/n, which shows that the sequence (S_{Jn} ) is Cauchy; hence, since a Banach space is complete, it converges to a point x. To complete the proof, we show that the unordered sum converges to x. Given ϵ > 0, we pick n such that 1/n < ϵ/2 and put J^ϵ = J_n. If J is a finite set that contains J^ϵ, then the Cauchy criterion for the set J_n and the convergence of the sequence (S_{Jn} ) to x imply that ‖S_J − x‖ ≤ ‖S_J − S_{Jn} ‖ + ‖S_{Jn} − x‖ < 2 n < ϵ. □ We may use the Cauchy criterion to give a simple necessary and sufficient condition for the unconditional convergence of a sum of orthogonal terms in a Hilbert space.

Lemma 6.23 Let U = {u_α | α ∈ I} be an indexed, orthogonal subset of a Hilbert space H. The sum ∑ α∈I u_α converges unconditionally if and only if ∑ α∈I ‖u_α‖^2 < ∞, and, in that case, ‖ ‖ ‖ ‖ ∑ α∈I u_α ‖ ‖ ‖ ‖ 2 = ∑ α∈I ‖u_α‖^2. (6.12)

Proof. For any finite set J we have ‖ ‖ ‖ ‖ ∑ α∈J u_α ‖ ‖ ‖ ‖ 2 = ∑ α,β∈J ⟨u_α, u_β⟩ = ∑ α∈J ⟨u_α, u_α⟩ = ∑ α∈J ‖u_α‖^2. It follows that the Cauchy criterion is satisfied for ∑ α∈I u_α if and only if it is satisfied for ∑ α∈I ‖u_α‖^2. Thus, one of the sums converges unconditionally if and only if the other does. Equation (6.12) follows because the sum is the limit of a sequence of finite partial sums and the norm is a continuous function. □

When combined with the following basic estimate, this lemma will imply that every element of a Hilbert space can be expanded with respect to an orthonormal basis.

Theorem 6.24 (Bessel’s inequality) Let U = {u_α | α ∈ I} be an orthonormal set in a Hilbert space H and x ∈ H. Then:

138 Hilbert Spaces (a) ∑ α∈I |⟨u_α, x⟩|^2 ≤ ‖x‖^2; (b) x_U = ∑ α∈I ⟨u_α, x⟩u_α is a convergent sum;

(c) x − x_U ∈ U^⊥.

Proof. We begin by computing ‖x − ∑ α∈J ⟨u_α, x⟩u_α‖ for any finite subset J ⊂ I: ‖ ‖ ‖ ‖ x − ∑ α∈J ⟨u_α, x⟩u_α ‖ ‖ ‖ ‖ 2 = ⟨( x − ∑ α∈J ⟨u_α, x⟩u_α ) , x − ∑ β∈J ⟨u_β , x⟩u_β ⟩

= ⟨x, x⟩ − ∑ β∈J ⟨u_β , x⟩⟨x, u_β ⟩ − ∑ α∈J ⟨u_α, x⟩⟨u_α, x⟩ + ∑ α,β∈J ⟨u_α, x⟩⟨u_β , x⟩⟨u_α, u_β ⟩ = ‖x‖^2 − ∑ α∈J |⟨u_α, x⟩|^2. Hence ∑ α∈J |⟨u_α, x⟩|^2 = ‖x‖^2 − ‖ ‖ ‖ ‖ ‖ x − ∑ α∈J ⟨u_α, x⟩u_α ‖ ‖ ‖ ‖ ‖ 2 ≤ ‖x‖^2. Since ∑ α∈I |⟨u_α, x⟩|^2 is a sum of nonnegative numbers that is bounded from above by ‖x‖^2, it is Cauchy. Therefore the sum converges and satisfies (a). The convergence claimed in (b) follows from an application of Lemma 6.23.

In order to prove (c), we consider any u_{α0} ∈ U. Using the orthonormality of U and the continuity of the inner product, we find that ⟨ x − ∑ α∈I ⟨u_α, x⟩u_α, u_{α0} ⟩ = ⟨x, u_{α0} ⟩ − ∑ α∈I ⟨u_α, x⟩⟨u_α, u_{α0} ⟩ = ⟨x, u_{α0} ⟩ − ⟨x, u_{α0} ⟩ = 0. Hence, x − ∑ α∈I ⟨u_α, x⟩u_α ∈ U^⊥. □ Given a subset U of H, we define the closed linear span [U] of U by

[U] = { ∑ u∈U c_uu | | | cu ∈ C and ∑ u∈U c_uu converges unconditionally } . (6.13)

Equivalently, [U] is the smallest closed linear subspace that contains U. We leave the proof of the following lemma to the reader.

Lemma 6.25 If U = {u_α | α ∈ I} is an orthonormal set in a Hilbert space H, then

[U] = { ∑ α∈I c_αu_α | | | cα ∈ C such that ∑ α∈I |c_α|^2 < ∞ } .

Orthonormal bases 139

By combining Theorem 6.13 and Theorem 6.24 we see that x_U , defined in part (b) of Theorem 6.24, is the unique element of [U] satisfying ‖x − x_U ‖ = min_{u∈[U]} ‖x − u‖. In particular, if [U] = H, then x_U = x, and every x ∈ H may be expanded in terms of elements of U. The following theorem gives equivalent conditions for this property of U, called completeness.

Theorem 6.26 If U = {u_α | α ∈ I} is an orthonormal subset of a Hilbert space H, then the following conditions are equivalent:

(a) ⟨u_α, x⟩ = 0 for all α ∈ I implies x = 0; (b) x = ∑ α∈I ⟨u_α, x⟩u_α for all x ∈ H; (c) ‖x‖^2 = ∑ α∈I |⟨u_α, x⟩|^2 for all x ∈ H; (d) [U] = H;

(e) U is a maximal orthonormal set.

Proof. We prove that (a) implies (b), (b) implies (c), (c) implies (d), (d) implies (e), and (e) implies (a). The condition in (a) states that U^⊥ = {0}. Part (c) of Theorem 6.24 then implies (b). The fact that (b) implies (c) follows from Lemma 6.23. To prove that (c) implies (d), we observe that (c) implies that U^⊥ = {0}, which implies that [U]^⊥ = {0}, so [U] = H. Condition (e) means that if V is a subset of H that contains U and is strictly larger than U, then V is not orthonormal. To prove that (d) implies (e), we note from (d) that any v ∈ H is of the form v = ∑ α∈I c_αu_α, where c_α = ⟨u_α, v⟩. Therefore, if v ⊥ U then c_α = 0 for all α, and hence v = 0, so U ∪ {v} is not orthonormal. Finally, (e) implies (a), since (a) is just a reformulation of (e). □

In view of this theorem, we can make the following definition.

Definition 6.27 An orthonormal subset U = {u_α | α ∈ I} of a Hilbert space H is complete if it satisfies any of the equivalent conditions (a)–(e) in Theorem 6.26. A complete orthonormal subset of H is called an orthonormal basis of H.

Condition (a) is often the easiest condition to verify. Condition (b) is the property that is used most often. Condition (c) is called Parseval’s identity. Condition (d) simply expresses completeness of the basis, and condition (e) will be used in the proof of the existence of an orthonormal basis in an arbitrary Hilbert space (see Theorem 6.29).

The following generalization of Parseval’s identity shows that a Hilbert space H with orthonormal basis {u_α | α ∈ I} is isomorphic to the sequence space ℓ^2(I).

Theorem 6.28 (Parseval’s identity) Suppose that U = {u_α | α ∈ I} is an orthonormal basis of a Hilbert space H. If x = ∑ α∈I a_αu_α and y = ∑ α∈I b_αu_α,

140 Hilbert Spaces

where a_α = ⟨u_α, x⟩ and b_α = ⟨u_α, y⟩, then ⟨x, y⟩ = ∑ α∈I a_α b_α. To show that every Hilbert space has many orthonormal bases, we use Zorn’s lemma, which states that a nonempty partially ordered set with the property that every totally ordered subset has an upper bound has a maximal element [49].

Theorem 6.29 Every Hilbert space H has an orthonormal basis. If U is an orthonormal set, then H has an orthonormal basis containing U.

Proof. If H = {0}, then the statement is trivially true with U = ∅, so we assume that H ≠ {0}. We introduce a partial ordering ≤ on orthonormal subsets of H by inclusion, so that U ≤ V if and only if U ⊂ V . If {U_α | α ∈ A} is a totally ordered family of orthonormal sets, meaning that for any α, β ∈ A we have either U_α ≤ U_β or U_β ≤ U_α, then ⋃ α∈A U_α is an orthonormal set and is an upper bound, in the sense of inclusion, of the family {U_α | α ∈ A}. Zorn’s Lemma implies that the family of all orthonormal sets in H has a maximal element. This element satisfies (e) in Theorem 6.26, and hence is a basis. To prove that any orthonormal set U can be extended to an orthonormal basis of H, we apply the same argument to the family of all orthonormal sets containing U. □

The existence of orthonormal bases would not be useful if we did not have a means of constructing them. The Gram-Schmidt orthonormalization procedure is an algorithm for the construction of an orthonormal basis from any countable linearly independent set whose linear span is dense in H.

Let V be a countable set of linearly independent vectors in a Hilbert space H. The Gram-Schmidt orthogonalization procedure is a method of constructing an orthonormal set U such that [U] = [V ], where the closed linear span [V ] of V is defined in (6.13). We denote the elements of V by v_n. The orthonormal set U = {u_n} is then constructed inductively by setting u_1 = v_1/‖v_1‖, and

u_{n+1} = c_{n+1} ( v_{n+1} − n∑ k=1 ⟨u_k, v_{n+1}⟩u_k )

for all n ≥ 1. Here c_{n+1} ∈ C is chosen so that ‖u_{n+1}‖ = 1. It is straightforward to check that [{v_1, . . . , v_n}] = [{u_1, . . . , u_n}] for all n ≥ 1, and hence that

[V ] = ⋃ n [{v_1, . . . , v_n}] = ⋃ n [{u_1, . . . , u_n}] = [U]. Example 6.30 Let (a, b) ⊂ R be a finite or infinite interval and w : (a, b) → R a continuous function such that w(x) > 0 for a < x < b. We define a weighted inner product on

C_w([a, b]) = { f : [a, b] → C | f continuous and ∫_b a w(x)|f(x)|^2 dx < ∞ }

Hilbert spaces in applications 141 by

⟨f, g⟩ = ∫_b a w(x)f(x)g(x) dx.

Let L^2_w([a, b]) be the Hilbert space obtained by the completion of C_w([a, b]) with respect to the norm derived from this inner product. The Gram-Schmidt procedure applied to the set of monomials {x^n | n ≥ 0} gives an orthonormal basis of polynomials for this Hilbert space. The simplest case is that of the space L^2([−1, 1]), with the usual unweighted inner product, which leads to the Legendre polynomials (see Exercise 6.12). The Tchebyschev polynomials are obtained from Gram-Schmidt orthonormalization of the monomials in L^2_w([−1, 1]) where w(x) = ( 1 − x^2 )_{1/2} (see Exercise 6.13). The Hermite polynomials are obtained by Gram-Schmidt orthonormalization of the monomials in the space L^2_w(R) with the Gaussian weight function w(x) = e^{−x2/2} (see Exercise 6.14). For a description of other polynomials that arise in this way, such as the Jacobi and Laguerre polynomials, see [5].

6.4 Hilbert spaces in applications

In this section, we describe several applications in which Hilbert spaces arise naturally.

The first is quantum mechanics. The introduction of quantum mechanics in the 1920s represents one of the most profound shifts in history of our understanding of the physical world. The theory developed at a feverish pace, and people hardly had time to pause to think about the mathematical structures they were inventing and using. Only later was it realized, by von Neumann, that Hilbert spaces are the natural setting for quantum mechanics.

One of the simplest quantum mechanical systems consists of a particle, such as an electron, confined to move in a straight line between two parallel walls: the “particle in a box.” Quantum effects are important when the kinetic energy of the particle is comparable with E = ℏ^2/(2mL^2), where m is the mass of the particle, ℏ is Planck’s constant, and L is the distance between the walls. Planck’s constant has the dimensions of action, or energy times time, so E has the dimensions of energy.

In quantum mechanics, the state of the particle at each instant in time t is described by an element ψ(·, t) ∈ L^2([0, L]), that is, a vector in the Hilbert space of square-integrable, complex-valued functions on the interval [0, L]. The function ψ is called the wavefunction of the particle. This description contrasts with classical, Newtonian mechanics, where the state of the particle is described by just two numbers: the position 0 ≤ x ≤ L and the velocity v ∈ R. The physical interpretation of the wavefunction is that |ψ|^2 is a probability density. If the position x of the particle is measured at some time t, then the probability of observing the particle

142 Hilbert Spaces

in some interval [a, b], where 0 ≤ a < b ≤ L, is given by

Pr [particle is in the interval [a, b] at time t] = ∫_b a |ψ(x, t)|^2 dx ∫_L 0 |ψ(x, t)|^2 dx . The dynamics of the quantum mechanical particle is described by a partial differential equation for the wavefunction, called the Schrödinger equation. For the particle in a box, the Schrödinger equation is iℏψ_t = − ℏ^2 2m ψ_{xx}, x ∈ [0, L], t ∈ R, (6.14) with the boundary conditions ψ(0, t) = ψ(L, t) = 0 for all t ∈ R.

A second way in which L^2-spaces arise naturally is as “energy” spaces. The quantity ∫ |f(x)|^2 dx (6.15)

often represents the total energy of a physical system, or some other fundamental quantity, and one often wants to restrict attention to systems for which this quantity is finite. For example, in fluid mechanics, if u(x) is the velocity of a fluid at the point x, then ∫ V |u(x)|^2 dx,

where | · | denotes the Euclidean norm of a vector, is proportional to the kinetic energy of the fluid in V . This energy should be finite for any region V with finite volume. An electromagnetic field is described by two vector fields, the electric field E and the magnetic field B. In suitable units, the energy of the electromagnetic field in a region V is given by ∫ V { |E(x)|^2 + |B(x)|^2 } dx. The requirement of finite energy leads naturally to the requirement that E and B belong to appropriate L^2-spaces.

A third area in which Hilbert spaces arise naturally is in probability theory. As we discuss in greater detail in Chapter 12, a random experiment is modeled mathematically by a space Ω, called the sample space, and a probability measure P on Ω. Each point ω ∈ Ω corresponds to a possible outcome of the experiment. An event A is a measurable subset of Ω. The probability measure P associates with each event A a probability P (A), where 0 ≤ P (A) ≤ 1 and P (Ω) = 1.

A random variable X is a measurable function X : Ω → C , which associates a number X(ω) with each possible outcome ω ∈ Ω. The expected value EX of a

References 143

random variable X is the mean, or integral, of the random variable X with respect to the probability measure P , EX = ∫ Ω X(ω) dP (ω). A random variable X is said to be second-order if E|X|^2 < ∞. The set of second-order random variables forms a Hilbert space with respect to the inner product ⟨X, Y ⟩ = E [ XY ] , where we identify random variables that are equal almost surely. Here, “almost surely” is the probabilistic terminology for “almost everywhere,” so that two random variables are equal almost surely if they are equal on a subset of Ω which has probability one. The space of second-order random variables may be identified with the space L^2(Ω, P ) of square-integrable functions on (Ω, P ), with the inner product ⟨X, Y ⟩ = ∫ Ω X(ω)Y (ω) dP (ω). The Cauchy-Schwarz inequality and the fact that E1 = 1 imply that a second-order random variable has finite mean, since |EX| = |⟨1, X⟩| ≤ E [ |X|^2 ]_{1/2} . Thus, the Hilbert space of second-order random variables consists of the random variables with finite mean and finite variance, where the variance Var X of a random variable X is defined by

Var X = E [ |X − EX|^2 ] . Two random variables X, Y are uncorrelated if E [XY ] = EX EY. In particular, two random variables with zero mean are uncorrelated if and only if they are orthogonal.

6.5 References

The material of this chapter’s introduction to Hilbert space is covered in Chapter 4 of Rudin [49], and also in Simmons [50]. Halmos [20] contains a large number of problems on Hilbert spaces, together with hints and solutions. For an introduction to probability theory, see Grimmett and Stirzaker [17].

144 Hilbert Spaces

6.6 Exercises Exercise 6.1 Prove that a closed, convex subset of a Hilbert space has a unique point of minimum norm.

Exercise 6.2 Consider C([0, 1]) with the sup-norm. Let N = { f ∈ C([0, 1]) | | | ∫_1 0 f(x) dx = 0 }

be the closed linear subspace of C([0, 1]) of functions with zero mean. Let X = { f ∈ C([0, 1]) | | | f(0) = 0 }

and define M = N ∩ X, meaning that M = { f ∈ C([0, 1]) | | f(0) = 0,

∫_1 0 f(x) dx = 0 } . (a) If u ∈ C([0, 1]), prove that d(u, N) = inf_{n∈N} ‖u − n‖ = |u| , where |u| =

∫_1 0 u(x) dx is the mean of u, so the infimum is attained when n = u − u ∈ N. (b) If u(x) = x ∈ X, show that d(x, M) = inf_{m∈M} ‖u − m‖ = 1/2, but that the infimum is not attained for any m ∈ M.

Exercise 6.3 If A is a subset of a Hilbert space, prove that A^⊥ = A^⊥, where A is the closure of A. If M is a linear subspace of a Hilbert space, prove that M^{⊥⊥} = M. Exercise 6.4 Suppose that H_1 and H_2 are two Hilbert spaces. We define H_1 ⊕ H_2 = {(x_1, x_2) | x_1 ∈ H_1, x_2 ∈ H_2} with the inner product ⟨(x_1, x_2), (y_1, y_2)⟩_{H1 ⊕H2} = ⟨x_1, y_1⟩_{H1} + ⟨x_2, y_2⟩_{H2} .

Prove that H_1 ⊕ H_2 is a Hilbert space. Find the orthogonal complement of the subspace {(x_1, 0) | x_1 ∈ H_1}.

Exercises 145

Exercise 6.5 Suppose that {H_n | n ∈ N} is a set of orthogonal closed subspaces of a Hilbert space H. We define the infinite direct sum ∞⨁ n=1 H_n = {_∞ ∑ n=1 x_n | | x_n ∈ H_n and ∑∞_{n=1} ‖x_n‖_2 < ∞ } . Prove that ⨁_∞ n=1 H_n is a closed linear subspace of H.

Exercise 6.6 Prove that the vectors in an orthogonal set are linearly independent.

Exercise 6.7 Let {x_α}_{α∈I} be a family of nonnegative real numbers. Prove that ∑ α∈I x_α = sup { ∑ α∈J x_α | | | J ⊂ I and J is finite } . Exercise 6.8 Let {x_n | n ∈ N} be an orthonormal set in a Hilbert space. Show that the sum ∑_∞ n=1 x_n/n converges unconditionally but not absolutely.

Exercise 6.9 Prove Lemma 6.25.

Exercise 6.10 Prove that a Hilbert space is a separable metric space if and only if it has a countable orthonormal basis.

Exercise 6.11 Prove that if M is a dense linear subspace of a Hilbert space H, then H has an orthonormal basis consisting of elements in M. Does the same result hold for arbitrary dense subsets of H?

Exercise 6.12 Define the Legendre polynomials P_n by

P_n(x) = 1 2^nn! d^n dx^n ( x^2 − 1 )_n . (a) Compute the first few Legendre polynomials, and compare with what you get by Gram-Schmidt orthogonalization of the monomials {1, x, x^2, . . .} in L^2([−1, 1]).

(b) Show that the Legendre polynomials are orthogonal in L^2([−1, 1]), and that they are obtained by Gram-Schmidt orthogonalization of the monomials.

(c) Show that ∫_1 −1 P_n(x)^2 dx = 2 2n + 1 . (d) Prove that the Legendre polynomials form an orthogonal basis of L^2([−1, 1]).

Suppose that f ∈ L^2([−1, 1]) is given by f(x) = ∞∑ n=0 c_nP_n(x). Compute c_n and say explicitly in what sense the series converges.

146 Hilbert Spaces

(e) Prove that the Legendre polynomial P_n is an eigenfunction of the differential operator L = − d dx ( 1 − x^2 ) d dx with eigenvalue λ_n = n(n + 1), meaning that LP_n = λ_nP_n. Exercise 6.13 Let H be the Hilbert space of functions f : [−1, 1] → C such that ∫_1 −1 |f(x)|^2 √ 1 − x^2 dx < ∞, with the inner-product ⟨f, g⟩ = ∫_1 −1 f(x)g(x) √ 1 − x^2 dx. Show that the Tchebyshev polynomials, T_n(x) = cos(nθ) where cos θ = x and 0 ≤ θ ≤ π, n = 0, 1, 2, . . ., form an orthogonal set in H, and

‖T_0‖ = √ π, ‖T_n‖ = √ π 2 n ≥ 1. Exercise 6.14 Define the Hermite polynomials H_n by

H_n(x) = (−1)^ne^{x2} d^n dx^n ( e^{−x2} ) . (a) Show that φ_n(x) = e^{−x2/2}H_n(x) is an orthogonal set in L^2(R).

(b) Show that the nth Hermite function φ_n is an eigenfunction of the linear operator H = − d^2 dx^2 + x^2

with eigenvalue λ_n = 2n + 1.

Hint: Let A = d dx + x, A^∗ = − d dx + x.

Exercises 147

Show that Aφ_n = 2nφ_{n−1}, A^∗φ_n = φ_{n+1}, H = AA^∗ − 1. In quantum mechanics, H is the Hamiltonian operator of a simple harmonic oscillator, and A^∗ and A are called creation and annihilation, or ladder, operators.

148 Hilbert Spaces

Chapter 7

Fourier Series

What makes Hilbert spaces so powerful in many applications is the possibility of expressing a problem in terms of a suitable orthonormal basis. In this chapter, we study Fourier series, which correspond to the expansion of periodic functions with respect to an orthonormal basis of trigonometric functions. We explore a variety of applications of Fourier series, and introduce an important related class of orthonormal bases, called wavelets.

7.1 The Fourier basis

A function f : R → C is 2π-periodic if

f(x + 2π) = f(x) for all x ∈ R.

The choice of 2π for the period is simply for convenience; different periods may be reduced to this case by rescaling the independent variable. A 2π-periodic function on R may be identified with a function on the circle, or one-dimensional torus, T = R/(2πZ), which we define by identifying points in R that differ by 2πn for some n ∈ Z. We could instead represent a 2π-periodic function f : R → C by a function on a closed interval f : [a, a + 2π] → C such that f(a) = f(a + 2π), but the choice of a here is arbitrary, and it is clearer to think of the function as defined on the circle, rather than an interval.

The space C(T) is the space of continuous functions from T to C , and L^2(T) is the completion of C(T) with respect to the L^2-norm, ‖f‖ = (∫ T |f(x)|^2 dx )_{1/2} . Here, the integral over T is an integral with respect to x taken over any interval of length 2π. An element f ∈ L^2(T) can be interpreted concretely as an equivalence class of Lebesgue measurable, square integrable functions from T to C with respect to the equivalence relation of almost-everywhere equality. The space L^2(T) is a

150 Fourier Series

Hilbert space with the inner product ⟨f, g⟩ = ∫ T f(x)g(x) dx. The Fourier basis elements are the functions

e_n(x) = 1 √ 2π e^{inx}. (7.1) Our first objective is to prove that {e_n | n ∈ Z} is an orthonormal basis of L^2(T). The orthonormality of the functions e_n is a simple computation: ⟨e_m, e_n⟩ = ∫ T 1 √ 2π e^{imx} 1 √ 2π e^{inx} dx = 1 2π ∫_{2π} 0 e^{i(n−m)x} dx = { 1 if m = n, 0 if m ≠ n. Thus, the main result we have to prove is the completeness of {e_n | n ∈ Z}. We denote the set of all finite linear combinations of the e_n by P. Functions in P are called trigonometric polynomials. We will prove that any continuous function on T can be approximated uniformly by trigonometric polynomials, a result which is closely related to the Weierstrass approximation theorem in Theorem 2.9. Since uniform convergence on T implies L^2-convergence, and continuous functions are dense in L^2(T), it follows that the trigonometric polynomials are dense in L^2(T), so {e_n} is a basis.

The idea behind the completeness proof is to obtain a trigonometric polynomial approximation of a continuous function f by taking the convolution of f with an approximate identity that is a trigonometric polynomial. Convolutions and approximate identities are useful in many other contexts, so we begin by describing them.

The convolution of two continuous functions f, g : T → C is the continuous function f ∗ g : T → C defined by the integral (f ∗ g)(x) = ∫ T f(x − y)g(y) dy. (7.2) By changing variables y → x − y, we may also write (f ∗ g)(x) = ∫ T f(y)g(x − y) dy, so that f ∗ g = g ∗ f.

The Fourier basis 151

Definition 7.1 A family of functions {φ_n ∈ C(T) | n ∈ N} is an approximate identity if:

(a) φ_n(x) ≥ 0; (7.3) (b) ∫ T φ_n(x) dx = 1 for every n ∈ N; (7.4) (c) lim_{n→∞} ∫ δ≤|x|≤π φ_n(x) dx = 0 for every δ > 0. (7.5) In (7.5), we identify T with the interval [−π, π].

Thus, each function φ_n has unit area under its graph, and the area concentrates closer to the origin as n increases. For large n, the convolution of a function f with φ_n therefore gives a local average of f.

Theorem 7.2 If {φ_n ∈ C(T) | n ∈ N} is an approximate identity and f ∈ C(T), then φ_n ∗ f converges uniformly to f as n → ∞. Proof. From (7.4), we have f(x) = ∫ T φ_n(y)f(x) dy. We also have that (φ_n ∗ f)(x) = ∫ T φ_n(y)f(x − y) dy. We may therefore write (φ_n ∗ f)(x) − f(x) = ∫ T φ_n(y) [f(x − y) − f(x)] dy. (7.6) To show that the integral on the right-hand side of this equation is small when n is large, we consider the integrand separately for y close to zero and y bounded away from zero. The contribution to the integral from values of y close to zero is small because f is continuous, and the contribution to the integral from values of y bounded away from zero is small because the integral of φ_n is small.

More precisely, suppose that ϵ > 0. Since f is continuous on the compact set T, it is bounded and uniformly continuous. Therefore, there is an M such that |f(x)| ≤ M for all x ∈ T, and there is a δ > 0 such that |f(x) − f(y)| ≤ ϵ whenever |x − y| < δ. Then, estimating the integral in (7.6), we obtain that |(φ_n ∗ f)(x) − f(x)| ≤ ∫_π −π φ_n(y) |f(x − y) − f(x)| dy ≤ ∫ |y|<δ φ_n(y) |f(x − y) − f(x)| dy

152 Fourier Series

+ ∫ |y|≥δ φ_n(y) |f(x − y) − f(x)| dy ≤ ϵ ∫ |y|<δ φ_n(y) dy + ∫ |y|≥δ φ_n(y) [|f(x − y)| + |f(x)|] dy ≤ ϵ + 2M ∫ |y|≥δ φ_n(y) dy. Taking the sup of this inequality over x, the lim sup as n → ∞, and using (7.5), we find that lim sup n→∞ ‖φ_n ∗ f − f‖_∞ ≤ ϵ. Since ϵ > 0 is arbitrary, it follows that φ_n ∗ f → f uniformly in C(T). □ Theorem 7.3 The trigonometric polynomials are dense in C(T) with respect to the uniform norm.

Proof. For each n ∈ N, we define the function φ_n ≥ 0 by φ_n(x) = c_n (1 + cos x)^n . (7.7) We choose the constant c_n so that ∫ T φ_n(x) dx = 1. (7.8) Since 1 + cos x has a strict maximum at x = 0, the graph of φ_n is sharply peaked at x = 0 for large n, and the area under the graph concentrates near x = 0. In particular, {φ_n} satisfies (7.5) (see Exercise 7.1). It follows that {φ_n} is an approximate identity, and hence φ_n ∗ f converges uniformly to f from Theorem 7.2.

To complete the proof, we show that φ_n ∗ f is a trigonometric polynomial for any continuous function f. First, φ_n is a trigonometric polynomial; in fact, φ_n(x) = n∑ k=−n a_{nk}e^{ikx}, where a_{nk} = 2^{−n}c_n ( 2n n + k ) . Therefore, φ_n ∗ f(x) = ∫ T n∑ k=−n a_{nk}e^{ik(x−y)}f(y) dy

= n∑ k=−n a_{nk}e^{ikx} ∫ T e^{−iky} f(y) dy

= n∑ k=−n b_ke^{ikx},

The Fourier basis 153

where b_k = a_{nk} ∫ T e^{−iky}f(y) dy. Thus, φ_n ∗ f is a trigonometric polynomial. □

From the completeness of the Fourier basis, it follows that any function f ∈ L^2(T) may be expanded in a Fourier series as f(x) = 1 √ 2π ∞∑ n=−∞ ^f_ne^{inx},

where the equality means convergence of the partial sums to f in the L^2-norm, or lim N→∞ ∫ T | | | | 1 √ 2π N∑ n=−N ^f_ne^{inx} − f(x) | | | | 2 dx = 0.

From orthonormality, the Fourier coefficients ^f_n ∈ C of f are given by ^f_n = ⟨e_n, f⟩, or ^f_n = 1√ 2π ∫ T f(x)e^{−inx} dx. Moreover, Parseval’s identity implies that ∫ T f(x)g(x) dx = ∞∑ n=−∞ ^f_n^g_n.

In particular, the L^2-norm of a function can be computed either in terms of the function or its Fourier coefficients, since ∫ T |f(x)|^2 dx = ∞∑ n=−∞ | | | ^fn | | |^2 . (7.9)

Thus, the periodic Fourier transform F : L^2(T) → ℓ^2(Z) that maps a function to its sequence of Fourier coefficients, by Ff = ( ^f_n )_∞ n=−∞ , is a Hilbert space isomorphism between L^2(T) and ℓ^2(Z). The projection theorem, Theorem 6.13, implies that the partial sum

f_N (x) = 1 √ 2π N∑ n=−N ^f_ne^{inx}

is the best approximation of f by a trigonometric polynomial of degree N in the sense of the L^2-norm.

154 Fourier Series

An important property of the Fourier transform is that it maps the convolution of two functions to the pointwise product of their Fourier coefficients. The convolution of two L^2-functions may either be defined by (7.2), where the integral is a Lebesgue integral, or by a density argument using continuous functions, as in the following proposition.

Proposition 7.4 If f, g ∈ L^2(T), then f ∗ g ∈ C(T) and ‖f ∗ g‖_∞ ≤ ‖f‖_2‖g‖_2. (7.10) Proof. If f, g ∈ C(T), then application of the Cauchy-Schwarz inequality to (7.2) implies that |f ∗ g(x)| ≤ ‖f‖_2‖g‖_2. Taking the supremum of this equation with respect to x, we get (7.10). If f, g ∈ L^2(T), then there are sequences (f_k) and (g_k) of continuous functions such that ‖f − f_k‖_2 → 0 and ‖g − g_k‖_2 → 0 as k → ∞. The convolutions f_k ∗ g_k are continuous functions. Moreover, they form a Cauchy sequence with respect to the sup-norm since, from (7.10), ‖f_j ∗ g_j − f_k ∗ g_k‖_∞ ≤ ‖(f_j − f_k) ∗ g_j ‖_∞ + ‖f_k ∗ (g_j − g_k)‖_∞ ≤ ‖f_j − f_k‖_2 ‖g_j ‖_2 + ‖f_k‖_2 ‖g_j − g_k‖_2 ≤ M ( ‖f_j − f_k‖_2 + ‖g_j − g_k‖_2 ) . Here, we use the fact that ‖f_j ‖_2 ≤ M and ‖g_k‖_2 ≤ M for some constant M because the sequences converge in L^2(T). By the completeness of C(T), the sequence (f_k ∗g_k) converges uniformly to a continuous function f ∗ g. This limit is independent of the sequences used to approximate f and g, and it satisfies (7.10). □

The inequality (7.10) is a special case of Young’s inequality for convolutions (see Theorem 12.58).

Theorem 7.5 (Convolution) If f, g ∈ L^2(T), then ^ (f ∗ g)_n = √ 2π ^f_n^g_n. (7.11)

Proof. Because of the density of C(T) in L^2(T), and the continuity of the Fourier transform and the convolution with respect to L^2-convergence, it is sufficient to prove (7.11) for continuous functions f, g. In that case, we may exchange the order of integration in the following computation: ^ (f ∗ g)_n = 1 √ 2π ∫ T f ∗ g(x)e^{−inx} dx = 1 √ 2π ∫ T (∫ T f(x − y)g(y) dy ) e^{−inx} dx

The Fourier basis 155

= ∫ T 1 √ 2π (∫ T f(x − y)e^{−in(x−y)} dx ) g(y)e^{−iny} dy = ^f_n ∫ T g(y)e^{−iny} dy = √ 2π ^f_n^g_n. This proves the theorem. □

Alternatively, we may prove Theorem 7.5 directly for f, g ∈ L^1(T). The exchange in the order of integration is justified by Fubini’s theorem, Theorem 12.41.

The L^2-convergence of Fourier series is particularly simple. It is nevertheless interesting to ask about other types of convergence. For example, the Fourier series of a function f ∈ L^2(T) also converges pointwise a.e. to f. This result was proved by Carleson, only as recently as 1966. An analysis of the pointwise convergence of Fourier series is very subtle, and the proof is beyond the scope of this book. For smooth functions, such as continuously differentiable functions, the convergence of the partial sums is uniform, as we will show in Section 7.2 below.

The behavior of the partial sums near a point of discontinuity of a piecewise smooth function is interesting. The sums do not converge uniformly; instead the partial sums oscillate in an interval that contains the point of discontinuity. The width of the interval where the oscillations occur shrinks to zero as N → 0, but the size of the oscillations does not — in fact, for large N, the magnitude of the oscillations is approximately 9% of the jump in f at the jump discontinuity. This behavior is called the Gibbs phenomenon. As a result, care is required when one uses Fourier series to represent discontinuous functions.

It is often convenient to modify the orthonormal basis {e_n(x)} in (7.1) slightly. First, if we use the non-normalized orthogonal basis {e^{inx}}, then the Fourier expansion of f ∈ L^2(T) is f(x) = ∞∑ n=−∞ ^f_ne^{inx},

where

^f_n = 1 2π ∫ T f(x)e^{−inx} dx. Second, the real-valued functions {1, cos nx, sin nx | n = 1, 2, 3, . . .} also form an orthogonal basis, since

cos nx = e^{inx} + e^{−inx} 2 , sin nx = e^{inx} − e^{−inx} 2i .

156 Fourier Series

The corresponding Fourier expansion of f ∈ L^2(T) is f(x) = 1 2 a_0 + ∞∑ n=1 {a_n cos nx + b_n sin nx} , where

a_0 = 1 π ∫ T f(x) dx, a_n = 1 π ∫ T f(x) cos nx dx, b_n = 1 π ∫ T f(x) sin nx dx. This basis has the advantage that a real-valued function has real Fourier coefficients a_n, b_n. A second useful property of this basis is that its elements are even or odd. A function f is even if f(−x) = f(x) for all x, and odd if f(−x) = −f(x) for all x. Even functions f have a Fourier cosine expansion of the form f(x) = 1 2 a_0 + ∞∑ n=1 a_n cos(nx), while odd functions f have a Fourier sine expansion of the form f(x) = ∞∑ n=1 b_n sin(nx). If a function is defined on the interval [0, π], then we may extend it to an even or an odd 2π periodic function on R. The original function may therefore be represented by a Fourier cosine or sine expansion on [0, π] (see Exercise 7.3). The quality of the approximation of a function by the partial sums of a Fourier series sometimes depends significantly on the basis used for the expansion. This is illustrated in Figure 7.1.

Fourier series of multiply periodic functions are defined in an entirely analogous way. A function f : R^d → C is 2π-periodic in each variable if f (x_1, x_2, . . . , x_i + 2π, . . . , x_d) = f (x_1, x_2, . . . , x_i, . . . , x_d) for i = 1, . . . , d. We may regard a multiply periodic function as a function on the d-dimensional torus T^d = R^d /(2πZ)^d, which is the Cartesian product of d circles. An orthonormal basis of L^2(T^d) consists of the functions

e_n(x) = 1 (2π)^{d/2} e^{in·x}, where x = (x_1, . . . , x_d) ∈ T^d, n = (n_1, . . . , n_d) ∈ Z^d, and

n · x = n_1x_1 + · · · + n_dx_d.

The Fourier series expansion of a function f ∈ L^2(T^d) is

f(x) = 1 (2π)^{d/2} ∑ n∈Z^d ^f_ne^{in·x},

Fourier series of differentiable functions 157

Fig. 7.1 Fourier sine (left) and cosine (right) series for two piecewise linear functions. Note the difference in the quality of the approximations.

where the series converges unconditionally with respect to the L^2-norm, and

^f_n = 1 (2π)^{d/2} ∫ T^d f(x)e^{−in·x} dx.

7.2 Fourier series of differentiable functions

There is an important connection between the smoothness of a function and the rate of decay of its Fourier coefficients: the smoother a function (that is, the more times it is differentiable), the faster its Fourier coefficients decay. Heuristically, a smooth function contains a small amount of high frequency components.

If f ∈ C^1(T) is continuously differentiable, then we can relate the Fourier coefficients of f^′ to those of f using an integration by parts: ^f ′_n = 1√ 2π ∫_{2π} 0 e^{−inx}f^′(x) dx = 1 √ 2π [f(2π) − f(0)] − 1 √ 2π ∫_{2π} 0 (−in)e^{−inx}f(x) dx = in ^f_n. (7.12)

Thus, differentiation of a function corresponds to multiplication of its Fourier coef-

158 Fourier Series

ficients by in. It follows by induction that if f ∈ C^k(T), then ^ f^{(k)}_n = (in)^k ^f_n.

Equation (7.12) may be used to define the notion of the derivative of a function whose derivative is square integrable, but need not be continuous. Such a derivative is called a weak derivative. The space of functions in L^2 whose weak derivatives are in L^2 is denoted by H^1, and is an example of a Sobolev space.

Definition 7.6 The Sobolev space H^1(T) consists of all functions f(x) = 1 √ 2π ∞∑ n=−∞ ^f_ne^{inx} ∈ L^2(T)

such that ∞∑ n=−∞ n^2 | | | ^fn | | |^2 < ∞. The weak L^2-derivative f^′ ∈ L^2(T) of f ∈ H^1(T) is defined by the L^2-convergent Fourier series

f^′(x) = 1 √ 2π ∞∑ n=−∞ in ^f_ne^{inx}.

The space H^1(T) is a Hilbert space with respect to the inner product ⟨f, g⟩_H1 = ∫ T { f(x)g(x) + f^′(x)g^′(x) } dx. By Parseval’s theorem, the H^1-inner product of two functions may be written in terms of their Fourier coefficients as ⟨f, g⟩_H1 = ∞∑ n=−∞ ( 1 + n^2 ) ^ f_n^g_n. Convergence with respect to the associated H^1-norm corresponds to mean-square convergence of functions and their derivatives.

A continuously differentiable function belongs to H^1(T) and its weak derivative is equal to the usual pointwise derivative. It follows from the density of C(T) in L^2(T) that H^1(T) is the completion of the space C^1(T) of continuously differentiable functions (or the space of trigonometric polynomials) with respect to the H^1-norm.

If f, g ∈ H^1(T), then the definition of f^′ and Parseval’s theorem imply that ⟨f^′, g⟩_L2 = ∞∑ n=−∞ in ^f_n^g_n = − ∞∑ n=−∞ ^f_nin^g_n = −⟨f, g^′⟩_{L2} .

Fourier series of differentiable functions 159

After replacing f by f, we see that weak derivatives satisfy integration by parts: ∫ T f^′g dx = − ∫ T fg^′ dx. (7.13) There are no boundary terms in the integration by parts formula for periodic functions. We can use (7.13) to give an equivalent definition of the weak L^2-derivative of a function in terms of its integral against a smooth test function. If f ∈ H^1(T), then the linear functional F : C^1(T) ⊂ L^2(T) → C defined by F (φ) = − ∫ T fφ^′ dx, φ ∈ C^1(T), is bounded. Conversely, if F is bounded for a given function f ∈ L^2(T), then, since C^1(T) is dense in H^1(T), the bounded linear transformation theorem, Theorm 5.19, implies that F extends to a unique bounded linear functional on L^2(T). The Riesz representation theorem (see Theorem 8.12 below) therefore implies that there is a unique function f^′ ∈ L^2(T) such that F (φ) = ⟨f^′, φ⟩ holds for all φ ∈ C^1(T). This leads to the following alternative definition of a weak L^2-derivative.

Definition 7.7 A function f ∈ L^2(T) belongs to H^1(T) if there is a constant M such that | | | ∫ T fφ^′ dx | | | ≤ M‖φ‖^{L2} for all φ ∈ C^1(T).

If f ∈ H^1(T), then the weak derivative f^′ of f is the unique element of L^2(T) such that ∫ T f^′φ dx = − ∫ T fφ^′ dx for all φ ∈ C^1(T).

More generally, for any k ≥ 0, we define the Sobolev space

H^k(T) = { f ∈ L^2(T) | | | f(x) = ∞∑ n=−∞ c_ne^{inx}, ∞∑ n=−∞ |n|^{2k}|c_n|^2 < ∞ } . If k is a natural number, the space H^k consists of functions with k square-integrable weak derivatives, but the Fourier series definition makes sense even when k is not a natural number.

Lemma 7.8 Suppose that f ∈ H^k(T) for k > 1/2. Let

S_N (x) = 1 √ 2π N∑ n=−N ^f_ne^{inx} (7.14)

be the Nth partial sum of the Fourier series of f, and define ‖ ‖ ‖f^{(k)} ‖ ‖ ‖ = (_∞ ∑ n=−∞ |n|^{2k} | | | ^fn | | |^2 )_{1/2} .

160 Fourier Series

Then there is a constant C_k, independent of f, such that ‖S_N − f‖_∞ ≤ C_k N^{k−1/2} ‖ ‖ ‖f^{(k)} ‖ ‖ ‖ , and (S_N ) converges uniformly to f as N → ∞.

Proof. Since S_N ∈ C(T) for every N ∈ N and C(T) is complete with respect to

the supremum norm, it is sufficient to prove that for all M > N, ‖S_N − S_M ‖_∞ ≤ C_k N^{k−1/2} ‖ ‖ ‖f^{(k)} ‖ ‖ ‖ . This equation follows from (7.12) and the Cauchy-Schwarz inequality: ‖S_N − S_M ‖_∞ ≤ 1 √ 2π ∑ N<|n|≤M | | | ^fn | | | = 1 √ 2π ∑ N<|n|≤M |n|^k | | | ^fn | | | 1 |n|^k

≤ 1 √ 2π ∑ N<|n|≤M |n|^{2k} | | | ^fn | | |^2 1/2 ∑ N<|n|≤M 1 |n|^{2k} 1/2

≤ 1 √ 2π ‖ ‖f^{(k)} ‖ ‖ [∫_∞ N dr r^{2k} ]_{1/2}

≤ 1 √ 2π(2k − 1) 1 N^{k−1/2} ‖ ‖ ‖f^{(k)} ‖ ‖ ‖ , which proves the result with

C_k = 1 √ 2π(2k − 1) . □ A corollary of this lemma is a special case of the Sobolev embedding theorem,

which implies, in particular, that if a function on T has a square-integrable weak

derivative, then it is continuous.

Theorem 7.9 (Sobolev embedding) If f ∈ H^k(T) for k > 1/2, then f ∈ C(T).

Proof. From Lemma 7.8, the partial sums of the Fourier series of f converge

uniformly, so the limit is continuous. □

More generally, if f ∈ H^k(T), then the Fourier series for the derivatives f^{(j)}

converge uniformly when k > j + 1/2, so f ∈ C^ℓ(T), where ℓ is the greatest integer

strictly less than k − 1/2. For functions of several variables, one finds that f ∈

H^k(T^d) is continuous when k > d/2, and j-times continuously differentiable when

k > j + d/2 (see Exercise 7.5). Roughly speaking, there is a “loss” of slightly more

than one-half a derivative per space dimension in passing from L^2 derivatives to

continuous derivatives.

The heat equation 161

7.3 The heat equation

Fourier series are an essential tool for the study of a wide variety of problems in engineering and science. In this section, we use Fourier series to solve the heat, or diffusion, equation which models the flow of heat in a conducting body. This was the original problem that led Jean-Baptiste Fourier to develop the series expansion named after him, although similar ideas had been suggested earlier by Daniel Bernoulli. The same equation also describes the diffusion of a dye or pollutant in a fluid.

We consider a thin ring made of a heat conducting material. In a one-dimen-sional approximation, we can represent the ring by a circle. We choose units of space and time so that the length of the ring is 2π and the thermal conductivity of the material is equal to one. The temperature u(x, t) at time t ≥ 0 and position x ∈ T along the ring satisfies the heat or diffusion equation,

u_t = u_{xx}, (7.15) u(x, 0) = f(x), where f : T → R is a given function describing the initial temperature in the ring.

If u(x, t) is a smooth solution of the heat equation, then, multiplying the equation by 2u and rearranging the result, we get that ( u^2 ) t = (2uu_x)_x − 2u^2_x.

Integration of this equation over T, and use of the periodicity of u, implies that d dt ∫ T u^2(x, t) dx = −2 ∫ T |u_x(x, t)|^2 dx ≤ 0. Therefore, ‖u(·, t)‖ ≤ ‖f(·)‖, where ‖·‖ denotes the L^2-norm in x, so it is reasonable to look for solutions u(·, t) that belong to L^2(T) for all t ≥ 0.

To make the notion of solutions that belong to L^2 more precise, let us first suppose that the initial data f is a trigonometric polynomial, f(x) = N∑ n=−N f_ne^{inx}. (7.16)

We look for a solution u(x, t) = N∑ n=−N u_n(t)e^{inx}, (7.17)

that is also a trigonometric polynomial, with coefficients u_n(t) that are continuously differentiable functions of t. Using (7.17) in the heat equation, computing the t and x derivatives, and equating Fourier coefficients, we find that u_n(t) satisfies

u̇_n + n^2u_n = 0, (7.18)

162 Fourier Series

u_n(0) = f_n, where the dot denotes a derivative with respect to t. Thus, the PDE (7.15) reduces to a decoupled system of ODEs. The solutions of (7.18) are u_n(t) = f_ne^{−n2t}. Therefore, the solution of the heat equation with the initial data (7.16) is given by u(x, t) = N∑ n=−N f_ne^{−n2t}e^{inx}. (7.19) We may write this solution more abstractly as u(·, t) = T (t)f(·), where T (t) : P → P is the linear operator on the space P of trigonometric polynomials defined by T (t) [_N ∑ n=−N f_ne^{inx} ] = N∑ n=−N f_ne^{−n2t}e^{inx}. Parseval’s theorem (7.9) implies that, for t ≥ 0, ‖T (t)f‖^2 = N∑ n=−N |f_n|^2e^{−2n2t} ≤ N∑ n=−N |f_n|^2 = ‖f‖^2.

Thus, the solution operator T (t) is bounded with respect to the L^2-operator norm when t ≥ 0. The operator T (t) is unbounded when t < 0.

By the bounded linear transformation theorem, Theorem 5.19, there is a unique bounded extension of T (t) from P to L^2(T), which we still denote by T (t). Explicitly, if f(x) = ∞∑ n=−∞ f_ne^{inx} ∈ L^2(T) then u(·, t) = T (t)f ∈ L^2(T) is given by u(x, t) = ∞∑ n=−∞ f_ne^{−n2t}e^{inx}. (7.20) We may regard this equation as defining the exponential T (t) = e^{t∂2 /∂x2} of the unbounded operator A = ∂^2/∂x^2 with periodic boundary conditions. Rather than consider in detail when this Fourier series converges to a continuously differentiable, or classical, solution of the heat equation that satisfies the initial condition

The heat equation 163

pointwise, we will simply say that the function u obtained in this way is a weak solution of the heat equation (7.15). In Chapter 11, we will see that this point of view corresponds to interpreting the derivatives in (7.15) in a distributional sense.

The operators T (t) have the following properties:

(a) T (0) = I;

(b) T (s)T (t) = T (s + t) for s, t ≥ 0; (c) T (t)f → f as t → 0^+ for each f ∈ L^2(T).

In particular, T (t) converges strongly, but not uniformly, to I as t → 0^+. We say that {T (t) | t ≥ 0} is a C_0-semigroup, in contrast with the uniformly continuous group of operators with a bounded generator defined in Theorem 5.49.

The action of the solution operator T (t) on a function is given by multiplication of the function’s nth Fourier coefficient by e^{−n2t}. The convolution theorem, Theorem 7.5, implies that for t > 0 the operator has the spatial representation T (t)f = g^t ∗ f of convolution with a function g^t, called the Green’s function, where

g^t(x) = 1 2π ∞∑ n=−∞ e^{inx−n2t}. (7.21) Using the Poisson summation formula in (11.43), we can write this series as an infinite, periodic sum of Gaussians,

g^t(x) = 1 √ 4πt ∞∑ n=−∞ e^{−(x−2πn)2/4t}. We can immediately read off from (7.20) several important qualitative properties of the heat equation. The first is the smoothing property. For every t > 0, we have u(·, t) ∈ C^∞(T), because the Fourier coefficients decay exponentially quickly as n → ∞. This holds even if the initial condition has a discontinuity, as illustrated in Figure 7.2 for the case of a step function. In more detail, we have ∞∑ n=−∞ |n|^{2k} | | |fne^{−n2t} | | |^2 ≤ max_{n∈N} { n^{2k}e^{−n2t} } ∑ m |f_m|^2 < ∞ for each k ≥ 0, so u(·, t) ∈ H^k(T) for every k ∈ N. The Sobolev embedding theorem in Theorem 7.9 implies that u(·, t) ∈ C^{k−1}(T) for every k ∈ N, and therefore u(x, t) has continuous partial derivatives with respect to x of all orders. It then follows from the heat equation that u has continuous partial derivatives with respect to t of all orders for t > 0.

The second property is irreversibility. A solution may not exist for t < 0, even if the “final data” f is C^∞. For example, if f(x) = ∞∑ n=−∞ e^{−|n|}e^{inx} ∈ C^∞(T),

164 Fourier Series

then the Fourier series solution (7.20) diverges for any t < 0. Equivalently, letting t → −t, we see that the initial value problem for the backwards heat equation, u_t = −u_{xx}, u(x, 0) = f(x), may not have a solution for t > 0, and is said to be ill-posed. This ill-posedness reflects the impossibility of determining the temperature distribution that led to a given observed temperature distribution because of the rapid damping of temperature variations that fluctuate rapidly in space.

The third property is the exponential decay of solutions to an equilibrium state as t → +∞. It follows from the heat equation that the mean temperature, ⟨u⟩ = 1 2π ∫ T f(x) dx, is independent of time since d dt ∫ T u(x, t) dx = ∫ T u_t(x, t) dx = ∫ T u_{xx}(x, t) dx = 0. The solution u(x, t) converges exponentially quickly to its mean value, because sup_{x∈T} | | | | ∞∑ n=−∞ f_ne^{−n2t}e^{inx} − ⟨u⟩ | | | | ≤ ∑ n≠0 |f_n|e^{−n2t}

≤ ∑ n≠0 |f_n|^2 1/2 [ 2 ∞∑ n=1 e^{−2n2t} ]_{1/2}

≤ C‖f‖_L2 e^{−t}, where C is a suitable constant. The exponential decay is a consequence of a spectral gap between the lowest eigenvalue, zero, of the operator ∂^2/∂x^2 on T and the rest of its spectrum.

Heat diffusion on a ring leads to periodic boundary conditions in x. Other types of problems may be analyzed in an analogous way. An interesting example is the modeling of seasonal temperature variations in the earth as a function of depth. If we neglect daily fluctuations, a reasonable assumption is that the surface temperature of the earth is a periodic function of time with period equal to one year, and that the temperature at a depth x below the surface is also a periodic function of time. We further require that the temperature be bounded at large depths.

We choose a time unit so that 1 year = 2π, and a length unit so that the thermal conductivity of the earth, assumed constant, is equal to one. The temperature u(x, t) then satisfies the following problem in x > 0, t > 0: u_t = u_{xx}, u(0, t) = f(t),

The heat equation 165

Fig. 7.2 The time evolution of the temperature distribution on a ring. The initial distribution is a step function. A truncated Fourier series is used to approximate the step function, and the Gibbs phenomenon can be seen near the points of discontinuity. The final distribution is uniform. u(·, t) ∈ L^∞([0, ∞)), u(x, t) = u(x, t + 2π). Here, f(t) is a given real-valued, 2π-periodic function that describes the seasonal temperature variations at the earth’s surface.

We expand the temperature u(x, t) at depth x in a Fourier series in t, u(x, t) = ∞∑ n=−∞ u_n(x)e^{int}. Use of this expansion in the heat equation implies that the coefficients u_n(x) satisfy

−u^{′′}_n + inu_n = 0, (7.22) u_n(0) = f_n, u_n ∈ L^∞, where the prime denotes a derivative with respect to x, and f_n is the nth Fourier coefficient of f,

f_n = 1 2π ∫ T f(t)e^{−int} dt.

166 Fourier Series

The solution of (7.22) is

u_n(x) = f_n exp(± √ n(1 + i)x/ √ 2) if n > 0 f_0 if n = 0 f_n exp(± √ |n|(1 − i)x/ √ 2) if n < 0 .

The solutions with the plus sign in the exponent are excluded because they are unbounded as x → ∞. The solution for u(x, t) is therefore

u(x, t) = f_0 + ∞∑ n=1 f_ne^{−|n/2|1/2x}e^{i(nt−|n/2|1/2x)}

+ −1∑ n=−∞ f_ne^{−|n/2|1/2x}e^{i(nt+|n/2|1/2x)}. (7.23) For example, suppose that the surface temperature is given by a simple harmonic function

u(0, t) = a + b sin t.

Then (7.23) may be written as

u(x, t) = a + b exp ( − x √ 2 ) sin ( t − x √ 2 ) . See Figure 7.3 for a graph of this solution. The exponential damping factor in front of the sine function describes a reduction in the magnitude of the variations in the earth’s temperature below the surface. The argument of the sine function indicates that there is a depth-dependent phase shift in the temperature variations. At a depth x = √ 2π, the variations are reduced by a factor of e^{−π} ≈ 0.04, and are opposite in phase to the surface temperature. For realistic numerical values of the thermal conductivity of the soil, this happens at a depth of about 13 feet. Thus, 13 feet below the surface the maximum temperature is reached in winter and minimum in summer! At this depth, the difference between winter and summer temperatures is reduced by a factor of about 25, as compared with the temperature difference at the surface. This reduction explains the usefulness of wine cellars, since it is important to store wine at a cool, uniform temperature.

7.4 Other partial differential equations

Fourier series may be used to study periodic solutions of any linear, constant coefficient partial differential equation. In this section, we consider a number of examples, including the wave equation and Laplace’s equation, the two other classical linear partial differential equations of applied mathematics, in addition to the heat equation. The Fourier series may be interpreted either as classical solutions if they

Other partial differential equations 167

Fig. 7.3 The temperature of the earth as a function of time and depth. The time unit is one year divided by 2π. The unit of depth is roughly 1 meter. The temperature unit is arbitrary. The maximum and minimum temperature at the surface (x = 0) represent the maximum and minimum mean soil temperatures attained during summer and winter respectively.

converge sufficiently quickly to have continuous derivatives, or as weak solutions if they do not.

The one-dimensional wave equation is

u_{tt} = c^2u_{xx}. (7.24)

This equation describes the propagation of waves with a constant speed c, such as waves on an elastic string, sound waves, or light waves in a vacuum. The wave equation (7.24) is second order in time t, so we expect that two initial conditions are required to specify a unique solution. The initial value problem for wave propagation on a circle is

u_{tt} − c^2u_{xx} = 0, u(x, 0) = f(x), u_t(x, 0) = g(x), where f, g ∈ L^2(T) are given functions.

The separated solutions of the wave equation (7.24), proportional to e^{inx}, are u(x, t) = ( ae^{inct} + be^{−inct} ) e^{inx}

168 Fourier Series

for n ≠ 0, and u(x, t) = a + bt for n = 0. Superposing these solutions, the general solution is of the form

u(x, t) = a_0 + b_0t + ∑ n≠0 { a_ne^{in(x+ct)} + b_ne^{in(x−ct)} } . (7.25)

The constants a_n and b_n can be determined from the initial conditions as

a_0 = f_0, b_0 = g_0, a_n = 1 2 ( f_n − i nc g_n ) , b_n = 1 2 ( f_n + i nc g_n ) , where f_n and g_n are given by

f_n = 1 2π ∫ T f(x)e^{−inx}, g_n = 1 2π ∫ T g(x)e^{−inx}. In contrast with the heat equation, the solution exists for both t > 0 and t < 0, there is no smoothing of the initial data, and the solution does not converge to a stationary solution as t → ∞.

The two-dimensional Laplace equation is

u_{xx} + u_{yy} = 0. (7.26)

We will use Fourier series to solve a boundary value problem for Laplace’s equation in the unit disc Ω = { (x, y) | x^2 + y^2 < 1 } . The Dirichlet problem consists of (7.26) in Ω with the boundary condition

u = f on ∂Ω, (7.27)

where f : T → R is a given function. In polar coordinates (r, θ) we may write (7.26)–(7.27) for u(r, θ) as 1 r (ru_r)_r + 1 r^2 u_{θθ} = 0 in r < 1, u(1, θ) = f(θ). The Laplace equation in polar coordinates has the separated solutions u(r, θ) = ( ar^n + br^{−n} ) e^{inθ} for n ∈ Z. The general solution of Laplace’s equation that is bounded inside the unit disc is therefore u(r, θ) = ∞∑ n=−∞ a_nr^{|n|}e^{inθ}. (7.28)

Other partial differential equations 169

The boundary condition implies that

a_n = 1 2π ∫ T f(θ)e^{−inθ} dθ. Using the convolution theorem, we may write (7.28) in r < 1 as u(r, θ) = (g^r ∗ f)(θ), where g^r : T → R is the Poisson kernel,

g^r(θ) = 1 2π ∞∑ n=−∞ r^{|n|}e^{inθ}. The geometric series for n > 0 and n < 0 may be summed to give

g^r(θ) = 1 2π 1 − r^2 1 − 2r cos θ + r^2 . The series in (7.28) converges to an infinitely differentiable — in fact, analytic — function in r < 1 for any f ∈ L^2(T), so the Laplace equation smoothes the boundary data.

In 1895 Korteweg and de Vries introduced a nonlinear PDE to describe water waves in shallow channels:

u_t = uu_x + u_{xxx}. (7.29)

This KdV equation has exact localized traveling wave solutions called solitary waves, or solitons. A remarkable fact is that, in spite of its nonlinearity, the KdV equation can be solved exactly by the inverse scattering method introduced by Gardner, Greene, Kruskal, and Miura in 1967. This method depends on a surprising connection between the nonlinear KdV equation and a spectral problem for an associated linear operator (see Exercise 9.15). We will not discuss the inverse scattering method here, but we will use Fourier analysis to describe the dispersive property of the KdV equation.

If u is sufficiently small, then we do not expect the nonlinear term uu_x to influence the solution significantly, so we omit it in a first approximation. We therefore consider the linearized KdV equation,

u_t = u_{xxx}. (7.30)

The general solution that is a 2π-periodic function of x is u(x, t) = ∞∑ n=−∞ a_ne^{in(x−n2t)}. Notice that the speed of propagation of e^{inx} depends on n, that is, on the wavelength. Since the components in the wave with different wavelengths propagate at

170 Fourier Series

Fig. 7.4 The effect of dispersion is illustrated here with the solution (7.30) of the linearized KdV equation on a ring for times t = 0, e^{−10}, e^{−2}, and t = e. The initial condition is a step function.

different speeds, a wave generally spreads out or disperses; hence the name dispersive waves. In particular, a wave front does not maintain its shape while propagating. See Figure 7.4 for an illustration. Contrast this with the solution of the wave equation (7.25), where different Fourier components propagate at the same speed. The wave equation is said to be nondispersive. Another example of a dispersive wave equation, the Schrödinger equation from quantum mechanics, is discussed in Exercise 7.13.

7.5 More applications of Fourier series

The use of Fourier series is not restricted to differential equations. In this section, we consider two other applications.

The first is a solution of the isoperimetric problem, which states that of all closed curves of a given length, a circle encloses the maximum area. This result can also be stated as an inequality: for any closed curve of length L enclosing an area A, we have

4πA ≤ L^2, (7.31)

with equality if and only if the curve is a circle. Equation (7.31) is called the isoperimetric inequality. There are many different proofs of this result; the one we give, using Fourier series, is due to Hurwitz.

More applications of Fourier series 171

In order to state and prove a precise result, we reformulate the problem analytically. Without loss of generality, we consider curves whose lengths are normalized to 2π, and that are parametrized by arclength, s, positively oriented in the counterclockwise direction. We may represent such a smooth, closed curve Γ in the plane R^2 by

(x, y) = (f(s), g(s)) , (7.32)

where f, g : T → R are continuously differentiable functions such that ḟ(s)^2 + ġ(s)^2 = 1. (7.33)

Here, the dot denotes a derivative with respect to s.

Green’s theorem states that if Ω is a region in the plane with a smooth, positively oriented boundary ∂Ω and u, v : Ω → R are continuously differentiable functions, then ∫ Ω {u_x + v_y} dxdy = ∫ ∂Ω {udy − vdx} . If Γ does not intersect itself, then the use of Green’s theorem with u = x/2 and v = y/2 implies that the area A enclosed by Γ is given by A = 1 2 ∫ T { f(s)ġ(s) − g(s)ḟ(s) } ds. (7.34)

The expressions in (7.33) and (7.34) make sense for general functions f, g ∈ H^1(T). Thus, an analytical formulation of the isoperimetric problem is to find functions f, g ∈ H^1(T) that maximize the area functional A in (7.34) subject to the constraint (7.33).

Theorem 7.10 Suppose that a curve Γ is given by x = f(s), y = g(s), where f, g ∈ H^1(T) are real-valued functions that satisfy (7.33), and the area A enclosed by Γ is given by (7.34). Then A ≤ π, with equality if and only if Γ is a circle.

Proof. We Fourier expand f and g as f(s) = 1 √ 2π ∞∑ n=−∞ ^f_ne^{ins}, g(s) = 1√ 2π ∞∑ n=−∞ ^g_ne^{ins}. (7.35)

Since f and g are real valued, we have ^f_{−n} = ^f_n and ^g_{−n} = ^g_n for all n. Integration of (7.33) over T gives

2π = ∫ T { ḟ(s)^2 + ġ(s)^2 } ds. From Parseval’s theorem, this equation implies that

2π = ∞∑ n=−∞ n^2 {| | | ^fn | | |^2 + |^gn|^2 } , (7.36)

172 Fourier Series

and equation (7.34) implies that

2A = ∞∑ n=−∞ in { ^f_n^g_n − ^f_n^g_n } . Subtracting these series and rearranging the result, we find that 2π − 2A = 1 2 ∑ n≠0 {| | |n ^fn − i^gn | | |^2 + | | |n^gn + i ^fn | | |^2 + ( n^2 − 1 ) (| | | ^fn | | |^2 + |^gn|^2 )} . Since the terms in the series on the right hand side of this equation are nonnegative, it follows that A ≤ π. Moreover, we have equality if and only if ^f_n = ^g_n = 0 for n ≥ 2, and ^f_1 = i^g_1. Equation (7.36) implies that | ^f_1| = √ π/2, so that

^f_1 = √ π 2 e^{iδ} , ^g_1 = −i √ π 2 e^{iδ}, for some δ ∈ R. Writing ^f_0 = √ 2πx_0 and ^g_0 = √ 2πy_0, where x_0, y_0 ∈ R, we find from (7.35) that

f(s) = x_0 + cos(s + δ), g(s) = y_0 + sin(s + δ).

Thus, if A = π, the curve x = f(s), y = g(s) is a circle. □

Our final application is an ergodic theorem for one of the simplest dynamical systems one can imagine, namely, rotations of the circle. We will prove another ergodic theorem for more general dynamical systems later on, in Theorem 8.37.

Let γ ∈ R. We define a map F_γ : T → T on the circle T by

F_γ (x) = x + 2πγ. (7.37)

This map is called the circle map or the rotation map. For every x_0 ∈ T, the iterated application of F_γ generates a sequence of points (x_n)^∞_{n=0}, where x_n = F^n_γ (x_0). The set {x_n} is called the orbit or trajectory of x_0 under F_γ . If γ is rational, then these points eventually repeat, and each orbit contains finitely many distinct points. If γ is irrational, then x_m ≠ x_n for m ≠ n, and there are infinitely many points in each orbit (see Figure 7.5).

If f : T → C is a continuous function on T, we define two averages of f, a time average

⟨f⟩_t(x_0) = lim_{N→∞} 1 N + 1 N∑ n=0 f(x_n), and a phase-space average,

⟨f⟩_{ph} = 1 2π ∫ T f(x) dx.

More applications of Fourier series 173

This phase-space average may be regarded as a probabilistic average with respect to a uniform probability measure on T. The following ergodic theorem, proved by Weyl in 1916, states that time averages and phase-space averages are equal when γ is irrational. This result is false when γ is rational.

Theorem 7.11 (Weyl ergodic) If γ is irrational, then

⟨f⟩_t(x_0) = ⟨f⟩_{ph} (7.38)

for all f ∈ C(T) and all x_0 ∈ T.

Proof. First, we show that (7.38) holds for the functions e^{imx} for each m ∈ Z. If m = 0, then both averages are equal to 1. If m ≠ 0, then ⟨e^{imx}⟩_{ph} = 0, and the time average may be explicitly computed as follows: ⟨e^{imx}⟩_t = lim_{N→∞} 1 N + 1 N∑ n=0 e^{im(x0+2πnγ)}

= lim_{N→∞} 1 N + 1 e^{imx0} N∑ n=0 [e^{2πimγ} ]^n = lim_{N→∞} 1 N + 1 e^{imx0} ( 1 − [e^{2πimγ} ]^{N+1} 1 − e^{2πimγ} )

= 0,

where we use the fact that e^{2πimγ} ≠ 1 for irrational γ. Since both averages are linear in f, it follows that (7.38) holds for all trigonometric polynomials.

The trigonometric polynomials are dense in C(T). Therefore, if f ∈ C(T) and ϵ > 0, then there is a trigonometric polynomial p such that ‖f − p‖_∞ ≤ ϵ, and | | | | 1 N + 1 N∑ n=0 f(x_n) − 1 2π ∫_{2π} 0 f(x) dx | | | | ≤ 2ϵ + | | | | 1 N + 1 N∑ n=0 p(x_n) − 1 2π ∫_{2π} 0 p(x) dx | | | | . Taking the lim sup of this equation as N → ∞, we obtain that

lim sup N→∞ | | | | 1 N + 1 N∑ n=0 f(x_n) − ⟨f⟩_{ph} | | | | ≤ 2ϵ. Since ϵ > 0 is arbitrary, this proves (7.38) for all f ∈ C(T) and all x_0 ∈ T. □

A consequence of this ergodic theorem is the following result, which says that the points in an orbit {x_n | n ≥ 0} are uniformly distributed on the circle.

Corollary 7.12 Suppose that γ is irrational and I is an interval in T of length λ. Then lim N→∞ #{n | 0 ≤ n ≤ N, x_n ∈ I} N + 1 = λ 2π , (7.39)

where #S denotes the number of points in the set S.

174 Fourier Series

Fig. 7.5 The repeated images of the origin under the circle map, F^n_γ (0), for 1 ≤ n ≤ 100. On the left, γ = 2/7 is rational. On the right, γ = ( √ 5 − 1)/2 is the golden ratio, which is irrational.

Proof. Let χ_I be the characteristic function of the interval I. Then (7.39) is equivalent to the statement that

⟨χ_I ⟩_t = ⟨χ_I ⟩_{ph}. (7.40)

This equation does not follow directly from Theorem 7.11 because χ_I is not continuous. We therefore approximate χ_I by continuous functions. We choose sequences (f_k) and (g_k) of nonnegative, continuous functions such that f_k ≤ χ_I ≤ g_k and ∫ T f_k(x) dx → ∫ T χ_I (x) dx, ∫ T g_k(x) dx → ∫ T χ_I (x) dx as k → ∞. We leave it to the reader to construct such sequences. Since f_k ≤ χ_I ≤ g_k, 1 N + 1 N∑ n=0 f_k(x_n) ≤ 1 N + 1 N∑ n=0 χ_I (x_n) ≤ 1 N + 1 N∑ n=0 g_k(x_n). Taking the limit as N → ∞ of this equation, and applying Theorem 7.11 to the functions f_k and g_k, we obtain that 1 2π ∫ T f_k(x) dx ≤ lim inf_{N→∞} 1 N + 1 N∑ n=0 χ_I (x_n)

≤ lim sup N→∞ 1 N + 1 N∑ n=0 χ_I (x_n) ≤ 1 2π ∫ T g_k(x) dx. Letting k → ∞, we find that 1 2π ∫ T χ_I (x) dx ≤ lim inf_{N→∞} 1 N + 1 N∑ n=0 χ_I (x_n)

≤ lim sup N→∞ 1 N + 1 N∑ n=0 χ_I (x_n)

Wavelets 175

≤ 1 2π ∫ T χ_I (x) dx. It follows that the limit defining the time average of χ_I exists and satisfies equation (7.40) for all x_0 ∈ T. □

Theorem 7.11 actually holds for every f ∈ L^1(T), except possibly for a set of initial points x_0 in T with zero Lebesgue measure. The proof, however, requires additional results from measure theory.

One application of the ergodic theorem is to the numerical integration of functions by the Monte Carlo method, in which one approximates the phase average, or integral, of f by a time average. This method is not required in the simple case of functions defined on a circle, but it is useful for the numerical integration of functions that depend on a large number of independent variables, where standard numerical integration formulae may become prohibitively expensive.

7.6 Wavelets

In this section, we introduce a special class of orthonormal bases of L^2([0, 1]) and L^2(R), called wavelets. These bases have proved to be very useful in signal analysis and data compression. With this application in mind, we will refer to the independent variable as a “time” variable. Wavelet bases in several independent variables are equally useful in image compression and many other applications.

Fourier expansions provide an efficient representation of stationary functions whose properties are invariant under translations in time. They are not as efficient in representing other types of functions, such as transient functions that vanish on most of their domain, or functions which vary much more rapidly at some times than at others. In the case of periodic functions, Parseval’s identity in Theorem 6.26,

‖f‖^2 = ∑ n | | | ^fn | | |^2 ,

suggests that a large number of terms in a Fourier series expansion of f is needed if the quantity ‖f‖ is distributed over a large number of coefficients ^f_n which are not too small. For example, from Lemma 7.8, this happens when f is discontinuous, so that its Fourier coefficients decay slowly as n → ∞. Signals with sharp, or almost discontinuous, transitions and transient signals supported on a relatively small portion of the relevant time interval, such as the short beeps transmitted by a modem, are very common.

It is often useful to compress a signal before transmission or storage. To represent a function f(t) accurately on the interval 0 ≤ t ≤ 1 by storing a finite number of values f(nΔt), where n = 0, . . . , N with N = 1/Δt, we need to choose Δt small enough that all rapid transitions can be reconstructed from this list of values. If the changes are rapid, then Δt has to be small and N has to be large. Suppose,

176 Fourier Series

however, that we have an orthonormal basis of L^2([0, 1]) with the property that a finite linear combination of basis elements with M terms, where M is much smaller than N, yields a good approximation of the function f. Then we can store or transmit the function with M instead of N numbers without significant loss of information. Roughly speaking, we would then have compressed the data with a compression ratio of N : M. One reason for the use of wavelets in representing signals, or images, is that they allow for large compression ratios. There are many different kinds of wavelets, but all of them share the property that they describe a function at a sequence of different time, or length, scales. This allows us to represent a function efficiently by using wavelets whose local rate of variation is adapted to that of the function. We begin by describing a simple example, the Haar wavelets.

We define the Haar scaling function φ ∈ L^2(R) by φ(x) = { 1 if 0 ≤ x < 1,

0 otherwise.

(7.41)

The function φ is the characteristic function of the interval [0, 1), and is often referred to as a “box” function because of the shape of its graph. The basic Haar wavelet, or mother wavelet, ψ ∈ L^2(R) is given by ψ(x) = 1 if 0 ≤ x < 1/2, −1 if 1/2 ≤ x < 1, 0 otherwise.

(7.42)

These functions satisfy the scaling relations

φ(x) = φ(2x) + φ(2x − 1), (7.43) ψ(x) = φ(2x) − φ(2x − 1). (7.44)

For n, k ∈ Z, we define scaled translates φ_{n,k}, ψ_{n,k} ∈ L^2(R) of φ, ψ by

φ_{n,k}(x) = 2^{n/2}φ (2^nx − k) , ψ_{n,k}(x) = 2^{n/2}ψ (2^nx − k) . (7.45)

First, consider the Hilbert space L^2([0, 1]) with its usual inner product. For n = 0, 1, 2, . . ., let V_n be the finite-dimensional subspace

V_n = {f | f is constant on [k/2^n, (k + 1)/2^n) for k = 0, . . . , 2^n − 1} . (7.46)

Elements of V_n are step functions that are constant on intervals of length 2^{−n}. The value of f ∈ V_n at the right endpoint x = 1 is irrelevant, since functions in L^2([0, 1]) that are equal a.e. are equivalent. Clearly, we have V_n ⊂ V_{n+1}.

The function φ_{n,k} is the characteristic function of the interval [k2^{−n}, (k+1)2^{−n}). The set A_n = {φ_{n,k} | 0 ≤ k ≤ 2^n − 1} is therefore a basis of V_n for each n ≥ 0. Since A_{n+1} ⊃ A_n, the sets A_n are not disjoint, and we cannot form a basis of ⋃ n∈N V_n by taking their union. Instead, for

Wavelets 177

Fig. 7.6 Some members of the sets of functions B_n defined in (7.47).

n = 0, 1, 2, . . ., we define subsets B_n of V_n by

B_0 = {φ_{0,0}} , B_{n+1} = {ψ_{n,k} | k = 0, 1, . . . , 2^n − 1} . (7.47)

The subsets B_m and B_n are disjoint for n ≠ m. The union of these sets, B = ⋃_∞ n=0 B_n, or B = {φ_{0,0}} ∪ {ψ_{n,k} | n = 0, 1, 2, . . ., k = 0, 1, . . . , 2^n − 1} , (7.48) is called the Haar wavelet basis of L^2([0, 1]). Some of these basis functions are illustrated in Figure 7.6.

Solving (7.43)–(7.44) for φ(2x) and φ(2x − 1), we get

φ(2x) = 1 2 (φ(x) + ψ(x)) , φ(2x − 1) = 1 2 (φ(x) − ψ(x)) . It follows by induction from dyadic dilations x → 2x of these equations that φ_{n,k} is a linear combination of φ_{0,0} and ψ_{m,k} with m < n. Hence the linear span of B contains bases A_n of V_n for every n ∈ N. Using this fact, we can prove that B is a basis of L^2([0, 1]).

Lemma 7.13 The set B in (7.48) is an orthonormal basis of L^2([0, 1]).

Proof. It follows from Exercise 7.17 that B is an orthonormal set, so we just have to show that it is complete. Suppose that f ∈ C([0, 1]) and ϵ > 0. By Theorem 1.67, f is uniformly continuous, so there is an n such that |f(x) − f(y)| ≤ ϵ for all x, y ∈ [0, 1] with |x − y| ≤ 2^{−n}. We define the step function approximation g ∈ V_n of f by g(x) = 2^n−1∑

k=0 f ( k2^{−n} ) φ_{n,k}(x).

178 Fourier Series

Then g is in the linear span of ⋃_{n−1} m=0 B_m, and sup 0≤x<1 |f(x) − g(x)| ≤ ϵ. (7.49) Thus any f ∈ C([0, 1]) is the uniform limit of finite linear combinations of functions in B. Since the continuous functions are dense in L^2([0, 1]), and the sup-norm is stronger than the L^2-norm, the orthonormal set B is complete in L^2([0, 1]). □

We define the Haar wavelet basis B of L^2(R) in a similar way, as B = {ψ_{n,k} | n ∈ Z, k ∈ Z} , (7.50) where ψ_{n,k} is defined in (7.45). This basis includes wavelets supported on intervals of arbitrarily large length, when n is large and negative, as well as on intervals of arbitrarily small length, when n is large and positive. The wavelet basis of L^2(R) does not include a scaling function φ, in contrast with the wavelet basis (7.48) of L^2([0, 1]).

Lemma 7.14 The set B in (7.50) is an orthonormal basis of L^2(R).

Proof. The set B is orthonormal, so we just have to show that it is complete. Suppose that f ∈ L^2(R) is orthogonal to B. Then f is orthogonal to all wavelets ψ_{n,k} that are supported on any compact interval [−2^N , 2^N ]. Since we can transform the interval [−2^N , 2^N ] to [0, 1] by a translation x → x + 2^N and a dyadic dilation x → 2^{−(N+1)}x, and the basis B is invariant under such translations and dilations, it follows from Lemma 7.13 that f is constant on every compact interval [−2^N , 2^N ]. Therefore f is constant on R. Since the nonzero constant functions do not belong to L^2(R), we conclude that f = 0, so B is complete. □

The Haar wavelets are very simple, compactly supported, orthonormal, step functions that take only three different values. Each wavelet is obtained by dilation and translation of a single basic wavelet ψ, derived from a scaling function φ. These properties make the Haar wavelets especially suitable for the representation of localized functions, as well as functions that vary on different lengthscales at different locations, and functions with a self-similar, fractal structure.

A drawback of the Haar wavelets is that they are discontinuous, so the partial sums approximating a continuous function are also discontinuous. It is often desirable to have continuous approximations of continuous functions, and C^p approximations of C^p functions. This is one motivation for the introduction of other wavelet bases. For definiteness, we consider wavelet bases of L^2(R). The following axioms of multiresolution analysis capture the essential properties of the Haar wavelet basis that we want to generalize.

Definition 7.15 (Multiresolution analysis) A family {V_n | n ∈ Z} of closed linear subspaces of L^2(R) and a function φ ∈ L^2(R) are called a multiresolution

Wavelets 179

analysis of L^2(R) if the following properties hold:

(a) f(x) ∈ V_n if and only if f(2x) ∈ V_{n+1} for all n ∈ Z (scaling); (7.51) (b) V_n ⊂ V_{n+1} for all n ∈ Z (inclusion); (7.52) (c) ⋃ n∈ZV_n = L^2(R) (density); (7.53) (d) ⋂ n∈ZV_n = {0} (maximality); (7.54) (e) there is a function φ ∈ L^2(R) ∩ L^1(R) such that {φ(x − k) | k ∈ Z} is an orthonormal basis of V_0 (basis). (7.55)

The five properties required in this definition are not independent. One can prove that (d) follows from (a), (b), and (e), and that, under the assumption that (a), (b), and (e) hold, (c) is equivalent to the property that ^φ(0) ≠ 0, where ^φ is the Fourier transform of φ. For brevity, we do not prove these statements here.

The spaces V_n defined in (7.46) and the function φ defined in (7.41) satisfy these axioms. We call φ the scaling function of the multiresolution analysis. We will explain how to obtain an orthonormal wavelet basis of L^2(R) from this structure. When the scaling function φ is the box function, defined in (7.41), this procedure will reproduce the Haar wavelets, but other scaling functions lead to different orthonormal wavelet bases.

From (7.51) and (7.55) it follows that A_n = {2^{n/2}φ(2^nx − k) | k ∈ Z} is an orthonormal basis of V_n for each n ∈ Z. Since V_n ⊂ V_{n+1}, each function in A_n is a linear combination of functions of A_{n+1}, so the sets A_n are not linearly independent. To obtain linearly independent sets of functions, we define closed linear subspaces W_n of V_{n+1} by

V_{n+1} = V_n ⊕ W_n.

The subspaces W_n are called wavelet subspaces. From their definition and the inclusion property (7.52), we see that W_m and W_n are orthogonal subspaces for m ≠ n. Moreover, from Exercise 7.16, properties (7.52)–(7.54) imply that ⨁ n∈Z W_n = L^2(R). (7.56)

Now suppose that we have a function ψ ∈ L^2(R), called a wavelet, such that

{ψ(x − k) | k ∈ Z} is an orthonormal basis of W_0.

Equation (7.58) below shows how the wavelet ψ is obtained from the scaling function φ. It then follows from the scaling axiom (7.51) that for each n ∈ Z the set

B_n = { 2^{n/2}ψ(2^nx − k) | | k ∈ Z }

180 Fourier Series

is an orthonormal basis of W_n so, from (7.56), their union B = { 2^{n/2}ψ(2^nx − k) | | n, k ∈ Z }

is an orthonormal basis of L^2(R).

The axioms of multiresolution analysis impose severe restrictions on the scaling function. Translates of the scaling function must be orthogonal, and the function must be a linear combination of scaled translates of itself, meaning that there are constants c_k such that φ(x) = ∑ k∈Z c_kφ(2x − k). (7.57)

For example, the Haar scaling function satisfies (7.43), so in that case c_0 = c_1 = 1 and c_k = 0 otherwise. For simplicity, we assume that c_k ∈ R and all but finitely many of the coefficients c_k are zero.

The basic wavelet ψ belongs to V_1 and is orthogonal to V_0. The following function satisfies these conditions: ψ(x) = ∑ k∈Z (−1)^kc_{1−k}φ(2x − k). (7.58)

For example, in the case of the Haar wavelets, this equation gives (7.44). The function ψ in (7.58) clearly belongs to V_1, since it is a linear combination of the orthonormal basis elements 2^{1/2}φ(2x − k) of V_1. Moreover, for j ∈ Z, we find from (7.57) and (7.58) that ⟨φ(x − j), ψ(x)⟩ = 1 2 ∑ k∈Z (−1)^kc_{k−2j} c_{1−k}. This sum is zero for every j ∈ Z, since the change of summation variable from k −2j to 1 − k implies that ∑ k∈Z (−1)^kc_{k−2j} c_{1−k} = ∑ k∈Z (−1)^{2j+1−k} c_{1−k}c_{k−2j} = − ∑ k∈Z (−1)^kc_{k−2j} c_{1−k}. Hence ψ is orthogonal to V_0. The translates {ψ(x − k) | k ∈ Z} form a basis of W_0, but we omit a proof of this fact here.

Next, we derive restrictions on the coefficients c_k in the scaling equation (7.57). We assume that the integral of φ is nonzero. It can, in fact, be shown that this is necessarily the case. By rescaling φ and x, we may assume without loss of generality that ∫ R φ(x) dx = 1, ∫ R |φ(x)|^2 dx = 1. Changing variables x → 2x, we see that ∫ R φ(2x) dx = 1 2 , ∫ R |φ(2x)|^2 dx = 1 2 .

Wavelets 181

Integration of (7.57) over R therefore implies that ∑ k∈Z c_k = 2. (7.59)

Since {φ(2x − k)|k ∈ Z} is an orthogonal set, an application of Parseval’s identity to (7.57) implies that ∑ k∈Z c^2_k = 2. (7.60)

The orthogonality of φ(x − j) and φ(x) for j ≠ 0, together with (7.57), further imply that ∑ k∈Z c_{k−2j} c_k = 0 for j ∈ Z and j ≠ 0. (7.61)

Finally, it is often useful to require that several moments of the wavelet ψ vanish, meaning that ∫ R x^mψ(x) dx = 0 for m = 0, 1, . . . , p − 1. (7.62)

The scaling coefficients c_k and the wavelet ψ must therefore satisfy (7.59)–(7.61). For example, the Haar wavelet coefficients c_0 = 1, c_1 = 1, and c_k = 0 for k ≠ 0, 1 satisfy these conditions, and (7.62) with p = 1, but there are many other possible choices of the scaling coefficients.

One interesting choice, that satisfies (7.62) with p = 2, is due to Daubechies:

c_0 = 1 4 (1 + √ 3), c_1 = 1 4 (3 + √ 3), c_2 = 1 4 (3 − √ 3), c_3 = 1 4 (1 − √ 3), and c_k = 0 otherwise. We call the corresponding wavelet the D_4 wavelet. We can find the scaling function φ by regarding (7.57) as a fixed point equation and solving it iteratively, starting with the box function, for example, as an initial guess:

φ_{n+1}(x) = ∑ k∈Z a_kφ_n(2x − k), n ≥ 0, φ_0(x) = χ_{[0,1)}(x).

It is possible to show that φ_n converges to a continuous function φ whose support is the interval [0, 3]. There is no explicit analytical expression for φ, which is shown in Figure 7.7. As suggested by this figure, the D_4 scaling and wavelet functions φ and ψ are Hölder continuous (see Definition 12.72) but not differentiable.

182 Fourier Series

Fig. 7.7 The scaling function φ for the D_4 wavelets.

7.7 References

Beals [3] gives an elegant discussion of Fourier series, Hilbert spaces, and distributions. Rauch [44] discusses Fourier solutions of linear constant coefficient PDEs in more detail. See Whitham [56] for more on dispersive and nondispersive waves. Dym and McKean [10] contains a discussion of the Gibbs phenomenon, a proof of the isoperimetric inequality, and much more besides. Körner [29] is a wide-ranging introduction to the theory and applications of Fourier methods. In particular, it has a discussion of the Monte Carlo integration techniques mentioned in Section 7.5. There are many accounts of wavelets: for example, see Mallet [35]. Some algorithms for the numerical implementation of wavelets are described in [43].

7.8 Exercises

Exercise 7.1 Let φ_n be the function defined in (7.7).

(a) Prove (7.5).

(b) Prove that if the set P of trigonometric polynomials is dense in the space of periodic continuous functions on T with the uniform norm, then P is dense in the space of all continuous functions on T with the L^2-norm.

(c) Is P dense in the space of all continuous functions on [0, 2π] with the uniform norm?

Exercises 183

Exercise 7.2 Suppose that f : T → C is a continuous function, and

S_N = 1 √ 2π N∑ n=−N ^f_ne^{inx}

is the Nth partial sum of its Fourier series.

(a) Show that S_N = D_N ∗ f, where D_N is the Dirichlet kernel

D_N (x) = 1 2π sin [(N + 1/2) x] sin(x/2) . (b) Let T_N be the mean of the first N + 1 partial sums,

T_N = 1 N + 1

{S_0 + S_1 + . . . + S_N } .

Show that T_N = F_N ∗ f, where F_N is the Fejér kernel

F_N (x) = 1 2π(N + 1) ( sin [(N + 1)x/2] sin(x/2)

)_2 . (c) Which of the families (D_N ) and (F_N ) are approximate identities as N → ∞?

What can you say about the uniform convergence of the partial sums S_N and the averaged partial sums T_N to f?

Exercise 7.3 Prove that the sets {e_n | n ≥ 1} defined by

e_n(x) = √ 2 π sin nx, and {f_n | n ≥ 0} defined by

f_0(x) = √ 1 π , f_n(x) = √ 2 π cos nx for n ≥ 1,

are both orthonormal bases of L^2([0, π]).

Exercise 7.4 Let T, S ∈ L^2(T) be the triangular and square wave, respectively, defined by T (x) = |x|, if |x| ≤ π, S(x) = { 1 if 0 < x < π, −1 if −π < x < 0. (a) Compute the Fourier series of T and S. (b) Show that T ∈ H^1(T) and T^′ = S. (c) Show that S /∈ H^1(T).

184 Fourier Series

Exercise 7.5 Consider f : T^d → C defined by f(x) = ∑ n∈Z^d a_ne^{in·x},

where x = (x_1, x_2, . . . , x_d), n = (n_1, n_2, . . . , n_d), and n·x = n_1x_1 +n_2x_2 +. . .+n_dx_d. Prove that if ∑ n∈Z^d |n|^{2k}|a_n|^2 < ∞

for some k > d/2, then f is continuous.

Exercise 7.6 Suppose that f ∈ H^1([a, b]) and f(a) = f(b) = 0. Prove the Poincaré inequality ∫_b a |f(x)|^2 dx ≤ (b − a)^2

π^2 ∫_b a |f^′(x)|^2 dx. Exercise 7.7 Solve the following initial-boundary value problem for the heat equation, u_t = u_{xx}, u(0, t) = 0, u(L, t) = 0 for t > 0, u(x, 0) = f(x) for 0 ≤ x ≤ 1.

Exercise 7.8 Find sufficient conditions on the coefficients a_n and b_n in the solution (7.25) of the wave equation so that u(x, t) is a twice continuously differentiable function of x for all t ∈ R.

Exercise 7.9 Suppose that u(x, t) is a smooth solution of the one-dimensional wave equation, u_{tt} − c^2u_{xx} = 0.

Prove that ( u^2_t + c^2u^2_x ) t − ( 2c^2u_tu_x ) x = 0. If u(0, t) = u(1, t) = 0 for all t, deduce that ∫_1 0 |u_t(x, t)|^2 + c^2|u_x(x, t)|^2 dx = constant.

Exercise 7.10 Show that u(x, t) = f(x + ct) + g(x − ct) is a solution of the one-dimensional wave equation, u_{tt} − c^2u_{xx} = 0,

Exercises 185

for arbitrary functions f and g, This solution is called d’Alembert’s solution.

Exercise 7.11 Let Ω = {(r, θ) | r < 1} be the unit disc in the plane, where (r, θ) are polar coordinates. The boundary of Ω is the unit circle T. Let u(r, θ) be a solution of Laplace’s equation in Ω, 1 r (ru_r)_r + 1 r^2 u_{θθ} = 0 r < 1, and define f, g ∈ L^2(T) by f(θ) = u_θ(1, θ), g(θ) = u_r(1, θ). Show that g = H f where H is the periodic Hilbert transform, defined in Example 8.32.

Exercise 7.12 Show that there is initial data f ∈ C^∞(T) for which the initial value problem for Laplace’s equation, u_{tt} + u_{xx} = 0, u(x, 0) = f(x), u_t(x, 0) = 0, has no solution with u(·, t) ∈ L^2(T) in any interval |t| < δ, where δ > 0. (The initial-value problem for Laplace’s equation is therefore ill-posed.)

Exercise 7.13 Use Fourier series to solve the following initial-boundary value problem for the Schrödinger equation (6.14), that describes a quantum mechanical particle in a box:

iu_t = −u_{xx} (7.63) u(0, t) = u(1, t) = 0 for all t, (7.64) u(x, 0) = f(x). (7.65) Derive the following two conservation laws from your Fourier series solution and directly from the PDE: d dt ∫_1 0 |u(x, t)|^2 dx = 0, d dt ∫_1 0 |u_x|^2 dx = 0. Exercise 7.14 Consider the logistic map x_{n+1} = 4μx_n(1 − x_n), where x_n ∈ [0, 1], and μ = 1. Show that the solutions may be written as x_n = sin^2 θ_n where θ^n ∈ T, and θ_{n+1} = 2θ_n.

What can you say about the orbits of the logistic map, the existence of an invariant measure, and the validity of an ergodic theorem?

186 Fourier Series

Exercise 7.15 Consider the dynamical system on T,

x_{n+1} = αx_n,

where α = (1 + √ 5)/2 is the golden ratio. Show that the orbit with initial value x_0 = 1 is not equidistributed on the circle, meaning that it does not satisfy (7.39). Hint: Show that

u_n = ( 1 + √ 5 2 )_n + ( 1 − √ 5 2 )_n

satisfies the difference equation

u_{n+1} = u_n + u_{n−1}

and hence is an integer for every n ∈ N. Then use the fact that ( 1 − √ 5 2 )_n → 0 as n → ∞. Exercise 7.16 If {V_n | n ∈ Z} is a family of closed subspaces of L^2(R) that satisfies the axioms of multiresolution analysis, and V_{n+1} = V_n ⊕ W_n, prove that

L^2(R) = ⨁ n∈Z W_n. (See Exercise 6.5 for the definition of an infinite direct sum.)

Exercise 7.17 Let B_n and V_n be as defined in (7.46) and (7.47). Prove that ⋃_N n=0 B_n is an orthonormal basis of V_N .

Hint. Prove that the set is orthonormal and count its elements.

Exercise 7.18 Suppose that B = {e_n(x)}^∞_{n=1} is an orthonormal basis for L^2([0, 1]). Prove the following:

(a) For any a ∈ R, the set B_a = {e_n(x − a)}^∞_{n=1} is an orthonormal basis for L^2([a, a + 1]).

(b) For any c > 0, the set B^c = { √ ce_n(cx)}^∞_{n=1} is an orthonormal basis for L^2([0, c^{−1}]).

(c) With the convention that functions are extended to a larger domain than their original domain by setting them equal to 0, prove that B ∪ B_1 is an orthonormal basis for L^2([0, 2]).

(d) Prove that ⋃ k∈ZB_k is an orthonormal basis for L^2(R).

Chapter 8

Bounded Linear Operators on a Hilbert Space

In this chapter we describe some important classes of bounded linear operators on Hilbert spaces, including projections, unitary operators, and self-adjoint operators. We also prove the Riesz representation theorem, which characterizes the bounded linear functionals on a Hilbert space, and discuss weak convergence in Hilbert spaces.

8.1 Orthogonal projections

We begin by describing some algebraic properties of projections. If M and N are subspaces of a linear space X such that every x ∈ X can be written uniquely as x = y + z with y ∈ M and z ∈ N, then we say that X = M ⊕ N is the direct sum of M and N, and we call N a complementary subspace of M in X. The decomposition x = y + z with y ∈ M and z ∈ N is unique if and only if M ∩ N = {0}. A given subspace M has many complementary subspaces. For example, if X = R^3 and M is a plane through the origin, then any line through the origin that does not lie in M is a complementary subspace. Every complementary subspace of M has the same dimension, and the dimension of a complementary subspace is called the codimension of M in X.

If X = M ⊕ N, then we define the projection P : X → X of X onto M along N by P x = y, where x = y + z with y ∈ M and z ∈ N. This projection is linear, with ran P = M and ker P = N, and satisfies P^2 = P . As we will show, this property characterizes projections, so we make the following definition.

Definition 8.1 A projection on a linear space X is a linear map P : X → X such that

P^2 = P. (8.1)

Any projection is associated with a direct sum decomposition.

Theorem 8.2 Let X be a linear space.

188 Bounded Linear Operators on a Hilbert Space

(a) If P : X → X is a projection, then X = ran P ⊕ ker P .

(b) If X = M ⊕ N, where M and N are linear subpaces of X, then there is a projection P : X → X with ran P = M and ker P = N.

Proof. To prove (a), we first show that x ∈ ran P if and only if x = P x. If x = P x, then clearly x ∈ ran P . If x ∈ ran P , then x = P y for some y ∈ X, and since P^2 = P , it follows that P x = P^2y = P y = x.

If x ∈ ran P ∩ ker P then x = P x and P x = 0, so ran P ∩ ker P = {0}. If x ∈ X, then we have x = P x + (x − P x), where P x ∈ ran P and (x − P x) ∈ ker P , since P (x − P x) = P x − P^2x = P x − P x = 0. Thus X = ran P ⊕ ker P .

To prove (b), we observe that if X = M ⊕ N, then x ∈ X has the unique decomposition x = y + z with y ∈ M and z ∈ N, and P x = y defines the required projection. □ When using Hilbert spaces, we are particularly interested in orthogonal subspaces. Suppose that M is a closed subspace of a Hilbert space H. Then, by Corollary 6.15, we have H = M ⊕ M^⊥. We call the projection of H onto M along M^⊥ the orthogonal projection of H onto M. If x = y + z and x^′ = y^′ + z^′, where y, y^′ ∈ M and z, z^′ ∈ M^⊥, then the orthogonality of M and M^⊥ implies that ⟨P x, x^′⟩ = ⟨y, y^′ + z^′⟩ = ⟨y, y^′⟩ = ⟨y + z, y^′⟩ = ⟨x, P x^′⟩. (8.2) This equation states that an orthogonal projection is self-adjoint (see Section 8.4). As we will show, the properties (8.1) and (8.2) characterize orthogonal projections. We therefore make the following definition.

Definition 8.3 An orthogonal projection on a Hilbert space H is a linear map P : H → H that satisfies P^2 = P, ⟨P x, y⟩ = ⟨x, P y⟩ for all x, y ∈ H. An orthogonal projection is necessarily bounded.

Proposition 8.4 If P is a nonzero orthogonal projection, then ‖P ‖ = 1.

Proof. If x ∈ H and P x ≠ 0, then the use of the Cauchy-Schwarz inequality implies that ‖P x‖ = ⟨P x, P x⟩ ‖P x‖ = ⟨x, P^2x⟩ ‖P x‖ = ⟨x, P x⟩ ‖P x‖ ≤ ‖x‖. Therefore ‖P ‖ ≤ 1. If P ≠ 0, then there is an x ∈ H with P x ≠ 0, and ‖P (P x)‖ = ‖P x‖, so that ‖P ‖ ≥ 1. □

Orthogonal projections 189

There is a one-to-one correspondence between orthogonal projections P and closed subspaces M of H such that ran P = M. The kernel of the orthogonal projection is the orthogonal complement of M.

Theorem 8.5 Let H be a Hilbert space.

(a) If P is an orthogonal projection on H, then ran P is closed, and

H = ran P ⊕ ker P

is the orthogonal direct sum of ran P and ker P .

(b) If M is a closed subspace of H, then there is an orthogonal projection P on H with ran P = M and ker P = M^⊥.

Proof. To prove (a), suppose that P is an orthogonal projection on H. Then, by Theorem 8.2, we have H = ran P ⊕ ker P . If x = P y ∈ ran P and z ∈ ker P , then ⟨x, z⟩ = ⟨P y, z⟩ = ⟨y, P z⟩ = 0, so ran P ⊥ ker P . Hence, we see that H is the orthogonal direct sum of ran P and ker P . It follows that ran P = (ker P )^⊥, so ran P is closed.

To prove (b), suppose that M is a closed subspace of H. Then Corollary 6.15 implies that H = M ⊕ M^⊥. We define a projection P : H → H by

P x = y, where x = y + z with y ∈ M and z ∈ M^⊥.

Then ran P = M, and ker P = M^⊥. The orthogonality of P was shown in (8.2) above. □

If P is an orthogonal projection on H, with range M and associated orthogonal direct sum H = M ⊕ N , then I − P is the orthogonal projection with range N and associated orthogonal direct sum H = N ⊕ M.

Example 8.6 The space L^2(R) is the orthogonal direct sum of the space M of even functions and the space N of odd functions. The orthogonal projections P and Q of H onto M and N , respectively, are given by P f(x) = f(x) + f(−x) 2 , Qf(x) = f(x) − f(−x) 2 . Note that I − P = Q.

Example 8.7 Suppose that A is a measurable subset of R — for example, an interval — with characteristic function

χ_A(x) = { 1 if x ∈ A, 0 if x ∉ A. Then P_Af(x) = χ_A(x)f(x)

190 Bounded Linear Operators on a Hilbert Space

is an orthogonal projection of L^2(R) onto the subspace of functions with support contained in A.

A frequently encountered case is that of projections onto a one-dimensional subspace of a Hilbert space H. For any vector u ∈ H with ‖u‖ = 1, the map P_u defined by P_ux = ⟨u, x⟩u projects a vector orthogonally onto its component in the direction u. Mathematicians use the tensor product notation u ⊗ u to denote this projection. Physicists, on the other hand, often use the “bra-ket” notation introduced by Dirac. In this notation, an element x of a Hilbert space is denoted by a “bra” ⟨x| or a “ket” |x⟩, and the inner product of x and y is denoted by ⟨x | y⟩. The orthogonal projection in the direction u is then denoted by |u⟩⟨u|, so that (|u⟩⟨u|) |x⟩ = ⟨u | x⟩|u⟩. Example 8.8 If H = R^n , the orthogonal projection P_u in the direction of a unit vector u has the rank one matrix uu^T . The component of a vector x in the direction u is P_ux = (u^T x)u.

Example 8.9 If H = l^2(Z), and u = e_n, where e_n = (δ_{k,n})^∞_{k=−∞}, and x = (x_k), then P_{en} x = x_ne_n.

Example 8.10 If H = L^2(T) is the space of 2π-periodic functions and u = 1/ √ 2π is the constant function with norm one, then the orthogonal projection P_u maps a function to its mean: P_uf = ⟨f⟩, where ⟨f⟩ = 1 2π ∫_{2π} 0 f(x) dx. The corresponding orthogonal decomposition, f(x) = ⟨f⟩ + f^′(x), decomposes a function into a constant mean part ⟨f⟩ and a fluctuating part f^′ with zero mean.

8.2 The dual of a Hilbert space

A linear functional on a complex Hilbert space H is a linear map from H to C . A linear functional φ is bounded, or continuous, if there exists a constant M such that |φ(x)| ≤ M‖x‖ for all x ∈ H. (8.3)

The dual of a Hilbert space 191

The norm of a bounded linear functional φ is ‖φ‖ = sup_{‖x‖=1} |φ(x)|. (8.4) If y ∈ H, then φ_y(x) = ⟨y, x⟩ (8.5) is a bounded linear functional on H, with ‖φ_y‖ = ‖y‖.

Example 8.11 Suppose that H = L^2(T). Then, for each n ∈ Z, the functional φ_n : L^2(T) → C , φ_n(f) = 1 √ 2π ∫ T f(x)e^{−inx} dx, that maps a function to its nth Fourier coefficient is a bounded linear functional. We have ‖φ_n‖ = 1 for every n ∈ Z.

One of the fundamental facts about Hilbert spaces is that all bounded linear functionals are of the form (8.5).

Theorem 8.12 (Riesz representation) If φ is a bounded linear functional on a Hilbert space H, then there is a unique vector y ∈ H such that φ(x) = ⟨y, x⟩ for all x ∈ H. (8.6) Proof. If φ = 0, then y = 0, so we suppose that φ ≠ 0. In that case, ker φ is a proper closed subspace of H, and Theorem 6.13 implies that there is a nonzero vector z ∈ H such that z ⊥ ker φ. We define a linear map P : H → C by P x = φ(x) φ(z) z. Then P^2 = P , so Theorem 8.2 implies that H = ran P ⊕ ker P . Moreover, ran P = {αz | α ∈ C } , ker P = ker φ, so that ran P ⊥ ker P . It follows that P is an orthogonal projection, and H = {αz | α ∈ C } ⊕ ker φ is an orthogonal direct sum. We can therefore write x ∈ H as x = αz + n, α ∈ C and n ∈ ker φ. Taking the inner product of this decomposition with z, we get α = ⟨z, x⟩ ‖z‖^2 ,

192 Bounded Linear Operators on a Hilbert Space

and evaluating φ on x = αz + n, we find that φ(x) = αφ(z). The elimination of α from these equations, and a rearrangement of the result, yields φ(x) = ⟨y, x⟩, where y = φ(z) ‖z‖^2 z. Thus, every bounded linear functional is given by the inner product with a fixed vector.

We have already seen that φ_y(x) = ⟨y, x⟩ defines a bounded linear functional on H for every y ∈ H. To prove that there is a unique y in H associated with a given linear functional, suppose that φ_{y1} = φ_{y2} . Then φ_{y1} (y) = φ_{y2} (y) when y = y_1 − y_2, which implies that ‖y_1 − y_2‖^2 = 0, so y_1 = y_2. □

The map J : H → H^∗ given by Jy = φ_y therefore identifies a Hilbert space H with its dual space H^∗. The norm of φ_y is equal to the norm of y (see Exercise 8.7), so J is an isometry. In the case of complex Hilbert spaces, J is antilinear, rather than linear, because φ_{λy} = λφ_y. Thus, Hilbert spaces are self-dual, meaning that H and H^∗ are isomorphic as Banach spaces, and anti-isomorphic as Hilbert spaces. Hilbert spaces are special in this respect. The dual space of an infinite-dimensional Banach space, such as an L^p-space with p ≠ 2 or C([a, b]), is in general not isomorphic to the original space.

Example 8.13 In quantum mechanics, the observables of a system are represented by a space A of linear operators on a Hilbert space H. A state ω of a quantum mechanical system is a linear functional ω on the space A of observables with the following two properties:

ω(A^∗A) ≥ 0 for all A ∈ A, (8.7) ω(I) = 1. (8.8)

The number ω(A) is the expected value of the observable A when the system is in the state ω. Condition (8.7) is called positivity, and condition (8.8) is called normalization. To be specific, suppose that H = C^n and A is the space of all n × n complex matrices. Then A is a Hilbert space with the inner product given by ⟨A, B⟩ = tr A^∗B. By the Riesz representation theorem, for each state ω there is a unique ρ ∈ A such that

ω(A) = tr ρ^∗A for all A ∈ A.

The adjoint of an operator 193

The conditions (8.7) and (8.8) translate into ρ ≥ 0, and tr ρ = 1, respectively.

Another application of the Riesz representation theorem is given in Section 12.11, where we use it to prove the existence and uniqueness of weak solutions of Laplace’s equation.

8.3 The adjoint of an operator An important consequence of the Riesz representation theorem is the existence of the adjoint of a bounded operator on a Hilbert space. The defining property of the adjoint A^∗ ∈ B(H) of an operator A ∈ B(H) is that ⟨x, Ay⟩ = ⟨A^∗x, y⟩ for all x, y ∈ H. (8.9) The uniqueness of A^∗ follows from Exercise 8.14. The definition implies that (A^∗)^∗ = A, (AB)^∗ = B^∗A^∗.

To prove that A^∗ exists, we have to show that for every x ∈ H, there is a vector z ∈ H, depending linearly on x, such that ⟨z, y⟩ = ⟨x, Ay⟩ for all y ∈ H. (8.10) For fixed x, the map φ_x defined by φ_x(y) = ⟨x, Ay⟩ is a bounded linear functional on H, with ‖φ_x‖ ≤ ‖A‖‖x‖. By the Riesz representation theorem, there is a unique z ∈ H such that φ_x(y) = ⟨z, y⟩. This z satisfies (8.10), so we set A^∗x = z. The linearity of A^∗ follows from the uniqueness in the Riesz representation theorem and the linearity of the inner product. Example 8.14 The matrix of the adjoint of a linear map on R^n with matrix A is A^T , since x · (Ay) = ( A^T x ) · y. In component notation, we have n∑ i=1 x_i n∑ j=1 a_{ij} y_j = n∑ j=1 (_n ∑ i=1 a_{ij} x_i ) y_j .

The matrix of the adjoint of a linear map on C^n with complex matrix A is the Hermitian conjugate matrix, A^∗ = A^T .

194 Bounded Linear Operators on a Hilbert Space

Example 8.15 Suppose that S and T are the right and left shift operators on the sequence space ℓ^2(N), defined by

S(x_1, x_2, x_3, . . .) = (0, x_1, x_2, x_3, . . .), T (x_1, x_2, x_3, . . .) = (x_2, x_3, x_4, . . .). Then T = S^∗, since ⟨x, Sy⟩ = x_2y_1 + x_3y_2 + x_4y_3 + . . . = ⟨T x, y⟩.

Example 8.16 Let K : L^2([0, 1]) → L^2([0, 1]) be an integral operator of the form Kf(x) = ∫_1 0 k(x, y)f(y) dy, where k : [0, 1] × [0, 1] → C . Then the adjoint operator K^∗f(x) = ∫_1 0 k(y, x)f(y) dy is the integral operator with the complex conjugate, transpose kernel.

The adjoint plays a crucial role in studying the solvability of a linear equation Ax = y, (8.11) where A : H → H is a bounded linear operator. Let z ∈ H be any solution of the homogeneous adjoint equation, A^∗z = 0. We take the inner product of (8.11) with z. The inner product on the left-hand side vanishes because ⟨Ax, z⟩ = ⟨x, A^∗z⟩ = 0. Hence, a necessary condition for a solution x of (8.11) to exist is that ⟨y, z⟩ = 0 for all z ∈ ker A^∗, meaning that y ∈ (ker A^∗)^⊥. This condition on y is not always sufficient to guarantee the solvability of (8.11); the most we can say for general bounded operators is the following result.

Theorem 8.17 If A : H → H is a bounded linear operator, then ran A = (ker A^∗)^⊥ , ker A = (ran A^∗)^⊥ . (8.12) Proof. If x ∈ ran A, there is a y ∈ H such that x = Ay. For any z ∈ ker A^∗, we then have ⟨x, z⟩ = ⟨Ay, z⟩ = ⟨y, A^∗z⟩ = 0.

The adjoint of an operator 195

This proves that ran A ⊂ (ker A^∗)^⊥. Since (ker A^∗)^⊥ is closed, it follows that ran A ⊂ (ker A^∗)^⊥. On the other hand, if x ∈ (ran A)^⊥, then for all y ∈ H we have 0 = ⟨Ay, x⟩ = ⟨y, A^∗x⟩. Therefore A^∗x = 0. This means that (ran A)^⊥ ⊂ ker A^∗. By taking the orthogonal complement of this relation, we get

(ker A^∗)^⊥ ⊂ (ran A)^{⊥⊥} = ran A,

which proves the first part of (8.12). To prove the second part, we apply the first part to A^∗, instead of A, use A^{∗∗} = A, and take orthogonal complements. □

An equivalent formulation of this theorem is that if A is bounded linear operator on H, then H is the orthogonal direct sum

H = ran A ⊕ ker A^∗.

If A has closed range, then we obtain the following necessary and sufficient condition for the solvability of (8.11).

Theorem 8.18 Supppose that A : H → H is a bounded linear operator on a Hilbert space H with closed range. Then the equation Ax = y has a solution for x if and only if y is orthogonal to ker A^∗.

This theorem provides a useful general method of proving existence from uniqueness: if A has closed range, and the solution of the adjoint problem A^∗x = y is unique, then ker A^∗ = {0}, so every y is orthogonal to ker A^∗. Hence, a solution of Ax = y exists for every y ∈ H. The condition that A has closed range is implied by an estimate of the form c‖x‖ ≤ ‖Ax‖, as shown in Proposition 5.30.

A commonly occurring dichotomy for the solvability of a linear equation is summarized in the following Fredholm alternative.

Definition 8.19 A bounded linear operator A : H → H on a Hilbert space H satisfies the Fredholm alternative if one of the following two alternatives holds:

(a) either Ax = 0, A^∗x = 0 have only the zero solution, and the equations Ax = y, A^∗x = y have a unique solution x ∈ H for every y ∈ H;

(b) or Ax = 0, A^∗x = 0 have nontrivial, finite-dimensional solution spaces of the same dimension, Ax = y has a (nonunique) solution if and only if y ⊥ z for every solution z of A^∗z = 0, and A^∗x = y has a (nonunique) solution if and only if y ⊥ z for every solution z of Az = 0.

Any linear operator A : C^n → C^n on a finite-dimensional space, associated with an n × n system of linear equations Ax = y, satisfies the Fredholm alternative. The ranges of A and A^∗ are closed because they are finite-dimensional. From linear algebra, the rank of A^∗ is equal to the rank of A, and therefore the nullity

196 Bounded Linear Operators on a Hilbert Space

of A is equal to the nullity of A^∗. The Fredholm alternative then follows from Theorem 8.18.

Two things can go wrong with the Fredholm alternative in Definition 8.19 for bounded operators A on an infinite-dimensional space. First, ran A need not be closed; and second, even if ran A is closed, it is not true, in general, that ker A and ker A^∗ have the same dimension. As a result, the equation Ax = y may be solvable for all y ∈ H even though A is not one-to-one, or Ax = y may not be solvable for all y ∈ H even though A is one-to-one. We illustrate these possibilities with some examples.

Example 8.20 Consider the multiplication operator M : L^2([0, 1]) → L^2([0, 1]) defined by Mf(x) = xf(x). Then M^∗ = M, and M is one-to-one, so every g ∈ L^2([0, 1]) is orthogonal to ker M^∗; but the range of M is a proper dense subspace of L^2([0, 1]), so Mf = g is not solvable for every g ∈ L^2([0, 1]) (see Example 9.5 for more details).

Example 8.21 The range of the right shift operator S : ℓ^2(N) → ℓ^2(N), defined in Example 8.15, is closed since it consists of y = (y_1, y_2, y_3, . . .) ∈ ℓ^2(N) such that y_1 = 0. The left shift operator T = S^∗ is singular since its kernel is the one-dimensional space with basis {(1, 0, 0, . . .)}. The equation Sx = y, or

(0, x_1, x_2, . . .) = (y_1, y_2, y_3, . . .),

is solvable if and only if y_1 = 0, or y ⊥ ker T , which verifies Theorem 8.18 in this case. If a solution exists, then it is unique. On the other hand, the equation T x = y is solvable for every y ∈ ℓ^2(N), even though T is not one-to-one, and the solution is not unique.

These examples motivate the following definition.

Definition 8.22 A bounded linear operator A on a Hilbert space is a Fredholm operator if:

(a) ran A is closed;

(b) ker A and ker A^∗ are finite-dimensional.

The index of a Fredholm operator A, ind A, is the integer

ind A = dim ker A − dim ker A^∗.

For example, a linear operator on a finite-dimensional Hilbert space and the identity operator on an infinite-dimensional Hilbert space are Fredholm operators with index zero. The right and left shift operators S and T in Example 8.21 are Fredholm, but their indices are nonzero. Since dim ker S = 0, dim ker T = 1, and

Self-adjoint and unitary operators 197

S = T^∗, we have ind S = −1 and ind T = 1. The multiplication operator in Example 8.20 is not Fredholm because it does not have closed range.

It is possible to prove that if A is Fredholm and K is compact, then A + K is Fredholm, and ind (A + K) = ind A. Thus the index of a Fredholm operator is unchanged by compact perturbations. In particular, compact perturbations of the identity are Fredholm operators with index zero, so they satisfy the Fredholm alternative in Definition 8.19. We will prove a special case of this result, for compact, self-adjoint perturbations of the identity, in Theorem 9.26.

8.4 Self-adjoint and unitary operators Two of the most important classes of operators on a Hilbert space are the classes of self-adjoint and unitary operators. We begin by defining self-adjoint operators. Definition 8.23 A bounded linear operator A : H → H on a Hilbert space H is self-adjoint if A^∗ = A.

Equivalently, a bounded linear operator A on H is self-adjoint if and only if ⟨x, Ay⟩ = ⟨Ax, y⟩ for all x, y ∈ H. Example 8.24 From Example 8.14, a linear map on R^n with matrix A is selfadjoint if and only if A is symmetric, meaning that A = A^T , where A^T is the transpose of A. A linear map on C^n with matrix A is self-adjoint if and only if A is Hermitian, meaning that A = A^∗.

Example 8.25 From Example 8.16, an integral operator K : L^2([0, 1]) → L^2([0, 1]), Kf(x) = ∫_1 0 k(x, y)f(y) dy, is self-adjoint if and only if k(x, y) = k(y, x).

Given a linear operator A : H → H, we may define a sesquilinear form a : H × H → C by a(x, y) = ⟨x, Ay⟩. If A is self-adjoint, then this form is Hermitian symmetric, or symmetric, meaning that a(x, y) = a(y, x). It follows that the associated quadratic form q(x) = a(x, x), or q(x) = ⟨x, Ax⟩, (8.13)

198 Bounded Linear Operators on a Hilbert Space

is real-valued. We say that A is nonnegative if it is self-adjoint and ⟨x, Ax⟩ ≥ 0 for all x ∈ H. We say that A is positive, or positive definite, if it is self-adjoint and ⟨x, Ax⟩ > 0 for every nonzero x ∈ H. If A is a positive, bounded operator, then (x, y) = ⟨x, Ay⟩ defines an inner product on H. If, in addition, there is a constant c > 0 such that ⟨x, Ax⟩ ≥ c‖x‖^2 for all x ∈ H, then we say that A is bounded from below, and the norm associated with (·, ·) is equivalent to the norm associated with ⟨·, ·⟩.

The quadratic form associated with a self-adjoint operator determines the norm of the operator.

Lemma 8.26 If A is a bounded self-adjoint operator on a Hilbert space H, then ‖A‖ = sup_{‖x‖=1} |⟨x, Ax⟩|. Proof. Let α = sup_{‖x‖=1} |⟨x, Ax⟩|. The inequality α ≤ ‖A‖ is immediate, since |⟨x, Ax⟩| ≤ ‖Ax‖ ‖x‖ ≤ ‖A‖ ‖x‖^2. To prove the reverse inequality, we use the definition of the norm, ‖A‖ = sup_{‖x‖=1} ‖Ax‖. For any z ∈ H, we have ‖z‖ = sup_{‖y‖=1} |⟨y, z⟩|. It follows that ‖A‖ = sup {|⟨y, Ax⟩| | ‖x‖ = 1, ‖y‖ = 1} . (8.14) The polarization formula (6.5) implies that ⟨y, Ax⟩ = 1 4 {⟨x + y, A(x + y)⟩ − ⟨x − y, A(x − y)⟩ − i⟨x + iy, A(x + iy)⟩ + i⟨x − iy, A(x − iy)⟩} . Since A is self-adjoint, the first two terms are real, and the last two are imaginary. We replace y by e^{iφ}y, where φ ∈ R is chosen so that ⟨e^{iφ}y, Ax⟩ is real. Then the

Self-adjoint and unitary operators 199

imaginary terms vanish, and we find that |⟨y, Ax⟩|^2 = 1 16 |⟨x + y, A(x + y)⟩ − ⟨x − y, A(x − y)⟩|^2 ≤ 1 16 α^2(‖x + y‖^2 + ‖x − y‖^2)^2 = 1 4 α^2(‖x‖^2 + ‖y‖^2)^2, where we have used the definition of α and the parallelogram law. Using this result in (8.14), we conclude that ‖A‖ ≤ α. □ As a corollary, we have the following result.

Corollary 8.27 If A is a bounded operator on a Hilbert space then ‖A^∗A‖ = ‖A‖^2. If A is self-adjoint, then ‖A^2‖ = ‖A‖^2.

Proof. The definition of ‖A‖, and an application Lemma 8.26 to the self-adjoint operator A^∗A, imply that ‖A‖^2 = sup_{‖x‖=1} |⟨Ax, Ax⟩| = sup_{‖x‖=1} |⟨x, A^∗Ax⟩| = ‖A^∗A‖. Hence, if A is self-adjoint, then ‖A‖^2 = ‖A^2‖. □ Next, we define orthogonal or unitary operators, on real or complex spaces, respectively.

Definition 8.28 A linear map U : H_1 → H_2 between real or complex Hilbert spaces H_1 and H_2 is said to be orthogonal or unitary, respectively, if it is invertible and if ⟨Ux, Uy⟩_{H2} = ⟨x, y⟩_{H1} for all x, y ∈ H_1. Two Hilbert spaces H_1 and H_2 are isomorphic as Hilbert spaces if there is a unitary linear map between them.

Thus, a unitary operator is one-to-one and onto, and preserves the inner product. A map U : H → H is unitary if and only if U^∗U = I, meaning that U is invertible and U^{−1} = U^∗.

Example 8.29 An n × n real matrix Q is orthogonal if Q^T = Q^{−1}. An n × n complex matrix U is unitary if U^∗ = U^{−1}.

Example 8.30 If A is a bounded self-adjoint operator, then e^{iA} = ∞∑ n=0 1 n! (iA)^n

200 Bounded Linear Operators on a Hilbert Space

is unitary, since ( e^{iA} )_∗ = e^{−iA} = ( e^{iA} )_{−1} . A bounded operator S is skew-adjoint if S^∗ = −S. Any skew-adjoint operator S on a complex Hilbert space may be written as S = iA where A is a self-adjoint operator. The commutator [A, B] = AB − BA is a Lie bracket on the space of bounded, skew-adjoint bounded operators, and we say that this space is the Lie algebra of the Lie group of unitary operators.

Example 8.31 Let H be a finite dimensional Hilbert space. If {e_1, e_2, . . . , e_n} is an orthonormal basis of H, then U : C^n → H defined by

U (z_1, z_2, . . . , z_n) = z_1e_1 + z_2e_2 + . . . + z_ne_n

is unitary. Thus, any n-dimensional, complex Hilbert space is isomorphic to C^n .

Example 8.32 Suppose that H_1 and H_2 are two Hilbert spaces of the same, possibly infinite, dimension. Let {u_α} be an orthonormal basis of H_1 and {v_α} an orthonormal basis of H_2. Any x ∈ H_1 can be written uniquely as x = ∑ α c_αu_α, with coefficients c_α ∈ C . We define U : H_1 → H_2 by U ( ∑ α c_αu_α ) = ∑ α c_αv_α. Then U is unitary. Thus, Hilbert spaces of the same dimension are isomorphic.

More generally, if λ_α = e^{iφα} are complex numbers with |λ_α| = 1, then U : H_1 → H_2 defined by Ux = ∑ α λ_α⟨u_α, x⟩v_α is unitary. For example, the periodic Hilbert transform H : L^2(T) → L^2(T) is defined by H (_∞ ∑ n=−∞ f̂_ne^{inx} ) = ∞∑ n=−∞ i (sgn n) f̂_ne^{inx}, where sgn is the sign function, defined in (5.8). The Hilbert transform is not a unitary mapping on L^2(T) because H (1) = 0; however, Parseval’s theorem implies that it is a unitary mapping on the subspace H of square-integrable periodic functions with zero mean, H = { f ∈ L^2(T) | | | ∫ T f(x) dx = 0 } .

The mean ergodic theorem 201

Example 8.33 The operator U : L^2(T) → ℓ^2(Z) that maps a function to its Fourier coefficents is unitary. Explicitly, we have Uf = (c_n)_{n∈Z}, c_n = 1 √ 2π ∫_{2π} 0 f(x)e^{−inx} dx. Thus, the Hilbert space of square integrable functions on the circle is isomorphic to the Hilbert space of sequences on Z. As this example illustrates, isomorphic Hilbert spaces may be given concretely in forms that, at first sight, do not appear to be the same.

Example 8.34 For a ∈ T, we define the translation operator T_a : L^2(T) → L^2(T) by (T_af)(x) = f(x − a). Then T_a is unitary, and T_{a+b} = T_aT_b. We say that {T_a | a ∈ T} is a unitary representation of the additive group R/(2πZ) on the linear space L^2(T).

An operator T : H → H is said to be normal if it commutes with its adjoint, meaning that T T^∗ = T^∗T . Both self-adjoint and unitary operators are normal. An important feature of normal operators is that they have a nice spectral theory. We will discuss the spectral theory of compact, self-adjoint operators in detail in the next chapter.

8.5 The mean ergodic theorem

Ergodic theorems equate time averages with probabilistic averages, and they are important, for example, in understanding the statistical behavior of deterministic dynamical systems.

The proof of the following ergodic theorem, due to von Neumann, is a good example of Hilbert space methods.

Theorem 8.35 (von Neumann ergodic) Suppose that U is a unitary operator on a Hilbert space H. Let M = {x ∈ H | Ux = x} be the subspace of vectors that are invariant under U, and P the orthogonal projection onto M. Then, for all x ∈ H, we have lim N→∞ 1 N + 1 N∑ n=0 U^nx = P x. (8.15)

That is, the averages of U^n converge strongly to P .

202 Bounded Linear Operators on a Hilbert Space

Proof. It is sufficient to prove (8.15) for x ∈ ker P and x ∈ ran P , because then the orthogonal decomposition H = ker P ⊕ ran P implies that (8.15) holds for all x ∈ H. Equation (8.15) is trivial when x ∈ ran P = M, since then Ux = x and P x = x. To complete the proof, we show that (8.15) holds when x ∈ ker P . From the definition of P , we have ran P = ker(I − U). If U is unitary, then Ux = x if and only if U^∗x = x. Hence, using Theorem 8.17, we find that

ker P = ker(I − U)^⊥ = ker(I − U^∗)^⊥ = ran (I − U).

Therefore every x ∈ ker P may be approximated by vectors of the form (I − U)y. If x = (I − U)y, then 1 N + 1 N∑ n=0 U^nx = 1 N + 1 N∑ n=0 ( U^n − U^{n+1} ) y = 1 N + 1 ( y − U^{N+1}y ) → 0 as N → ∞. If x ∈ ker P , then there is a sequence of elements x_k = (I − U)y_k with x_k → x. Hence, lim N→∞ ‖ ‖ ‖ ‖ 1 N + 1 N∑ n=0 U^nx ‖ ‖ ‖ ‖ ≤ lim sup N→∞ ‖ ‖ ‖ ‖ 1 N + 1 N∑ n=0 U^n(x − x_k ) ‖ ‖ ‖ ‖ + lim sup N→∞ ‖ ‖ ‖ ‖ 1 N + 1 N∑ n=0 U^nx_k ‖ ‖ ‖ ‖ ≤ ‖x − x_k‖. Since k is arbitrary and x_k → x, it follows that (8.15) holds for every x ∈ ker P . □

Next, we explain the implications of this result in probability theory. Suppose that P is a probability measure on a probability space Ω, as described in Section 6.4. A one-to-one, onto, measurable map T : Ω → Ω is said to be measure preserving if P ( T^{−1}(A) ) = P (A) for all measurable subsets A of Ω. Here, T^{−1}(A) = {ω ∈ Ω | T (ω) ∈ A}. The rotations of the unit circle, studied in Theorem 7.11, are a helpful example to keep in mind here. In that case, Ω = T, and P is the measure which assigns a probability of θ/2π to an interval on T of length θ. Any rotation of the circle is a measure preserving map.

If f is a random variable (that is, a measurable real- or complex-valued function on Ω) then the composition of T and f, defined by f ∘ T (ω) = f (T (ω)), is also a

The mean ergodic theorem 203

random variable. Since T is measure preserving, we have Ef = Ef ∘ T , or ∫ Ω f dP = ∫ Ω f ∘ T dP. If f = f ∘ T , then we say that f is invariant under T . This is always true if f is a constant function. If these are the only invariant functions, then we say that T is ergodic.

Definition 8.36 A one-to-one, onto, measure preserving map T on a probability space (Ω, P ) is ergodic if the only functions f ∈ L^2(Ω, P ) such that f = f ∘ T are the constant functions.

For example, rotations of the circle through an irrational multiple of 2π are ergodic, but rotations through a rational multiple of 2π are not. To make the connection between ergodic maps and Theorem 8.35 above, we define an operator

U : L^2(Ω, P ) → L^2(Ω, P )

on the Hilbert space L^2(Ω, P ) of second-order random variables on Ω by Uf = f ∘ T. (8.16) Suppose that f, g ∈ L^2(Ω, P ). Then, since T is measure preserving, we have ⟨Uf, Ug⟩ = ∫ Ω f (T (ω))g (T (ω)) dP (ω) = ∫ Ω f(ω)g(ω) dP (ω) = ⟨f, g⟩, so the map U is unitary. The invariant subspace of U consists of the functions that are invariant under T . Thus, if T is ergodic, the invariant subspace of U consists of the constant functions, and the orthogonal projection onto the invariant subspace maps a random variable to its expected value. An application of the von Neumann ergodic theorem to the map U defined in (8.16) then gives the following result.

Theorem 8.37 A one-to-one, onto, measure preserving map T : Ω → Ω on a probability space (Ω, P ) is ergodic if and only if for every f ∈ L^2(Ω, P ) lim N→∞ 1 N + 1 N∑ n=0 f ∘ T^n = ∫ Ω fdP, (8.17) where the convergence is in the L^2-norm.

If we think of T : Ω → Ω as defining a discrete dynamical system x_{n+1} = T x_n on the state space Ω, as described in Section 3.2, then the left-hand side of (8.17) is the time average of f, while the right-hand side is the probabilistic (or “ensemble”) average of f. Thus, the theorem states that time averages and probabilistic averages coincide for ergodic maps.

204 Bounded Linear Operators on a Hilbert Space

There is a second ergodic theorem, called the Birkhoff ergodic theorem, which states that the averages on the left-hand side of equation (8.17) converge almost surely to the constant on the right-hand side for every f in L^1(Ω, P ).

8.6 Weak convergence in a Hilbert space A sequence (x_n) in a Hilbert space H converges weakly to x ∈ H if lim_{n→∞}⟨x_n, y⟩ = ⟨x, y⟩ for all y ∈ H. Weak convergence is usually written as x_n ⇀ x as n → ∞, to distinguish it from strong, or norm, convergence. From the Riesz representation theorem, this definition of weak convergence for sequences in a Hilbert space is a special case of Definition 5.59 of weak convergence in a Banach space. Strong convergence implies weak convergence, but the converse is not true on infinitedimensional spaces.

Example 8.38 Suppose that H = ℓ^2(N). Let e_n = (0, 0, . . . , 0, 1, 0, . . .) be the standard basis vector whose nth term is 1 and whose other terms are 0. If y = (y_1, y_2, y_3, . . .) ∈ ℓ^2(N), then ⟨e_n, y⟩ = y_n → 0 as n → ∞, since ∑ |y_n|^2 converges. Hence e_n ⇀ 0 as n → ∞. On the other hand, ‖e_n − e_m‖ = √ 2 for all n ≠ m, so the sequence (e_n) does not converge strongly. It is a nontrivial fact that a weakly convergent sequence is bounded. This is a consequence of the uniform boundedness theorem, or Banach-Steinhaus theorem, which we prove next.

Theorem 8.39 (Uniform boundedness) Suppose that {φ_n : X → C | n ∈ N} is a set of linear functionals on a Banach space X such that the set of complex numbers {φ_n(x) | n ∈ N} is bounded for each x ∈ X. Then {‖φ_n‖ | n ∈ N} is bounded.

Proof. First, we show that the functionals are uniformly bounded if they are uniformly bounded on any ball. Suppose that there is a ball B(x_0, r) = {x ∈ X | ‖x − x_0‖ < r} ,

Weak convergence in a Hilbert space 205

with r > 0, and a constant M such that

|φ_n(x)| ≤ M for all x ∈ B(x_0, r) and all n ∈ N.

Then, for any x ∈ X with x ≠ x_0, the linearity of φ_n implies that |φ_n(x)| ≤ ‖x − x_0‖ r | | |φ_n ( r x − x_0 ‖x − x_0‖ )| | + |φ_n(x_0)| ≤ M r ‖x − x_0‖ + |φ_n(x_0)|. Hence, if ‖x‖ ≤ 1, we have |φ_n(x)| ≤ M r (1 + ‖x_0‖) + |φ_n(x_0)|.

Thus, the set of norms {‖φ_n‖ | n ∈ N } is bounded, because {|φ_n(x_0)| | n ∈ N } is bounded.

We now assume for contradiction that {‖φ_n‖} is unbounded. It follows from what we have just shown that for every open ball B(x_0, r) in X with r > 0, the set {|φ_n(x)| | x ∈ B(x_0, r) and n ∈ N } is unbounded. We may therefore pick n_1 ∈ N and x_1 ∈ B(0, 1) such that |φ_{n1} (x_1)| > 1. By the continuity of φ_{n1} , there is an 0 < r_1 < 1 such that |φ_{n1} (x)| > 1 for all x ∈ B(x_1, r_1). Next, we pick n_2 > n_1 and x_2 ∈ B(x_1, r_1) such that |φ_{n2} (x_2)| > 2. We choose a sufficiently small 0 < r_2 < 1/2 such that B(x_2, r_2) is contained in B(x_1, r_1) and |φ_{n2} (x)| > 2 for all x ∈ B(x_2, r_2). Continuing in this way, we obtain a subsequence (φ_{nk} ) of linear functionals, and a nested sequence of balls B(x_k , r_k) such that 0 < r_k < 1/k and |φ_{nk} (x)| > k for all x ∈ B(x_k, r_k ). The sequence (x_k ) is Cauchy, and hence x_k → x since X is complete. But x ∈ B(x_k , r_k) for all k ∈ N so that |φ_{nk} (x)| → ∞ as k → ∞, which contradicts the pointwise boundedness of {φ_n(x)}. □

Thus, the boundedness of the pointwise values of a family of linear functional implies the boundedness of their norms. Next, we prove that a weakly convergent sequence is bounded, and give a useful necessary and sufficient condition for weak convergence.

Theorem 8.40 Suppose that (x_n) is a sequence in a Hilbert space H and D is a dense subset of H. Then (x_n) converges weakly to x if and only if:

(a) ‖x_n‖ ≤ M for some constant M; (b) ⟨x_n, y⟩ → ⟨x, y⟩ as n → ∞ for all y ∈ D. Proof. Suppose that (x_n) is a weakly convergent sequence. We define the bounded linear functional φ_n by φ_n(x) = ⟨x_n, x⟩. Then ‖φ_n‖ = ‖x_n‖. Since (φ_n(x))

206 Bounded Linear Operators on a Hilbert Space

converges for each x ∈ H, it is a bounded sequence, and the uniform boundedness theorem implies that {‖φ_n‖} is bounded. It follows that a weakly convergent sequence satisfies (a). Part (b) is trivial.

Conversely, suppose that (x_n) satisfies (a) and (b). If z ∈ H, then for any ϵ > 0 there is a y ∈ D such that ‖z − y‖ < ϵ, and there is an N such that |⟨x_n − x, y⟩| < ϵ for n ≥ N. Since ‖x_n‖ ≤ M, it follows from the Cauchy-Schwarz inequality that for n ≥ N |⟨x_n − x, z⟩| ≤ |⟨x_n − x, y⟩| + |⟨x_n − x, z − y⟩| ≤ ϵ + ‖x_n − x‖‖z − y‖ ≤ (1 + M + ‖x‖) ϵ. Thus, ⟨x_n − x, z⟩ → 0 as n → ∞ for every z ∈ H, so x_n ⇀ x. □

Example 8.41 Suppose that {e_α}_{α∈I} is an orthonormal basis of a Hilbert space. Then a sequence (x_n) converges weakly to x if and only if it is bounded and its coordinates converge, meaning that ⟨x_n, e_α⟩ → ⟨x, e_α⟩ for each α ∈ I.

The boundedness of the sequence is essential to ensure weak convergence, as the following example shows.

Example 8.42 In Example 8.38, we saw that the bounded sequence (e_n) of standard basis elements in ℓ^2(N) converges weakly to zero. The unbounded sequence (ne_n), where ne_n = (0, 0, . . . , 0, n, 0, . . .), does not converge weakly, however, even though the coordinate sequences with respect to the basis (e_n) converge to zero. For example, x = ( n^{−3/4} )_∞ n=1 belongs to ℓ^2(N), but ⟨ne_n, x⟩ = n^{1/4} does not converge as n → ∞.

The next example illustrates oscillation, concentration, and escape to infinity, which are typical ways that a weakly convergent sequence of functions fails to converge strongly.

Example 8.43 The sequence (sin nπx) converges weakly to zero in L^2([0, 1]) because ∫_1 0 f(x) sin nπx dx → 0 as n → ∞ for all f ∈ L^2([0, 1]) (see Example 5.47). The sequence cannot converge strongly to zero since ‖ sin nπx‖ = 1/ √ 2 is bounded away from 0. In this case, the functions

Weak convergence in a Hilbert space 207

oscillate more and more rapidly as n → ∞. If a function f(x) = ∞∑ n=1 a_n sin nπx in L^2([0, 1]) is represented by its sequence (a_n) of Fourier sine coefficients, then this example is exactly the same as Example 8.38.

The sequence (f_n) defined by

f_n(x) = { √ n if 0 ≤ x ≤ 1/n, 0 if 1/n ≤ x ≤ 1, converges weakly to zero in L^2([0, 1]). To prove this fact, we observe that, for any polynomial p, | | | ∫_1 0 p(x)f_n(x) dx | | | = √ n | | | | ∫_{1/n} 0 p(x) dx | | | | ≤ 1 √ n | | | | n ∫_{1/n} 0 p(x) dx | | | | → 0 as n → ∞ since, by the continuity of p, n ∫_{1/n} 0 p(x) dx = p(0) + n ∫_{1/n} 0 {p(x) − p(0)} dx → p(0) as n → ∞. Thus, ⟨p, f_n⟩ → 0 as n → ∞ for every polynomial p. Since the polynomials are dense in L^2([0, 1]) and ‖f_n‖ = 1 for all n, Theorem 8.40 implies that f_n ⇀ 0. The norms of the f_n are bounded away from 0, so they cannot converge strongly to zero. In this case the functions f_n have a singularity that concentrates at a point.

The sequence (f_n) defined by

f_n(x) = { 1 if n < x < n + 1, 0 otherwise,

converges weakly, but not strongly, to zero in L^2(R). In this case, the functions f_n escape to infinity. The proof follows from the density of functions with compact support in L^2(R).

As the above example shows, we may have strict inequality in (8.18), caused by the loss of “energy” in oscillations, at a singularity, or by escape to infinity in the weak limit. In each case, the expansion of f_n in any orthonormal basis contains coefficients that wander off to infinity. If the norms of a weakly convergent sequence converge to the norm of the weak limit, then the sequence converges strongly.

208 Bounded Linear Operators on a Hilbert Space

Proposition 8.44 If (x_n) converges weakly to x, then

‖x‖ ≤ lim inf_{n→∞} ‖x_n‖. (8.18)

If, in addition, lim_{n→∞} ‖x_n‖ = ‖x‖, then (x_n) converges strongly to x.

Proof. Using the weak convergence of (x_n) and the Cauchy-Schwarz inequality, we find that ‖x‖^2 = ⟨x, x⟩ = lim_{n→∞}⟨x, x_n⟩ ≤ ‖x‖ lim inf_{n→∞} ‖x_n‖, which proves (8.18). Expansion of the inner product gives ‖x_n − x‖^2 = ‖x_n‖^2 − ⟨x_n, x⟩ − ⟨x, x_n⟩ + ‖x‖^2. If x_n ⇀ x, then ⟨x_n, x⟩ → ⟨x, x⟩. Hence, if we also have ‖x_n‖ → ‖x‖, then ‖x_n − x‖^2 → 0, meaning that x_n → x strongly. □

One reason for the utility of weak convergence is that it is much easier for sets to be compact in the weak topology than in the strong topology; in fact, a set is weakly precompact if and only if it is bounded. This result provides a partial analog of the Heine-Borel theorem for infinite-dimensional spaces, and is illustrated by the orthonormal sequence of vectors in Example 8.38. The sequence converges weakly, but no subsequence converges strongly, so the terms of the sequence form a weakly precompact, but not a strongly precompact, set.

Theorem 8.45 (Banach-Alaoglu) The closed unit ball of a Hilbert space is weakly compact.

Proof. We will prove the result for a separable Hilbert space. The result remains true for nonseparable spaces, but the proof requires deeper topological arguments and we will not give it here. We will use a diagonal argument to show that any sequence in the unit ball of a separable, infinite-dimensional Hilbert space has a convergent subsequence. Sequential weak compactness implies weak compactness, although this fact is not obvious because the weak topology is not metrizable.

Suppose that (x_n) is a sequence in the unit ball of a Hilbert space H. Let D = {y_n | n ∈ N} be a dense subset of H. Then (⟨x_n, y_1⟩) is a bounded sequence in C , since |⟨x_n, y_1⟩| ≤ ‖x_n‖‖y_1‖ ≤ ‖y_1‖. By the Heine-Borel theorem, there is a subsequence of (x_n), which we denote by (x_{1,k}), such that (⟨x_{1,k}, y_1⟩) converges as k → ∞. In a similar way, there is a subsequence (x_{2,k}) of (x_{1,k} ) such that (⟨x_{2,k} , y_2⟩) converges. Continuing in this

Weak convergence in a Hilbert space 209

way, we obtain successive subsequences (x_{j,k}) such that (⟨x_{j,k} , y_i⟩) converges as k → ∞ for each 1 ≤ i ≤ j. Taking the diagonal subsequence (x_{k,k} ) of (x_n), we see that (⟨x_{k,k} , y⟩) converges as k → ∞ for every y ∈ D. We define the linear functional φ : D ⊂ H → C by φ(y) = lim_{k→∞}⟨x_{k,k} , y⟩. Then |φ(y)| ≤ ‖y‖ since ‖x_{k,k}‖ ≤ 1, so φ is bounded on D. It therefore has a unique extension to a bounded linear functional on H, and the Riesz representation theorem implies that there is an x ∈ H such that φ(y) = ⟨x, y⟩. It follows from Theorem 8.40 that x_{k,k} ⇀ x as k → ∞. Moreover, from Proposition 8.44, ‖x‖ ≤ lim inf_{k→∞} ‖x_{k,k}‖ ≤ 1, so x belongs to the closed unit ball of H. Thus every sequence in the ball has a weakly convergent subsequence whose limit belongs to the ball, so the ball is weakly sequentially compact. □

An important application of Theorem 8.45 is to minimization problems. A function f : K → R on a weakly closed set K is said to be weakly sequentially lower semicontinuous, or weakly lower semicontinuous for short, if

f(x) ≤ lim inf_{n→∞} f (x_n)

for every sequence (x_n) in K such that x_n ⇀ x. For example, from Proposition 8.44, the norm ‖ · ‖ is weakly lower semicontinuous.

Theorem 8.46 Suppose that f : K → R is a weakly lower semicontinuous function on a weakly closed, bounded subset K of a Hilbert space. Then f is bounded from below and attains its infimum.

The proof of this theorem is exactly the same as the proof of Theorem 1.72. Weak precompactness is a less stringent condition than strong precompactness, but weak closure and weak lower semicontinuity are more stringent conditions than their strong counterparts because there are many more weakly convergent sequences than strongly convergent sequences in an infinite-dimensional space.

A useful sufficient condition that allows one to deduce weak lower semicontinuity, or closure, from strong lower semicontinuity, or closure, is convexity. Convex sets were defined in (1.3). Convex functions are defined as follows.

Definition 8.47 Let f : C → R be a real-valued function on a convex subset C of a real or complex linear space. Then f is convex if f (tx + (1 − t)y) ≤ tf(x) + (1 − t)f(y) for all x, y ∈ C and 0 ≤ t ≤ 1. If we have strict inequality in this equation whenever x ≠ y and 0 < t < 1, then f is strictly convex.

210 Bounded Linear Operators on a Hilbert Space

The following result, called Mazur’s theorem, explains the connection between convexity and weak convergence, and gives additional insight into weak convergence. We say that a vector y, in a real or complex linear space, is a convex combination of the vectors {x_1, x_2, . . . , x_n} if there are nonnegative real numbers {λ_1, λ_2, . . . , λ_n} such that y = n∑ k=1 λ_kx_k, n∑ k=1 λ_k = 1.

Theorem 8.48 (Mazur) If (x_n) converges weakly to x in a Hilbert space, then there is a sequence (y_n) of finite convex combinations of {x_n} such that (y_n) converges strongly to x.

Proof. Replacing x_n by x_n − x, we may assume that x_n ⇀ 0. We will construct y_n as a mean of almost orthogonal terms of a subsequence of (x_n). We pick n_1 = 1, and choose n_2 > n_1 such that ⟨x_{n1} , x_{n2} ⟩ ≤ 1. Given n_1, . . . , n_k, we pick n_{k+1} > n_k such that | ⟨x_{n1} , x_{nk+1} ⟩ | ≤ 1 k , . . . , | ⟨x_{nk} , x_{nk+1} ⟩ | ≤ 1 k . (8.19)

This is possible because, by the weak convergence of (x_n), we have ⟨x_{ni} , x_n⟩ → 0 as n → ∞ for 1 ≤ i ≤ k. Let

y_k = 1 k (x_{n1} + x_{n2} + . . . + x_{nk} ) .

Then

‖y_k‖^2 = 1 k^2 k∑ i=1 ‖x_{nk} ‖^2 + 2 k^2 Re k∑ j=1 j−1∑ i=1 ⟨x_{ni} , x_{nj} ⟩. Since (x_n) converges weakly, it is bounded, and there is a constant M such that ‖x_n‖ ≤ M. Using (8.19), we obtain that ‖y_k‖^2 ≤ M^2 k + 2 k^2 k∑ j=1 j−1∑ i=1 1 j − 1 ≤ M^2 + 2 k . Hence, y_k → 0 as k → ∞. □

It follows immediately from this result that a strongly closed, convex set is weakly closed. This need not be true without convexity; for example, the closed unit ball {x ∈ ℓ^2(N) | ‖x‖ ≤ 1} is weakly closed, but the closed unit sphere {x ∈ ℓ^2(N) | ‖x‖ = 1} is not. It also follows from Exercise 8.19 that a strongly lower semicontinuous, convex function is weakly lower semicontinuous. We therefore have the following basic result concerning the existence of a minimizer for a convex optimization problem.

References 211

Theorem 8.49 Suppose that f : C → R, is a strongly lower semicontinuous, convex function on a strongly closed, convex, bounded subset C of a Hilbert space. Then f is bounded from below and attains its infimum. If f is strictly convex, then the minimizer is unique.

For example, the norm on a Hilbert space is strictly convex, as well as weakly lower semicontinuous, so it follows that every convex subset of a Hilbert space has a unique point with minimum norm. The existence of a minimizer for a nonconvex variational problem is usually much harder to establish, if one exists at all (see Exercise 8.22).

As in the finite dimensional case (see Exercise 1.25), a similar result holds if f : H → R and f is coercive, meaning that lim ‖x‖→∞ f(x) = ∞. Theorem 8.50 Suppose that f : H → R, is a coercive, strongly lower semicontinuous, convex function on a Hilbert space H. Then f is bounded from below and attains its infimum.

Proof. Since f is coercive, there is an R > 0 such that

f(x) > inf_{y∈H} f(y) + 1 for all x ∈ H with ‖x‖ > R.

We may therefore restrict f to the closed, convex ball {x ∈ H | ‖x‖ ≤ R}, and apply Theorem 8.49. □

The same theorems hold, with the same proofs, when C is a convex subset of a reflexive Banach space. We will use these abstract existence results to obtain a solution of Laplace’s equation in Section 13.7.

8.7 References

For more about convex analysis, see Rockafellar [46]. For bounded linear operators in Hilbert spaces see, for example, Kato [26], Lusternik and Sobolev [33], Naylor and Sell [40], and Reed and Simon [45].

8.8 Exercises

Exercise 8.1 If M is a linear subspace of a linear space X, then the quotient space X/M is the set {x + M | x ∈ X} of affine spaces x + M = {x + y | y ∈ M} parallel to M.

212 Bounded Linear Operators on a Hilbert Space

(a) Show that X/M is a linear space with respect to the operations λ(x + M) = λx + M, (x + M) + (y + M) = (x + y) + M.

(b) Suppose that X = M ⊕ N. Show that N is linearly isomorphic to X/M. (c) The codimension of M in X is the dimension of X/M. Show that a subspace of a Banach space with finite codimension is closed.

Exercise 8.2 If H = M ⊕ N is an orthogonal direct sum, show that M^⊥ = N and N^⊥ = M.

Exercise 8.3 Let M, N be closed subspaces of a Hilbert space H and P , Q the orthogonal projections with ran P = M, ran Q = N . Prove that the following conditions are equivalent: (a) M ⊂ N ; (b) QP = P ; (c) P Q = P ; (d) ‖P x‖ ≤ ‖Qx‖ for all x ∈ H; (e) ⟨x, P x⟩ ≤ ⟨x, Qx⟩ for all x ∈ H. Exercise 8.4 We define the direct sum H_1 ⊕ H_2 of two Hilbert spaces H_1 and H_2 to be the space of ordered pairs H_1 ⊕ H_2 = {(x_1, x_2) | x_1 ∈ H_1, x_2 ∈ H_2} , with the obvious componentwise definitions of scalar multiplication, vector addition, and inner product. For example, ⟨(x_1, x_2), (y_1, y_2)⟩ = ⟨x_1, y_1⟩ + ⟨x_2, y_2⟩.

Prove that H_1 ⊕ H_2 is a Hilbert space.

Exercise 8.5 Let H = L^2(T^3; R^3 ) be the Hilbert space of 2π-periodic, squareintegrable, vector-valued functions u : T^3 → R^3 , with the inner product ⟨u, v⟩ = ∫ T^3

u(x) · v(x) dx.

We define subspaces V and W of H by V = { v ∈ C^∞(T^3; R^3 ) | ∇ · v = 0 } , W = { w ∈ C^∞(T^3; R^3 ) | w = ∇φ for some φ : T^3 → R } . Show that H = M ⊕ N is the orthogonal direct sum of M = V and N = W.

Let P be the orthogonal projection onto M. The velocity v(x, t) ∈ R^3 and pressure p(x, t) ∈ R of an incompressible, viscous fluid satisfy the Navier-Stokes equations v_t + v · ∇v + ∇p = νΔv, ∇ · v = 0.

Show that the velocity v satisfies the nonlocal equation v_t + P [v · ∇v] = νΔv.

Exercises 213

Exercise 8.6 Show that a linear operator U : H_1 → H_2 is unitary if and only if it is an isometric isomorphism of normed linear spaces. Show that an invertible linear map is unitary if and only if its inverse is.

Exercise 8.7 If φ_y is the bounded linear functional defined in (8.5), prove that ‖φ_y‖ = ‖y‖. Exercise 8.8 Prove that H^∗ is a Hilbert space with the inner product defined by ⟨φ_x, φ_y⟩_H∗ = ⟨y, x⟩_H. Exercise 8.9 Let A ⊂ H be such that

M = {x ∈ H | x is a finite linear combination of elements in A} is a dense linear subspace of H. Prove that any bounded linear functional on H is uniquely determined by its values on A. If {u_α} is an orthonormal basis, find a necessary and sufficient condition on a family of complex numbers c_α for there to be a bounded linear functional φ such that φ(u_α) = c_α.

Exercise 8.10 Let {u_α} be an orthonormal basis of H. Prove that {φ_{uα} } is an orthonormal basis of H^∗.

Exercise 8.11 Prove that if A : H → H is a linear map and dim H < ∞, then dim ker A + dim ran A = dim H.

Prove that, if dim H < ∞, then dim ker A = dim ker A^∗. In particular, ker A = {0} if and only if ker A^∗ = {0}.

Exercise 8.12 Suppose that A : H → H is a bounded, self-adjoint linear operator such that there is a constant c > 0 with c‖x‖ ≤ ‖Ax‖ for all x ∈ H. Prove that there is a unique solution x of the equation Ax = y for every y ∈ H. Exercise 8.13 Prove that an orthogonal set of vectors {u_α | α ∈ A} in a Hilbert space H is an orthonormal basis if and only if ∑ α∈A u_α ⊗ u_α = I. Exercise 8.14 Suppose that A, B ∈ B(H) satisfy ⟨x, Ay⟩ = ⟨x, By⟩ for all x, y ∈ H. Prove that A = B. Use the polarization equation to prove that if ⟨x, Ax⟩ = ⟨x, Bx⟩ for all x ∈ H, then A = B.

214 Bounded Linear Operators on a Hilbert Space

Exercise 8.15 Prove that for all A, B ∈ B(H), and λ ∈ C , we have: (a) A^{∗∗} = A; (b) (AB)^∗ = B^∗A^∗; (c) (λA)^∗ = λA^∗; (d) (A + B)^∗ = A^∗ + B^∗; (e) ‖A^∗‖ = ‖A‖. Exercise 8.16 Prove that the operator U defined in (8.16) is unitary. Exercise 8.17 Prove that strong convergence implies weak convergence. Also prove that strong and weak convergence are equivalent in a finite-dimensional Hilbert space.

Exercise 8.18 Let (u_n) be a sequence of orthonormal vectors in a Hilbert space. Prove that u_n ⇀ 0 weakly.

Exercise 8.19 Prove that a strongly lower-semicontinuous convex function is weakly lower-semicontinuous.

Exercise 8.20 Let H be a real Hilbert space, and φ ∈ H^∗. Define the quadratic functional f : H → R by f(x) = 1 2 ‖x‖^2 − φ(y). Prove that there is a unique element x ∈ H such that f(x) = inf_{x∈H} f(x). Exercise 8.21 Show that a function is convex if and only if its epigraph, defined in Exercise 1.24, is a convex set.

Exercise 8.22 Consider the nonconvex functional f : W^{1,4}([0, 1]) → R, defined by f(u) = ∫_1 0 { u^2 + [ 1 − (u^′)^2

]_2} dx, where W^{1,4}([0, 1]) is the Sobolev space of functions that belong to L^4([0, 1]) and whose weak derivatives belong to L^4([0, 1]). Show that the infimum of f on W^{1,4}([0, 1]) is equal to zero, but that the infimum is not attained.

Chapter 9

The Spectrum of Bounded Linear Operators

In Chapter 7, we used Fourier series to solve various constant coefficient, linear partial differential equations, such as the heat equation. Consider, as an example, the following initial boundary value problem for a variable coefficient, linear equation u_t = u_{xx} − q(x)u 0 < x < 1, t > 0, u(0, t) = 0, u(1, t) = 0 t ≥ 0, u(x, 0) = f(x) 0 ≤ x ≤ 1, where q is a given coefficient function. This equation describes the temperature of a heat conducting bar with a nonuniform heat loss term given by −q(x)u. What would it take to express the solution for given initial data f as a series expansion similar to a Fourier series?

If we use separation of variables and look for a solution of the form u(x, t) = ∞∑ n=1 a_n(t)u_n(x),

where {u_n | n ∈ N} is a basis of L^2([0, 1]), then we find that the a_n satisfy da_n dt = −λ_na_n for some constants λ_n, and the u_n satisfy − d^2u_n dx^2 + qu_n = λ_nu_n.

Thus, the u_n should be eigenvectors of the linear operator A defined by Au = − d^2u dx^2 + qu, u(0) = 0, u(1) = 0.

216 The Spectrum of Bounded Linear Operators

We therefore want to find a complete set of eigenvectors of A, or, equivalently, to diagonalize A. The problem of diagonalizing a linear map on an infinite-dimensional space arises in many other ways, and is part of what is called spectral theory.

Spectral theory provides a powerful way to understand linear operators by decomposing the space on which they act into invariant subspaces on which their action is simple. In the finite-dimensional case, the spectrum of a linear operator consists of its eigenvalues. The action of the operator on the subspace of eigenvectors with a given eigenvalue is just multiplication by the eigenvalue. As we will see, the spectral theory of bounded linear operators on infinite-dimensional spaces is more involved. For example, an operator may have a continuous spectrum in addition to, or instead of, a point spectrum of eigenvalues. A particularly simple and important case is that of compact, self-adjoint operators. Compact operators may be approximated by finite-dimensional operators, and their spectral theory is close to that of finite-dimensional operators. We begin with a brief review of the finite-dimensional case.

9.1 Diagonalization of matrices

We consider an n × n matrix A with complex entries as a bounded linear map A : C^n → C^n . A complex number λ is an eigenvalue of A if there is a nonzero vector u ∈ C^n such that Au = λu. (9.1) A vector u ∈ C^n such that (9.1) holds is called an eigenvector of A associated with the eigenvalue λ.

The matrix A is diagonalizable if there is a basis {u_1, . . . , u_n} of C^n consisting of eigenvectors of A, meaning that there are eigenvalues {λ_1, . . . , λ_n} in C , which need not be distinct, such that

Au_k = λ_ku_k for k = 1, . . . , n. (9.2)

The set of eigenvalues of A is called the spectrum of A, and is denoted by σ(A). The most useful bases of Hilbert spaces are orthonormal bases. A natural question is therefore: When does an n × n matrix have an orthonormal basis of eigenvectors?

If {u_1, . . . , u_n} is an orthonormal basis of C^n , then the matrix U = (u_1, . . . , u_n), whose columns are the basis vectors, is a unitary matrix such that

Ue_k = u_k, U^∗u_k = e_k,

where {e_1, . . . , e_n} is the standard basis of C^n . If the basis vectors {u_1, . . . , u_n} are eigenvectors of A, as in (9.2), then U^∗AUe_k = λ_ke_k.

Diagonalization of matrices 217

It follows that U^∗AU is a diagonal matrix with the eigenvalues of A on the diagonal, so A = UDU^∗ where

D = λ_1 0 · · · 0 0 λ_2 · · · 0 . . . . .. . . . 0 0 · · · λ_n .

Conversely, if A = UDU^∗ with U unitary and D diagonal, then the columns of U form an orthonormal basis of C^n consisting of eigenvectors of A. Thus, a matrix A can be diagonalized by a unitary matrix if and only if C^n has an orthonormal basis consisting of eigenvectors of A.

If A = UDU^∗, then A^∗ = UDU^∗. Since any two diagonal matrices commute, it follows that A commutes with its Hermitian conjugate A^∗: A^∗A = UDU^∗UDU^∗ = UDDU^∗ = UDDU^∗ = UDU^∗UDU^∗ = AA^∗. Matrices with this property are called normal matrices. For example, Hermitian matrices A, satisfying A^∗ = A, and unitary matrices U, satisfying U^∗U = I, are normal. We have shown that any matrix with an orthonormal basis of eigenvectors is normal. A standard theorem in linear algebra, which we will not prove here, is that the converse also holds.

Theorem 9.1 An n × n complex matrix A is normal if and only if C^n has an orthonormal basis consisting of eigenvectors of A.

A normal matrix N can be written as the product of a unitary matrix V , and a nonnegative, Hermitian matrix A. This follows directly from the diagonal form of N. If N = UDU^∗ has eigenvalues λ_k = |λ_k|e^{iφk} , we can write D = Φ|D|, where Φ is a diagonal matrix with entries e^{iφk} and |D| a diagonal matrix with entries |λ_k|. Then

N = V A, (9.3)

where V = UΦU^∗ is unitary, and A = U|D|U^∗ is nonnegative, meaning that,

u^∗Au ≥ 0 for all u ∈ C^n .

It is straightforward to check that V A = AV . Equation (9.3) is called the polar decomposition of N. It is a matrix analog of the polar decomposition of a complex number z = re^{iθ} as the product of a nonnegative number r and a complex number e^{iθ} on the unit circle. The converse is also true: if N = V A, with V unitary, A Hermitian, and V A = AV , then N is normal.

The eigenvalues of a matrix A are the roots of the characteristic polynomial p_A of A, given by p_A(λ) = det(A − λI).

218 The Spectrum of Bounded Linear Operators

If p_A(λ) = 0, then A − λI is singular, so ker(A − λI) ≠ {0} and there is an associated eigenvector. Since every polynomial has at least one root, it follows that every matrix has at least one eigenvalue, and each distinct eigenvalue has a nonzero subspace of eigenvectors.

It is not true that all matrices have a basis of eigenvectors, because the dimension of the space of eigenvectors associated with a multiple root of the characteristic polynomial may be strictly less than the algebraic multiplicity of the root. We call the dimension of the eigenspace associated with a given eigenvalue the geometric multiplicity of the eigenvalue, or the multiplicity for short.

Example 9.2 The 2 × 2 Jordan block A = ( λ 1 0 λ )

has one eigenvalue λ. The eigenvectors associated with λ are scalar multiples of u = (1, 0)^T , so its multiplicity is one, and the eigenspace does not include a basis of C^2 . The matrix is not normal, since

[A, A^∗] = ( 1 0 0 −1 ) .

9.2 The spectrum

A bounded linear operator on an infinite-dimensional Hilbert space need not have any eigenvalues at all, even if it is self-adjoint (see Example 9.5 below). Thus, we cannot hope to find, in general, an orthonormal basis of the space consisting entirely of eigenvectors. It is therefore necessary to define the spectrum of a linear operator on an infinite-dimensional space in a more general way than as the set of eigenvalues. We denote the space of bounded linear operators on a Hilbert space H by B(H).

Definition 9.3 The resolvent set of an operator A ∈ B(H), denoted by ρ(A), is the set of complex numbers λ such that (A − λI) : H → H is one-to-one and onto. The spectrum of A, denoted by σ(A), is the complement of the resolvent set in C , meaning that σ(A) = C \ ρ(A).

If A − λI is one-to-one and onto, then the open mapping theorem implies that (A − λI)^{−1} is bounded. Hence, when λ ∈ ρ(A), both A − λI and (A − λI)^{−1} are one-to-one, onto, bounded linear operators.

As in the finite-dimensional case, a complex number λ is called an eigenvalue of A if there is a nonzero vector u ∈ H such that Au = λu. In that case, ker(A−λI) ≠ {0}, so A − λI is not one-to-one, and λ ∈ σ(A). This is not the only way, however,

The spectrum 219

that a complex number can belong to the spectrum. We subdivide the spectrum of a bounded linear operator as follows.

Definition 9.4 Suppose that A is a bounded linear operator on a Hilbert space H.

(a) The point spectrum of A consists of all λ ∈ σ(A) such that A − λI is not one-to-one. In this case λ is called an eigenvalue of A.

(b) The continuous spectrum of A consists of all λ ∈ σ(A) such that A − λI is one-to-one but not onto, and ran (A − λI) is dense in H.

(c) The residual spectrum of A consists of all λ ∈ σ(A) such that A − λI is one-to-one but not onto, and ran (A − λI) is not dense in H.

The following example gives a bounded, self-adjoint operator whose spectrum is purely continuous.

Example 9.5 Let H = L^2([0, 1]), and define the multiplication operator M : H → H by Mf(x) = xf(x). Then M is bounded with ‖M‖ = 1. If Mf = λf, then f(x) = 0 a.e., so f = 0 in L^2([0, 1]). Thus, M has no eigenvalues. If λ /∈ [0, 1], then (x − λ)^{−1}f(x) ∈ L^2([0, 1]) for any f ∈ L^2([0, 1]) because (x − λ) is bounded away from zero on [0, 1]. Thus, C \ [0, 1] is in the resolvent set of M. If λ ∈ [0, 1], then M − λI is not onto, because c(x−λ)^{−1} /∈ L^2([0, 1]) for c ≠ 0, so the nonzero constant functions c do not belong to the range of M −λI. The range of M −λI is dense, however. For any f ∈ L^2([0, 1]), let f_n(x) = { f(x) if |x − λ| ≥ 1/n, 0 if |x − λ| < 1/n. Then f_n → f in L^2([0, 1]), and f_n ∈ ran (M − λI), since (x − λ)^{−1}f_n(x) ∈ L^2([0, 1]). It follows that σ(M) = [0, 1], and that every λ ∈ [0, 1] belongs to the continuous spectrum of M. If M acts on the “delta function” supported at λ, which is a distribution (see Chapter 11) with the property that for every continuous function f, f(x)δ_λ(x) = f(λ)δ_λ(x), then Mδ_λ = λδ_λ. Thus, in some sense, there are eigenvectors associated with points in the continuous spectrum of M, but they lie outside the space L^2([0, 1]) on which M acts.

If λ belongs to the resolvent set ρ(A) of a linear operator A, then A − λI has an everywhere defined, bounded inverse. The operator

R_λ = (λI − A)^{−1} (9.4)

220 The Spectrum of Bounded Linear Operators

is called the resolvent of A at λ, or simply the resolvent of A. The resolvent of A is an operator-valued function defined on the subset ρ(A) of C .

An operator-valued function F : Ω → B(H), defined on an open subset Ω of the complex plane C , is said to be analytic at z_0 ∈ Ω if there are operators F_n ∈ B(H) and a δ > 0 such that

F (z) = ∞∑ n=0 (z − z_0)^nF_n,

where the power series on the right-hand side converges with respect to the operator norm on B(H) in a disc |z − z_0| < δ for some δ > 0. We say that F is analytic or holomorphic in Ω if it is analytic at every point in Ω. This definition is a straightforward generalization of the definition of an analytic complex-valued function f : Ω ⊂ C → C as a function with a convergent power series expansion at each point of Ω. The fact that we are dealing with vector-valued, or operator-valued, functions instead of complex-valued functions makes very little difference.

Proposition 9.6 If A is a bounded linear operator on a Hilbert space, then the resolvent set ρ(A) is an open subset of C that contains the exterior disc {λ ∈ C | |λ| > ‖A‖}. The resolvent R_λ is an operator-valued analytic function of λ defined on ρ(A).

Proof. Suppose that λ_0 ∈ ρ(A). Then we may write λI − A = (λ_0I − A) [ I − (λ_0 − λ)(λ_0I − A)^{−1} ] . If |λ_0 − λ| < ‖(λ_0I − A)^{−1}‖^{−1}, then we can invert the operator on the right-hand side by the Neumann series (see Exercise 5.17). Hence, there is an open disk in the complex plane with center λ_0 that is contained in ρ(A). Moreover, the resolvent R_λ is given by an operator-norm convergent Taylor series in the disc, so it is analytic in ρ(A). If |λ| > ‖A‖, then the Neumann series also shows that R_λ = λ (I − A/λ) is invertible, so λ ∈ ρ(A). □

Since the spectrum σ(A) of A is the complement of the resolvent set, it follows that the spectrum is a closed subset of C , and σ(A) ⊂ {z ∈ C | |z| ≤ ‖A‖}. The spectral radius of A, denoted by r(A), is the radius of the smallest disk centered at zero that contains σ(A), r(A) = sup{|λ| | λ ∈ σ(A)}. We can refine Proposition 9.6 as follows.

Proposition 9.7 If A is a bounded linear operator, then

r(A) = lim_{n→∞} ‖A^n‖^{1/n} . (9.5)

The spectrum 221

If A is self-adjoint, then r(A) = ‖A‖.

Proof. To prove (9.5), we first show that the limit on the right-hand side exists. Let a_n = log ‖A^n‖ .

We want to show that (a_n/n) converges. Since ‖A^{m+n}‖ ≤ ‖A^m‖ ‖A^n‖, we have a_n ≤ na_1 and a_{m+n} ≤ a_m + a_n. We write n = pm + q where 0 ≤ q < m. It follows that a_n n ≤ p n a_m + 1 n a_q . If n → ∞ with m fixed, then p/n → 1/m, so

lim sup n→∞ a_n n ≤ a_m m . Taking the limit as m → ∞, we obtain that

lim sup n→∞ a_n n ≤ lim inf m→∞ a_m m , which implies that (a_n/n) converges.

Equation (9.5) implies that the Neumann series

I + A + A^2 + . . . + A^n + . . .

converges if r(A) < 1 and diverges if r(A) > 1: if r(A) < 1, then there is an r(A) < R < 1 and an N such that ‖A^n‖ ≤ R^n for all n ≥ N; while if r(A) > 1, there is an 1 < R < r(A) and an N such that ‖A^n‖ ≥ R^n for all n ≥ N. It follows that λI −A may be inverted by a Neumann series when |λ| > r(A), so the spectrum of A is contained inside the disc {λ ∈ C | |λ| ≤ r(A)}, and that the Neumann series must diverge, so λI − A is not invertible, for some λ ∈ C with |λ| = r(A). For more details, see Reed and Simon [45], for example.

From Corollary 8.27, if A is self-adjoint, then ‖A^2‖ = ‖A‖^2. The repeated use of this result implies that ‖A^{2m} ‖ = ‖A‖^{2m} , and hence (9.5), applied to the subsequence with n = 2^m, implies that r(A) = ‖A‖. □

Although the spectral radius of a self-adjoint operator is equal to its norm, the spectral radius does not provide a norm on the space of all bounded operators. In particular, r(A) = 0 does not imply that A = 0, as Exercise 5.13 illustrates. If r(A) = 0, then A is called a nilpotent operator.

Proposition 9.8 The spectrum of a bounded operator on a Hilbert space is nonemp- ty.

222 The Spectrum of Bounded Linear Operators

Proof. Suppose that A ∈ B(H). Then the resolvent R_λ = (λI − A)^{−1} is an analytic function on ρ(A). Therefore, for every x, y ∈ H, the function f : ρ(A) → C defined by f(λ) = ⟨x, R_λy⟩ is analytic in ρ(A), and lim_{λ→∞} f(λ) = 0. Suppose, for contradiction, that σ(A) is empty. Then f is a bounded entire function, and Liouville’s Theorem implies that f : C → C is a constant function, so f = 0. But if f = 0 for every x, y ∈ H, then R_λ = 0 for all λ ∈ C , which is impossible. Hence, σ(A) is not empty. □

The spectrum of a bounded operator may, however, consist of a single point (see Exercise 9.7 for an example).

9.3 The spectral theorem for compact, self-adjoint operators

In this section, we analyze the spectrum of a compact, self-adjoint operator. The spectrum consists entirely of eigenvalues, with the possible exception of zero, which may belong to the continuous spectrum. We begin by proving some basic properties of the spectrum of a bounded, self-adjoint operator.

Lemma 9.9 The eigenvalues of a bounded, self-adjoint operator are real, and eigenvectors associated with different eigenvalues are orthogonal.

Proof. If A : H → H is self-adjoint, and Ax = λx with x ≠ 0, then λ⟨x, x⟩ = ⟨x, Ax⟩ = ⟨Ax, x⟩ = λ⟨x, x⟩, so λ = λ, and λ ∈ R. If Ax = λx and Ay = μy, where λ and μ are real, then λ⟨x, y⟩ = ⟨Ax, y⟩ = ⟨x, Ay⟩ = μ⟨x, y⟩. It follows that if λ ≠ μ, then ⟨x, y⟩ = 0 and x ⊥ y. □

As we will see in the next chapter, self-adjoint operators are a rich source of orthonormal bases.

A linear subspace M of H is called an invariant subspace of a linear operator A on H if Ax ∈ M for all x ∈ M. In that case, the restriction A|_M of A to M is a linear operator on M. Suppose that H = M ⊕ N is a direct sum of invariant subspaces M and N of A. Then every x ∈ H may be written as x = y + z, with y ∈ M and z ∈ N , and Ax = A|_My + A|_N z. (9.6) Thus, the action of A on H is determined by its actions on the invariant subspaces.

The spectral theorem for compact, self-adjoint operators 223

Example 9.10 Consider matrices acting on C^d = C^m ⊕ C^n where d = m + n. A d × d matrix A leaves C^m invariant if it has the block form A = ( B D 0 C ) , where B is an m × m matrix, D is m × n, and C is n × n. The matrix A leaves both C^m and the complementary space C^n invariant if D = 0.

An invariant subspace of a nondiagonalizable operator may have no complementary invariant subspace. However, the orthogonal complement of an invariant subspace of a self-adjoint operator is also invariant, as we prove in the following lemma. Thus, we can decompose the action of a self-adjoint operator on a linear space into actions on smaller orthogonal invariant subspaces.

Lemma 9.11 If A is a bounded, self-adjoint operator on a Hilbert space H and M is an invariant subspace of A, then M^⊥ is an invariant subspace of A.

Proof. If x ∈ M^⊥ and y ∈ M, then ⟨y, Ax⟩ = ⟨Ay, x⟩ = 0 because A = A^∗ and Ay ∈ M. Therefore, Ax ∈ M^⊥. □

Next, we show that the whole spectrum — not just the point spectrum — of a bounded, self-adjoint operator is real, and that the residual spectrum is empty. We begin with a preliminary proposition.

Proposition 9.12 If λ belongs to the residual spectrum of a bounded operator A on a Hilbert space, then λ is an eigenvalue of A^∗.

Proof. If λ belongs to the residual spectrum of A ∈ B(H), then ran (A − λI) is not dense in H. By Theorem 6.13, there is a nonzero vector x ∈ H such that x ⊥ ran (A − λI). Theorem 8.17 then implies that x ∈ ker ( A^∗ − λI ) . □ Lemma 9.13 If A is a bounded, self-adjoint operator on a Hilbert space, then the spectrum of A is real and is contained in the interval [−‖A‖, ‖A‖].

Proof. We have shown that r(A) ≤ ‖A‖, so we only have to prove that the spectrum is real. Suppose that λ = a + ib ∈ C , where with a, b ∈ R and b ≠ 0. For any x ∈ H, we have ‖(A − λI)x‖^2 = ⟨(A − λI)x, (A − λI)x⟩ = ⟨(A − aI)x, (A − aI)x⟩ + ⟨(−ib)x, (−ib)x⟩ +⟨Ax, (−ib)x⟩ + ⟨(−ib)x, Ax⟩ = ‖(A − aI)x‖^2 + b^2‖x‖^2 ≥ b^2‖x‖^2.

224 The Spectrum of Bounded Linear Operators

It follows from this estimate and Proposition 5.30 that A − λI is one-to-one and has closed range. If ran (A − λI) ≠ H, then λ belongs to the residual spectrum of A, and, by Proposition 9.12, λ = a − ib is an eigenvalue of A. Thus A has an eigenvalue that does not belong to R, which contradicts Lemma 9.9. It follows that λ ∈ ρ(A) if λ is not real. □

Corollary 9.14 The residual spectrum of a bounded, self-adjoint operator is emp- ty. Proof. From Lemma 9.13, the point spectrum and the residual spectrum are disjoint subsets of R, so the result follows immediately from Proposition 9.12. □

Bounded linear operators on an infinite-dimensional Hilbert space do not always behave like operators on a finite-dimensional space. We have seen in Example 9.5 that a bounded, self-adjoint operator may have no eigenvalues, while the identity operator on an infinite-dimensional Hilbert space has a nonzero eigenvalue of infinite multiplicity. The properties of compact operators are much closer to those of operators on finite-dimensional spaces, and we will study their spectral theory next.

Proposition 9.15 A nonzero eigenvalue of a compact, self-adjoint operator has finite multiplicity. A countably infinite set of nonzero eigenvalues has zero as an accumulation point, and no other accumulation points.

Proof. Suppose, for contradiction, that λ is a nonzero eigenvalue with infinite multiplicity. Then there is a sequence (e_n) of orthonormal eigenvectors. This sequence is bounded, but (Ae_n) does not have a convergent subsequence because Ae_n = λe_n, which contradicts the compactness of A.

If A has a countably infinite set {λ_n} of nonzero eigenvalues, then, since the eigenvalues are bounded by ‖A‖, there is a convergent subsequence (λ_{nk} ). If λ_{nk} → λ and λ ≠ 0, then the orthogonal sequence of eigenvectors (f_{nk} ), where f_{nk} = λ^{−1}_{nk} e_{nk} and ‖e_{nk} ‖ = 1, would be bounded; but (Af_{nk} ) has no convergent subsequence since Af_{nk} = e_{nk} . □

To motivate the statement of the spectral theorem for compact, self-adjoint operators, suppose that x ∈ H is given by x = ∑ k c_ke_k + z, (9.7)

where {e_k} is an orthonormal set of eigenvectors of A with corresponding nonzero eigenvalues {λ_k}, z ∈ ker A, and c_k ∈ C . Then Ax = ∑ k λ_k c_ke_k. Let P_k denote the one-dimensional orthogonal projection onto the subspace spanned by e_k, P_k x = ⟨e_k, x⟩e_k . (9.8)

The spectral theorem for compact, self-adjoint operators 225

From Lemma 9.9, we have z ⊥ e_k, so c_k = ⟨e_k, x⟩ and Ax = ∑ k λ_kP_k x. (9.9)

If λ_k has finite multiplicity m_k > 1, meaning that the dimension of the associated eigenspace E_k ⊂ H is greater than one, then we may combine the one-dimensional projections associated with the same eigenvalues. In doing so, we may represent A by a sum of the same form as (9.9) in which the λ_k are distinct, and the P_k are orthogonal projections onto the eigenspaces E_k.

The spectral theorem for compact, self-adjoint operators states that any x ∈ H can be expanded in the form (9.7), and that A can be expressed as a sum of orthogonal projections, as in (9.9).

Theorem 9.16 (Spectral theorem for compact, self-adjoint operators) Let A : H → H be a compact, self-adjoint operator on a Hilbert space H. There is an orthonormal basis of H consisting of eigenvectors of A. The nonzero eigenvalues of A form a finite or countably infinite set {λ_k} of real numbers, and A = ∑ k λ_kP_k , (9.10)

where P_k is the orthogonal projection onto the finite-dimensional eigenspace of eigenvectors with eigenvalue λ_k. If the number of nonzero eigenvalues is countably infinite, then the series in (9.10) converges to A in the operator norm.

Proof. First we prove that if A is compact and self-adjoint, then λ = ‖A‖ or λ = −‖A‖ (or both) is an eigenvalue of A. This is the crucial part of the proof. We use a variational argument to obtain an eigenvector.

There is nothing to prove if A = 0, so we suppose that A ≠ 0. From Lemma 8.26, we have ‖A‖ = sup_{‖x‖=1} |⟨x, Ax⟩|. Hence, there is a sequence (x_n) in H with ‖x_n‖ = 1 such that ‖A‖ = lim_{n→∞} |⟨x_n, Ax_n⟩|. Since A is self-adjoint, ⟨x_n, Ax_n⟩ is real for all n, so there is a subsequence of (x_n), which we still denote by (x_n), such that lim_{n→∞}⟨x_n, Ax_n⟩ = λ, (9.11) where λ = ‖A‖ or λ = −‖A‖. The sequence (x_n) consists of unit vectors, so it is bounded. The compactness of A implies that there is a subsequence, which we still denote by (x_n), such that (Ax_n) converges. We let y = lim_{n→∞} Ax_n. We claim that y is an eigenvector of

226 The Spectrum of Bounded Linear Operators

A with eigenvalue λ. First, y ≠ 0, since otherwise (9.11) would imply that λ = 0, which is not the case since |λ| = ‖A‖ and A ≠ 0. The fact that y is an eigenvector follows from the following computation: ‖(A − λI)y‖^2 = lim_{n→∞} ‖(A − λI)Ax_n‖^2 ≤ ‖A‖^2 lim_{n→∞} ‖(A − λI)x_n‖^2 = ‖A‖^2 lim_{n→∞} [ ‖Ax_n‖^2 + λ^2‖x_n‖^2 − 2λ⟨x_n, Ax_n⟩ ] ≤ ‖A‖^2 lim_{n→∞} [ ‖A‖^2‖x_n‖^2 + λ^2‖x_n‖^2 − 2λ⟨x_n, Ax_n⟩ ] = ‖A‖^2 [ λ^2 + λ^2 − 2λ^2 ] = 0.

To complete the proof, we use an orthogonal decomposition of H into invariant subspaces to apply the result we have just proved to smaller and smaller subspaces of H. We let N_1 = H and A_1 = A. There is a normalized eigenvector of A_1, which we denote by e_1, with eigenvalue λ_1, where |λ_1| = ‖A_1‖. Let M_2 be the onedimensional subspace of N_1 generated by e_1. Then M_2 is an invariant subspace of A_1. We decompose N_1 = M_2 ⊕ N_2, where N_2 = M^⊥_2 . Lemma 9.11 implies that N_2 is an invariant subspace of A_1. We denote the restriction of A_1 to N_2 by A_2. Then A_2 is the difference of two compact operators, so it is compact by Proposition 5.43. We also have that ‖A_2‖ ≤ ‖A_1‖, since N_2 ⊂ N_1.

An application of the same argument to A_2 implies that A_2 has a normalized eigenvector e_2 with eigenvalue λ_2, where |λ_2| = ‖A_2‖ ≤ ‖A_1‖ = |λ_1|. Moreover, e_2 ⊥ e_1. Repeating this procedure, we define A_n inductively to be the restriction of A to N_n = M^⊥_n , where M_n is the space spanned by {e_1, . . . e_{n−1}}, and e_n to be an eigenvector of A_n with eigenvalue λ_n. By construction, |λ_n| = ‖A_n‖ and (|λ_n|) is a nonincreasing sequence.

If A_{n+1} = 0 for some n, then A has only finitely many nonzero eigenvalues, and it is given by a finite sum of the form (9.10). If dim H > n, then the orthonormal set {e_k | k = 1, . . . n} can be extended to an orthonormal basis of H. All other basis vectors are eigenvectors of A with eigenvalue zero.

If A_n ≠ 0 for every n ∈ N, then we obtain an infinite sequence of nonzero eigenvalues and eigenvectors. From Proposition 9.15, the eigenvalues have finite multiplicities and

lim_{n→∞} λ_n = 0. (9.12)

For any n ∈ N, we have A = n∑ k=1 λ_kP_k + A_{n+1},

The spectral theorem for compact, self-adjoint operators 227

where A_{n+1} is zero on the subspace spanned by {e_1, . . . , e_n}, and ‖A_{n+1}‖ = |λ_{n+1}|. By (9.12), we have lim_{n→∞} ‖ ‖ ‖ ‖ A − n∑ k=1 λ_k⟨e_k, ·⟩e_k ‖ ‖ ‖ ‖ = lim_{n→∞} |λ_{n+1}| = 0,

meaning that A = ∞∑ k=1 λ_kP_k, where the sum converges in the operator norm.

If A has an infinite sequence of nonzero eigenvalues, then the range of A is

ran A = {_∞ ∑ k=1 c_ke_k | | | ∞∑ k=1 |c_k|^2 |λ_k |^2 < ∞ } . The range is not closed since λ_n → 0 as n → ∞. The closure of the range, M = ran A, is the closed linear span of the set of eigenvectors {e_n | n ∈ N} with nonzero eigenvalues, M = {_∞ ∑ k=1 c_ke_k | | | ∞∑ k=1 |c_k|^2 < ∞ } . If x ∈ M^⊥, then Ax = A_nx for all n ∈ N, so that ‖Ax‖ ≤ ‖A_n‖ ‖x‖ → 0 as n → ∞. Therefore, M^⊥ = ker A consists of eigenvectors of A with eigenvalue zero, and we can extend {e_n | n ∈ N} to an orthonormal basis of H consisting of eigenvectors by adding an orthonormal basis of ker A. □

A similar spectral theorem holds for compact, normal operators, which have orthogonal eigenvectors but possibly complex eigenvalues. A generalization also holds for bounded, self-adjoint or normal operators. In that case, however, the sum in (9.10) must be replaced by an integral of orthogonal projections with respect to an appropriate spectral measure that accounts for the possibility of a continuous spectrum. We will not discuss such generalizations in this book. Non-normal matrices on finite-dimensional linear spaces may be reduced to a Jordan canonical form, but the spectral theory of non-normal operators on infinite-dimensional spaces is more complicated.

We will discuss unbounded linear operators in the next chapter. The above theory may be used to study an unbounded operator whose inverse is compact or, more generally, an unbounded operator whose resolvent is compact, meaning that (λI − A)^{−1} is compact for some λ ∈ ρ(A). For example, a regular Sturm-Liouville differential operator has a compact, self-adjoint resolvent, which explains why it has a complete orthonormal set of eigenvectors.

228 The Spectrum of Bounded Linear Operators

9.4 Compact operators

Before we can apply the spectral theorem for compact, self-adjoint operators, we have to check that an operator is compact. In this section, we discuss some ways to do this, and also give examples of compact operators.

The most direct way to prove that an operator A is compact is to verify the definition by showing that if E is a bounded subset of H, then the set A(E) = {Ax | x ∈ E} is precompact. In many examples, this can be done by using an appropriate condition for compactness, such as the Arzelà-Ascoli theorem or Rellich’s theorem. The following theorem characterizes precompact sets in a general, separable Hilbert space.

Theorem 9.17 Let E be a subset of an infinite-dimensional, separable Hilbert space H.

(a) If E is precompact, then for every orthonormal set {e_n | n ∈ N} and every ϵ > 0, there is an N such that ∞∑ n=N+1 |⟨e_n, x⟩|^2 < ϵ for all x ∈ E. (9.13)

(b) If E is bounded and there is an orthonormal basis {e_n} of H with the property that for every ϵ > 0 there is an N such that (9.13) holds, then E is precompact.

Proof. First, we prove (a). A precompact set is bounded, so it is sufficient to show that if E is bounded and (9.13) does not hold, then E is not precompact. If (9.13) does not hold, then there is an ϵ > 0 such that for each N there is an x_N ∈ E with ∞∑ n=N+1 |⟨e_n, x_N ⟩|^2 ≥ ϵ. (9.14) We construct a subsequence of (x_N ) as follows. Let N_1 = 1, and pick N_2 such that ∞∑ n=N_2+1 |⟨e_n, x_{N1} ⟩|^2 ≤ ϵ 4 . Given N_k, pick N_{k+1} such that ∞∑ n=N_{k+1}+1 |⟨e_n, x_{Nk} ⟩|^2 ≤ ϵ 4 . (9.15)

We can always do this because the sum ∞∑ n=1 |⟨e_n, x_N ⟩|^2 = ‖x_N ‖^2

Compact operators 229

converges by Parseval’s identity.

For any N ≥ 1, we define the orthogonal projection P_N by

P_N x = N∑ n=1 ⟨e_n, x⟩e_n. For k > l, we have ‖x_{Nk} − x_{Nl} ‖^2 ≥ ‖(I − P_{Nk} ) (x_{Nk} − x_{Nl} )‖^2 ≥ [‖(I − P_{Nk} ) x_{Nk} ‖ − ‖(I − P_{Nk} ) x_{Nl} ‖]^2 = ∞∑ n=N_k+1 |⟨e_n, x_{Nk} ⟩|^2 − ∞∑ n=N_k+1 |⟨e_n, x_{Nl} ⟩|^2 2

≥ [ ϵ^{1/2} − (ϵ/4)^{1/2}

]_2

≥ ϵ 4 , where we have used (9.14), (9.15), and the fact that N_k ≥ N_{l+1}. It follows that (x_{Nk} ) does not have any convergent subsequences, contradicting the hypothesis that E is precompact.

To prove part (b), suppose that {e_n | n ∈ N} is an orthonormal basis with the stated property, and let (x_n) be any sequence in E. We will use a diagonalization argument to construct a convergent subsequence, thus proving that E is precompact. Without loss of generality we may assume that ‖x‖ ≤ 1 for all x ∈ E. We choose n_1 = 1. Then

‖(I − P_{n1} ) x_n‖ ≤ 1 for all n ∈ N .

Since P_{n1} x_n is in the finite-dimensional Hilbert subspace spanned by e_1, . . . , e_{n1} for each n ∈ N, there is subsequence (x_{1,k}) of (x_n) such that P_{n1} x_{1,k} converges. Therefore, we can pick the subsequence such that (see Exercise 1.18)

‖P_{n1} (x_{1,k} − x_{1,l})‖^2 ≤ 1 k for k ≤ l. Next, we choose n_2 such that

‖(I − P_{n2} ) x_{1,k}‖^2 ≤ 1 2 for all k ∈ N .

This is possible because of (9.13). We then pick a subsequence x_{2,k} of x_{1,k} such that (P_{n2} x_{2,k}) is Cauchy and

‖P_{n2} (x_{2,k} − x_{2,l})‖^2 ≤ 1 k for all k ≤ l.

230 The Spectrum of Bounded Linear Operators

Continuing in this way, we choose n_l such that ‖(I − P_{nl} ) x_{l−1,k}‖^2 ≤ 1 l for all k ∈ N , and then pick a subsequence (x_{l,k} ) of (x_{l−1,k} ) such that (P_{nl} x_{l,k}) satisfies ‖P_{nl} (x_{l,k} − x_{l,j} )‖^2 ≤ 1 k for all k ≤ j.

The diagonal sequence (x_{k,k} ) is Cauchy, since ‖x_{m,m} − x_{n,n}‖^2 = ‖P_k(x_{m,m} − x_{n,n})‖^2 + ‖(I − P_k) x_{m,m} − x_{n,n}‖^2 ≤ 2 k for all m, n ≥ k. □ Example 9.18 Let H = ℓ^2(N). The Hilbert cube C = {(x_1, x_2, . . . , x_n, . . .) | |x_n| ≤ 1/n} is closed and precompact. Hence C is a compact subset of H. Example 9.19 The diagonal operator A : ℓ^2(N) → ℓ^2(N) defined by A(x_1, x_2, x_3, . . . , x_n, . . .) = (λ_1x_1, λ_2x_2, . . . , λ_nx_n, . . .), (9.16) where λ_n ∈ C is compact if and only if λ_n → 0 as n → ∞. Any compact, normal operator on a separable Hilbert space is unitarily equivalent to such a diagonal operator.

Proposition 5.43 implies that the uniform limit of compact operators is compact. An operator with finite rank is compact. Therefore, another way to prove that A is compact is to show that A is the limit of a uniformly convergent sequence of finiterank operators. One such class of compact operators is the class of Hilbert-Schmidt operators.

Definition 9.20 A bounded linear operator A on a separable Hilbert space H is Hilbert-Schmidt if there is an orthonormal basis {e_n | n ∈ N} such that ∞∑ n=1 ‖Ae_n‖^2 < ∞. (9.17)

If A is a Hilbert-Schmidt operator, then

‖A‖_{HS} = ∞ ∑ n=1 ‖Ae_n‖^2 (9.18)

is called the Hilbert-Schmidt norm of A.

Compact operators 231

One can show that the sum in (9.17) is finite in every orthonormal basis if it is finite in one orthonormal basis, and the norm (9.18) does not depend on the choice of basis.

Theorem 9.21 A Hilbert-Schmidt operator is compact.

Proof. Suppose that A is Hilbert-Schmidt and {e_n | n ∈ N} is an orthonormal basis. If P_N is the orthogonal projection onto the finite-dimensional space spanned by {e_1, . . . e_N }, then P_N A is a finite-rank operator, and one can check that P_N A → A uniformly as N → ∞. □ Example 9.22 The diagonal operator A : ℓ^2(N) → ℓ^2(N) defined in (9.16) is Hilbert-Schmidt if and only if ∞∑ n=1 |λ_n|^2 < ∞. We say that A is a trace class operator if ∞∑ n=1 |λ_n| < ∞. A trace class operator is Hilbert-Schmidt, and a Hilbert-Schmidt operator is compact.

Example 9.23 Let Ω ⊂ R^n . One can show that an integral operator K on L^2(Ω), Kf(x) = ∫ Ω k(x, y)f(y) dy, (9.19) is Hilbert-Schmidt if and only if k ∈ L^2(Ω × Ω), meaning that ∫ Ω×Ω |k(x, y)|^2 dxdy < ∞. The Hilbert-Schmidt norm of K is ‖K‖_{HS} = (∫ Ω×Ω |k(x, y)|^2 dxdy )_{1/2} . If K is a self-adjoint, Hilbert-Schmidt operator then there is an orthonormal basis {φ_n | n ∈ N} of L^2(Ω) consisting of eigenvectors of K, such that ∫ Ω k(x, y)φ_n(y) dy = λ_nφ_n(x). Then k(x, y) = ∞∑ n=1 λ_nφ_n(x)φ_n(y),

232 The Spectrum of Bounded Linear Operators

where the series converges in L^2(Ω × Ω):

lim N→∞ ∫ Ω×Ω | | | | k(x, y) − N∑ n=1 λ_nφ_n(x)φ_n(y) | | | | 2 dxdy = 0. For a proof, see, for example, Hochstadt [22].

Another way to characterize compact operators on a Hilbert space is in terms of weak convergence.

Theorem 9.24 A bounded linear operator on a Hilbert space is compact if and only if it maps weakly convergent sequences into strongly convergent sequences.

Proof. First, we show that a bounded operator A : H → H on a Hilbert space H maps weakly convergent sequences into weakly convergent sequences. If x_n ⇀ x as n → ∞, then for every z ∈ H we have ⟨Ax_n − Ax, z⟩ = ⟨x_n − x, A^∗z⟩ → 0 as n → ∞. Therefore, Ax_n ⇀ Ax as n → ∞. Now suppose that A is compact, and x_n ⇀ x. Since a weakly convergent sequence is bounded, the sequence (Ax_n) is contained in a compact subset of H. Moreover, each strongly convergent subsequence is weakly convergent, so it converges to the same limit, namely Ax. It follows that the whole sequence converges strongly to Ax (see Exercise 1.27).

Conversely, suppose that A maps weakly convergent sequences into strongly convergent sequences, and E is a bounded set in H. If (y_n) is a sequence in A(E), then there is a sequence (x_n) in E such that y_n = Ax_n. By Theorem 8.45, the sequence (x_n) has a weakly convergent subsequence (x_{nk} ). The operator A maps this into a strongly convergent subsequence (y_{nk} ) of (y_n). Thus A(E) is compact for any bounded set E, so A is compact. □

9.5 Functions of operators

The theory of functions of operators is called functional calculus. In this section, we describe some basic ideas of functional calculus in the special case of compact, self-adjoint operators.

If q : C → C is a polynomial function of degree d,

q(x) = d∑ k=0 c_kx^k , with coefficients c_k ∈ C , then we define an operator-valued polynomial function

Functions of operators 233

q : B(H) → B(H) in the obvious way as q(A) = d∑ k=0 c_kA^k . (9.20)

There are several ways to define more general functions of a linear operator than polynomials. We have already seen that if A is a bounded operator and the function f : C → C is analytic at zero, with a Taylor series whose radius of convergence is strictly greater than ‖A‖, then we may define f(A) by a norm-convergent power series. For example e^A is defined for any bounded operator A, and (I − A)^{−1} is defined in this way for any operator A with r(A) < 1.

An alternative approach is to use spectral theory to define a continuous function of a self-adjoint operator. First suppose that A = N∑ n=1 λ_nP_n is a finite linear combination of orthogonal projections P_n with orthogonal ranges, and q is the polynomial function defined in (9.20). Since {P_n} is an orthogonal family of projections, we have P^k_n = P_n, P_nP_m = 0 for n ≠ m.

It follows that A^k = ∑_N n=1 λ^k_nP_n and q(A) = N∑ n=1 q(λ_n)P_n. If A is a compact, self-adjoint operator with the spectral representation A = ∞∑ n=1 λ_nP_n, (9.21)

then one can check that (see Exercise 9.18) q(A) = ∞∑ n=0 q(λ_n)P_n. (9.22)

If f : σ(A) → C is a continuous function, then a natural generalization of the expression in (9.22) for q(A) is f(A) = ∞∑ n=1 f(λ_n)P_n. (9.23)

This series converges strongly for any continuous f, and uniformly if in addition f(0) = 0 (see Exercise 9.19). An equivalent way to define f(A) is to choose a sequence (q_n) of polynomials that converges uniformly to f on σ(A), and define

234 The Spectrum of Bounded Linear Operators

f(A) as the uniform limit of q_n(A) (see Exercise 9.18). If f is real-valued, then the operator f(A) is self-adjoint, and if f is complex-valued, then f(A) is normal.

As a consequence of the spectral representation of A in (9.21) and f(A) in (9.23), we have the following result.

Theorem 9.25 (Spectral mapping) If A is a compact, self-adjoint operator on a Hilbert space and f : σ(A) → C is continuous, then σ (f(A)) = f (σ(A)) . Here, σ (f(A)) is the spectrum of f(A), and f (σ(A)) is the image of the spectrum of A under f, f (σ(A)) = {μ ∈ C | μ = f(λ) for some λ ∈ σ(A)} . A result of this kind is called a spectral mapping theorem. A spectral mapping theorem holds for bounded operators on a Hilbert space, and many unbounded operators, but there exist nonnormal, unbounded operators for which it is false (see Exercise 10.19). Thus, in general, unlike the finite-dimensional case, a knowledge of the spectrum of an unbounded operator is not sufficient to determine the spectrum of a function of the operator, and some knowledge of the operator’s structure is also required.

Consider a linear evolution equation that can be written in the form

x_t = Ax, x(0) = x_0, (9.24)

where A is a compact, self-adjoint linear operator on a Hilbert space H. The solution is x(t) = e^{At}x_0. If x_0 is an eigenvector of A with eigenvalue λ, then e^{At}x_0 = e^{λt}x_0. The solution decays exponentially if Re λ < 0, and grows exponentially if Re λ > 0. From the spectral mapping theorem, if the spectrum σ(A) is contained in a lefthalf plane {λ ∈ C | Re λ ≤ ω}, then the spectrum of e^{At} is contained in the disc {λ ∈ C | |λ| ≤ e^{ωt}}. If {e_n | n ∈ N} is an orthonormal basis of eigenvectors of A, then we may write the solution as x(t) = ∞∑ n=1 e^{λnt}⟨e_n, x_0⟩e_n. If λ_n ≤ ω for all n, it follows that

‖x(t)‖ = ∞ ∑ n=1 |e^{λnt}⟨e_n, x_0⟩|^2 ≤ e^{ωt} ∞ ∑ n=1 |⟨e_n, x_0⟩|^2 = e^{ωt}‖x_0‖.

Perturbation of eigenvalues 235

When ω < 0, any solution decays exponentially to 0 as t → ∞. In that case, we say that the equilibrium solution x(t) = 0 is globally asymptotically stable.

9.6 Perturbation of eigenvalues

Suppose that A(ϵ) is a family of operators on a Hilbert space that depends on a real or complex parameter ϵ. If we know the spectrum of A(0), then we can use perturbation theory to obtain information about the spectrum of A(ϵ) for small ϵ. In this section, we consider the simplest case, when A(ϵ) is a compact, self-adjoint operator depending on a real parameter ϵ.

Before doing this, we prove a preliminary result of independent interest: the Fredholm alternative for a compact, self-adjoint perturbation of the identity.

Theorem 9.26 Suppose that A is a compact, self-adjoint operator on a Hilbert space and λ ∈ C is nonzero. Then the equation

(A − λI) x = y (9.25)

has a solution if and only if y ⊥ z for every solution z of the homogeneous equation (A − λI) z = 0. The solution space of the homogeneous equation is finite-dimensional.

Proof. If A : H → H is compact and self-adjoint, then there is an orthonormal basis {e_n | n ∈ N} of H consisting of eigenvectors of A, with Ae_n = λ_ne_n for λ_n ∈ R. We expand x and y with respect to this basis as x = ∞∑ n=1 x_ne_n, y = ∞∑ n=1 y_ne_n, where x_n = ⟨e_n, x⟩ and y_n = ⟨e_n, y⟩. With respect to this basis, equation (9.25) has the diagonalized form

(λ_n − λ) x_n = y_n for n ∈ N . (9.26)

If λ_n ≠ λ for all n, then λ_n −λ is bounded away from zero, since λ ≠ 0 and there are no nonzero accumulation points of the eigenvalues of a compact operator. Hence, equation (9.25) is uniquely solvable for every y ∈ H, with the solution x = ∞∑ n=1 ⟨e_n, y⟩ λ_n − λ e_n. If λ = λ_n for some n, then there is a finite-dimensional subspace of eigenvectors with the nonzero eigenvalue λ. Suppose the corresponding eigenvectors are

236 The Spectrum of Bounded Linear Operators

{e_{n1} , e_{n2} , . . . , e_{nk} }. Then we can solve (9.26) if and only if

y_{n1} = y_{n2} = . . . = y_{nk} = 0,

meaning that y is orthogonal to the kernel of (A − λI). □

Suppose that A(ϵ) is a compact, self-adjoint operator depending on a parameter ϵ ∈ R. We assume that A is a real-analytic function of ϵ at ϵ = 0, meaning that it has a Taylor series expansion

A(ϵ) = A_0 + ϵA_1 + ϵ^2A_2 + O(ϵ^3)

that converges with respect to the operator norm in some interval |ϵ| < R. The coefficient operators A_n are given by

A_0 = A(0), A_1 = Ȧ(ϵ) | | ϵ=0 , A_2 = 1 2 Ä(ϵ) | | ϵ=0 , . . . , A_n = 1 n! d^n dϵ^n A(ϵ) | | |_{ϵ=0} , . . . where the dot denotes a derivative with respect to ϵ.

We look for eigenvalues λ(ϵ) and eigenvectors x(ϵ) of A(ϵ) that satisfy

[A(ϵ) − λ(ϵ)] x(ϵ) = 0. (9.27)

It can be shown that the eigenvalues and eigenvectors of A(ϵ) have convergent Taylor series expansions

λ(ϵ) = λ_0 + ϵλ_1 + ϵ^2λ_2 + O(ϵ^3), (9.28) x(ϵ) = x_0 + ϵx_1 + ϵ^2x_2 + O(ϵ^3), (9.29)

where λ_0 = λ(0), λ_1 = λ̇(0), and so on. We will not prove the convergence of these series here, but we will show how to compute the coefficients.

Setting ϵ = 0 in (9.27), we obtain that

(A_0 − λ_0I) x_0 = 0. (9.30)

Thus, λ_0 is a nonzero eigenvalue of A_0 and x_0 is an eigenvector. For definiteness, we assume that λ_0 is a simple eigenvalue of A_0, meaning that it has multiplicity one, although eigenvalues of higher multiplicity can be treated in a similar way.

Differentiation of (9.27) with respect to ϵ implies that (A − λI) ẋ + ( Ȧ − λ̇I ) x = 0. Setting ϵ equal to zero in this equation, we obtain that

(A_0 − λ_0I) x_1 = λ_1x_0 − A_1x_0. (9.31)

Since {x_0} is a basis of ker (A_0 − λ_0I), Theorem 9.26 implies that this equation is solvable for x_1 if and only if the right-hand side is orthogonal to x_0. It follows that

λ_1 =

⟨x_0, A_1x_0⟩ ‖x_0‖^2 .

Perturbation of eigenvalues 237

Continuing in this way, we differentiate equation (9.27) n times with respect to ϵ and set ϵ equal to zero in the result, which gives an equation of the form

(A_0 − λ_0I) x_n = λ_nx_0 + f_{n−1} (x_0, . . . , x_{n−1}, λ_0, . . . , λ_{n−1}) . (9.32)

The Fredholm alternative implies that the right-hand side must be orthogonal to x_0. This condition determines λ_n, and we can then solve the equation for x_n. Thus, we can successively determine the coefficients in the expansions of λ(ϵ) and x(ϵ).

The solution of (9.32) for x_n includes an arbitrary multiple of x_0. This nonuniqueness is a consequence of the arbitrariness in the normalization of the eigenvector. If c(ϵ) = 1 + ϵc_1 + ϵ^2c_2 + O(ϵ^3) is a scalar and x(ϵ) = x_0 + ϵx_1 + ϵ^2x_2 + O(ϵ^3) is an eigenvector, then

c(ϵ)x(ϵ) = x_0 + ϵ (x_1 + c_1x_0) + ϵ^2 (x_2 + c_1x_1 + c_2x_0) + O(ϵ^3)

is also an eigenvector. Each term in the expansion contains an arbitrary multiple of x_0.

An alternative way to derive the perturbation equations (9.30)–(9.32) is to use the Taylor series (9.28)–(9.29) in (9.27), expand, and equate coefficients of powers of ϵ in the result.

Example 9.27 Consider the eigenvalue problem −u^{′′} + V (x, ϵ)u = λu, (9.33) where u ∈ L^2(R) and

V (x, ϵ) = x^2 + ϵ(x^4 − 4x^2)e^{−2x2} . (9.34)

In quantum mechanics, this problem corresponds to the determination of the energy levels of a slightly anharmonic oscillator. See Figure 9.1 for a graph of the potential for four different values of ϵ. For definiteness, we consider the energy of the ground state only, that is, the smallest eigenvalue, although the perturbation of other eigenvalues can be computed in exactly the same way.

The eigenvalue problem is of the form Au = λu, where A = A_0 + ϵA_1 with A = − d^2 dx^2 + V, A_0 = − d^2 dx^2 + x^2, A_1 = (x^4 − 4x^2)e^{−2x2} .

From Exercise 6.14, the unperturbed ground state u_0 and the associated eigenvalue λ_0 of A_0 are given by

u_0(x) = e^{−x2/2}, λ_0 = 1.

The operator A is unbounded. We will assume that the perturbed operator has a ground state close to that of the unperturbed operator, and apply the above expansion without discussing the validity of the method in this case. See the book by Kato [26] for a comprehensive discussion.

238 The Spectrum of Bounded Linear Operators

Fig. 9.1 The perturbed harmonic potential V (x, ϵ), defined in (9.34), for ϵ=-0.3, 0, 0.2, and 0.4.

The perturbed eigenvalue has the expansion λ = 1 + ϵλ_1 + O(ϵ^2), where

λ_1 =

⟨u_0, (x^4 − 4x^2)e^{−2x2} u_0⟩ ‖u_0‖^2 = ∫_∞ −∞(x^4 − 4x^2)e^{−3x2} dx ∫_∞ −∞ e^{−x2} dx . (9.35)

The expression in (9.35) for λ_1 may be evaluated in the following way. First, note that ∫_∞ −∞ x^ne^{−3x2} dx ∫_∞ −∞ e^{−x2} dx = 1 3^{(n+1)/2} ∫_∞ −∞ x^ne^{−x2} dx ∫_∞ −∞ e^{−x2} dx , for n ≥ 0. We need to compute this ratio of integrals for n = 2 and n = 4. Let J(a) = ∫_∞ −∞ e^{−x2+2ax} dx. (9.36) Differentiating this expression n times with respect to a, we obtain that

J^{(n)}(a) = 2^n ∫_∞ −∞ x^ne^{−x2+2ax} dx. Hence, setting a = 0, we have ∫_∞ −∞ x^ne^{−x2} dx ∫_∞ −∞ e^{−x2} dx = 1 2^n

J^{(n)}(0) J(0) . To evaluate the right-hand side of this equation, we complete the square in the exponent of the integrand in (9.36) and change the integration variable from x → x − a. This gives

J(a) = e^{a2} J(0).

References 239

It follows that ∫_∞ −∞ x^ne^{−x2} dx ∫_∞ −∞ e^{−x2} dx = 1 2^n d^ne^{a2} da^n | | | | |_{a=0} . In particular, for n = 2, 4, we compute

d^2e^{a2} da^2 = ( 4a^2 + 2 ) e^{a2} , d^4e^{a2} da^4 = ( 16a^4 + 48a^2 + 12 ) e^{a2} . From these computations it follows that λ_1 = −7/(24 √ 3), and

λ = 1 − 7 24 √ 3 ϵ + O(ϵ^2).

If ϵ > 0, corresponding to an oscillator that becomes “softer” for small amplitude oscillations, then the ground state energy decreases, while if ϵ < 0, corresponding to an oscillator that becomes “stiffer” for small amplitude oscillations, then the ground state energy increases.

9.7 References

For additional discussion of the spectra of bounded and compact, normal operators, see Naylor and Sell [40]. The terminology of the classification of the spectrum is not entirely uniform (see Reed and Simon [45] for a further discussion). With the definitions we use here, the spectrum of a bounded operator is the disjoint union of its point, continuous, and residual spectrums. For an introduction to complex analysis and a proof of Liouville’s theorem, see [36]. See Kato [26] for the perturbation theory of spectra.

9.8 Exercises

Exercise 9.1 Prove that ρ(A^∗) = ρ(A), where ρ(A) is the set {λ ∈ C | λ ∈ ρ(A)}.

Exercise 9.2 If λ is an eigenvalue of A, then λ is in the spectrum of A^∗. What can you say about the type of spectrum λ belongs to?

Exercise 9.3 Suppose that A is a bounded linear operator of a Hilbert space and λ, μ ∈ ρ(A). Prove that the resolvent R_λ of A satisfies the resolvent equation R_λ − R_μ = (μ − λ) R_λR_μ. Exercise 9.4 Prove that the spectrum of an orthogonal projection P is either {0}, in which case P = 0, or {1}, in which case P = I, or else {0, 1}.

240 The Spectrum of Bounded Linear Operators

Exercise 9.5 Let A be a bounded, nonnegative operator on a Hilbert space. Prove that σ(A) ⊂ [0, ∞).

Exercise 9.6 Let G be a multiplication operator on L^2(R) defined by Gf(x) = g(x)f(x), where g is continuous and bounded. Prove that G is a bounded linear operator on L^2(R) and that its spectrum is given by σ(G) = {g(x) | x ∈ R}. Can an operator of this form have eigenvalues?

Exercise 9.7 Let K : L^2([0, 1]) → L^2([0, 1]) be the integral operator defined by Kf(x) = ∫_x 0 f(y) dy. (a) Find the adjoint operator K^∗. (b) Show that ‖K‖ = 2/π.

(c) Show that the spectral radius of K is equal to zero. Exercise 9.8 Define the right shift operator S on ℓ^2(Z) by S(x)_k = x_{k−1} for all k ∈ Z, where x = (x_k )^∞_{k=−∞} is in ℓ^2(Z). Prove the following facts.

(a) The point spectrum of S is empty.

(b) ran (λI − S) = ℓ^2(Z) for every λ ∈ C with |λ| > 1. (c) ran (λI − S) = ℓ^2(Z) for every λ ∈ C with |λ| < 1.

(d) The spectrum of S consists of the unit circle {λ ∈ C | |λ| = 1} and is purely continuous.

Exercise 9.9 Define the discrete Laplacian operator Δ on ℓ^2(Z) by (Δx)_k = x_{k−1} − 2x_k + x_{k+1}, (9.37) where x = (x_k)^∞_{k=−∞}. Show that Δ = S + S^∗ − 2I. Prove that the spectrum of Δ is entirely continuous and consists of the interval [−4, 0].

Hint: Consider x_k = e^{ikξ} where −π ≤ ξ ≤ π. Finite difference schemes for the numerical solution of differential equations may be written in terms of shift operators, and a study of their spectrum is useful in the stability analysis of finite difference schemes (see Strikwerder [53]).

Exercise 9.10 Define the right shift operator S on ℓ^2(N) by S ((x_1, x_2, x_3, . . .)) = (0, x_1, x_2, . . .), (9.38)

Exercises 241

and the left shift operator T on ℓ^2(N) by

T ((x_1, x_2, x_3, . . .)) = (x_2, x_3, x_4, . . .). (9.39)

Prove the following.

(a) The resolvent set of S is the exterior of the unit disc {λ ∈ C | |λ| > 1}. (b) Every λ ∈ C with |λ| = 1 belongs to the continuous spectrum of S. (c) ran (λI − S) is not dense in ℓ^2 for every λ ∈ C with |λ| < 1, meaning that the interior of the unit disc is contained in the residual spectrum of S.

(d) The resolvent set of T consists of all λ ∈ C such that |λ| > 1. (e) The continuous spectrum of T is the unit circle. (f) The point spectrum of T is the interior of the unit disc. (g) The residual spectrum of T is empty.

Exercise 9.11 A complex number λ belongs to the approximate spectrum of a bounded linear operator A : H → H on a Hilbert space H if there is a sequence (x_n) of vectors in H such that ‖x_n‖ = 1 and (A − λI)x_n → 0 as n → ∞. Prove that the approximate spectrum is contained in the spectrum, and contains the point and continuous spectrum. Give an example to show that a point in the residual spectrum need not belong to the approximate spectrum.

Exercise 9.12 Let H be a separable Hilbert space with an orthonormal basis {e_n}, and A ∈ B(H) such that ∑ n ‖Ae_n‖^2 < ∞. (a) Prove that the Hilbert-Schmidt norm defined in (9.18) is independent of the basis. That is, show that for any other orthonormal basis {f_n} one has ∑ n ‖Af_n‖^2 = ∑ n ‖Ae_n‖^2. (b) Prove that ‖A‖_{HS} = ‖A^∗‖_{HS} . Exercise 9.13 Suppose that L : R → B(H) and A : R → B(H) are smooth, operator-valued functions of t ∈ R, where L(t) is self-adjoint and A(t) is skewadjoint. If L(t) satisfies the ODE

L̇ = [L, A], (9.40)

show that L(t) = U^∗(t)L(0)U(t),

242 The Spectrum of Bounded Linear Operators

where U̇ = UA and U(0) = I. Show that U(t) is unitary, and deduce that the eigenvalues of L(t) are independent of t.

An equation that can be written in the form (9.40) for suitable operators L(t) and A(t) is said to be completely integrable because it possesses a large number of conserved quantities, namely, the eigenvalues of L. The pair of operators {L, A} is called a Lax pair for the equation.

Exercise 9.14 Show that the n × n, tridiagonal matrices

L = b_1 a_1 0 . . . 0 a_1 b_2 a_2 . . . 0 0 a_2 b_3 . . . 0 . . . . . . .. . . . 0 0 0 . . . b_n , A = 0 a_1 0 . . . 0 −a_1 0 a_2 . . . 0 0 −a_2 0 . . . 0 . . . . . . . . . . . 0 0 0 . . . 0

form a Lax pair for the Toda lattice equations

ȧ_k = a_k (b_{k+1} − b_k) for k = 1, . . . , n − 1, ḃ_k = 2 (a^2_k − a^2_{k−1}) for k = 1, . . . , n,

where a_0 = a_n = 0 and a_k > 0. Write out the equations for n = 2, and determine explicitly their conserved quantities.

Exercise 9.15 Show that the KdV equation for u(x, t), u_t = 6uu_x − u_{xxx}, can be written in the form (9.40), where L and A are the following differential operators acting on smooth functions of x:

L = −∂^2_x + u, A = −4∂^3_x + 3u∂_x + 3∂_xu.

Exercise 9.16 Prove that (9.20) and (9.22) define the same operator q(A).

Exercise 9.17 Let A be a compact, self-adjoint operator, on an infinite-dimensional separable Hilbert space, and q : σ(A) → C a continuous function.

(a) Prove that the series in (9.22) converges in norm if and only if q(0) = 0. (b) For an arbitrary value q(0), prove that the series in (9.22) converges strongly.

Exercise 9.18 Let f ∈ C (σ(A)), and consider f(A) defined by (9.23). Prove that ‖f(A)‖ = sup{|f(λ_n)| | n ∈ N }. Let (q_N ) be a sequence of polynomials of degree N, converging uniformly to f on σ(A). The existence of such a sequence is a consequence of the Weierstrass approximation theorem. Prove that (q_N (A)) converges in norm, and that its limit equals f(A) as defined in (9.23).

Exercises 243

Exercise 9.19 Prove that the series in (9.23) is convergent in the strong operator topology for any f ∈ C (σ(A)), and that it converges uniformly if in addition f(0) = 0. Exercise 9.20 Let A be a self-adjoint compact operator on a Hilbert space H, and let f : σ(A) → C be a continuous function. When is f(A) compact?

Exercise 9.21 Consider the evolution equation x_t = Ax, where A is a bounded operator on a Hilbert space such that Re ⟨x, Ax⟩ ≤ 2α‖x‖^2, for some α ∈ R. By taking the inner product of the evolution equation with x, derive the energy estimate ‖x(t)‖ ≤ e^{αt}‖x(0)‖. Compare this result with that of the spectral method for self-adjoint and non-self-adjoint operators A.

Exercise 9.22 Suppose that A is a compact, nonnegative linear operator on a Hilbert space. Prove that there is a unique compact, nonnegative linear operator B such that B^2 = A. Thus, B = A^{1/2} is the square root of A.

Exercise 9.23 Consider the eigenvalue problem ∫_∞ −∞ e^{−|x|−|y|}u(y) dy + ϵxu(x) = λu(x), −∞ < x < ∞, where ϵ ∈ R. Show that if ϵ = 0, then the spectrum consists purely of eigenvalues, and λ = 1 is a simple eigenvalue with eigenfunction u(x) = e^{−|x|}. Show that a formal perturbation expansion with respect to ϵ as ϵ → 0 gives

λ = 1 + 1 2 ϵ^2 + . . . , u(x) = e^{−|x|} ( 1 + ϵx + ϵ^2 ( x^2 − 3 4 ) + . . . ) . Show, however, that there are no eigenfunctions u ∈ L^2(R) when ϵ ≠ 0. (It is possible to show that then the spectrum is purely continuous.)

244 The Spectrum of Bounded Linear Operators

Chapter 10

Linear Differential Operators and Green’s Functions

We have seen that linear differential operators on normed function spaces are not bounded. Differential operators are important for the study of differential equations and we would like to analyze them in spite of their lack of continuity. There are two main approaches to this problem. One is to use a weak topology, not derived from a norm, with respect to which differential operators are continuous. This is what is done in distribution theory, studied in Chapter 11. The other approach, which we follow in this chapter, is to consider special classes of unbounded operators that are defined on dense linear subspaces of a Hilbert, or Banach, space.

The inverse of a linear differential operator is an integral operator, whose kernel is called the Green’s function of the differential operator. We may use the bounded inverse to study the properties of the unbounded differential operator. For example, if the inverse is a compact, self-adjoint operator, then the differential operator has a complete orthonormal set of eigenfunctions.

We begin by giving some general definitions for unbounded operators. We will consider unbounded linear operators acting in a Hilbert space, although similar ideas apply to unbounded operators acting in a Banach space.

10.1 Unbounded operators

One of the main new features of unbounded operators, in comparison with bounded operators, is that they are not defined on the whole space. For example, a general continuous function does not have a continuous derivative, so differential operators are defined on a subspace of differentiable functions. The definition of an unbounded linear operator A : D(A) ⊂ H → H acting in a Hilbert space H therefore includes the definition of its domain D(A). We will assume that the domain of A is a dense linear subspace of H, unless we state explicitly otherwise. If the domain of A is not dense, then we may obtain a

246 Linear Differential Operators and Green’s Functions

densely defined operator by setting A equal to zero on the orthogonal complement of its domain, so this assumption does not lead to any loss of generality.

An operator ~A is an extension of A, or A is a restriction of ~A, if D( ~A) ⊃ D(A) and ~Ax = Ax for all x ∈ D(A). We write this relationship as ~A ⊃ A, or A ⊂ ~A. From Theorem 5.19, if A is a bounded linear operator on a dense domain D(A) in H, then A has a unique bounded extension to H. Consequently, it is only useful to consider densely defined operators when the operator is unbounded.

The domain of a differential operator defines the somewhat technical property of the smoothness of the functions on which the operator acts. More importantly, it also encodes any boundary conditions associated with the operator. The following example, which we discuss in greater detail later on, illustrates differential operators and their domains.

Example 10.1 Let A_ku = u^{′′} with k = 1, 2, 3, 4 be differential operators in L^2([0, 1]) with domains

D(A_1) = { u ∈ C^2([0, 1]) | u(0) = u(1) = 0 } , D(A_2) = C^2([0, 1]), D(A_3) = { u ∈ H^2 ((0, 1)) | u(0) = u(1) = 0 } , D(A_4) = H^2 ((0, 1)) .

Here, H^2 ((0, 1)) is the Sobolev space of functions whose weak derivatives of order less than or equal to two belong to L^2([0, 1]). The Sobolev embedding theorem implies that H^2((0, 1)) ⊂ C^1([0, 1]), so it makes sense to use the pointwise values of u in defining D(A_3). Then A_1 ⊂ A_2 ⊂ A_4, and A_1 ⊂ A_3 ⊂ A_4.

The adjoint of an unbounded operator A : D(A) ⊂ H → H is an operator A^∗ : D(A^∗) ⊂ H → H. Generalizing the basic property in (8.9) of the adjoint of a bounded linear operator, we want ⟨Ax, y⟩ = ⟨x, A^∗y⟩ for all x ∈ D(A) and all y ∈ D(A^∗), (10.1) where D(A^∗) is the largest subspace of H for which (10.1) holds. In more detail, if y ∈ H, then φ_y(x) = ⟨y, Ax⟩ defines a linear functional φ_y : D(A) → C . We say that y ∈ D(A^∗) if φ_y is bounded on D(A). In that case, since D(A) is dense in H, the bounded linear transformation theorem in Theorem 5.19 implies that φ_y has a unique extension to a bounded linear functional on H, and the Riesz representation theorm in Theorem 8.12 implies there is a unique vector z ∈ H such that φ_y(x) = ⟨z, x⟩. Then ⟨y, Ax⟩ = ⟨z, x⟩ for all x ∈ D(A), and we define A^∗y = z. Summarizing this procedure, we get the following definition.

Unbounded operators 247

Definition 10.2 Suppose that A : D(A) ⊂ H → H is a densely defined unbounded linear operator on a Hilbert space H. The adjoint A^∗ : D(A^∗) ⊂ H → H is the operator with domain D(A^∗) = {y ∈ H | there is a z ∈ H with ⟨Ax, y⟩ = ⟨x, z⟩ for all x ∈ D(A)}. If y ∈ D(A^∗), then we define A^∗y = z, where z is the unique element such that ⟨Ax, y⟩ = ⟨x, z⟩ for all x ∈ D(A). It is possible that D(A^∗) is not dense in H, even if D(A) is dense, in which case we do not define A^{∗∗} (see Exercise 10.15 for an example).

As we will see below, the adjoint of a differential operator is another differential operator, which we obtain by using integration by parts. The domain D(A) defines boundary conditions for A, and the domain D(A^∗) defines adjoint boundary conditions for A^∗. The boundary conditions ensure that the boundary terms arising in the integration by parts vanish.

A particularly important class of unbounded operators is the class of self-adjoint operators. Self-adjointness includes the equality of the domains of A and A^∗. For differential operators, this equality of domains corresponds to the self-adjointness of the boundary conditions.

Definition 10.3 An unbounded operator A is self-adjoint if A^∗ = A, meaning that D(A^∗) = D(A) and A^∗x = Ax for all x ∈ D(A). An unbounded operator A is symmetric if A^∗ is an extension of A, meaning that D(A^∗) ⊃ D(A) and A^∗x = Ax for all x ∈ D(A).

It is usually straightforward to show that an operator is symmetric, but it may be more difficult to show that a symmetric operator is self-adjoint.

Example 10.4 For the differential operators defined in Example 10.1, we will see that A^∗_1 = A_3, so A_1 is symmetric but not self-adjoint, while A^∗_3 = A_3, so A_3 is self-adjoint. We will also see that A^∗_2 = A^∗_4 = A_5 where A_5u = u^{′′} with domain

D(A_5) = { u ∈ H^2([0, 1]) | u(0) = u(1) = u^′(0) = u^′(1) = 0 } . Since A_5 is not an extension of A_2 or A_4, neither A_2 nor A_4 is symmetric. We also have A^∗_5 = A_4, so A_5 is symmetric, but not self-adjoint.

Although differential operators are not continuous, they have a related property called closedness.

Definition 10.5 An operator A : D(A) ⊂ H → H is closed if for every sequence (x_n) in D(A) such that x_n → x and Ax_n → y, we have x ∈ D(A) and Ax = y.

248 Linear Differential Operators and Green’s Functions

Note carefully the difference between continuous and closed operators. For a continuous operator A, the convergence of the sequence (x_n) implies the convergence of (Ax_n), and

lim_{n→∞} Ax_n = A ( lim_{n→∞} x_n ) . (10.2)

For a closed operator A, the convergence of (x_n) does not imply the convergence of (Ax_n); but if both (x_n) and (Ax_n) converge, then (10.2) holds. The graph Γ(A) of an operator A : D(A) ⊂ H → H is the subset of H × H defined by Γ(A) = {(x, y) | x ∈ D(A) and y = Ax} . An operator is closed if and only if its graph is a closed subspace of H × H.

An operator A is closable if it has the following property: for every sequence (x_n) of elements in D(A) such that x_n → 0 and Ax_n → y for some y ∈ H, we have y = 0. We define the closure A of a closable operator A to be the operator with domain

D(A) = {x ∈ H | there is a sequence (x_n) in D(A) and a y ∈ H such that x_n → x and Ax_n → y}.

If x_n → x and Ax_n → y, then we define Ax = y. Since A is closable, the value y does not depend on the sequence (x_n) in D(A) that is used to approximate x. The graph of A is the closure of the graph of A in H × H, and A is the smallest closed extension of A. If A is not closable, then the closure of the graph of A is not the graph of an operator, and A has no closed extensions (see Exercise 10.8 for an example). Every symmetric operator is closable (see Exercise 10.2). We say that a symmetric operator A is essentially self-adjoint if its closure is self-adjoint.

Example 10.6 The operators A_1 and A_2 in Example 10.1 are not closed because we may choose a sequence of functions u_n ∈ C^2([0, 1]) such that u_n → u and u^{′′}_n → v in L^2([0, 1]), where v is not continuous. Hence u is not C^2, and therefore does not belong to the domain of A_1 or A_2. The operators A_3 and A_4 are closed. Both A_1 and A_2 are closable, with A_1 = A_3, and A_2 = A_4. Thus, A_1 is essentially self-adjoint, but A_2 is not.

If A : D(A) ⊂ H → H is one-to-one and onto, then we define the inverse operator A^{−1} : H → H by A^{−1}y = x if and only if Ax = y. The range of A^{−1} is equal to the domain of A. If A is closed, then the closed graph theorem, which we do not prove here, implies that A^{−1} is bounded.

Proposition 10.7 If A : D(A) ⊂ H → H is a densely defined linear operator on a Hilbert space H with a bounded inverse A^{−1} : H → H, then (A^∗)^{−1} = (A^{−1})^∗.

The adjoint of a differential operator 249

Proof. Since A^{−1} is bounded, it has a bounded adjoint. If x ∈ D(A^∗) and y ∈ H, then ⟨(A^{−1})^∗A^∗x, y⟩ = ⟨A^∗x, A^{−1}y⟩ = ⟨x, AA^{−1}y⟩ = ⟨x, y⟩. Therefore (A^{−1})^∗A^∗x = x for x ∈ D(A^∗). Moreover, if x ∈ H and y ∈ D(A), then ⟨A^∗(A^{−1})^∗x, y⟩ = ⟨(A^{−1})^∗x, Ay⟩ = ⟨x, A^{−1}Ay⟩ = ⟨x, y⟩. Since D(A) is dense in H, it follows that (A^{−1})^∗x ∈ D(A^∗) and A^∗(A^{−1})^∗x = x. □

The definitions of the resolvent set, spectrum, and resolvent operator for an unbounded operator A : D(A) ⊂ H → H are analogous to those for a bounded operator. The resolvent set ρ(A) of A consists of the complex numbers λ such that A − λI is a one-to-one, onto map from D(A) to H, and (A − λI)^{−1} is bounded. The spectrum σ(A) is the complement of the resolvent set in C . If λ ∈ ρ(A), then we define the resolvent operator R_λ : H → H by

R_λ = (λI − A)^{−1} .

If A is closed, then the closed graph theorem implies that R_λ is bounded whenever A − λI is one-to-one and onto. Unlike bounded operators, unbounded operators may have an empty spectrum (see Exercise 10.13 for an example).

10.2 The adjoint of a differential operator

In this section, we consider differential operators acting on smooth functions, and explain how to determine their adjoints. We discuss the domain of the adjoint in more detail in Section 10.4.

A linear ordinary differential operator of order n is a linear map A that acts on an n-times continuously differentiable function u by Au = n∑ j=0 a_j u^{(j)},

where u^{(j)} denotes the jth derivative of u, and the coefficients a_j are real or complexvalued functions. Our goal is to study BVPs (boundary value problems) for ODEs of the form

Au = f, Bu = 0, (10.3)

where Bu = 0 denotes a set of linear boundary conditions.

For concreteness, we assume that all functions are defined on the interval [0, 1], and we consider second-order ordinary differential operators A of the form Au = au^{′′} + bu^′ + cu, (10.4)

250 Linear Differential Operators and Green’s Functions

where a, b, and c are sufficiently smooth functions on [0, 1]. The same ideas apply to linear ordinary differential operators of arbitrary order. We assume, unless stated otherwise, that a(x) > 0 for all 0 ≤ x ≤ 1, so that A is second-order at every point.

For a second-order differential equation, we expect that we need to impose two boundary conditions to obtain a unique solution, although this is not always sufficient to guarantee uniqueness. Sometimes we may want to consider overdetermined or underdetermined boundary value problems with a larger or smaller number of boundary conditions. We always assume that the boundary condition Bu = 0 is a homogeneous system of linear equations that involves the values of u and u^′ at the endpoints x = 0, 1. Higher derivatives of u may be expressed in terms of u and u^′ by use of the differential equation.

Some common types of boundary conditions are:

u(0) = 0, u(1) = 0 Dirichlet; u^′(0) = 0, u^′(1) = 0 Neumann;

u(0) = u(1), u^′(0) = u^′(1) periodic; α_0u(0) + β_0u^′(0) = 0, α_1u(1) + β_1u^′(1) = 0 mixed.

In the mixed boundary condition, α_0, α_1, β_0, and β_1 are complex constants. Instead of imposing conditions that involve the solution at both endpoints, we can impose two conditions at one of the endpoints:

u(0) = 0, u^′(0) = 0 initial; u(1) = 0, u^′(1) = 0 final.

For linear problems, nonhomogeneous boundary conditions may be reduced to homogeneous ones by subtraction of any function that satisfies the nonhomogeneous conditions: if Au = f, Bu = b, and Bu_p = b, then v = u − u_p satisfies Av = g and Bv = 0, where g = f − Au_p. In practice, it may be convenient to retain nonhomogeneous boundary conditions when using Green’s formula below, but in developing the general theory it is simplest to assume that all boundary conditions have been reduced to homogeneous ones.

We begin by formulating the adjoint boundary value problem, using the following result.

Proposition 10.8 (Green’s) Suppose that A is given by (10.4), where a ∈ C^2([0, 1]), b ∈ C^1([0, 1]), and c ∈ C([0, 1]). Let ⟨·, ·⟩ denote the usual L^2-inner product, ⟨v, u⟩ = ∫_1 0 v(x)u(x) dx, and define A^∗ by A^∗v = (av)^{′′} − ( bv )_′ + cv. (10.5)

The adjoint of a differential operator 251

Then, for every u, v ∈ C^2([0, 1]), we have ⟨v, Au⟩ − ⟨A^∗v, u⟩ = [a (vu^′ − v^′u) + (b − a^′) vu]^1_0 . (10.6) Proof. Integration by parts implies that ⟨v, Au⟩ = ∫_1 0 v (au^{′′} + bu^′ + cu) dx = [avu^′ + bvu]^1_0 +

∫_1 0 { − (av)^′ u^′ − (bv)^′ u + cvu } dx = [ avu^′ − (av)^′ u + bvu ]_1 0 + ∫_1 0 ( (av)^{′′} − ( bv )_′ + cv ) u dx, which gives (10.6). □ We call A^∗ in (10.5) the formal adjoint of A (“formal” because we have not specified its domain). The adjoint A^∗ depends on the inner product as well as on A (see Exercise 10.10). We will use the standard L^2-inner product, unless explicitly stated otherwise.

Example 10.9 Let D be the differentiation operator, D = d dx . (10.7) Then D^∗ = −D, (iD)^∗ = iD, and ( D^2 )_∗ = D^2, so D is formally skew-adjoint, while iD and D^2 are formally self-adjoint.

Given boundary conditions B for A, we define adjoint boundary conditions B^∗ for A^∗ by the requirement that the boundary terms in (10.6) vanish. Thus, for v ∈ C^2([0, 1]), we say that B^∗v = 0 if and only if

⟨v, Au⟩ = ⟨A^∗v, u⟩ for all u ∈ C^2([0, 1]) such that Bu = 0. For A given by (10.4), we have B^∗v = 0 if and only if

[a (vu^′ − v^′u) + (b − a^′) vu]^1_0 = 0 for all u such that Bu = 0. We say that the BVP (10.3) is self-adjoint if A = A^∗ and B = B^∗. Example 10.10 Suppose that A = D^2. Then Green’s formula may be written as ⟨v, u^{′′}⟩ − ⟨v^{′′}, u⟩ = [vu^′ − v^′u]^1_0 . If Bu = 0 is the Dirichlet conditions u(0) = u(1) = 0, then we have [vu^′ − v^′u]^1_0 = v(1)u^′(1) − v(0)u^′(0).

This vanishes for all values of u^′(0) and u^′(1) if and only if v(0) = v(1) = 0. Thus, the Dirichlet boundary value problem for D^2 is self-adjoint. Neumann, mixed, and

252 Linear Differential Operators and Green’s Functions

periodic boundary conditions are also self-adjoint. For initial conditions u(0) = u^′(0) = 0 the boundary terms reduce to

[vu^′ − v^′u]^1_0 = v(1)u^′(1) − v^′(1)u(1).

These terms vanish if and only if v(1) = v^′(1) = 0, so final conditions are the adjoint of initial conditions, and the initial or final value problem for D^2 is not self-adjoint.

If we impose no boundary conditions on u, then we must require that v(0) = v^′(0) = v(1) = v^′(1) = 0. The adjoint of an undetermined boundary value problem is therefore overdetermined, and conversely.

Let us find all the formally self-adjoint, second-order differential operators. Expanding the expression for A^∗ in (10.5) and equating it with the expression for A in (10.4), we find that

au^{′′} + bu^′ + cu = au^{′′} + (2a^′ − b)u^′ + (a^{′′} − b^′ + c)u

for every u ∈ C^2([0, 1]). We must therefore have a = a, b = 2a^′ − b, c = a^{′′} − b^′ + c. These relations are satisfied if and only if a is real, Re b = a^′, and Im c = −Im b/2, where Re z and Im z denote the real and imaginary parts of z ∈ C , respectively. The coefficients of a self-adjoint, second-order ordinary differential operator A are therefore determined by three real functions: a, Im b, and Re c. For operators with real coefficients, there are only two independent real-valued coefficient functions, which we denote by p and q, where a = −p, b = −p^′, and c = q. The resulting formally self-adjoint operator, called a Sturm-Liouville operator, is given by

Au = −(pu^′)^′ + qu, (10.8)

or A = −D(pD) + q. For example, if p = 1 and q = 0, we get the second-derivative operator A = −D^2. By imposing self-adjoint boundary conditions on functions in the domain of a Sturm-Liouville operator, we obtain a self-adjoint operator.

For operators with imaginary coefficients, we find that a = 0, b = 2ir and c = ir^′, which gives Au = i (2ru^′ + r^′u) , or A = i(rD + Dr), since Dr = rD + r^′. Any real linear combination of these real and imaginary formally self-adjoint operators is formally self-adjoint.

Green’s functions 253

10.3 Green’s functions

For concreteness, we consider the Dirichlet boundary value problem for the secondorder differential operator A defined in (10.4),

Au = f, u(0) = u(1) = 0, (10.9)

where f : [0, 1] → C is a given continuous function.

We look for a solution of (10.9) in the form u(x) = ∫_1 0 g(x, y)f(y) dy, (10.10) where g : [0, 1] × [0, 1] → C is a suitable function, called the Green’s function of (10.9). If we regard

A : D(A) ⊂ C([0, 1]) → C([0, 1])

as an operator in C([0, 1]) with domain D(A) = { u ∈ C^2([0, 1]) | u(0) = u(1) = 0 } , then the integral operator G : C([0, 1]) → D(A) given by Gf(x) = ∫_1 0 g(x, y)f(y) (10.11)

is the inverse of A.

We can write an equation for the Green’s function g in terms of the Dirac delta function δ. We give a heuristic discussion here, and use it to motivate the classical definition of the Green’s function in Definition 10.11 below. In Chapter 11, we will show that the delta function has a mathematically rigorous interpretation as a distribution.

We regard δ as a “function” on R that has unit integral concentrated at the origin, meaning that ∫_∞ −∞ δ(x) dx = 1, δ(x) = 0 for x ≠ 0.

More generally, for any continuous function f, we have ∫_∞ −∞ δ(x − y)f(y) dy = f(x). Formally, we also have ∫_x −∞ δ(y) dy = H(x),

254 Linear Differential Operators and Green’s Functions

where H is the Heaviside step function, defined by H(x) = { 0 if x < 0, 1 if x > 0.

The step function is constant on any interval that does not contain the origin and has a jump of one at zero. Conversely, the delta function,

δ = H^′, (10.12)

is the derivative of the step function. We will give a precise meaning to these results when we study distribution theory in Chapter 11.

The Green’s function g(x, y) associated with the boundary value problem in (10.9) is the solution of the following problem: Ag(x, y) = δ(x − y), g(0, y) = g(1, y) = 0. (10.13) Here, A is a differential operator with respect to x, and y plays the role of a parameter. If u is given by (10.10), then formally differentiating under the integral sign with respect to x, we find that for 0 < x < 1 Au(x) = ∫_1 0 Ag(x, y)f(y) dy = ∫_1 0 δ(x − y)f(y) dy = f(x). Moreover, u satisfies the boundary conditions, since

u(0) =

∫_1 0 g(0, y)f(y) dy = 0, u(1) = ∫_1 0 g(1, y)f(y) dy = 0. Thus, (10.10) provides an integral representation of the solution of (10.9).

We may reformulate (10.13) in classical, pointwise terms. From (10.4), (10.12), and (10.13), we want g(x, y) to satisfy the homogeneous ODE (as a function of x) when x ≠ y, and we want the jump in a(x)g_x(x, y) across x = y to equal one in order to obtain a delta function after taking a second x-derivative. We therefore make the following definition.

Definition 10.11 A function g : [0, 1] × [0, 1] → C is a Green’s function for (10.9) if it satisfies the following conditions.

(a) The function g(x, y) is continuous on the square 0 ≤ x, y ≤ 1, and twice continuously differentiable with respect to x on the triangles 0 ≤ x ≤ y ≤ 1 and 0 ≤ y ≤ x ≤ 1, meaning that the partial derivatives exist in the interiors of the triangles and extend to continuous functions on the closures. The left and right limits of the partial derivatives on x = y are not equal, however.

(b) The function g(x, y) satisfies the ODE with respect to x and the boundary conditions:

Ag = 0 in 0 < x < y < 1 and 0 < y < x < 1, (10.14) g(0, y) = g(1, y) = 0 for 0 ≤ y ≤ 1. (10.15)

Green’s functions 255

(c) The jump in g_x across the line x = y is given by g_x ( y^+, y ) − g_x ( y^−, y ) = 1 a(y) , (10.16)

where the subscript x denotes a partial derivative with respect to the first variable in g(x, y), and

g_x(y^+, y) = lim_{x→y+} g_x(x, y), g_x(y^−, y) = lim_{x→y−} g_x(x, y).

We will discuss the existence and construction of the Green’s function below. First we show that if a function g satisfies the conditions in this definition, then the expression in (10.10) gives a solution of (10.9).

Proposition 10.12 Let A be given by (10.4), where a, b, c ∈ C([0, 1]) and a(x) > 0 for all 0 ≤ x ≤ 1. If g satisfies (10.14)–(10.16) and f ∈ C([0, 1]), then Gf given by (10.11) is a solution of (10.9).

Proof. The proof is by direct computation. The only non-trivial part to check is that the function u(x) = ∫_1 0 g(x, y)f(y) dy satisfies the ODE Au = f. We split the integration range into 0 ≤ y ≤ x and x ≤ y ≤ 1: Au(x) = [ a d^2 dx^2 + b d dx + c ] [∫_x 0 g(x, y)f(y) dy + ∫_1 x g(x, y)f(y) dy ] . (10.17)

Leibnitz’s formula for the differentiation of an integral with variable limits states that if α(x) and β(x) are continuously differentiable functions of x, and h(x, y) is a continuous function of (x, y) on α(x) ≤ y ≤ β(x) that has a continuous partial derivative h_x(x, y) with respect to x on α(x) ≤ y ≤ β(x), then d dx ∫_{β(x)} α(x) h(x, y) dy = β^′(x)h (x, β(x)) − α^′(x)h (x, α(x)) + ∫_{β(x)} α(x) h_x(x, y) dy. (10.18) Using this formula to compute the derivatives in the expression on the right-hand side of (10.17), we find that du dx = ∫_x 0 g_x(x, y)f(y) dy + g(x, x)f(x) + ∫_1 x g_x(x, y)f(y) dy − g(x, x)f(x) = ∫_1 0 g_x(x, y)f(y) dy, d^2u dx^2 = ∫_1 0 g_{xx}(x, y)f(y) dy + [ g_x(x, x^−) − g_x(x, x^+) ] f(x).

256 Linear Differential Operators and Green’s Functions

Thus, A (∫_1 0 g(x, y)f(y) dy ) = ∫_1 0 Ag(x, y)f(y) dy + a(x) [ g_x(x, x^−) − g_x(x, x^+) ] f(x). Since g(x, y) is smooth in x ≤ y and x ≥ y, we have g_x(x, x^−) = g_x(x^+, x) and g_x(x, x^+) = g_x(x^−, x). It follows from the properties of g that Au = f. □

Thus, we can give an integral representation of the solution of (10.9) if we can construct the associated Green’s function. We may write the Green’s function in terms of the solutions of the homogeneous equations. When a, b, and c are continuous functions and a(x) ≠ 0, the homogeneous ODE

au^{′′} + bu^′ + cu = 0 (10.19)

has a two-dimensional space of solutions spanned by any linearly independent pair of solutions. For example, we may construct a basis {u_1, u_2} of the solution space by solving (10.19) subject to the initial conditions u(0) = 1, u^′(0) = 0 for u = u_1 and u(0) = 0, u^′(0) = 1 for u = u_2. The solutions exist by the existence theorem for ODEs in Theorem 3.7. The uniqueness of solutions of the initial value problem implies that if u is a solution of (10.19), then u = u(0)u_1 + u^′(0)u_2, so u is a linear combination of {u_1, u_2}.

In order to construct a function g satisfying the conditions of Definition 10.11, we choose solutions v_1 and v_2 of Av = 0 such that

v_1(0) = 0, v_2(1) = 0. (10.20)

The pair {v_1, v_2} is linearly independent if and only if the only solution of the homogeneous Dirichlet problem, Au = 0 with u(0) = u(1) = 0, is u = 0. The Green’s function g then has the following form: g(x, y) = { C(y)v_1(x)v_2(y) if 0 ≤ x ≤ y, C(y)v_1(y)v_2(x) if y ≤ x ≤ 1.

(10.21)

It is clear that g is continuous, satisfies Ag = 0 whenever x ≠ y, and g(0, y) = g(1, y) = 0. The jump condition in (10.16) is satisfied if C(y) is given by C(y) = 1 a(y)W (y) , (10.22)

where W is the Wronskian of v_1 and v_2: W = | | | | v_1 v_2 v^′_1 v^′_2 | | | | = v^1v^′2 − v^2v^′1. (10.23)

If a is nonzero at every point, then the Wronskian of two linearly independent solutions is nonzero at every point, so C in (10.22) is well-defined.

Thus, if the homogeneous Dirichlet problem has only the zero solution, then g defined by (10.21) has all the properties required in Proposition 10.12 and is unique.

Green’s functions 257

Example 10.13 The stationary temperature distribution in a rod of unit length that has both ends kept at a constant zero temperature, with heat loss through its surface proportional to u, and that is subject to a given nonuniform heat source per unit length f, is the solution of −u^{′′} + u = f, u(0) = u(1) = 0. (10.24) To construct the Green’s function we need two linearly independent solutions v_1, v_2 of the homogeneous version of (10.24) that satisfy v_1(0) = 0 and v_2(1) = 0. The general solution of the homogeneous equation is of the form u(x) = c_1e^x + c_2e^{−x}.

For v_1 and v_2 we choose the solutions v_1(x) = sinh x, v_2(x) = sinh(1 − x), where sinh x = e^x − e^{−x} 2 . The Wronskian, W = − sinh 1, of these solutions is a nonzero constant, so the solutions are linearly independent combinations of e^x and e^{−x}. The Green’s function is given by g(x, y) = { sinh x sinh(1 − y)/sinh 1 if 0 ≤ x ≤ y ≤ 1, sinh y sinh(1 − x)/sinh 1 if 0 ≤ y ≤ x ≤ 1.

We may also write this equation as g(x, y) = sinh (x_<) sinh (1 − x_>) sinh 1 , where x_< = min(x, y), x_> = max(x, y).

The Green’s function is a symmetric function of (x, y), as is always the case for real, self-adjoint boundary value problems.

We can use the Green’s function to study the relationship between the solvability of the direct and adjoint BVPs. The following argument shows that the Fredholm alternative in Definition 8.19 applies to linear BVPs for ODEs.

Suppose that the homogeneous BVP, Au = 0, Bu = 0, has only the zero solution and the coefficient a of the highest derivative never vanishes. Then we can construct its Green’s function, and therefore the nonhomogeneous

258 Linear Differential Operators and Green’s Functions

BVP, Au = f, Bu = 0, has a unique solution u ∈ C^2([0, 1]) for every f ∈ C([0, 1]). If

A^∗v = 0, B^∗v = 0,

then for every f ∈ C([0, 1]) we have ⟨f, v⟩ = ⟨Au, v⟩ = ⟨u, A^∗v⟩ = 0. Hence, v = 0, and the homogeneous adjoint BVP has only the zero solution. We can then construct the adjoint Green’s function g^∗(x, y), and the adjoint BVP A^∗v = h, B^∗v = 0 has a unique solution v ∈ C^2([0, 1]) for every h ∈ C([0, 1]).

Since (A^∗)^{−1} = (A^{−1})^∗, the direct and adjoint Green’s functions are related by

g^∗(x, y) = g(y, x). (10.25)

If A is self-adjoint, then g is Hermitian symmetric.

If A is singular, then A^∗ is also singular. In that case, it is possible to define a generalized inverse of A, whose kernel is called the modified Green’s function of A, and show that the direct BVP is solvable if and only if the right-hand side is orthogonal to the kernel of the adjoint (see Exercise 10.9 for an example, and Stakgold [52] for further discussion).

Finally, we describe the Green’s function representation of the solution of a BVP with nonhomogeneous boundary conditions. We begin by giving a formal derivation of the representation. For definiteness, we consider the Dirichlet problem for a real, second-order ODE,

Au = f(x), u(0) = α_0, u(1) = α_1, (10.26)

where A is defined in (10.4). A similar derivation applies to other types of boundary conditions. The adjoint Green’s function g^∗(x, y) satisfies

A^∗g^∗ = δ(x − y), g^∗(0, y) = g^∗(1, y) = 0,

where A^∗ is a differential operator in x, and y plays the role of a parameter. Using Green’s identity (10.6), we find that

∫_1 0 {g^∗(x, y)Au(x) − A^∗g^∗(x, y)u(x)} dx = [a(x)g^∗(x, y)u_x(x) − a(x)g^∗_x(x, y)u(x) + {b(x) − a_x(x)} g^∗(x, y)u(x)]^1_{x=0} , where the x-subscript denotes a derivative with respect to x. We have formally that ∫_1 0 A^∗g^∗(x, y)u(x) dx = ∫_1 0 δ(x − y)u(x) dx = u(y).

Weak derivatives 259

Hence, using the equations satisfied by g^∗ and u, and rearranging the result, we get u(y) = ∫_1 0 g^∗(x, y)f(x) dx + [a(x)g^∗_x(x, y)u(x)]^1_{x=0} . Exchanging x and y in this equation, and using (10.25) to replace g^∗ by g, we obtain the following Green’s function representation of the solution of (10.26): u(x) = ∫_1 0 g(x, y)f(y) dy + a(1)g_y(x, 1)α_1 − a(0)g_y(x, 0)α_0. The above derivation of this representation does not constitute a proof. We can, however, verify the correctness of the result directly. From Proposition 10.12, the function

u_p(x) =

∫_1 0 g(x, y)f(y) dy is the solution of the nonhomogeneous equation Au_p = f that satisfies the homogeneous boundary conditions u_p(0) = u_p(1) = 0. On the other hand, it follows from (10.20)–(10.23) that

u_h(x) = a(1)g_y(x, 1)α_1 − a(0)g_y(x, 0)α_0

is the solution of the homogeneous equation Au_h = 0 that satisfies the nonhomogeneous boundary conditions u_h(0) = α_0, u_h(1) = α_1.

10.4 Weak derivatives

In the previous sections, we considered “classical” differential operators that act on continuously differentiable functions. The resulting differential operators lack a number of desirable properties; for example, they are not closed or self-adjoint. To obtain such operators, we need to extend the domains of the classical differentiation operators to include functions whose weak derivatives belong to L^2. In this section, we define the notion of a weak L^2-derivative in terms of integration against test functions. We show that weakly differentiable functions can be approximated by smooth functions, and we use this fact to study some of their basic properties. We also define the Sobolev spaces H^k of functions with k square-integrable derivatives, and use them to give a precise description of the domains of some simple self-adjoint ordinary differential operators.

We begin by considering functions defined on R. We say that φ : R → C is a test function if it has compact support and continuous derivatives of all orders. We denote the space of test functions by C^∞_c (R). The following example shows that there are many test functions.

260 Linear Differential Operators and Green’s Functions

Example 10.14 The function φ(x) = { exp [ −1/(1 − x^2) ] if |x| < 1, 0 if |x| ≥ 1,

belongs to C^∞_c (R). All its derivatives exist and are equal to zero at x = ±1. This function is not analytic at x = ±1, however, since its Taylor series at these points converge to zero, rather than to the function itself. Rescaling this function, ψ(x) = cφ ( x − x_0 δ ) , we obtain a test function ψ supported on the interval |x − x_0| ≤ δ whose integral has any desired value.

Before defining weak derivatives, we show that C^∞_c (R) is dense in L^2(R). To do this, we approximate an L^2-function by its convolution with a smooth approximate identity, a technique called mollification.

Let φ ∈ C^∞_c (R) be a nonnegative test function with support [−1, 1] and ∫ R φ(x) dx = 1. For ϵ > 0, we let

φ_ϵ(x) = 1 ϵ φ ( x ϵ ) . We call such a function φ_ϵ a mollifier or averaging kernel. The family {φ_ϵ | ϵ > 0} is an approximate identity as ϵ → 0^+ since the support of φ_ϵ shrinks to the origin and each φ_ϵ has unit integral. If u ∈ L^2(R), we define the mollification u_ϵ = φ_ϵ ∗ u of u, meaning that

u_ϵ(x) = ∫ R φ_ϵ(x − y)u(y) dy. (10.27) The function u_ϵ belongs to C^∞(R) because

u^{(k)}_ϵ (x) = ∫ R φ^{(k)}_ϵ (x − y)u(y) dy. (10.28)

The differentiation under the integral sign is justified by the dominated convergence theorem.

Lemma 10.15 If u ∈ L^2(R) and u_ϵ is defined by (10.27), where φ_ϵ is a mollifier, then ‖u_ϵ‖ ≤ ‖u‖, where ‖ · ‖ denotes the L^2-norm.

Weak derivatives 261

Proof. Using the fact that φ_ϵ is nonnegative and has unit integral over R, we find from the Cauchy-Schwarz inequality that |u_ϵ(x)| = | | | ∫ R φ^{1/2}_ϵ (x − y)φ^{1/2}_ϵ (x − y)u(y) dy | | | ≤ (∫ R φ_ϵ(x − y) dy )_{1/2} (∫ R φ_ϵ(x − y)|u(y)|^2 dy )_{1/2}

= (∫ R φ_ϵ(x − y)|u(y)|^2 dy )_{1/2} . Squaring this equation and integrating the result with respect to x, we obtain that ∫ R |u_ϵ(x)|^2 dx ≤ ∫ R (∫ R φ_ϵ(x − y)|u(y)|^2 dy ) dx. Exchanging the order of integration, which is justified by Fubini’s theorem, we find that ‖u_ϵ‖^2 ≤ ∫ R (∫ R φ_ϵ(x − y) dx ) |u(y)|^2 dy = ‖u‖^2. □ Using this lemma, we prove that the mollifications u_ϵ converge to u in L^2.

Theorem 10.16 The space C^∞_c (R) is dense in L^2(R). If u ∈ L^2(R), then u_ϵ → u strongly in L^2(R) as ϵ → 0^+.

Proof. Suppose that u ∈ L^2(R). Let η > 0 be arbitrary. The space C_c(R) of continuous functions with compact support is dense in L^2(R) (see Theorem 12.50), so there is a v ∈ C_c(R) such that ‖u − v‖ < η/3. We define v_ϵ = φ_ϵ ∗ v ∈ C^∞_c (R). Then, from Lemma 10.15, we have ‖u_ϵ − v_ϵ‖ ≤ ‖u − v‖ < η/3. The supports of v and v_ϵ are contained in a compact set. The argument in the proof of Theorem 7.2 implies that v_ϵ → v uniformly as ϵ → 0^+, and therefore v_ϵ → v in L^2(R). There is a δ > 0 such that ‖v − v_ϵ‖ < η/3 for 0 < ϵ < δ, and then ‖u − u_ϵ‖ ≤ ‖u − v‖ + ‖v − v_ϵ‖ + ‖v_ϵ − u_ϵ‖ < η. It follows that u_ϵ → u in L^2(R). □ To motivate the definition of a weak L^2-derivative, we first consider u ∈ C^1(R) with a “classical” pointwise, continuous derivative

v(x) = u^′(x). (10.29)

The use of this formula, followed by an integration by parts, implies that ∫ R vφ dx = − ∫ R uφ^′ dx for all φ ∈ C^∞_c (R). (10.30)

262 Linear Differential Operators and Green’s Functions

The boundary terms are zero because φ vanishes outside a compact set. Conversely, if u ∈ C^1(R) satisfies (10.30) for some v ∈ L^2(R), then another integration by parts implies that ∫ R vφ dx = ∫ R u^′φ dx for all φ ∈ C^∞_c (R).

Hence, v = u^′ because C^∞_c (R) is dense in L^2(R). Thus, (10.29) and (10.30) are equivalent when u is continuously differentiable. Equation (10.30) makes sense, however, if u and v are only square-integrable, because the derivative acts on the test function. Rewriting the integrals as inner products, we obtain the following definition of a weak derivative.

Definition 10.17 A function u ∈ L^2(R) has a weak derivative v = u^′ ∈ L^2(R) if ⟨v, φ⟩ = −⟨u, φ^′⟩ for all φ ∈ C^∞_c (R). The Sobolev space H^k(R) consists of the functions with k square-integrable weak derivatives,

H^k(R) = { u ∈ L^2(R) | u, u^′, . . . , u^{(k)} ∈ L^2(R) } , equipped with the following norm and inner product: ‖u‖_Hk = (∫ R { |u|^2 + |u^′|^2 + . . . + |u^{(k)}|^2 } dx )_{1/2} , ⟨u, v⟩_Hk = ∫ R { uv + u^′v^′ + . . . + u^{(k)}v^{(k)} } dx. Proposition 10.18 The differentiation operator D : H^1(R) ⊂ L^2(R) → L^2(R) defined by Du = u^′ is closed.

Proof. Suppose that u_n → u and Du_n → v in L^2(R). It follows from this convergence and the definition of the weak derivative that for every test function φ, ⟨v, φ⟩ = lim_{n→∞}⟨u^′_n, φ⟩ = − lim_{n→∞}⟨u_n, φ^′⟩ = −⟨u, φ^′⟩. Hence u ∈ H^1(R), and Du = v, so D is closed. □

The closedness of D implies that H^k(R) is complete and therefore a Hilbert space. If a sequence (u_n) is Cauchy in H^k, then (u^{(j)}_n ) is Cauchy in L^2 for each j ≤ k. Since L^2 is complete, there are functions v, v_j ∈ L^2 such that u_n → v and u^{(j)}n → v_j as n → ∞. Since D is closed, it follows that v_j = v^{(j)} for each j ≤ k, so u_n → v in H^k.

An alternative, but equivalent, way to define L^2-derivatives is as the L^2-limit of smooth derivatives. Thus, we say that u^′ = v if there is a sequence of smooth functions u_n such that u_n → u and u^′_n → v in L^2. The equivalence of these

Weak derivatives 263

definitions follows from the following theorem, which shows that any H^k-function can be approximated in the H^k-norm by a test function.

Theorem 10.19 The space C^∞_c (R) is dense in H^k(R). If u ∈ H^k(R) and u_ϵ = φ_ϵ ∗ u, where φ_ϵ is a mollifier, then u_ϵ → u strongly in H^k(R) as ϵ → 0^+.

Proof. Suppose that u ∈ H^k(R), and u_ϵ = φ_ϵ ∗ u, where φ_ϵ is a mollifier. The function φ_{ϵ,x} : R → R defined by φ_{ϵ,x}(y) = φ_ϵ(x − y) is a test function in C^∞_c (R). It therefore follows from (10.28) and the definition of the weak derivative that

u^{(j)}_ϵ (x) = ∫ R ∂^j ∂x^j [φ_ϵ(x − y)] u(y) dy = (−1)^j ∫ R ∂^j ∂y^j [φ_ϵ(x − y)] u(y) dy = ∫ R φ_ϵ(x − y)u^{(j)}(y) dy for every j ≤ k and x ∈ R. Theorem 10.16 implies that u^{(j)}_ϵ → u^{(j)} in L^2(R), so u_ϵ → u in H^k(R).

If u does not have compact support, then u_ϵ does not have compact support either. To show that C^∞_c (R) is dense in H^k(R), we truncate u before mollification. We choose ψ ∈ C^∞_c (R) such that ψ(x) = { 1 if |x| ≤ 1, 0 if |x| ≥ 2,

and define ψ_n(x) = ψ(x/n). Then u_n = ψ_nu has compact support, and u_n ∈ H^k(R) when u ∈ H^k(R). One can show that u_n → u in H^k(R) as n → ∞, and we have just proved that φ_ϵ ∗ u_n → u_n as ϵ → 0^+. Since φ_ϵ ∗ u_n ∈ C^∞_c (R), the density follows. □

As an illustration of the use of mollification, we show that integration by parts holds for H^1-functions.

Proposition 10.20 Suppose that u, v ∈ H^1(R), then ∫ R uv^′ dx = − ∫ R u^′v dx. (10.31)

Proof. From Theorem 10.19, there are sequences (u_n) and (v_n) in C^∞_c (R) such that u_n → u and v_n → v in H^1(R). Since u_n and v_n vanish outside a compact set, we have ∫ R u_nv^′_n dx = − ∫ R u^′_nv_n dx.

264 Linear Differential Operators and Green’s Functions

Taking the limit of this equation as n → ∞, and using the continuity of the L^2-inner product with respect to L^2-convergence, we obtain (10.31). □

Example 10.21 Let A : H^1(R) ⊂ L^2(R) → L^2(R) be the operator A = iD, meaning that Au = iu^′. We claim that A is self adjoint. For every u, v ∈ H^1(R), we have ⟨Au, v⟩ = −i ∫ R u^′v dx = i ∫ R uv^′ dx = ⟨u, Av⟩. Hence, A is symmetric and D(A^∗) ⊃ H^1(R). If v ∈ D(A^∗), then there is a w ∈ L^2(R) such that ⟨iu^′, v⟩ = ⟨u, w⟩ for all u ∈ H^1(R). Since H^1(R) contains C^∞_c (R), it follows that ⟨φ^′, v⟩ = ⟨φ, iw⟩ for all φ ∈ C^∞_c (R), which means that v ∈ H^1(R) and w = iv^′. Thus, D(A^∗) ⊂ H^1(R), so D(A^∗) = H^1(R), and A is self-adjoint.

We now consider functions defined on a bounded open interval (0, 1). The space of test functions C^∞_c ((0, 1)) consists of smooth functions that vanish outside a closed interval contained strictly inside (0, 1). A function v ∈ L^2([0, 1]) is the weak L^2- derivative of u ∈ L^2([0, 1]) if ∫_1 0 vφ dx = − ∫_1 0 uφ^′ dx for all φ ∈ C^∞_c ((0, 1)).

The Sobolev space H^k((0, 1)) consists of the functions in L^2([0, 1]) with k weak derivatives in L^2([0, 1]).

Theorem 10.22 The space C^∞([0, 1]) is dense in H^k((0, 1)).

Proof. We would like to obtain a smooth approximation of u ∈ H^k((0, 1)) by extending u to a function ~u(x) = { u(x) if x ∈ (0, 1), 0 if x ≠ (0, 1),

in L^2(R), and mollifying the extension ~u. However, ~u need not belong to H^k(R) because it may be discontinuous at the endpoints of (0, 1), so we cannot conclude immediately that the restriction of φ_ϵ ∗ ~u to (0, 1) converges to u in H^k((0, 1)). The proof therefore requires a more complicated argument, which we outline without giving all the details. For δ > 0, we define the stretching map L_δ : (0, 1) → (−δ, 1+δ) by L_δ(x) = (1 + 2δ) ( x − 1 2 ) + 1 2 .

Weak derivatives 265

We define u_δ ∈ H^k((−δ, 1 + δ)) by u_δ = u ∘ L^{−1}_δ . Then one can show that the restriction of u_δ to (0, 1) converges to u in H^k((0, 1)) as δ → 0^+. We extend u_δ by zero to obtain ~u_δ ∈ L^2(R). Let φ_ϵ be a mollifier, and φ_{ϵ,x}(y) = φ_ϵ(x − y). For x ∈ (0, 1) and ϵ < δ, we have φ_{ϵ,x} ∈ C^∞_c ((−δ, 1 + δ)). The restriction of φ_ϵ ∗ ~u_δ to (0, 1) is therefore a C^∞ function on [0, 1] that converges to the restriction of u_δ to (0, 1) in H^k((0, 1)) as ϵ → 0^+. The result then follows. □

Although C^∞_c (R) is dense in H^k(R) and C^∞_c ((0, 1)) is dense in L^2([0, 1]), it is not true that C^∞_c ((0, 1)) is dense in H^k((0, 1)) for k ≥ 1.

Definition 10.23 The Sobolev space

H^k_0 ((0, 1)) = C^∞_c ((0, 1)) ⊂ H^k((0, 1))

is the closure of C^∞_c ((0, 1)) in H^k((0, 1)).

It follows from the Sobolev embedding theorem below that H^k_0 ((0, 1)) consists of the functions in H^k((0, 1)) whose derivatives of order less than or equal to k − 1 vanish at the endpoints of (0, 1).

In Section 7.2, we proved the Sobolev embedding theorem for periodic functions by using Fourier series. Here we give a different proof, for which we need the following lemma.

Lemma 10.24 Suppose that h : [0, 1] → R is a continuous function such that ∫_1 0 h(x) dx = 1. Define k : [0, 1] × [0, 1] → R by k(x, y) = { ∫_y 0 h(t) dt if 0 ≤ y ≤ x, − ∫_1 y h(t) dt if x < y ≤ 1. If u ∈ C^1([0, 1]), then u(x) = ∫_1 0 u(y)h(y) dy + ∫_1 0 k(x, y)u^′(y) dy for all 0 ≤ x ≤ 1. Proof. If u ∈ C^1([0, 1]), the fundamental theorem of calculus implies that, for every x, y ∈ [0, 1],

u(x) = u(y) + ∫_x y u^′(t) dt.

266 Linear Differential Operators and Green’s Functions

Multiplying this equation by h(y) and integrating the result, we obtain that u(x) = ∫_1 0 u(y)h(y) dy + ∫_1 0 (∫_x y u^′(t) dt ) h(y) dy. Exchanging the order of integration, we find that ∫_1 0 (∫_x y u^′(t) dt ) h(y) dy = ∫_x 0 (∫_t a h(y) dy ) u^′(t) dt − ∫_1 x (∫_1 t h(y) dy ) u^′(t) dt = ∫_1 0 k(x, t)u^′(t) dt, and the result follows. □

Theorem 10.25 (Sobolev embedding) The space H^1((0, 1)) is a subset of C([0, 1]). There is a constant C > 0 such that

‖u‖_∞ ≤ C‖u‖_H1 for all u ∈ H^1((0, 1)). (10.32)

Proof. First, suppose that u ∈ C^∞([0, 1]). Then, from Lemma 10.24 and the Cauchy-Schwarz inequality, we find that |u(x)| ≤ | | | ∫_1 0 u(y)h(y) dy | | | + | | | ∫_1 0 k(x, y)u^′(y) dy | | | ≤ ‖h‖_L2 ‖u‖_L2 + ‖k(x, ·)‖_L2 ‖u^′‖_L2 ≤ C‖u‖_H1 , since ‖k(x, ·)‖_L2 is bounded uniformly in x for a continuous function h. Taking the supremum of this inequality with respect to x, we obtain that ‖u‖_∞ ≤ C‖u‖_H1 for every u ∈ C^∞([0, 1]). Since C^∞ is dense in H^1, it follows that this inequality holds for every u ∈ H^1. Furthermore, every u ∈ H^1 is the uniform limit of a sequence of C^∞-functions, and is therefore continuous. □

Strictly speaking, an element of H^1 is an equivalence class of square-integrable functions that are equal almost everywhere, and the embedding theorem states that each such equivalence class contains a continuous function. An alternative way to state this result is that there is a continuous map, or embedding,

J : H^1((0, 1)) → C([0, 1])

that identifies a function u, regarded as an element of H^1((0, 1)), with the same function u, regarded as an element of C([0, 1]). The following theorem shows that this embedding is compact.

Theorem 10.26 (Rellich) A bounded subset of H^1((0, 1)) is a precompact subset of C([0, 1]).

Weak derivatives 267

Proof. Since C^∞([0, 1]) is dense in H^1((0, 1)), it is sufficient to show that a subset of C^∞([0, 1]) that is bounded in H^1((0, 1)) is precompact in C([0, 1]). Suppose that F is a subset of C^∞([0, 1]) such that there is a constant M with ‖u‖_H1 ≤ M for all u ∈ F. From (10.32), the set F is bounded in C([0, 1]). Moreover, by the fundamental theorem of calculus and the Cauchy-Schwarz inequality, we have for every u ∈ F and x, y ∈ [0, 1] that |u(x) − u(y)| = | | | | ∫_y x u^′(t) dt | | | | = | | | | ∫_1 0 χ_{[x,y]}(t)u^′(t) dt | | | | ≤ |x − y|^{1/2} (∫_1 0 |u^′(t)|^2 dt )1/2

≤ M |x − y|^{1/2} . Here, χ_{[x,y]} is the characteristic function of the interval [x, y]. Thus F is equicontinuous, and therefore the Arzelà-Ascoli theorem implies that it is precompact in C([0, 1]). □

A function u ∈ C ([0, 1]) that satisfies |u(x) − u(y)| ≤ M|x − y|^r for all x, y ∈ [0, 1] for constants M > 0 and 0 < r ≤ 1 is said to be Hölder continuous with exponent r. Thus, the proof of Theorem 10.26 shows that every u ∈ H^1 ((0, 1)) is Hölder continuous with exponent 1/2. For a generalization of this result, see Theorem 12.73.

Proposition 10.27 If A is the second-order ordinary differential operator defined in (10.4), where a, b, c are smooth coefficient functions, then Green’s formula (10.6) holds for all u, v ∈ H^2((0, 1)).

Proof. If u, v ∈ H^2((0, 1)), then there are sequences (u_n), (v_n) in C^∞([0, 1]) such that u_n → u and v_n → v in H^2((0, 1)). From Green’s formula, we have

⟨Au_n, v_n⟩ − ⟨u_n, A^∗v_n⟩ = [a (u_n^′v_n − u_nv^′_n) + (c − a^′)u_nv_n]^1_0 .

Letting n → ∞, we obtain Green’s formula for u and v, because Au_n → Au, Av_n → Av in L^2, and, from the Sobolev embedding theorem, the boundary terms converge pointwise. □

Example 10.28 Let us prove that the second derivative operator A = −D^2 with domain D(A) = { u ∈ H^2((0, 1)) | u(0) = u(1) = 0 }

268 Linear Differential Operators and Green’s Functions

is self-adjoint. If v ∈ D(A^∗), then there is a w ∈ L^2([0, 1]) such that ⟨−u^{′′}, v⟩ = ⟨u, w⟩ for all u ∈ D(A). Since D(A) ⊃ C^∞_c ((0, 1)), it follows from the definition of the weak derivative that v ∈ H^2((0, 1)) and w = −v^{′′}. Hence, D(A^∗) ⊂ H^2((0, 1)), and A^∗ = −D^2 on its domain. If u ∈ D(A) and v ∈ H^2((0, 1)), then an integration by parts implies that ⟨−u^{′′}, v⟩ = ⟨u, −v^{′′}⟩ + [−u^′v]^1_0 . Thus, v belongs to D(A^∗) if and only if v(0) = v(1) = 0, so D(A) = D(A^∗) and A = A^∗.

As the previous example illustrates, the direct verification of self-adjointness may be nontrivial even for the simplest unbounded operators. The following result, which we state without proof, gives a basic criterion for self-adjointness.

Theorem 10.29 Let A be a closed, symmetric operator on a Hilbert space H. Then the following statements are equivalent:

(a) A is self-adjoint; (b) ker (A^∗ ± iI) = {0}; (c) ran (A ± iI) = H.

If m = dim ker (A^∗ − iI) and n = dim ker (A^∗ + iI), then the pair (m, n) is called the deficiency index of A. Thus, a closed, symmetric operator is self-adjoint if and only if its deficiency index is (0, 0).

10.5 The Sturm-Liouville eigenvalue problem

In this section, we study the Sturm-Liouville eigenvalue problem

− (pu^′)^′ + qu = λu, (10.33) u(0) = u(1) = 0,

where the coefficients p, q are given real-valued functions, and λ ∈ R. For definiteness, we consider the Dirichlet problem, but other self-adjoint boundary conditions can be analyzed in a similar way. Equation (10.33) is the spectral problem for the self-adjoint Sturm-Liouville operator A : D(A) ⊂ L^2([0, 1]) → L^2([0, 1]) defined by

Au = − (pu^′)^′ + qu, (10.34) D(A) = { u ∈ H^2((0, 1)) | u(0) = u(1) = 0 } . (10.35)

Theorem 10.30 Suppose that p ∈ C^1([0, 1]), q ∈ C([0, 1]) are real-valued functions and p(x) > 0 for all x ∈ [0, 1]. There is an orthonormal basis of L^2 ([0, 1]) that consists of eigenfunctions of the Sturm-Liouville eigenvalue problem (10.33). The eigenvalues λ_1 < λ_2 < . . . are real and simple, and λ_n → ∞ as n → ∞.

The Sturm-Liouville eigenvalue problem 269

Proof. We begin by showing that if λ is real and sufficiently negative, then the only solution of (10.33) is u = 0, so λ is not an eigenvalue of A. We take the inner product of (10.33) with u, and integrate the result by parts. This gives: ∫_1 0 { p |u^′|^2 + q |u|^2 } dx = λ ∫_1 0 |u|^2 dx. (10.36)

We let

α = min_{0≤x≤1} p(x), β = min_{0≤x≤1} q(x). (10.37)

Since p > 0, we have α > 0; if q > 0, then β > 0 also, but we may have β ≤ 0. Using (10.37) in (10.36), and rearranging the result, we find that α ∫_1 0 |u^′|^2 dx + (β − λ) ∫_1 0 |u|^2 dx ≤ 0. It follows that if λ < β, then ∫_1 0 |u^′|^2 dx = ∫_1 0 |u|^2 dx = 0, so u = 0.

This result shows that the kernel of A − λI is zero when λ < β. From what we have shown previously, the Green’s function g_λ of A − λI exists. Therefore, λ is in the resolvent set of A, and the self-adjoint resolvent operator R_λ is given by

R_λ = (λI − A)^{−1} : L^2([0, 1]) → L^2([0, 1]), R_λf(x) = − ∫_1 0 g_λ(x, y)f(y) dy. Since g_λ is continuous, we certainly have ∫_1 0 ∫_1 0 [g_λ(x, y)]^2 dxdy < ∞, so R_λ is Hilbert-Schmidt and hence compact. The spectral theorem for compact, self-adjoint operators implies that there is an orthonormal basis of L^2([0, 1]) consisting of eigenvectors {u_n | n ∈ N} of R_λ with eigenvalues {μ_n | n ∈ N} such that μ_n → 0 as n → ∞. Since (λI − A)R_λ = I, we have u_n ∈ D(A) and Au_n = λ_nu_n, where β ≤ λ_n = λ − 1 μ_n , so λ_n → ∞ as n → ∞. The Sturm-Liouville operator A therefore has a complete orthonormal set of eigenvectors that forms a basis of L^2([0, 1]).

270 Linear Differential Operators and Green’s Functions

If an eigenvalue λ is not simple, then (10.33) has a pair of linearly independent solutions. It follows that every solution of the Sturm-Liouville equation − (pu^′)^′ + qu = λu vanishes at x = 0, 1 since it is a linear combination of eigenvectors. This contradicts the existence of a solution of the initial value problem with nonzero initial data for u(0). □

The compactness of the resolvent may also be obtained as a consequence of Rellich’s theorem, in Theorem 10.26. We define a symmetric, sesquilinear form a on H^1_0 ((0, 1)) by a(u, v) = ∫_1 0 {pu^′v^′ + quv} dx. (10.38) We call a the Dirichlet form of A. For u, v ∈ D(A), we have a(u, v) = ⟨Au, v⟩ = ⟨u, Av⟩. The set D(A) × D(A) is dense in H^1_0 ((0, 1)) × H^1_0 ((0, 1)), and the form extends continuously to the larger space. The associated quadratic form a(u, u) on H^1_0 ((0, 1)) is given by a(u, u) = ∫_1 0 { p |u^′|^2 + q |u|^2 } dx. As we saw above, we have the estimate a(u, u) ≥ α ∫_1 0 |u^′|^2 dx + β ∫_1 0 |u|^2 dx. It follows that if u ∈ D(A), then ⟨(A − λI)u, u⟩ ≥ α ∫_1 0 |u^′|^2 dx + (β − λ) ∫_1 0 |u|^2 dx. If λ < β, this estimate implies that (λI −A)^{−1} maps bounded sets in L^2 to bounded sets in H^1_0 , which are precompact in L^2 by Rellich’s theorem. Hence, A has a compact resolvent.

The operator A is diagonal in a basis of eigenvectors. We may therefore solve the Sturm-Liouville BVP − (pu^′)^′ + qu = λu + f, u(0) = u(1) = 0,

The Sturm-Liouville eigenvalue problem 271

by expanding u and f with respect to the orthonormal basis of eigenvectors. Assuming that λ is not an eigenvalue of A, the solution is u(x) = ∞∑ n=1 ⟨f_n, u⟩ λ_n − λ u_n(x), where the series converges in L^2([0, 1]). We may write the operator A as A = ∞∑ n=1 λ_nu_n ⊗ u_n, D(A) = {_∞ ∑ n=1 c_nu_n ∈ H | |^∞∑ n=1 ( 1 + λ^2_n ) |c_n|^2 < ∞ } , where the sum converges strongly on the domain of A. The resolvent operator of A is R_λ = ∞∑ n=1 u_n ⊗ u_n λ − λ_n , where the sum converges uniformly for λ ∈ ρ(A), and the Green’s function g_λ of A − λI is given by g_λ(x, y) = ∞∑ n=1 u_n(x)u_n(y) λ_n − λ , where the sum converges in L^2([0, 1]×[0, 1]). The resolvent operator and the Green’s function, regarded as functions of λ, have poles at the eigenvalues of A.

Example 10.31 The simplest example of a Sturm-Liouville eigenvalue problem is

−u^{′′} = λu, u(0) = u(1) = 0.

The eigenfunctions u_n and eigenvalues λ_n, where n = 1, 2, 3, . . ., are given by

u_n(x) = √ 2 sin (nπx) , λ_n = n^2π^2.

The associated eigenfunction expansion is a Fourier sine expansion. Neumann boundary conditions lead to a Fourier cosine expansion. Thus, Theorem 10.30 provides another proof of the completeness of the Fourier basis. In this example, the nth eigenfunction has n − 1 zeros inside the interval (0, 1). This property holds for all regular Sturm-Liouville eigenvalue problems (see Coddington and Levinson [6]).

A Sturm-Liouville problem is said to be regular if it is posed on a bounded interval [a, b] and p(x) ≠ 0 for every a ≤ x ≤ b; otherwise, it is said to be singular. We have just proved that a regular Sturm-Liouville eigenvalue problem has a complete orthonormal set of eigenvectors. The resolvent operator of a singular Sturm-Liouville operator may or may not be compact and, if it is not compact, then the corresponding Sturm-Liouville eigenvalue problem may have a continuous spectrum as well as, or instead of, a point spectrum.

272 Linear Differential Operators and Green’s Functions

Example 10.32 The function p(x) = 1 − x^2 vanishes at the boundaries of the interval [−1, 1]. The corresponding singular Sturm-Liouville eigenvalue problem on [−1, 1], with q = 0, is − [ (1 − x^2)u^′ ]_′ = λu for −1 < x < 1, ∫_1 −1 {( 1 − x^2 ) |u^′|^2 + |u|^2 } dx < ∞. (10.39) This eigenvalue problem has a complete orthogonal set of eigenvectors, the Legendre polynomials, with eigenvalues λ_n = n(n + 1) (see Exercise 6.12). Since λ_n = n(n + 1) → ∞ as n → ∞, the resolvent operator (−I − A)^{−1} is compact. No boundary conditions are required at the singular endpoints. The condition in (10.39) rules out singular solutions which are unbounded at x = ±1.

More generally, if m ∈ N is a positive integer, then the singular Sturm-Liouville problem, − [ (1 − x^2)u^′ ]_′ + m^2 1 − x^2 u = λu for −1 < x < 1, ∫_1 −1 { ( 1 − x^2 ) |u^′|^2 + |u|^2 1 − x^2 } dx < ∞, has eigenvalues λ_n = n(n + 1), where n = m, m + 1, . . .. The corresponding eigenfunctions are the Legendre functions u = P^m_n . They may be expressed in terms of the Legendre polynomial P_n = P^0_n as

P^m_n (x) = (−1)^m ( 1 − x^2 )_{m/2} d^m dx^m P_n(x) = (−1)^m ( 1 − x^2

)_{m/2} 1

2^nn! d^{m+n} dx^{m+n} ( x^2 − 1 )_n . Example 10.33 An example of a Sturm-Liouville operator on the whole of R with a compact inverse is the quantum harmonic oscillator, Au = −u^{′′} + x^2u, D(A) = { u ∈ H^2(R) | x^2u ∈ L^2(R) } . Its eigenvectors are the Hermite functions (see Exercise 6.14), which form a complete orthonormal set in L^2(R).

Example 10.34 An example of a Sturm-Liouville operator on L^2(R) with a noncompact inverse is given by Au = −u^{′′} + u, D(A) = H^2(R). The inverse of A is given by

A^{−1}u(x) = 1 2 ∫ R e^{−|x−y|}u(y) dy.

Laplace’s equation 273

The spectrum of A is [1, ∞) and is continuous. For λ ∈ C \ [1, ∞), the resolvent operator R_λ = (λI − A)^{−1} is given by R_λu(x) = − 1 2 √ 1 − λ ∫ R e^{−√1−λ|x−y|}u(y) dy, where we use the branch of the square-root with Re √ z > 0 in order to ensure that the kernel decays at infinity. The resolvent operator has a branch cut along the continuous spectrum of A.

10.6 Laplace’s equation

Adjoint operators and Green’s functions can be defined for partial differential equations as well as ordinary differential equations. If the partial differential operator has a compact, self-adjoint inverse (or resolvent), then it has a complete orthonormal set of eigenvectors. In this section, we discuss Laplace’s equation, which is one of the most important linear PDEs. We will consider classical solutions in this section. Weak solutions are discussed further in Section 12.11.

Let Ω be a bounded, open, connected set in R^n , with a sufficiently regular boundary ∂Ω. We will not make the required regularity assumptions precise here (see Gilbarg and Trudinger [15] for a detailed discussion). We denote by C^k(Ω) the space of functions that are k-times continuously differentiable in Ω, and by C^k(Ω) the space of functions whose partial derivatives of order less than or equal to k exist in Ω and extend to a continuous function on the closure Ω.

If F : Ω → R^n is a continuously differentiable vector field on Ω, then the divergence theorem states that ∫ Ω ∇ · F dx = ∫ ∂Ω F · n dS, (10.40)

where n is the unit outward normal to ∂Ω, and dS is an element of (n − 1)- dimensional surface area on ∂Ω.

The Laplacian operator −Δ acting on a function u(x) where x = (x_1, . . . , x_n) ∈ R^n is given by −Δu = − n∑ i=1 ∂^2u ∂x^2_i .

It is convenient to introduce a minus sign in the definition of the Laplacian operator because Δ is a negative operator. The Dirichlet problem for the Laplacian on Ω is

−Δu = f in Ω, (10.41) u = h on ∂Ω.

274 Linear Differential Operators and Green’s Functions

Other types of boundary conditions, such as Neumann conditions ∂u ∂n = h on ∂Ω,

where ∂u/∂n = ∇u · n is the outward normal derivative of u, can be treated in a similar way. First, we show that the Laplacian is formally self-adjoint.

Theorem 10.35 (Green’s) If u, v ∈ C^2(Ω), then ∫ Ω (uΔv − vΔu) dx = ∫ ∂Ω ( u ∂v ∂n − v ∂u ∂n ) dS. Proof. The result follows from an integration of the vector identity uΔ − vΔu = ∇ · (u∇v − v∇u) over Ω and an application of the divergence theorem. □

If Bu = 0 is a boundary condition for the Laplacian, then we define the adjoint boundary condition B^∗v = 0 by the requirement that the boundary terms in Green’s formula vanish. If ⟨u, v⟩ = ∫ Ω uv dx is the L^2-inner product on Ω, then we have that

⟨Δu, v⟩ = ⟨u, Δv⟩ for all u, v ∈ C^2(Ω) such that Bu = B^∗v = 0.

For example, the adjoint boundary condition to u = 0 is v = 0, so the Dirichlet problem for Laplace’s equation is self-adjoint.

The n-dimensional δ-function has the formal properties

δ(x) = 0 for x ≠ y, ∫ R^n δ(x) dx = 1, ∫ R^n δ(x − y)f(y) dy = f(y) for any continuous function f : R^n → C . The Green’s function g(x, y) of the Dirichlet problem for the Laplacian is the distributional solution of

−Δg = δ(x − y) for x ∈ Ω, (10.42) g(x, y) = 0 for x ∈ ∂Ω. The self-adjointness of the boundary value problem implies that g is symmetric, meaning that g(x, y) = g(y, x).

The Green’s function representation of the solution of (10.41) follows formally from Green’s formula: ∫ Ω {gΔu − uΔg} dx = ∫ ∂Ω { g ∂u ∂n − u ∂g ∂n } dS.

Laplace’s equation 275

Using (10.41) and (10.42) in this equation, and indicating the integration variable explicitly, we obtain that ∫ Ω {−g(x, y)f(x) + u(x)δ(x − y)} dx = − ∫ ∂Ω h(x) ∂g(x, y) ∂n(x) dS(x). Evaluating the integral involving the delta function, exchanging x and y, and using the symmetry of the Green’s function, we find that u(x) = ∫ Ω g(x, y)f(y) dy − ∫ ∂Ω h(y) ∂g(x, y) ∂n(y) dS(y). Thus, we can represent the solution of (10.41) for general data f : Ω → R and h : ∂Ω → R in terms of the Green’s function.

To give a nondistributional characterization of the Green’s function, we integrate (10.42) over a small ball B_ϵ(y) of radius ϵ centered at y, use the divergence theorem, and let ϵ → 0^+. This gives

lim_{ϵ→0+} ∫ ∂B_ϵ (y) ∂g ∂n (x, y) dx = −1 for every y ∈ Ω, (10.43)

where ∂/∂n is the unit outward normal derivative to the ball. We also have

−Δg = 0 for x, y ∈ Ω and x ≠ y, g(x, y) = 0 for x ∈ ∂Ω and y ∈ Ω.

For most domains Ω, it is not possible to obtain an explicit analytical expression for g. A simple solvable case is that of the free-space Green’s function g_f defined on R^n . In view of the rotational invariance of the Laplacian, we look for a solution g_f = g_f (r) that depends only on r = |x − y|, where | · | denotes the Euclidean norm on R^n . The polar form of Laplace’s equation implies that 1 r^{n−1} d dr ( r^{n−1} dg_f dr ) = 0 for r > 0. (10.44)

The solution of (10.44) is

g_f = c_2 log ( 1 r ) when n = 2,

g_f = c_n r^{n−2} when n ≥ 3, (10.45)

where c_n is a constant, and we omit an arbitrary additive constant.

The radial derivative of g is constant on any sphere centered at y, so the singularity condition in (10.43) implies that

lim_{r→0+} r^{n−1} dg_f dr = − 1 ω_n , (10.46)

276 Linear Differential Operators and Green’s Functions

where ω_n is the area of the unit sphere in R^n . This area is given by

ω_n = 2π^{n/2} Γ(n/2) , where the Gamma function Γ is defined, for x > 0, by

Γ(x) = ∫_∞ 0 e^{−t}t^{x−1} dt. One can show that

Γ(x + 1) = xΓ(x), Γ(1) = 1, Γ ( 1 2 ) = √ π. Hence, for each n ∈ N,

Γ(n) = (n − 1)!, Γ ( n + 1 2 ) = ( k − 1 2 ) ( k − 3 2 ) . . . ( 1 2 ) √ π, which gives ω_2 = 2π (the length of the unit circle), and ω_3 = 4π (the area of the unit sphere).

Using (10.45) in (10.46), we find that

c_2 = 1 ω_2

, c_n = 1 (n − 2)ω_n when n ≥ 3.

Thus, the free-space Green’s function g_f of Laplace’s equation in two and three space dimensions is given by g_f (x, y) = 1 2π log ( 1 |x − y| ) when n = 2, g_f (x, y) = 1 4π|x − y| when n = 3.

In contrast to the one-dimensional case, the Green’s function is unbounded at x = y.

Returning to the Green’s function for Laplace’s equation on a bounded domain, we may write the solution of (10.42) in the form g(x, y) = g_f (x − y) + φ(x, y), where φ(x, y) satisfies −Δφ = 0 x ∈ Ω, φ(x, y) = −g_f (x − y) x ∈ ∂Ω. If y ∈ Ω, then the boundary data −g_f (x − y) is smooth for x ∈ ∂Ω. The solution of an elliptic PDE, like Laplace’s equation, on a smooth domain with smooth boundary data is smooth, and therefore φ(x, y) is a C^∞ function on Ω × Ω. We have used the free-space Green’s function to “subtract off” the singularity in the Green’s function on a bounded domain.

Laplace’s equation 277

The eigenvalue problem for the Laplacian is

−Δu = λu in Ω, (10.47) u = 0 on ∂Ω.

We again assume Dirichlet boundary conditions for definiteness, when the eigenvalues are strictly positive. If Ω is a bounded domain with a sufficiently regular boundary, then one can show that the Green’s operator is a compact, self-adjoint operator on L^2(Ω). Consequently, it has a complete orthonormal set of eigenfunctions.

Using the divergence theorem, we find that ∫ Ω u (−Δ − λI) u dx = ∫ Ω { −∇ · (u∇u) + |∇u|^2 − λu^2 } dx = ∫ Ω { |∇u|^2 − λu^2 } dx. The boundary terms vanish because u = 0 on ∂Ω. Hence, if λ is an eigenvalue of the Dirichlet problem for −Δ with eigenfunction u, then ∫ Ω { |∇u|^2 − λu^2 } dx = 0. Since u ≠ 0, it follows that λ ≥ 0. If λ = 0, then ∇u = 0 in Ω, so u = constant. The boundary condition implies that u = 0, so λ = 0 is not an eigenvalue of the Dirichlet problem. A similar argument applies to the Neumann problem for the Laplacian, with boundary condition ∂u/∂n = 0 on ∂Ω, except that λ = 0 is an eigenvalue with constant eigenfunction u = 1.

It is not possible to compute the eigenvalues and eigenfunctions of the Laplacian explicitly unless the domain Ω has a special shape. For example, if the boundary of Ω is made up of coordinate surfaces of a coordinate system in which the Laplacian separates, then we may use the method of separation of variables illustrated in the next two examples.

Example 10.36 The eigenvalue problem for the Laplacian with Dirichlet boundary conditions on the rectangle Ω = [0, a] × [0, b] ⊂ R^2 is − (u_{xx} + u_{yy}) = λu, 0 < x < a, 0 < y < b, u(0, y) = u(a, y) = 0, u(x, 0) = u(x, b) = 0. The eigenfunctions u = u_{m,n} and eigenvalues λ = λ_{m,n}, where m, n = 1, 2, 3, . . ., are given by u_{m,n}(x, y) = 2 √ ab sin ( mπx a ) sin ( nπy b ) ,

278 Linear Differential Operators and Green’s Functions

λ_{m,n} = π^2 ( m^2 a^2 + n^2 b^2 ) . The corresponding eigenfunction expansion is a Fourier sine expansion. The lowest eigenvalue is simple, but higher eigenvalues need not be. For example, in the case of a square, a = b, the eigenvalue λ = 50π^2/a^2 has multiplicity 3 corresponding to (m, n) = (5, 5), (1, 7), (7, 1). The Green’s function g(x, y; ξ, η) satisfies − (g_{xx} + g_{yy}) = δ(x − ξ)δ(y − η), g(0, y; ξ, η) = g(a, y; ξ, η) = 0, g(x, 0; ξ, η) = g(x, b; ξ, η) = 0. The eigenfunction expansion of the Green’s function is g(x, y; ξ, η) = 4 ab ∞∑ m=1 ∞∑ n=1 sin (mπx/a) sin (nπy/b) sin (mπξ/a) sin (nπη/b) π^2 (m^2/a^2 + n^2/b^2) , where the series converges in L^2(Ω × Ω).

Example 10.37 The Dirichlet eigenvalue problem for the Laplacian in the threedimensional unit ball Ω = { x ∈ R^3 | |x| < 1 } may be solved using spherical polar coordinates (r, θ, φ), where

x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ,

and 0 ≤ r, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π. The eigenvalue problem (10.47) for Laplace’s equation is − [ 1 r^2 ∂ ∂r ( r^2 ∂u ∂r ) + 1 r^2 sin θ ∂ ∂θ ( sin θ ∂u ∂θ ) + 1 r^2 sin^2 θ

∂^2u ∂φ^2 ] = k^2u, for r < 1,

u = 0 for r = 1.

Here, we write λ = k^2, since λ > 0. First, we separate the radial and angular dependence, and look for solutions of the form u(r, θ, φ) = R(r)Y (θ, φ). This gives 1 r^2 ( r^2R^′ )_′ + ( k^2 − μ r^2 ) R = 0, r < 1, R(1) = 0, (10.48) − [ 1 sin θ ∂ ∂θ ( sin θ ∂Y ∂θ ) + 1 sin^2 θ

∂^2Y ∂φ^2 ] = μY, (10.49)

where μ is a constant. Equation (10.49) is the eigenvalue problem for the Laplace- Beltrami equation on the unit sphere. The nonzero, square-integrable solutions that are 2π-periodic in φ are parametrized by two integers (l, m), where l ≥ 0 and

Laplace’s equation 279

m = −l, −l + 1, . . . , l − 1, l. The eigenvalues are μ = l(l + 1) and the eigenfunctions are the spherical harmonics Y = Y^m_l , given by

Y^m_l (θ, φ) = (−1)^m [ 2l + 1 4π (l − m)! (l + m)! ]_{1/2} P^m_l (cos θ)e^{imφ}. Here, P^m_l (x) is the Legendre function defined in Example 10.32. The set {Y^m_l | l ≥ 0 and |m| ≤ l} forms a complete orthonormal basis of L^2(∂Ω), where ∂Ω = {x ∈ R^3 | |x| = 1} is the two-dimensional unit sphere in R^3 .

Up to an arbitrary multiplicative constant, the solution of the radial equation (10.48) that is bounded at r = 0 is given by R(r) = j_l(kr), where j_l(x) is the lth order spherical Bessel function that satisfies u^{′′} + 2 x u^′ + [ 1 − l(l + 1) x^2 ] u = 0. The boundary condition R(1) = 0 implies that j_l(k) = 0, so that k = z_{l,n} where x = z_{l,n} with n = 1, 2, . . . is the nth positive zero of j_l(x). The corresponding eigenvalues are therefore λ = λ_{l,n}, where λ_{l,n} = z^2_{l,n}, and λ_{l,n} has a multiplicity of (2l + 1) corresponding to the different possible choices of −l ≤ m ≤ l. The eigenfunctions, u_{l,m,n}(r, θ, φ) = j_l (√ λ_{l,n}r ) P^m_l (cos θ)e^{imφ}, l ≥ 0, |m| ≤ l, n ≥ 1, form a complete orthogonal basis of L^2(Ω).

Finally, we consider two examples of partial differential operators that are not formally self-adjoint.

Example 10.38 The advection-diffusion operator is

A = a · ∇ + Δ,

where a is a smooth vector field. The equation Au = 0, or

Δu + a · ∇u = 0

describes the steady state of a quantity u, such as temperature or the density of a pollutant, subject to diffusion and advection by a velocity field a. We consider A as acting on C^2(Ω), where Ω is a smooth, bounded domain in R^n . For simplicity, we suppose all functions are real-valued. Then, using the vector identity ∇ · (ua) = ∇u · a + u∇ · a,

280 Linear Differential Operators and Green’s Functions

and the divergence theorem, we find that ∫ Ω (a · ∇u + Δu) v dx = ∫ Ω u (−∇ · (av) + Δv) dx + ∫ ∂Ω ( uva · n + v ∂u ∂n − u ∂v ∂n ) dS. Thus, the formal adjoint of A is

A^∗ = −∇ · a + Δ.

Example 10.39 The heat operator is

A = −∂_t + Δ.

We consider A as acting on real-valued functions u(x, t) in C^2(Ω × [0, T ]), where Ω is a smooth, bounded domain in R^n , and T > 0. Then ∫_T 0 ∫ Ω (−u_t + Δu) v dxdt = ∫_T 0 ∫ Ω u (v_t + Δv) dxdt − ∫ Ω [uv]^T_0 + ∫_T 0 ∫ ∂Ω ( v ∂u ∂n − u ∂v ∂n ) dSdt. Thus, for example, the adjoint problem to the initial value problem for the heat equation,

u_t = Δu + f in Ω × [0, T ], u(x, t) = 0 for x ∈ ∂Ω, u(x, 0) = u_0(x),

is the final value problem for the backward heat equation,

−v_t = Δv + g in Ω × [0, T ], v(x, t) = 0 for x ∈ ∂Ω, v(x, T ) = v_T (x).

10.7 References

For more on unbounded operators and a proof of the closed graph theorem, see Kato [26] or Reed and Simon [45]. For Sturm-Liouville problems, see Coddington and Levinson [6]. For an introduction to Green’s functions for PDEs, see Zauderer [57]. An extensive collection of Green’s functions for various boundary value problems for PDEs is given in Morse and Feshbach [39]. Mikhlin [38] gives a detailed and careful analytical discussion of Green’s functions for Laplace’s equation. Further analysis of spectral problems for ODEs and PDEs is given in Vol. 3 of Dautry and Lions [7]. For the definition and properties of special functions, such as the Gamma function,

Exercises 281

Bessel functions, and spherical harmonics, see Hochstadt [23] or Lebedev [31]. For a summary of formulae and integrals, including ones that involve special functions, see Gradshteyn and Ryzhik [16].

10.8 Exercises

Exercise 10.1 Prove that if A^{∗∗} exists, then it is an extension of A.

Exercise 10.2 Prove that a symmetric operator is closable.

Exercise 10.3 Show that the operator A on H = L^2(T), with domain D(A) = { f(x) = ∑ n∈Z a_ne^{inx} | | | ∑ n∈Z n^4|a_n|^2 < ∞ } , defined by A ( ∑ n∈Z a_ne^{inx} ) = ∑ n∈Z n^2a_ne^{inx} is a self-adjoint extension of the classical differentiation operator −d^2/dx^2 with domain C^2(T).

Exercise 10.4 Let M : D(M) ⊂ L^2(R) → L^2(R) be the multiplication operator Mf = xf with D(M) = { f ∈ L^2(R) | xf ∈ L^2(R) } . Show that M is self-adjoint.

Exercise 10.5 Suppose that {e_n | n ∈ N} is an orthonormal basis of a separable Hilbert space H, and λ_n ∈ R. For x ∈ H, let x_n = ⟨e_n, x⟩ ∈ C , so x = ∞∑ n=1 x_ne_n. Define an operator A : D(A) ⊂ H → H by D(A) = { x ∈ H | | | ∞∑ n=1 (1 + λ^2_n)|x_n|^2 < ∞ } ,

A (_∞ ∑ n=1 x_ne_n ) = ∞∑ n=1 λ_nx_ne_n. Prove that A is self-adjoint.

282 Linear Differential Operators and Green’s Functions

Exercise 10.6 Let A and B be two linear operators on a Hilbert space H with domains D(A) and D(B), respectively, and assume D(A) ∩ D(B) is dense. Define an operator C by D(C) = D(A) ∩ D(B) and Cx = Ax + Bx for all x ∈ D(C). Prove that C^∗ is an extension of A^∗ + B^∗. Define D(AB) and D(B^∗A^∗) by D(AB) = {x ∈ D(B) | Bx ∈ D(A)} D(B^∗A^∗) = {x ∈ D(A^∗) | A^∗x ∈ D(B^∗)} and assume that D(AB) and D(B^∗A^∗) are dense. Define operators AB and B^∗A^∗ on their respective domains in the obvious way. Prove that (AB)^∗ is an extension of B^∗A^∗.

Exercise 10.7 Prove that the adjoint of a densely defined, unbounded operator in a Hilbert space is closed.

Exercise 10.8 Let {x_n | n ∈ N} be an orthonormal basis of a separable Hilbert space H, and let y an element of H that is not a linear combination of a finite number of basis elements x_n. Define a linear operator A in H, whose domain D(A) consists of finite linear combinations of the x_n and y, as follows: A (_N ∑ n=1 a_nx_n + by ) = by, D(A) = {_N ∑ n=1 a_nx_n + by | | | an, b ∈ C } . Show that A is not closable.

Exercise 10.9 Consider a singular self-adjoint BVP, − (pu^′)^′ + qu = f, u(0) = u(1) = 0.

Suppose that the null space of the homogeneous problem is one-dimensional with orthonormal basis {φ}. Define the modified Green’s operator G : L^2([0, 1]) → L^2([0, 1]) where u = Gf if and only if u satisfies the problem − (pu^′)^′ + qu = f − ⟨φ, f⟩φ, u(0) = u(1) = 0, ⟨φ, u⟩ = 0.

Prove that G is well defined, and show that G is an integral operator of the form Gf(x) = ∫_1 0 g(x, y)f(y) dy. Compute the modified Green’s function g in terms of φ.

Exercises 283

Exercise 10.10 Let r : [0, 1] → R be a smooth, nonnegative function. Let H be the Hilbert space of (equivalence classes) of Lebesgue measurable functions u : [0, 1] → C such that ∫_1 0 r(x)|u(x)|^2 dx < ∞, with the inner product ⟨u, v⟩ = ∫_1 0 r(x)u(x)v(x) dx. Determine the formally self-adjoint, second-order differential operators on H.

Exercise 10.11 Prove that the Wronskian W (x) of the Sturm-Liouville operator (10.8) satisfies p(x)W (x) = constant. Verify directly that the Green’s function is symmetric.

Exercise 10.12 The following linearized BBM (Benjamin-Bona-Mahoney) equation for u(x, t), where x, t ∈ R, arises in the analysis of water waves: −u_{xxt} + u_t = u_x, u(x, 0) = u_0(x).

Use a Green’s function to reformulate this equation as an evolution equation u_t = Ku, for a suitable integral operator K : L^2(R) → L^2(R), and deduce that there is a global in time solution with u(·, t) ∈ L^2(R) for any initial data u_0 ∈ L^2(R). Show that the L^2-norm of u is conserved.

Exercise 10.13 For k = 1, 2, 3, let A_k : D(A_k ) ⊂ L^2([0, 1]) → L^2([0, 1]) be the first-order differential operators A_ku = iu^′ with domains

D(A_1) = H^1((0, 1)), D(A_2) = { u ∈ H^1((0, 1)) | u(0) = u(1) } , D(A_3) = { u ∈ H^1((0, 1)) | u(0) = 0 } . Show that the spectrum of A_1 is C , the spectrum of A_2 is the set {2nπ | n ∈ Z}, and the spectrum of A_3 is empty.

Exercise 10.14 Consider the operators A_1, A_2 defined by A_ku = iu^′, with

D(A_1) = { u ∈ H^1((0, 1)) | u(0) = u(1) } , D(A_2) = { u ∈ H^1((0, 1)) | u(0) = u(1) = 0 } .

284 Linear Differential Operators and Green’s Functions

Show that both operators are closed and symmetric. Compute ran (A_k ± i) and ker(A^∗_k ± i). Use Theorem 10.29 to determine whether or not these operators are self-adjoint.

Exercise 10.15 Let φ be a nonzero function in L^2(R) and define an operator A : D(A) ⊂ L^2(R) → L^2(R) by Au = (∫ R u(x) dx ) φ, D(A) = L^1(R). Show that A is a closed, unbounded operator that is densely defined in L^2(R). Show that D(A^∗) = {φ}^⊥ and A^∗ = 0 on D(A^∗), so the domain of A^∗ is not dense in L^2(R).

Exercise 10.16 If u ∈ H^1 ((0, ∞)) and u(0) = 0, prove Hardy’s inequality: ∫_∞ 0 |u|^2 x^2 dx ≤ 4 ∫_∞ 0 |u^′|^2 dx. Exercise 10.17 Suppose that u_1 and u_2 are two solutions of the Dirichlet problem for Laplace’s equation −Δu = f x ∈ Ω, u = h x ∈ ∂Ω, where Ω is a smooth, bounded domain in R^n and f : Ω → R and h : ∂Ω → R are given functions. Show that if v = u_1 − u_2 then ∫ Ω |∇v|^2 dx = 0, and deduce that the solution is unique. What can you say about solutions of the Neumann problem, with boundary condition ∂u ∂n = h x ∈ ∂Ω? Exercise 10.18 According to Maxwell’s equations, the magnetic field B generated in three-dimensional space by a steady current distribution J satisfies

curl B = J, div B = 0.

A mathematically identical problem arises in fluid mechanics in reconstructing an incompressible velcity field u, with div u = 0, from the vorticity ω = curl u. Derive the Biot-Savart law,

B(x) = ∫ J(y) × (x − y) 4π |x − y| dy.

Exercises 285

Hint. Write B = curl A and derive a Laplace equation for A.

Exercise 10.19 Let N_n be the n × n Jordan block

N_n =

0 1 0 . . . 0 0 0 1 . . . 0 . . . . . . .. . . . 0 0 0 . . . 1 0 0 0 . . . 0 ,

and let c_n = n^{−1/2} (1, 1, . . . , 1)^T ∈ C^n . Show that for each n ∈ N and t ≥ 0: ‖ ‖e^{tN}n ‖ ‖ ≤ e^t; ‖N_nc_n − c_n‖ ≤ n^{−1/2}; ‖ ‖e^{tN}n c_n − e^tc_n ‖ ‖ ≤ n^{−1/2}te^t. Let H = ⨁_∞ n=1 C^n , meaning that x ∈ H is of the form x = (x_1, x_2, . . . , x_n, . . .) , x_n ∈ C^n , ∞∑ n=1 |x_n|^2 < ∞. Here, |·| denotes the Euclidean norm on C^n . Let A_n = N_n + inI_n, where I_n is the n × n identity, and define A : D(A) ⊂ H → H by A = ∞⨁ n=1 A_n, A (x_1, x_2, . . . , x_n, . . .) = (A_1x_1, A_2x_2, . . . , A_nx_n, . . .) , where D(A) = {x ∈ H | Ax ∈ H}. We define the associated C_0-semigroup T (t) = e^{tA} for t ≥ 0, where T (t) : H → H, by T (t) (x_1, x_2, . . . , x_n, . . .) = ( e^{tA1} x_1, e^{tA2} x_2, . . . , e^{tAn} x_n, . . . ) . Show that the spectrum of A is {in ∈ C | n ∈ N}, and consists entirely of eigenvalues, so it is contained in the left-half plane {λ ∈ C | Re λ ≤ 0}. Show, however, that the spectral radius of T (t) is greater than or equal to e^t, so the spectral mapping theorem does not hold for A.

Hint. Consider the action of T (t) on the vectors (0, 0, . . . , 0, c_n, 0, . . .) ∈ X. This example of an operator with arbitrarily large Jordan blocks illustrates some of the pathologies that can arise for unbounded, nonnormal operators on a Hilbert space.

Exercise 10.20 Consider heat flow in a rod with rapidly varying thermal conductivity a_n(x) = a(nx), where n ∈ N and a(y) is a strictly positive periodic function with period one, assumed continuous for simplicity. If the ends of the rod are held at an equal fixed temperature, and there is a given heat source f(x) per unit length, the temperature u_n(x) satisfies the boundary value problem − d dx ( a_n(x) d dx u_n ) = f(x), 0 < x < 1, u_n(0) = u_n(1) = 0.

286 Linear Differential Operators and Green’s Functions

Integrate this ODE and solve for u_n(x). Let H^1_0 ([0, 1]) be the Sobolev space

H^1_0 ([0, 1]) = { u : [0, 1] → R | u, u^′ ∈ L^2([0, 1]), u(0) = u(1) = 0 } , with the inner product ⟨u, v⟩ = ∫_1 0 u^′v^′ dx. Show that u_n ⇀ u weakly in H^1_0 ([0, 1]), where u is the solution of the homogenized equation − d dx ( a^h d dx u ) = f(x), 0 < x < 1, u(0) = u(1) = 0,

and the effective conductivity a^h is the harmonic mean of the original conductivity, 1 a^h = ∫_1 0 1 a(y) dy.

Chapter 11

Distributions and the Fourier Transform

A distribution is a continuous linear functional on a space of test functions. Distributions provide a simple and elegant extension of functions that clarifies many aspects of analysis. For example, the delta function may be interpreted as a distribution. An advantage of distributions is that every distribution is differentiable, and differentiation is a continuous operation on spaces of distributions. Moreover, every tempered distribution has a Fourier transform, and a function whose Fourier transform is not defined as a function may nevertheless have a distributional transform. One limitation on the use of distributions is that there is no product of distributions that preserves the usual properties of the pointwise product of functions. Therefore, when studying nonlinear problems involving distributions, one must make sure that any products of distributions that appear are well defined.

11.1 The Schwartz space

In this section, we define a space of test functions on R^n called the Schwartz space that consists of smooth, rapidly decreasing functions.

We begin by introducing a concise notation for partial derivatives. Let Z_+ = {n ∈ Z | n ≥ 0} denote the nonnegative integers. A multi-index

α = (α_1, . . . , α_n) ∈ Z^n_+

is an n-tuple of nonnegative integers α_i ≥ 0. For multi-indices α = (α_1, . . . , α_n) and β = (β_1, . . . , β_n), we define |α| = n∑ i=1 α_i, α! = n∏ i=1 α_i!, α + β = (α_1 + β_1, . . . , α_n + β_n), α ≥ β if and only if α_i ≥ β_i for i = 1, . . . , n.

288 Distributions and the Fourier Transform

If x = (x_1, . . . , x_n) ∈ R^n and α = (α_1, . . . , α_n) ∈ Z^n_+, then we define

∂^α = ( ∂ ∂x_1 )_{α1} · · · ( ∂ ∂x_n )_{αn} , x^α = n∏ i=1 x^{αi}_i , |x| = √ x^2_1 + . . . + x^2_n.

We use the notation x^αf to denote the function whose value at x is x^αf(x).

The Taylor remainder theorem for f ∈ C^k(R^n ) may be written as f(x) = ∑ |α|≤k 1 α! ∂^αf(x_0)(x − x_0)^α + r_k(x), (11.1)

where the remainder term r_k satisfies lim_{x→x0} r_k(x) |x − x_0|^k = 0.

The Leibnitz rule for the derivative of the product of f, g ∈ C^k(R^n ) may be written as ∂^α(fg) = ∑ β+γ=α α! β!γ! ( ∂^βf ) (∂^γ g) . (11.2)

For multi-indices α, β ∈ Z^n_+, and φ ∈ C^∞(R^n ), we define p_{α,β}(φ) = sup_{x∈Rn} | |x^α∂^βφ(x) | | . (11.3)

We also write p_{α,β}(φ) as ‖φ‖_{α,β}.

Definition 11.1 (Schwartz space) The Schwartz space S(R^n ), or S for short, consists of all functions φ ∈ C^∞(R^n ) such that p_{α,β} (φ) in (11.3) is finite for every pair of multi-indices α, β ∈ Z^n_+.

If φ ∈ S, then for every d ∈ N and α ∈ Z^n_+ there is a constant C_{d,α} such that |∂^αφ(x)| ≤ C_{d,α} (1 + |x|^2)^{d/2} for all x ∈ R^n .

Thus, an element of S is a smooth function such that the function and all of its derivatives decay faster than any polynomial as |x| → ∞. Elements of S are called Schwartz functions, or test functions. There are many functions in S. For example, every function of the form q(x)e^{−c|x−x0|2} ,

The Schwartz space 289

where c > 0, x_0 ∈ R^n , and q(x) = ∑ |α|≤d c_αx^α is a polynomial function on R^n , is a Schwartz function.

In order to define a notion of the convergence of test functions, we want to put a topology on S. As we will see, the appropriate topology is not derived from a norm, but instead from the countable family {p_{α,β}} of seminorms. We therefore first discuss topologies defined by seminorms in more generality.

Definition 11.2 Suppose that X is a real or complex linear space. A function p : X → R is a seminorm on X if it has the following properties:

(a) p(x) ≥ 0 for all x ∈ X;

(b) p(x + y) ≤ p(x) + p(y) for all x, y ∈ X; (c) p(λx) = |λ|p(x) for every x ∈ X and λ ∈ C .

A seminorm p has the same properties as a norm, except that p(x) = 0 need not imply x = 0. Suppose that {p_α}_{α∈A} is a countable or uncountable family of seminorms, indexed by a set A, defined on a linear space X. Then X is a topological linear space with the following base N of open neighborhoods: N = {N_{x;α1,...,αn;ϵ} | x ∈ X, α_1 . . . , α_n ∈ A, and ϵ > 0}, N_{x;α1,...,αn;ϵ} = {y ∈ X | p_{αi} (x − y) < ϵ for i = 1, . . . , n}. A sequence (x_n) converges to x ∈ X in this topology if and only if p_α(x − x_n) → 0 as n → ∞ for each α ∈ A.

We say that a family {p_α}_{α∈A} of seminorms separates points if p_α(x) = 0 for every α ∈ A implies that x = 0. In that case, the associated topology is Hausdorff. A topological linear space whose topology may be derived from a family of seminorms that separates points is called a locally convex space.

If the family of seminorms {p_1, . . . , p_n} is finite and separates points, then

‖x‖ = p_1(x) + . . . + p_n(x)

defines a norm on X. Thus, there is no additional generality in using a finite family of seminorms instead of a norm. The main case of interest to us here is that of a locally convex space X whose topology is generated by a countably infinite family of seminorms {p_n | n ∈ N }. In that case, the topology is metrizable because d(x, y) = ∑ n∈N 1 2^n p_n(x − y) 1 + p_n(x − y)

(11.4)

defines a metric on X with the same collection of open sets as those generated by the family of seminorms (see Exercise 11.2). A metrizable, locally convex space that is complete as a metric space is called a Fréchet space.

290 Distributions and the Fourier Transform

The function p_{α,β} in (11.3) is a seminorm on S. We equip S with the topology generated by the countable family of seminorms {p_{α,β} | α, β ∈ Z^n_+}. (11.5) This family separates points, since p_{0,0} is just the sup-norm. The following proposition shows that S is a Fréchet space.

Proposition 11.3 The Schwartz space S with the metrizable topology generated by the countable family of seminorms (11.5), where p_{α,β} is given by (11.3), is complete.

Proof. Let (φ_n) be a Cauchy sequence in S. We have to prove that (φ_n) converges in the topology of S to a function φ ∈ S. The sequence (φ_n) is Cauchy with respect to the sup-norm p_{0,0}. Since the space of bounded continuous functions on R with the supremum norm is complete, there is a bounded continuous function φ such that φ_n → φ uniformly. For each multi-index α, the sequence ∂^αφ_n is Cauchy with respect to the sup-norm, and hence converges uniformly to a bounded continuous function ψ_α. We claim that

ψ_α = ∂^αφ for every multi-index α. (11.6)

We prove (11.6) by induction on |α|. The equation holds for |α| = 0. Suppose we have proved (11.6) for every α with |α| ≤ m. Then, if |β| = m + 1, there exists an α ∈ Z^n_+ such that |α| = m and β = α + e_j for some j, where e_j is the jth standard basis vector of Z^n. The fundamental theorem of calculus implies that

∂^αφ_n(x + te_j ) − ∂^αφ_n(x) = ∫_t 0 ∂^{ej} ∂^αφ_n(x + se_j ) ds. Clearly, ∂^{ej} ∂^α = ∂^β. Letting n → ∞, we obtain that ∂^αφ(x + te_j ) − ∂^αφ(x) = ∫_t 0 ψ_β (x + se_j ) ds. We divide this expression by t and take the limit of the resulting expression as t → 0^+. Using the definition of derivative and the continuity of ψ_β , we find that ∂^βφ(x) = ψ_β (x). Finally, for every pair of multi-indices (α, β), the sequence (x^α∂^βφ_n) is Cauchy with respect to the uniform norm, so it converges uniformly. The uniform limit is equal to the pointwise limit x^α∂^β φ, so p_{α,β}(φ_n − φ) → 0 for all multi-indices, and therefore (φ_n) converges in S. □

One main motivation for the use of this topology on S is that differentiation is a continuous operation.

Tempered distributions 291

Proposition 11.4 For each α ∈ Z^n_+, the partial differentiation operator ∂^α : S → S is a continuous linear operator on S.

Proof. The fact that ∂^α is a linear map of S into S is obvious. To prove the continuity, suppose that φ_n → φ in S. Then p_{β,γ} (φ_n − φ) → 0 as n → ∞ for all β, γ ∈ Z^n_+. Therefore, p_{β,γ}(∂^αφ_n − ∂^αφ) = p_{β,α+γ} (φ_n − φ) → 0 as n → ∞ for all β, γ ∈ Z^n_+, so ∂^αφ_n → ∂^αφ in S. □

The Schwartz space is not the only possible space of test functions. Another useful choice is the smaller space D = C^∞_c (R^n ) of smooth functions with compact support. The appropriate topology on D is, however, harder to describe than the topology on S because it is not metrizable.

11.2 Tempered distributions

The topological dual space of S, denoted by S^∗ or S^′, is the space of continuous linear functionals T : S → C . Elements of S^∗ are called tempered distributions. The space S^∗ is a linear space under the pointwise addition and scalar multiplication of functionals.

Since S is a metric space, a functional T : S → C is continuous if and only if for every convergent sequence φ_n → φ in S, we have

lim_{n→∞} T (φ_n) = T (φ).

The continuity of a linear functional T is implied by an estimate of the form |T (φ)| ≤ ∑ |α|,|β|≤d c_{α,β} ‖φ‖_{α,β} for some d ∈ Z_+ and constants c_{α,β} ≥ 0. Conversely, one can show that if T is continuous, then such an estimate holds for some d and c_{α,β}.

Example 11.5 The fundamental example of a distribution is the delta function. The name “delta function” is a misnomer because it is not a function on R^n , but a functional on S. We define δ : S → C by evaluation at 0: δ(φ) = φ(0). The linearity of δ is trivial. To show the continuity, suppose that φ_n → φ in S. Then φ_n → φ uniformly, and therefore φ_n(0) → φ(0). Hence, δ(φ_n) → δ(φ), so δ ∈ S^∗ is a continuous linear functional. Similarly, for each x_0 ∈ R^n , we define the delta function supported at x_0 by evaluation at x_0:

δ_{x0} (φ) = φ(x_0).

292 Distributions and the Fourier Transform

Example 11.6 Suppose that f is a continuous, or Lebesgue measurable, function on R^n such that |f(x)| ≤ g(x) ( 1 + |x|^2 )_{d/2} a.e. in R^n for a nonnegative integer d ≥ 0 and a nonnegative, integrable function g : R^n → R. Then

T_f (φ) = ∫ R^n f(x)φ(x) dx (11.7) defines a tempered distribution, as follows from the estimate: |T_f (φ)| ≤ ∫ R^n g(x) ( 1 + |x|^2 )_{d/2} |φ(x)| dx ≤ [∫ R^n g(x) dx ] sup_{x∈Rn} [( 1 + |x|^2 )_{d/2} |φ(x)| ] . Moreover, the function f is uniquely determined, up to pointwise-a.e. equivalence, by the distribution T_f . To see this, let {φ_ϵ | ϵ > 0} be an approximate identity in S(R^n ), for example the Gaussian approximate identity,

φ_ϵ(x) = 1 (2πϵ)^{n/2} exp ( − |x|^2 2ϵ ) . Then for each ϵ > 0 and x ∈ R^n , the function φ_{ϵ,x} defined by φ_{ϵ,x}(y) = φ_ϵ(x − y) is an element of S(R^n ), and

T_f (φ_{ϵ,x}) = (φ_ϵ ∗ f) (x).

Since we can recover f pointwise-a.e. from its convolutions with an approximate identity, we see that f is determined by T_f .

Distributions of the form (11.7) that are given by the integration of a test function φ against a function f are called regular distributions, and distributions, such as the delta function, that are not of this form are called singular distributions. Thus, we may regard tempered distributions as a generalization of locally integrable functions with polynomial growth.

A function that has a nonintegrable singularity, or a function that grows faster than a polynomial (such as e^{c|x|2} where c > 0), does not define a regular tempered distribution since its integral against a Schwartz function need not be finite.

Example 11.7 The function (1/x) : R \ 0 → R has a nonintegrable singularity at x = 0, so it does not define a regular distribution. We can, however, use a limiting

Tempered distributions 293

procedure to define a singular distribution called a principal value distribution, denoted by p.v.(1/x). We define its action on a test function φ ∈ S(R) by p.v. 1 x (φ) = lim_{ϵ→0+} ∫ |x|>ϵ φ(x) x dx. The limit is finite because of a cancellation between the nonintegrable contributions of 1/x for x < 0 and x > 0: p.v. 1 x (φ) = lim_{ϵ→0+} ∫_∞ ϵ φ(x) − φ(−x) x dx = ∫_∞ 0 φ(x) − φ(−x) x dx. The integrand is bounded at x = 0 since φ is smooth. For x > 0, we have | | | | φ(x) − φ(−x) x | | | | ≤ 1 x ∫_x −x |φ^′(t)| dt ≤ 2‖φ^′‖_∞, so the continuity of p.v.(1/x) on S follows from the estimate | | | |p.v. 1 x (φ) | | | | ≤ ∫_1 0 | | | | φ(x) − φ(−x) x | | | | dx + ∫_∞ 1 | | | | x [φ(x) − φ(−x)] x^2 | | | | dx ≤ 2‖φ^′‖_∞ + 2‖xφ‖_∞ = 2 (‖φ‖_{0,1} + ‖φ‖_{1,0}) .

Example 11.8 The function 1/|x|^2 : R^n \ {0} → R has an integrable singularity at the origin when n ≥ 3 since the radial integral ∫_1 0 r^{−2} r^{n−1}dr is finite. In that case 1 |x|^2 (φ) = ∫ R^n φ(x) |x|^2 dx defines a regular distribution in S^∗(R^n ). If n = 2, the function is not integrable, but we can define an associated singular distribution, called a finite part distribution, denoted by f.p.(1/|x|^2): f.p. 1 |x|^2 (φ) = ∫ |x|<1 φ(x) − φ(0) |x|^2 dx + ∫ |x|>1 φ(x) |x|^2 dx. The action of the elements of the dual space S^∗ on S may be represented by a duality pairing, which resembles an inner product: ⟨·, ·⟩ : S^∗ × S → C . We write the action of a distribution T on a test function φ as T (φ) = ⟨T, φ⟩.

294 Distributions and the Fourier Transform

If H is a Hilbert space, then the duality pairing on H^∗ × H can be identified with the inner product on H by the Riesz representation theorem. Note, however, that in the case of an inner product on a Hilbert space, the duality pairing is antilinear in one of the variables, whereas the duality pairing on S^∗ × S is linear in both variables.

Another notation for the action of T ∈ S^∗ on φ ∈ S is

T (φ) = ∫ T (x)φ(x) dx, as if S^∗ were a function space. If T_f is the regular distribution defined in (11.7), then this notation amounts to the identification of T_f with f. The action of the distribution δ_{x0} is then written as

δ_{x0} (φ) = ∫ δ(x − x_0)φ(x) dx = φ(x_0). Since the pairing on S^∗×S shares a number of properties with inner products defined through an integral, this notation is often convenient in computations, provided one remembers that it is just a way to write continuous linear functionals.

The tempered distributions are a subspace of the space D^∗ of distributions that are continuous linear functionals on the space D of smooth, compactly supported test functions. Unlike tempered distributions, distributions in D^∗ can grow faster than any polynomial at infinity. The Fourier transform of a distribution in D^∗ need not belong to D^∗, however, whereas we will see that every distribution in S^∗ has a Fourier transform that is also in S^∗. To be specific, we therefore restrict our discussion to tempered distributions, although similar ideas apply to distributions defined on other spaces of test functions.

11.3 Operations on distributions

We say that a continuous function f : R^n → C is of polynomial growth if there is an integer d and a constant C such that |f(x)| ≤ C ( 1 + |x|^2 )_{d/2} for all x ∈ R^n .

If T ∈ S^∗ and f ∈ C^∞(R^n ) is such that f and ∂^αf have polynomial growth for every α ∈ Z^n_+, then we define the product fT ∈ S^∗ by ⟨fT, φ⟩ = ⟨T, fφ⟩ for all φ ∈ S. This definition makes sense because fφ ∈ S when φ ∈ S. It is straightforward to check that fT is a continuous linear map on S if T is.

Example 11.9 If T = δ is the delta function, then ⟨fδ, φ⟩ = ⟨δ, fφ⟩ = f(0)φ(0) = ⟨f(0)δ, φ⟩.

Operations on distributions 295

Hence, fδ = f(0)δ.

The definition of products may be extended further; for example, the product fδ = f(0)δ makes sense for any continuous function f. It is not possible, however, to define a product ST ∈ S^∗ for general distributions S, T ∈ S^∗ with the same algebraic properties as the pointwise product of functions (see Exercise 11.7).

Next, we define the derivative of a distribution. To motivate the definition, we first consider the regular distribution T_f associated with a Schwartz function f. Integrating by parts, we find that the action of the regular distribution T_∂α_f , associated with the αth partial derivative of f, on a test function φ is given by ⟨T_∂α_f , φ⟩ = ∫ (∂^αf) φ dx = (−1)^{|α|} ∫ f (∂^αφ) dx = (−1)^{|α|}⟨T_f , ∂^αφ⟩. The following definition extends the differentiation of functions to the differentiation of distributions.

Definition 11.10 Suppose that T is a tempered distribution and α is a multiindex. The αth distributional derivative of T is the tempered distribution ∂^αT defined by ⟨∂^αT, φ⟩ = (−1)^{|α|}⟨T, ∂^αφ⟩ for all φ ∈ S. (11.8) Equation (11.8) does define a distribution. The linearity of the map ∂^αT : S → C is obvious. The continuity of ∂^αT follows from the continuity of T and ∂^α on S. If φ_n → φ in S, then ∂^αφ_n → ∂^αφ in S, so ⟨∂^αT, φ_n⟩ = (−1)^{|α|}⟨T, ∂^αφ_n⟩ → (−1)^{|α|}⟨T, ∂^αφ⟩ = ⟨∂^αT, φ⟩. Thus, every tempered distribution is differentiable. The space of distributions is therefore an extension of the space of functions that is closed under differentiation. The following structure theorem, whose proof we omit, shows that S is a minimal extension of the space of functions of polynomial growth that is closed under differentiation.

Theorem 11.11 For every T ∈ S^∗ there is a continuous function f : R^n → C of polynomial growth and a multi-index α ∈ Z^n_+ such that T = ∂^αf.

If T_f is a regular distribution whose distributional derivative is also a regular distribution T_g, then ∫ R^n gφ dx = (−1)^{|α|} ∫ R^n f∂^αφ dx for all φ ∈ S. In this case, we say that the function g is the weak or distributional derivative of the function f, and we write g = ∂^αf. Thus, the weak L^2-derivatives considered in Section 10.4 were a special case of the distributional derivative. If f does not have a weak derivative g, then the distributional derivative of T_f still exists, but it is a singular distribution not associated with a function.

296 Distributions and the Fourier Transform

Example 11.12 Let f : R → R be the function f(x) = { 0 if x < 0, x if x ≥ 0. Then f is Lipschitz continuous on R, but it is not differentiable pointwise at x = 0, where its graph has a corner. Integrating by parts, and using the rapid decrease of a test function, we find that the action of the distributional derivative of f on a test function φ is given by ⟨f^′, φ⟩ = −⟨f, φ^′⟩ = − ∫_∞ 0 xφ^′ dx = ∫_∞ 0 φ dx = ⟨H, φ⟩, where H is the step function, H(x) = { 0 if x < 0, 1 if x > 0.

Thus, f is weakly differentiable, and its weak derivative is the step function H. Example 11.13 The distributional derivative of the step function is given by ⟨H^′, φ⟩ = −⟨H, φ^′⟩ = − ∫_∞ 0 φ^′(x) dx = φ(0) = ⟨δ, φ⟩. Hence, the step function is not weakly differentiable. Its distributional derivative is the delta function, as stated in (10.12).

Example 11.14 The derivative of the one-dimensional delta function δ is given by

⟨δ^′, φ⟩ = −⟨δ, φ^′⟩ = −φ^′(0). More generally, the kth distributional derivative of δ is given by ⟨δ^{(k)}, φ⟩ = (−1)^kφ^{(k)}(0).

Example 11.15 The pointwise derivative of the Cantor function F , defined in Exercise 1.19, exists a.e. and is equal to zero except on the Cantor set. The function is not constant, however, and its distributional derivative is not zero. One can show that the distributional derivative of F is the Lebesgue-Stieltjes measure μ_F associated with the Cantor function, described in Example 12.15, meaning that ⟨F^′, φ⟩ = ∫_∞ −∞ φ(x) dμ_F (x). The use of duality to extend differentiation from test functions to distributions may be applied to other operations. Suppose that K, K^′ : S → S are continuous linear transformations on S such that ∫ R^n (Kf)φ dx = ∫ R^n f(K^′φ) dx for all f, φ ∈ S. (11.9)

Operations on distributions 297

We call K^′ the transpose of K. The transpose K^′ differs from the L^2-Hilbert space adjoint K^∗ of K because, unlike the L^2-inner product, we do not use a complexconjugate in the duality pairing. If T is a tempered distribution, then we define the tempered distribution KT by ⟨KT, φ⟩ = ⟨T, K^′φ⟩ for all φ ∈ S. If T_f is the regular distribution associated with a test function f ∈ S, then we have KT_f = T_{Kf} , so this definition is consistent with the definition for test functions. Example 11.16 For each h ∈ R^n , we define the translation operator τ_h : S → S by τ_hf(x) = f(x − h). We then have that ∫ R^n (τ_hf)φ dx = ∫ R^n f(τ_{−h}φ) dx for all f, φ ∈ S. We therefore define the translation τ_hT of a distribution T by ⟨τ_hT, φ⟩ = ⟨T, τ_{−h}φ⟩ for all φ ∈ S. For instance, we have δ_{x0} = τ_{x0} δ.

Example 11.17 Let R : S → S be the reflection operator, Rf(x) = f(−x). Then ∫ R^n (Rf)φ dx = ∫ R^n f(Rφ) dx for all f, φ ∈ S. Thus, for T ∈ S^∗, we define the reflection RT ∈ S^∗ by ⟨RT, φ⟩ = ⟨T, Rφ⟩ for all φ ∈ S. We end this section by defining the convolution of a test function and a distribution. The convolution φ ∗ ψ of two test functions φ, ψ ∈ S is defined by (φ ∗ ψ) (x) = ∫ R^n φ(x − y)ψ(y) dy. (11.10) The following properties of the convolution are straightforward to prove. Proposition 11.18 For any φ, ψ, ω ∈ S, we have: (a) φ ∗ ψ = ψ ∗ φ; (b) (φ ∗ ψ) ∗ ω = φ ∗ (ψ ∗ ω), (c) τ_h(φ ∗ ψ) = (τ_hφ) ∗ ψ = φ ∗ (τ_hψ) for every h ∈ R^n .

298 Distributions and the Fourier Transform

It is clear from (11.10) that the definition of convolution can be extended from test functions to more general functions provided that the integral converges. For example, the convolution of a continuous function with compact support and an arbitrary continuous function exists, and the convolution of two L^1-functions exists and belongs to L^1. On the other hand, the convolution of two functions neither of which decays at infinity need not be well defined.

Using the translation and reflection operators defined in Example 11.16 and Example 11.17, we may write the convolution in (11.10) as (φ ∗ ψ) (x) = ∫ R^n (Rτ_xφ)(y)ψ(y) dy. We therefore define the convolution φ ∗ T : R^n → C of a test function φ ∈ S and a tempered distribution T ∈ S^∗ by (φ ∗ T ) (x) = ⟨T, Rτ_xφ⟩. One can prove that φ ∗ T ∈ C^∞(R^n ), and is of at most polynomial growth. Example 11.19 The convolution of a test function with the delta function is given by (φ ∗ δ)(x) = ⟨δ, Rτ_xφ⟩ = (Rτ_xφ)(0) = (Rφ)(−x) = φ(x), meaning that φ ∗ δ = φ. This fact provides a distributional interpretation of the formula ∫ δ(x − y)φ(y) dy = φ(x). Similarly, the convolution with a derivative of the delta function is (φ ∗ ∂^αδ)(x) = (−1)^{|α|}⟨δ, ∂^αRτ_xφ⟩ = ∂^αφ(x). More general convolutions of distributions may also be defined (for example, ∂^αδ ∗ T = ∂^αT for any T ∈ S^∗), but we will not give a detailed description here.

11.4 The convergence of distributions Let (T_n) be a sequence in S^∗. We say that (T_n) converges to T in S^∗ if and only if lim_{n→∞}⟨T_n, φ⟩ = ⟨T, φ⟩ for every φ ∈ S. (11.11) We denote convergence in the space of distributions by T_n ⇀ T as n → ∞.

The convergence of distributions 299

Example 11.20 Let T_n be the distribution in S(R) defined by ⟨T_n, φ⟩ = n^3 ∫ R e^{inx}φ(x) dx. Integrating by parts four times, and using the rapid decrease of φ ∈ S, we find that |⟨T_n, φ⟩| = | | | ∫ R e^{inx} n φ^{(4)}(x) dx | | | → 0 as n → ∞. Thus, we have T_n ⇀ 0 in S^∗(R). The cancellation of oscillations for large n in the integration of n^3e^{inx} against a smooth test function outweighs the polynomial growth in n.

For each φ ∈ S, the map T → ⟨T, φ⟩ (11.12) is a linear functional on S^∗. The convergence of distributions defined in (11.11) corresponds to convergence with respect to the weakest topology such that every functional of the form (11.12) is continuous. This topology, called the weak-∗ topology of S^∗, is the locally convex topology generated by the uncountable family of seminorms {p_φ | φ ∈ S}, where p_φ(T ) = |⟨T, φ⟩| for T ∈ S^∗. (11.13) Sequences of distributions that converge to the delta function are particularly important. Such sequences are called delta sequences. We have already encountered several examples of delta sequences, without thinking of them in terms of distributions.

Example 11.21 A simple delta sequence in S(R) is given by

T_n(φ) = n 2 ∫_{1/n} −1/n φ(x) dx. For any continuous function φ, we have T_n(φ) → φ(0) = δ(φ) as n → ∞, so T_n ⇀ δ. Any approximate identity gives a delta sequence; for example, the Gaussian approximate identity

φ_n(x) = √ n 2π e^{−nx2/2} (11.14)

is a delta sequence that consists of elements of S(R).

300 Distributions and the Fourier Transform

The following proposition gives a useful delta sequence of oscillatory functions. We define the sinc function by

sinc x = { sin x/x if x ≠ 0, 1 if x = 0.

The integral of the absolute value of the sinc function does not converge, since it decays like 1/x as |x| → ∞, but a contour integral argument gives the following improper Riemann integral lim_{R→∞} ∫_R −R sinc x dx = π. (11.15)

Proposition 11.22 For n ∈ N, let

σ_n(x) = sin nx πx . (11.16)

Then σ_n ⇀ δ in S^∗(R) as n → ∞.

Proof. From (11.15), we see that

σ_n(x) = n π sinc nx

has unit integral for every n ∈ N. To avoid difficulties caused by the lack of absolute convergence of the integral of σ_n at infinity, we split the integral of σ_n against a test function φ ∈ S into two terms: ∫_∞ −∞ sin nx πx φ(x) dx = ∫ |x|≥1 sin nx πx φ(x) dx + ∫ |x|≤1 sin nx πx φ(x) dx. (11.17)

An integration by parts implies that the first integral on the right-hand side tends to zero as n → ∞, since ∫ |x|≥1 sin nx πx φ(x) dx = 1 n [ cos nx φ(x) x ]_1 −1 + 1 n ∫ |x|≥1 cos nx ( φ(x) x )_′ dx. We write the second term on the right-hand side of (11.17) as ∫ |x|≤1 sin nx πx φ(x) dx = ∫ |x|≤1 sin nx πx [φ(x) − φ(0)] dx + φ(0) ∫ |x|≤1 sin nx πx dx. We may write φ(x) = φ(0) + xψ(x) where ψ ∈ C^∞. The first integral on the right-hand side is therefore given by 1 π ∫ |x|≤1 sin nx ψ(x) dx, and an integration by parts shows this approaches zero as n → ∞. Making the change of variable nx → x and using (11.15), we see that the second term approaches

The Fourier transform of test functions 301

φ(0) as n → ∞, which proves the result. Note that the proof shows that σ_n ∗ φ → φ uniformly for every φ ∈ S. □

The identification φ → T_φ continuously embeds the Schwartz space S into the space S^∗ of tempered distributions. This embedding is clearly not onto, but the next result, whose proof we only outline, states that S is dense in S^∗.

Theorem 11.23 The Schwartz space is dense in the space of tempered distributions.

Proof. Let (φ_n) be an approximate identity in S. Then (φ_n ∗ T ) is a sequence of C^∞-functions of polynomial growth that converges to T in S^∗. The Schwartz functions (φ_n ∗ T )e^{−ϵ|x|2} therefore converge to T in S^∗ as n → ∞ and ϵ → 0^+. □

A similar proof shows that S is dense in C_0, with respect to uniform convergence, and in L^p for 1 ≤ p < ∞.

11.5 The Fourier transform of test functions

In this section, we define the Fourier transform of a Schwartz function, and show that the Fourier transform is a continuous, one-to-one map from S onto S. In the next section, we will extend the transform by duality to a continuous, one-to-one map from S^∗ onto S^∗.

Definition 11.24 If φ ∈ S(R^n ), then the Fourier transform φ̂ : R^n → C is the function defined by

φ̂(k) = 1 (2π)^{n/2} ∫ R^n φ(x)e^{−ik·x} dx for k ∈ R^n . (11.18) There are many different conventions for where to place the factors of 2π and the signs in the Fourier transform. In the next proposition, we show that the transform of a rapidly decaying function is smooth, and the transform of a smooth function is rapidly decaying. As a result, the Fourier transform maps the Schwartz space into itself. We define the Fourier transform operator F : S → S by Fφ = φ̂.

Proposition 11.25 If φ ∈ S(R^n ), then:

(a) φ̂ ∈ C^∞(R^n ), and

∂^αφ̂ = F [(−ix)^αφ] ; (11.19)

(b) k^αφ̂ is bounded for every multi-index α ∈ Z^n_+, and

(ik)^αφ̂ = F [∂^αφ] . (11.20)

The Fourier transform F : S(R^n ) → S(R^n ) is a continuous linear map on S(R^n ).

302 Distributions and the Fourier Transform

Proof. Equation (11.19) follows by differentiation under the integral sign in (11.18). This differentiation is justified by the dominated convergence theorem and the integrability of x^αφ for every α ∈ Z^n_+. Equation (11.20) follows from an integration by parts in the formula ^∂αφ(k) = 1 (2π)^{n/2} ∫ e^{−ik·x}∂^αφ(x) dx = 1 (2π)^{n/2} ∫ (ik)^αe^{−ik·x}φ(x) dx = (ik)^αφ̂(k). Thus, for every α, β ∈ Z^n_+, we have (ik)^α∂^βφ̂ = F [ ∂^α(−ix)^β φ ] . (11.21)

If φ ∈ S, then |φ̂(k)| = 1 (2π)^{n/2} | | | ∫ e^{−ik·x}φ(x) dx | | |

≤ 1 (2π)^{n/2} ∫ ( 1 + |x|^2 )_{n/2+1} |φ(x)| (1 + |x|^2)^{n/2+1} dx ≤ C sup_{x∈Rn} [( 1 + |x|^2 )_{n/2+1} |φ(x)| ] , where the constant C is given by C = 1 (2π)^{n/2} ∫ R^n 1 (1 + |x|^2)^{n/2+1} dx < ∞. Taking the supremum of (11.21) with respect to k, using the Leibnitz rule to expand the function on the right-hand side, and estimating the result, we find for the seminorms in (11.3) that ‖φ̂‖_{α,β} ≤ ∑ α^′,β^′ C_α′_{,β}′ ‖φ‖_β′_{,α}′ for suitable constants C_α′_{,β}′ , where |α^′| ≤ |α| and |β^′| ≤ |β| + n + 2. Hence, the Fourier transform is a continuous linear map on S. □

An important example of the Fourier transform of a Schwartz function is the transform of a Gaussian, which is another Gaussian.

Proposition 11.26 Suppose that A is an n×n symmetric, positive definite matrix. The Fourier transform of the n-dimensional Gaussian

φ(x) = exp ( − 1 2 x · Ax ) (11.22)

The Fourier transform of test functions 303

is given by

φ̂(k) = 1 √ det A exp ( − 1 2 k · A^{−1}k ) . (11.23)

Proof. First, we consider the one-dimensional Gaussian

φ(x) = exp ( − ax^2 2 ) , where a > 0. We claim that

φ̂(k) = 1 √ a exp ( − k^2 2a ) . (11.24)

To prove this result, it suffices to consider the case a = 1. The formula for a > 0 then follows from the change of variables x → √ ax. Thus, we just need to show that 1 √ 2π ∫ e^{−x2/2}e^{−ikx} dx = e^{−k2/2}. The left-hand side of this equation may be written as 1 √ 2π e^{−k2 /2} ∫ e^{−(x+ik)2 /2} dx. So we want to show that 1 √ 2π ∫ e^{−(x+ik)2 /2} dx = 1. (11.25)

This integral is independent of k, since d dk ( 1 √ 2π ∫ e^{−(x+ik)2 /2} dx ) = −i 1 √ 2π ∫ (x + ik)e^{−(x+ik)2 /2} dx = i 1 √ 2π ∫ d dx e^{−(x+ik)2 /2} dx = i 1 √ 2π e^{−(x+ik)2/2} | | |^∞_{−∞} = 0,

so (11.25) follows from the standard Gaussian integral, ∫_∞ −∞ e^{−x2/2} dx = √ 2π. Now we consider the n-dimensional case. The Fourier tranform of the Gaussian in (11.22) is given by

φ̂(k) = 1 (2π)^{n/2} ∫ e^{−x·Ax/2}e^{−ik·x} dx. (11.26)

304 Distributions and the Fourier Transform

Since A is positive definite, there is an orthogonal matrix Q such that Q^T AQ = Λ, where Λ = diag(λ_1, . . . , λ_n) is a diagonal matrix with the eigenvalues λ_i > 0 of A on the main diagonal. We make the change of variables x = Qx and k = Qk in (11.26). The Jacobian of the transformation x → x is det Q = 1. The resulting expression factors into a product of one-dimensional Fourier integrals, which we may evaluate using the one-dimensional computation:

φ̂(k) = 1 (2π)^{n/2} ∫ e^{−x·Λx/2}e^{−ik·x} dx

= n∏ j=1 1 √ 2π ∫ e^{−λj x2j /2}e^{−ikj xj} dx_j

= n∏ j=1 1 √ λ_j e^{−k2j /(2λj )}. Rewriting this result in terms of k, and using the facts that det A = (λ_1λ_2 . . . λ_n) and A^{−1} = Q^T Λ^{−1}Q, we obtain (11.23). □

The covariance matrix A of the transform of a Gaussian is the inverse of the covariance matrix of the Gaussian. Thus, the transform of a Gaussian that is localized near the origin is delocalized, and conversely. The intuitive explanation of this behavior is that more high-frequency Fourier components are required to represent a rapidly varying, localized function than a slowly varying, delocalized function. For example, the Fourier transform of the Gaussian approximate identity

φ_ϵ(x) = 1 (2πϵ)^{n/2} exp ( − |x|^2 2ϵ )

is given by

φ̂_ϵ(k) = 1 (2π)^{n/2} exp ( − ϵ|x|^2 2 ) . As ϵ → 0^+, we have φ_ϵ ⇀ δ and φ̂_ϵ ⇀ (2π)^{−n/2} in S^∗. The spectrum of the Gaussian becomes flatter as it concentrates at the origin. These limits are consistent with the result below that δ̂ = (2π)^{−n/2}.

The following proposition, whose proof we leave to Exercise 11.13, gives the formulae for the Fourier transform of translates and convolutions. An important result is the fact that the Fourier transform maps the convolution product of two functions to their pointwise product. We will see in Section 11.9 that this is related to the translational invariance of the convolution.

Proposition 11.27 If φ, ψ ∈ S and h ∈ R^n , then: ^τ_hφ = e^{−ik·h}φ̂, (11.27) ^ e^{ix·h}φ = τ_hφ̂, (11.28)

The Fourier transform of test functions 305 ^ φ ∗ ψ = (2π)^{n/2}φ̂ψ̂. (11.29)

Finally, we prove that F is invertible on S with a continuous inverse. First, we give a formula for the inverse.

Definition 11.28 If φ ∈ S, then the inverse Fourier transform φ̌ is given by

φ̌(x) = 1 (2π)^{n/2} ∫ R^n e^{ik·x}φ(k) dk. We define F^∗ : S → S by F^∗φ = φ̌.

We will prove that F^∗ = F^{−1}, meaning that ^̌φ = φ = ˇ̂φ for every φ ∈ S. (11.30)

To motivate the proof of the inversion formula, we first give a formal calculation, based on the completeness formula in (11.33) below. Writing out F^∗φ̂, and exchanging the order of integration, we find that

F^∗φ̂(x) = 1 (2π)^n ∫ e^{ik·x} [∫ e^{−ik·y}φ(y) dy ] dk = ∫_∞ −∞ 1 (2π)^n [∫_∞ −∞ e^{ik(x−y)} dk ] φ(y) dy = ∫ δ(x − y)φ(y) dy = φ(x). The exchange of integration in this calculation is not justified by Fubini’s theorem because the integral is not absolutely convergent. To make the argument rigorous, we introduce an “ultraviolet cut-off” in the integral before exchanging the order of integration.

Proposition 11.29 The map F^∗ is a continuous linear transformation on S, and F^∗ = F^{−1}.

Proof. We have F^∗ = R∘F, where R is the reflection defined by Rφ(x) = φ(−x), so the continuity of F^∗ on S follows from the continuity of R and F.

The n-dimensional Fourier transform is the composition of one-dimensional Fourier transforms in each of the components x_i of x ∈ R^n , i = 1, . . . , n, so it suffices to prove the result for n = 1. Introducing a cut-off in the k-integral, and using Fubini’s theorem to exchange the order of integration, we find that

F^∗φ̂(x) = 1 2π ∫_∞ −∞ e^{ikx} [∫_∞ −∞ e^{−iky} φ(y) dy ] dk = 1 2π lim_{R→∞} ∫_R −R [∫_∞ −∞ e^{ik(x−y)}φ(y) dy ] dk

306 Distributions and the Fourier Transform

= 1 2π lim_{R→∞} ∫_∞ −∞ [∫_R −R e^{ik(x−y)} dk ] φ(y) dy = lim_{R→∞} ∫_∞ −∞ [ sin R(x − y) π(x − y) dx ] φ(y) dy. From Proposition 11.22, the sequence (sin Rx)/πx is a delta sequence as R → ∞, so F^∗φ̂ = φ. An identical argument shows that Fφ̌ = φ. Therefore F, F^∗ : S → S are one-to-one, onto continuous maps, and F^∗ = F^{−1}. □

We could have instead introduced a Gaussian regularization,

F^∗φ̂(x) = 1 2π lim_{ϵ→0+} ∫_∞ −∞ e^{ikx−ϵk2 /2} [∫_∞ ∞ e^{iky} φ(y) dy ] dk, exchanged the order of integration, and passed to the limit in the resulting Gaussian approximate identity.

11.6 The Fourier transform of tempered distributions

In this section, we define the Fourier transform of a tempered distribution. First, suppose that f, φ ∈ S. Using the definition of the transform and exchanging the order of integration, which is justified by Fubini’s theorem, we find that the action of the Fourier transform f̂ on a test function φ is given by ∫ f̂(k)φ(k) dk = ∫ 1 (2π)^{n/2} (∫ f(x)e^{−ik·x} dx ) φ(k) dk = ∫ f(x) 1 (2π)^{n/2} (∫ φ(k)e^{−ik·x} dk ) dx = ∫ f(x)φ̂(x) dx. (11.31) In the notation of (11.9), this result means that F^′ = F. We therefore define the Fourier transform of a tempered distribution as follows.

Definition 11.30 The Fourier transform of a tempered distribution T is the tempered distribution T̂ = FT defined by ⟨T̂ , φ⟩ = ⟨T, φ̂⟩ for all φ ∈ S. (11.32) The inverse Fourier transform Ť = F^{−1}T on S^∗ is defined by ⟨Ť , φ⟩ = ⟨T, φ̌⟩ for all φ ∈ S. The linearity and continuity of the Fourier transform on S implies that T̂ is a tempered distribution. The map F : S^∗ → S^∗ is a continuous, one-to-one transformation of S^∗ onto itself. The fact that F^{−1} is the inverse of F on S^∗ follows

The Fourier transform on L^1 307

immediately from the corresponding result on S, since ⟨^̌T , φ⟩ = ⟨T, ˇ̂φ⟩ = ⟨T, φ⟩ for all φ ∈ S. The formulae for the Fourier transform of derivatives, translates, and convolutions carry over directly to distributions (see Exercise 11.13). For example, ^∂αT = (ik)^αT̂ . We also write the Fourier transform using the integral notation, T̂ (k) = 1 (2π)^{n/2} ∫ T (x)e^{−ik·x} dx, as if T were a function, with an analogous expression for the inverse. This notation should be interpreted simply as a short-hand for the definition in (11.32). Example 11.31 Let us compute the Fourier transform of the delta function. From (11.32), we have ⟨δ̂, φ⟩ = ⟨δ, φ̂⟩ = φ̂(0). From the formula for the Fourier transform on S, we have φ̂(0) = 1 (2π)^{n/2} ∫ φ(x) dx = 1 (2π)^{n/2} ⟨1, φ⟩. Hence, the Fourier transform of the delta function is a constant, δ̂ = 1 (2π)^{n/2} . Using the integral notation, we get from the inversion formula the following Fourier representation of the delta function: δ(x) = 1 (2π)^n ∫ R^n e^{ik·x} dk. (11.33) The formula for the transform of the derivative implies that the transform of the αth derivative of the delta function is a monomial, ^∂αδ = 1 (2π)^{n/2} (ik)^α.

11.7 The Fourier transform on L^1 The Fourier integral f̂(k) = 1 (2π)^{n/2} ∫ R^n f(x)e^{−ik·x} dx (11.34)

308 Distributions and the Fourier Transform

converges if and only if f ∈ L^1(R^n ), meaning that ∫ R^n |f(x)| dx < ∞. We define the Fourier transform f̂ of an L^1-function f by (11.34). This definition is consistent with the distributional definition, since Fubini’s theorem justifies the exchange in the order of integration in (11.31) when f ∈ L^1(R^n ).

Example 11.32 Let f = χ_{[−R,R]} be the characteristic function of the interval [−R, R], sometimes called a “box” function. Then

f̂(k) = √ 2π sin Rk πk . Thus, the Fourier transform of a box function is a sinc function. The slow rate of decay of the Fourier transform as k → ∞, of the order k^{−1}, is caused by the discontinuities in f. Although f belongs to L^1, the transform f̂ does not. Thus, we cannot recover f from f̂ by use of the inverse Fourier integral, but we can use the distributional definition of the inverse Fourier transform.

Example 11.33 For a > 0, let f(x) = exp(−a|x|). Then

f̂(k) = √ 2 π a a^2 + k^2 . The following result, called the Riemann-Lebesgue lemma, gives a basic property of the Fourier transform of L^1-functions. We denote by C_0(R^n ) the space of continuous functions f that approach zero at infinity, meaning that for every ϵ > 0 there is an R such that |f(x)| < ϵ when |x| > R. This space is the completion of C_c(R^n ) with respect to the supremum norm, and is a Banach space.

Theorem 11.34 (Riemann-Lebesgue) If f ∈ L^1(R^n ), then f̂ ∈ C_0(R^n ), and (2π)^{n/2}‖f̂‖_∞ ≤ ‖f‖_1. Proof. To prove the claim, we first observe that if φ ∈ S, then (2π)^{n/2}|φ̂(k)| = | | | | ∫ e^{−ik·x}φ(x) dx | | | | ≤ ∫ |φ(x)| dx. Taking the supremum of this inequality over k, we find that (2π)^{n/2} ‖φ̂‖_∞ ≤ ‖φ‖_1 .

The Fourier transform on L^1 309

The Schwartz space S is dense in L^1. Hence, if f ∈ L^1, there is sequence (φ_m) in S that converges to f with respect to the L^1-norm. Then (φ̂_m) is Cauchy in the supremum norm, since

(2π)^{n/2} ‖φ̂_m − φ̂_ℓ‖_∞ ≤ ‖φ_m − φ_ℓ‖_1 .

Since S is contained in C_0, and C_0 is complete, there is a function ĝ ∈ C_0 such that φ̂_m → ĝ uniformly. Moreover, ĝ = f̂ because (2π)^{n/2} | | |ĝ(k) − f̂(k) | | | = (2π)^{n/2} lim_{m→∞} | | |φ̂m(k) − f̂(k) | | | = lim_{m→∞} | | | | ∫ [φ_m(x) − f(x)] e^{−ik·x} dx | | | | ≤ lim inf m→∞ ‖φ_m − f‖_1 = 0. □ The Fourier transform is therefore a bounded linear map from L^1 into C_0. We may make L^1 into an algebra with the convolution product, and C_0 into an algebra with the pointwise product. The following proposition shows that the Fourier transform maps the convolution product into the pointwise product, up to a factor of (2π)^{n/2}, which depends on the normalization of the Fourier transform. Thus the Fourier transform is an algebra isomorphism of L^1 and its image F(L^1) ⊂ C_0. The image F(L^1) is strictly smaller than C_0, but a precise description of it is difficult.

Theorem 11.35 (Convolution) If f, g ∈ L^1(R^n ), then f ∗ g ∈ L^1(R^n ) and ^ f ∗ g = (2π)^{n/2}f̂ĝ. Proof. Fubini’s theorem implies that ∫ |f ∗ g(x)| dx = ∫ | | | ∫ f(x − y)g(y) dy | | | | dx ≤ ∫ [∫ |f(x − y)| dx ] |g(y)| dy = (∫ |f(z)| dz ) (∫ |g(y)| dy ) , which shows that f ∗g ∈ L^1(R^n ). Moreover, the absolute convergence of this integral implies that we can exchange the order of integration in the integral for the Fourier transform of f ∗ g: ^ f ∗ g(k) = 1 (2π)^{n/2} ∫ e^{−ik·x} [∫ f(x − y)g(y) dy ] dx = 1 (2π)^{n/2} ∫ e^{−ik·y} [∫ e^{−ik·(x−y)}f(x − y) dx ] g(y) dx = 1 (2π)^{n/2} (∫ e^{−ik·z} f(z) dz ) (∫ e^{−ik·y} g(y) dy )

310 Distributions and the Fourier Transform = (2π)^{n/2}f̂ĝ. □ One use of the convolution theorem is the computation of the inverse Fourier transform of the product of two functions whose inverse Fourier transform we know.

Example 11.36 For a > 0, we have that F [ 1 π a a^2 + x^2 ] = 1 √ 2π e^{−a|k|}. Taking the inverse Fourier transform of the equation 1 √ 2π e^{−(a+b)|k|} = √ 2π 1 √ 2π e^{−a|k|} 1 √ 2π e^{−b|k|}, where a, b > 0, and using the convolution theorem, we obtain the semigroup relation 1 π a + b (a + b)^2 + x^2 = ( 1 π a a^2 + x^2 ) ∗ ( 1 π b b^2 + x^2 ) . Finally, we make a few comments about the extension of the Fourier transform to a function of a complex variable, called the Fourier-Laplace transform. If f : R^n → C is an integrable function with compact support, then (11.34) defines an entire function f̂ : C^n → C (meaning that f̂(k) is a differentiable, or analytic, function of the complex variable k for all k ∈ C^n ), since the integral obtained by differentiation under the integral sign converges for every k ∈ C^n . The Paley-Wiener theorem, which we do not state here, gives a precise characterization of the Fourier transforms of compactly supported functions. Similarly, considering the case of one variable for simplicity, if f is integrable and the support of f(x) is contained in the half-line x ≥ 0, then the Fourier transform f̂(k) is an analytic function of k in the lower-half plane Im k < 0, because in that case the exponential e^{−ikx} decays as x → +∞. Setting k = −iz, and omitting the normalization factor of √ 2π, we obtain the Laplace transform of f,

f̃(z) = ∫_∞ 0 f(x)e^{−xz} dx, which is analytic in the right-half plane Re z > 0. More generally, if supp f ⊂ [0, ∞) and f(x)e^{−ax} is integrable for some a ∈ R, then f̃(z) is analytic in the right-half plane Re z > a. Methods from complex analysis, such as contour integration, may be used to study and invert the Fourier-Laplace transform.

The space of Fourier transforms of test functions in D = C^∞_c is a space L of entire functions. Continuous linear functionals on L, equipped with an appropriate topology, are called ultradistributions. The space L^∗ of ultradistributions contains the space S^∗ of tempered distributions, and the Fourier transform of an arbitrary

The Fourier transform on L^2 311

distribution in D^∗ may be defined as an ultradistribution, even if it has exponential growth at infinity. For example, the Fourier transform ^ex2 = F (_∞ ∑ n=0 x^{2n} n! ) = √ 2π ∞∑ n=0 δ^{(2n)} n! is well-defined as an ultradistribution. The series on the right-hand side does not converge in S^∗, however, since Schwartz functions need not have convergent Taylor series expansions.

11.8 The Fourier transform on L^2

We have seen that the Fourier transform is an isomorphism on both the Schwartz space and on the space of tempered distributions equipped with their appropriate topologies. In this section, we will see that the Fourier transform is also an isomorphism on the Hilbert space L^2(R^n ) of square-integrable functions. To avoid confusion with our notation for the duality pairing on S^∗ ×S, we denote the L^2-inner product by (f, g) = ∫ R^n f(x)g(x) dx. The duality pairing and inner-product of f ∈ L^2 and φ ∈ S are related by ⟨T_f , φ⟩ = (f, φ). Not every square-integrable function on R^n is integrable; for example, the function (1 + x^2)^{−1/2} belongs to L^2(R) but not L^1(R). Thus, we cannot define the Fourier transform of a general L^2-function directly by means of its Fourier integral. Instead, we will use the L^2-boundedness of the Fourier transform to extend it from S(R^n ) to L^2(R^n ).

If φ ∈ S, then φ̂ = φ̌, since 1 (2π)^{n/2} ∫ φ(x)e^{−ik·x} dx = 1 (2π)^{n/2} ∫ φ(x)e^{ik·x} dx. Using (11.30) and (11.31), we see that for every φ, ψ ∈ S (φ̂, ψ̂) = ∫ R^n φ̂(x)ψ̂(x) dx = ∫ R^n φ̌(x)ψ̂(x) dx = ∫ R^n φ(x)^̌ψ(x) dx = (φ, ψ). Thus, the Fourier transform is an isometric map

F : S ⊂ L^2 → S ⊂ L^2.

The Schwartz space S is dense in L^2, so the bounded linear transformation theorem implies that there is a unique isometric extension F : L^2 → L^2. Moreover, F^{−1} =

312 Distributions and the Fourier Transform

F^∗, where F^∗ is the Hilbert space adjoint of F. Consequently, we have the following theorem.

Theorem 11.37 (Plancherel) The Fourier transform F : L^2(R^n ) → L^2(R^n ) is a unitary map. For every f, g ∈ L^2(R^n ), we have

(f̂, ĝ) = (f, g), (11.35)

where f̂ = Ff. In particular, ∫ R^n |f(x)|^2 dx = ∫ R^n | | |f̂(k) | | |^2 dk. (11.36)

To compute the Fourier transform of a general function f ∈ L^2, we choose any sequence (φ_n) in S (or, more generally, in L^1 ∩ L^2) that converges to f in L^2. Then f̂ is the L2-limit of (φ̂_n). For example,

f̂(k) = lim_{R→∞} ∫ |x|≤R f(x)e^{−ik·x} dx = lim_{ϵ→0+} ∫ R^n f(x)e^{−ik·x−ϵ|x|2} dx, (11.37) where the limits are understood in the L^2-sense. The inverse transform may be computed in a similar way.

The Fourier transform is a unitary operator on L^2(R^n ), so its spectrum lies on the unit circle in C . The spectrum turns out to consist entirely of eigenvalues. We will describe it, without proof, in the one-dimensional case. Multi-dimensional eigenfunctions may be constructed from products of one-dimensional eigenfunctions in each of the coordinates.

Since RF^{−1} = F, where R is the reflection operator on L^2, we have F^2 = R, and F^4 = I. It follows that if λ ∈ C is an eigenvalue of F, then λ^4 = 1, so λ ∈ {1, i, −1, −i}. Each of these values is an eigenvalue of infinite multiplicity. A complete orthonormal set of eigenfunctions is given by the Hermite functions,

φ_n(x) = 1 √ 2^nn! √ π e^{x2/2} d^n dx^n e^{−x2} , (11.38)

where n = 0, 1, 2, . . .. One can prove that Fφ_n = (−i)^nφ_n. From Exercise 6.14, the Hermite functions are eigenfunctions of the differential operator Au = −u^{′′} + x^2u.

Translation invariant operators 313

Taking the Fourier transform of this expression, we find that the terms involving derivatives and multiplication by powers exchange places, so FAu = k^2û − û^{′′} = AFu. Thus, A and F commute, which explains why they share a common set of eigenfunctions.

Once we know that the Hermite functions form an orthonormal basis of L^2(R), we can give an alternative definition of the L^2-Fourier transform as F (_∞ ∑ n=0 c_nφ_n ) = ∞∑ n=0 (−i)^nc_nφ_n. The unitarity of the Fourier transform on L^2 can be seen immediately from this formula.

Just as we used Fourier series to define Sobolev spaces of periodic functions, we can use the Fourier transform to define Sobolev spaces of functions with squareintegrable derivatives on R^n . Since ^∂αf = (ik)^αf̂, the partial derivatives of f of order less than or equal to s are square-integrable if and only if (ik)^αf̂ is a square-integrable function for |k| ≤ s. This is the case if the function ( 1 + |k|^2 )_{s/2}^ f is square-integrable. More generally, we can define Sobolev spaces of distributions with fractional, or even negative, order L^2-derivatives.

Definition 11.38 Let s ∈ R. The Sobolev space H^s(R^n ) consists of all distributions f ∈ S^∗ whose Fourier transform f̂ : R^n → C is a regular distribution and ∫ R^n ( 1 + |k|^2 )_s | |f̂(k) | | |^2 dk < ∞. A similar proof to the proof of the Sobolev embedding theorem for periodic functions, in Theorem 7.9, shows that if f ∈ H^s(R^n ) for s > n/2, then f ∈ C_0(R^n ) (see Exercise 11.12).

11.9 Translation invariant operators

There is a close connection between the Fourier transform and the group of translation operators τ_h defined in Example 11.16. Since τ_he^{−ik·x} = e^{ik·h}e^{−ik·x},

314 Distributions and the Fourier Transform

the exponential functions e^{−ik·x}, with k ∈ R^n , are eigenvectors of τ_h in S^∗ with eigenvalues e^{ik·h}. The Fourier transform is therefore an expansion of a function or distribution with respect to the eigenvectors of τ_h. If A : S^∗ → S^∗ is a linear translation invariant operator, meaning that Aτ_h = τ_hA, then we expect that there is a basis of common eigenvectors of τ_h and A, so that A can be diagonalized by use of the Fourier transform. In that case, the action of A on a distribution is to multiply the Fourier transform of the distribution by a C^∞-function â of polynomial growth, ^AT = âT̂ . The function â is called the symbol of the operator A. Inverting the transform, we find from the convolution theorem that AT = 1 (2π)^{n/2} a ∗ T, with a suitable definition of the convolution a ∗ T . Since τ_h(a ∗ T ) = a ∗ (τ_hT ), the convolution is translation invariant.

Example 11.39 A constant coefficient linear differential operator P : S^∗ → S^∗ is translation invariant, and is given by P T = ∑ |α|≤d c_α∂^αT

for constants c_α. The Fourier representation is ^P T = p̂T̂ , where

p̂(k) = ∑ |α|≤d c_α(ik)^α. Thus, the symbol of a differential operator is a polynomial. The convolution form of the operator is P T = ∑ |α|≤d c_α∂^αδ ∗ T.

It can be much simpler to define an operator in terms of its symbol than by an explicit formula for its action on a function.

Example 11.40 The symbol of the differential operator (−Δ + I) is the quadratic polynomial (|k|^2 + 1). The square-root (−Δ + I)^{1/2} is the nonlocal operator with symbol (|k|^2 + 1)^{1/2}. Its action on a distribution T is given by

(−Δ + I)^{1/2}T = F^{−1} [ (|k|^2 + 1)^{1/2}T̂ ] . The inverse operator (−Δ + I)^{−1} has symbol (|k|^2 + 1)^{−1}, so (−Δ + I)^{−1}T = g ∗ T,

Translation invariant operators 315

where g is the Green’s function of (−Δ + I), given by g = 1 (2π)^{n/2} F^{−1} [ 1 |k|^2 + 1 ] . For n = 3, where n is the number of space dimensions, computation of the inverse Fourier transform gives g(x) = 1 4π e^{−|x|} |x| . For n = 2, the Green’s function may be expressed in terms of Bessel functions. We will study some other examples of Green’s functions in the next section.

We may also consider translation invariant operators defined on a subspace of S^∗. For example, any bounded function â ∈ L^∞(R^n ) is the symbol of a translation invariant operator A : L^2(R^n ) → L^2(R^n ) defined by ^Af = âf̂.

Example 11.41 For g ∈ L^1(R^n ), we define the convolution integral operator G : L^2(R^n ) → L^2(R^n ) by Gf(x) = 1 (2π)^{n/2} ∫ R^n g(x − y)f(y) dy. (11.39) The symbol of G is ĝ. Since g ∈ L^1, the Riemann-Lebesgue lemma (Theorem 11.34) implies that ĝ ∈ C_0. Thus, the Fourier transform F diagonalizes G, and G = F^∗ĝF is unitarily equivalent to multiplication by ĝ. Unless ĝ = constant on a set of nonzero measure, the multiplication operator has a continuous spectrum, given by the closure of the range of ĝ, so this is also the spectrum of G.

More generally, the map G is well defined on L^2 whenever ĝ ∈ L^∞ is bounded. For example, suppose that f̂_R is the function obtained by truncating the Fourier transform of f ∈ L^2(R) at wavenumbers k with |k| ≤ R:

f̂_R(x) = {^ f(k) if |k| ≤ R, 0 if |k| > R. Then f̂_R = χ_{[−R,R]}f̂. Since F^{−1} ( χ_{[−R,R]} ) = √ 2 π R sinc(Rx), the function f_R = F^{−1} [ f̂_R ] is given by

f_R = R π sinc(Rx) ∗ f. Example 11.42 The symbol of the translation operator τ_h itself is e^{−ik·h}. The translation operators {τ_h | h ∈ R^n } form a unitary group acting on L^2(R^n ). If h ≠ 0, then the spectrum of τ_h is the unit circle in C and is purely continuous.

316 Distributions and the Fourier Transform

Example 11.43 The operator H : L^2(R) → L^2(R) with symbol ĥ(k) = isgn k

is called the Hilbert transform. Since the modulus of the symbol is equal to one, Plancherel’s theorem implies that H is a unitary map of L^2(R) onto itself. Since ĥ2 = −1, we have H 2 = −I. From Exercise 11.22 and the convolution theorem, H f = − 1 π ( p.v. 1 x ) ∗ f. The Hilbert transform is one of the simplest examples of a singular integral operator. Its properties are much more transparent from the Fourier representation than the convolution form.

Example 11.44 The operator R_{pq} : L^2(R^n ) → L^2(R^n ) with symbol

r̂_{pq} = k_pk_q |k|^2 is called the Riesz transform. Since |r̂_{pq} | ≤ 1, R_{pq} is a bounded linear map on L^2(R^n ). The Riesz transform recovers the second derivatives of a differentiable function from its Laplacian:

∂^2f ∂x_p∂x_q = R_{pq} Δf. One can also define pseudodifferential operators, whose symbol â(x, k) is a function belonging to a suitable class that is allowed to depend on both x and k, so that Af(x) = 1 (2π)^{n/2} ∫ â(x, k)f̂(k)e^{ik·x} dk = 1 (2π)^n ∫ â(x, k)e^{ik·(x−y)}f(y) dydk. These operators are not translation invariant, and they allow the use of Fourier methods in the analysis of variable coefficient, linear partial differential equations.

11.10 Green’s functions

Constant coefficient, linear partial differential equations on R^n may be solved by use of the Fourier transform. In particular, we can use the distributional Fourier transform to compute their Green’s functions.

The Green’s function g of the Laplacian on R^n is a distributional solution of the equation

−Δg = δ. (11.40)

Green’s functions 317

The delta function has the physical interpretation of the density of a point source located at the origin, and the Green’s function g is the potential of the point source. Taking the Fourier transform of (11.40), we find that |k|^2ĝ = 1 (2π)^{n/2} . A complication in solving this equation for g is that the symbol |k|^2 of the Laplacian vanishes at k = 0. We therefore need to interpret division by |k|^2 in an appropriate sense. From Example 11.8, if n ≥ 3, then a solution for ĝ is the regular distribution

ĝ(k) = 1 (2π)^{n/2} 1 |k|^2 , and the Green’s function is g(x) = 1 (2π)^{n/2} F^{−1} ( 1 |k|^2 ) . The solution is not unique. We may add an arbitrary linear combination of δ and first-order partial derivatives of δ to ĝ. The inverse transform of this distribution is a linear polynomial in x, which is a solution of the homogeneous Laplace equation. We omit this function of integration for simplicity.

We will compute the inverse transform of ĝ explicitly when n = 3; the computation for n ≥ 4 is similar. Since ĝ(k) decays too slowly as |k| → ∞ to be integrable, we introduce a cut-off, as in (11.37). Using spherical polar coordinates (r, θ, φ) in k-space, with the x-direction corresponding to θ = 0, we find from the inversion formula and the sinc integral in (11.15), that g(x) = 1 (2π)^3 lim_{R→∞} ∫ |x|<R e^{ik·x} |x|^2 dk = 1 (2π)^3 lim_{R→∞} ∫_R 0 ∫_π 0 ∫_{2π} 0 e^{ir|x| cos θ} r^2 r^2 sin θdφdθdr = 1 (2π)^2 lim_{R→∞} ∫_R 0 2 sin r|x| r|x| dr = 1 (2π)^2 π |x| . It follows that the three-dimensional, free-space Green’s function for Laplace’s equation is g(x) = 1 4π|x| , as we found in Section 10.6 by a different method. For n = 2, a solution for ĝ is

ĝ(k) = 1 2π f.p. 1 |k|^2 ,

318 Distributions and the Fourier Transform

where the finite part distribution is defined in Example 11.8. One can show that the inverse Fourier transform of this distribution is of the form g(x) = 1 2π log ( 1 |x| ) + C for a suitable constant C, also in agreement with our previous result.

Next, we consider the initial value problem for the heat or diffusion equation. The Green’s function g(x, t) is the solution of the following initial value problem:

g_t = 1 2 Δg for x ∈ R^n , t > 0, g(·, t) ∈ S^∗(R^n ) for t > 0, g(x, 0) = δ(x) for x ∈ R^n .

Taking the Fourier transform F_x with respect to x of this equation, we find that ĝ(k, t) = F_xg(x, t) satisfies the ODE

ĝ_t = − 1 2 |k|^2ĝ, ĝ(k, 0) = 1 (2π)^{n/2} . The solution is given by ĝ(k, t) = 1 (2π)^{n/2} e^{−t|k|2 /2}. Using Proposition 11.26 to invert the transform, we obtain that g(x, t) = 1 (2πt)^{n/2} e^{−|x−y|2/(2t)}. The solution u(x, t) of the heat equation with initial condition u(x, 0) = f(x), is given by a convolution with the Green’s function: u(x, t) = 1 (2πt)^{n/2} ∫ R^n e^{−|x−y|2/(2t)}f(y) dy. Since the Green’s function is a Schwartz function, this expression makes sense as a convolution for any initial data f ∈ S^∗. The solution is C^∞ in both x and t when t > 0. This is the smoothing property of the heat equation. It can be shown that the solution of the initial value problem for the heat equation is not unique (see Exercise 11.24). There is, however, a unique solution of polynomial growth, and this is the one obtained by use of the Fourier transform.

The Poisson summation formula 319

11.11 The Poisson summation formula

The Poisson summation formula states that a large class of functions f : R → C satisfy the following identity: ∞∑ n=−∞ f(2πn) = 1 √ 2π ∞∑ n=−∞ f̂(n). (11.41)

The presence or absence of factors 2π in this equation depends on the normalization of the Fourier transform. This formula may be used to derive identities between infinite series, or even to sum a series explicitly. It can also be used to connect the Fourier series of a periodic function with the Fourier transform.

Theorem 11.45 Suppose that f ∈ C^1(R), and there exist constants C > 0, ϵ > 0 such that | ( 1 + x^2 )_{1/2+ϵ} f(x)| ≤ C, | ( 1 + x^2 )_{1/2+ϵ} f^′(x)| ≤ C (11.42)

for all x ∈ R. Then we have the identity ∞∑ n=−∞ f(x + 2πn) = 1 √ 2π ∞∑ n=−∞ e^{inx}f̂(n). (11.43)

Proof. The condition in (11.42) implies that the sum g(x) = ∞∑ n=−∞ f(x + 2πn) (11.44)

converges uniformly, and g is a continuously differentiable 2π-periodic function. Therefore, from Lemma 7.8, the Fourier series of g converges uniformly, and g(x) = 1 2π ∞∑ n=−∞ (∫_{2π} 0 e^{−iny}g(y) dy ) e^{inx}. Since g is related to f by (11.44), we can rewrite this as (11.43). □

Evaluation of (11.43) at x = 0 gives the Poisson summation formula (11.41).

Example 11.46 The Jacobi theta function θ is defined for t > 0 by θ(t) = ∞∑ n=−∞ e^{−πn2t}. The Poisson summation formula implies that the theta function has the following symmetry property: θ(t) = 1 √ t θ(1/t). (11.45)

320 Distributions and the Fourier Transform

Theta functions have important connections with Riemann surfaces and the theory of integrable systems. They also arise in the solution of the heat equation on the circle, as in (7.21).

The Poisson summation formula holds, in particular, for Schwartz functions. The convergence of the series on the left-hand side of (11.41) for every f ∈ S implies that the series ∑_∞ n=−∞ δ2πn converges in S

∗. The series on the right-hand side of (11.41) may be written as: 1 √ 2π ∞∑ n=−∞ f̂(n) = 1 2π ∞∑ n=−∞ ∫ e^{−inx}f(x) dx. Hence, the series ∑_∞ n=−∞ e −inx also converges in S∗. Changing n to −n in this

sum, we obtain the following identity of tempered distributions: ∞∑ n=−∞ δ_{2πn}(x) = 1 2π ∞∑ n=−∞ e^{inx}. (11.46)

This equation may be interpreted at the Fourier series expansion of a periodic array of delta functions (sometimes called the “delta comb”). Its Fourier coefficients are constants, independent of n.

More generally, we say that a distribution T ∈ S(R) is periodic with period 2π if τ_{2π} T = T . In that case, one can show that

T̂ = 1√ 2π ∞∑ n=−∞ T̂_nδ_{2πn}

for suitable Fourier coefficients T̂_n ∈ C . The Fourier coefficients have polynomial growth in n, meaning that there are constants C > 0 and d ∈ N such that | | |T̂n | | | ≤ C ( 1 + n^2 )_{d/2} . Thus, the Fourier transform of a periodic function or distribution is an S^∗-convergent linear combination of delta functions supported at 2πn. The strengths of the delta functions give the Fourier coefficients of the periodic function. The distribution T is given by the S^∗-convergent Fourier series

T (x) = 1 √ 2π ∞∑ n=−∞ T̂_ne^{inx}.

11.12 The central limit theorem

A random variable describes the observation, or measurement, of a number associated with a random event. We say that a real-valued random variable X is absolutely continuous if its distribution may be described by a probability density p ∈ L^1(R),

The central limit theorem 321

meaning that for any a ≤ b, the probability that X has a value between a and b is given by

Pr (a ≤ X ≤ b) = ∫_b a p(x) dx. (11.47)

Since a probability is a number between zero and one, the density function p is nonnegative and ∫_∞ −∞ p(x) dx = 1. (11.48)

We call any function p with these properties, a probability density. If X is not absolutely continuous (for example, because it takes integer values with probability one), then its distribution is described by a probability measure on R that does not have a probability density function. We consider absolutely continuous random variables for simplicity, but the central limit theorem does not depend on this restriction.

The expected value of a function f(X) of X is given in terms of the density p by E [f(X)] = ∫_∞ −∞ f(x)p(x) dx, provided that this integral converges. The mean μ and the variance σ^2 of X are given by

μ = E [X] , σ^2 = E [ (X − E[X])^2 ] . The expected deviation of X from its mean is therefore of the order of the standard deviation σ. If the mean and variance of X are finite, then the random variable Y defined by X = μ + σY has mean zero and variance one, so we can normalize the mean of X to zero and the variance of X to one by an affine transformation. In that case, ∫_∞ −∞ xp(x) dx = 0, ∫_∞ −∞ x^2p(x) dx = 1. (11.49)

Example 11.47 We say that a real random variable X is a Gaussian, or normal, random variable with mean μ and variance σ^2 if its probability density p is given by p(x) = 1 √ 2πσ e^{−(x−μ)2/(2σ2 )}. If μ = 0 and σ^2 = 1, then we say that X is a standard Gaussian.

322 Distributions and the Fourier Transform

We say that N random variables {X_1, X_2, . . . , X_N } are independent if

Pr (a_1 ≤ X_1 ≤ b_1, a_2 ≤ X_2 ≤ b_2, . . . , a_N ≤ X_N ≤ b_N ) = Pr (a_1 ≤ X_1 ≤ b_1) Pr (a_2 ≤ X_2 ≤ b_2) . . . Pr (a_N ≤ X_N ≤ b_N ) .

In that case,

E [f_1(X_1)f_2(X_2) . . . f_N (X_N )] = E [f_1(X_1)] E [f_2(X_2)] . . . E [f_N (X_N )] .

Suppose that {X_1, X_2, . . . , X_N } have a joint probability density p(x_1, x_2, . . . , x_N ), meaning that

Pr (a_1 ≤ X_1 ≤ b_1, a_2 ≤ X_2 ≤ b_2, . . . , a_N ≤ X_N ≤ b_N ) = ∫_{bN} a_N . . . ∫_{b2} a_2 ∫_{b1} a_1 p(x_1, x_2, . . . , x_N ) dx_1dx_2 . . . dx_N . Then the random variables are independent if and only if p has the form

p(x_1, x_2, . . . , x_N ) = p_1(x_1)p_2(x_2) . . . p_N (x_N ).

Intuitively, independence means that the value taken by one of the random variables has no influence on the values taken by the others.

In many applications it is important to consider the sum of a large number of independent, identically distributed random variables. For example, a standard way to reduce nonsystematic errors in the experimental measurement of a given quantity is to measure the quantity many times and take the average. The central limit theorem explains how this error reduction works, and also gives an estimate of the expected difference between the measured value of the quantity and its true value. As we will see, if the experimental measurements are independent and randomly distributed with mean equal to the true value and with finite variance σ^2, then for sufficiently large N the distribution of the average value of N measurements is approximately Gaussian with mean equal to the true value and variance σ^2/N. Thus, one needs to take four times as many measurements in order to double the accuracy. This example is the original application that led Gauss to introduce the Gaussian distribution.

A second example is the discrete-time random walk. Considering the case of one space dimension for simplicity, we suppose that a particle starts at the origin at time zero and moves a random distance X_n ∈ R at time n ∈ N, where X_m and X_n are independent, identically distributed random variables for m ≠ n. The particle then takes random steps up and down the real line. The total distance moved by the particle after N steps is

S_N = N∑ n=1 X_n. (11.50)

The central limit theorem 323

A natural question is: What is the probability distribution of the position S_N of the particle after N steps, given the probability distribution of each individual step? The central limit theorem describes the limiting behavior of S_N as N → ∞. For instance, if each individual step has mean zero and variance one, then the distribution of S_N approaches a Gaussian distribution with mean zero and variance N. The corresponding √ N-growth of S_N is characteristic of sums of N independent random variables: the sums do not remain bounded as N → ∞, but there is a large amount of cancellation, so the sums grow at a slower rate than the number of their terms.

The Gaussian distribution is universal, in the sense that the distribution of any sum of a large number of independent, identically distributed random variables with finite mean and variance is approximately Gaussian, whatever the details of the probability distribution of the individual random variables. The central limit theorem remains true for sums of non-identical, independent random variables, under a suitable, mild condition (such as the Lindeberg condition) that ensures the distribution of the sum is not dominated by the distribution of a small number of the individual random variables. Moreover, some weak dependence between the variables may also be permitted.

Suppose that X and Y are independent random variables with probability density functions p_X and p_Y , respectively. Then

Pr (a ≤ X + Y ≤ b) = ∫ ∫ a≤x+y≤b p_X (x)p_Y (y) dxdy = ∫_b a (∫_∞ −∞ p_X (z − y)p_Y (y) dy ) dz. Thus, the probability density of X +Y is the convolution of the probability densities of X and Y . Hence, the convolution theorem implies that the Fourier transforms of the densities multiply:

p̂_{X+Y} = √ 2πp̂_Xp̂_Y . We can obtain the same result by an equivalent probabilistic argument. The characteristic function φ_X of a random variable X is defined by

φ_X (k) = E [ e^{ikX} ] . What we have called the characteristic function χ_A of a set A is then referred to as the indicator function of the set. If X is absolutely continuous with probability density p, then

φ_X (k) = ∫_∞ −∞ e^{ikx}p(x) dx = √ 2πp̂(−k). Thus, up to normalization conventions, the characteristic function is the Fourier

324 Distributions and the Fourier Transform

transform of the probability density. If X and Y are independent, then we have

φ_{X+Y} (k) = E [ e^{ik(X+Y )} ] = E [ e^{ikX} ] E [ e^{ikY} ] = φ_X (k)φ_Y (k),

which agrees with the previous result. Because the Fourier transform maps convolutions to products, in studying sums of independent random variables it is much simpler to consider the characteristic functions rather than the densities themselves, and we shall use this observation to prove the central limit theorem.

Example 11.48 If X is a Gaussian random variable with mean μ and variance σ^2, then the formula for the Fourier transform of a Gaussian implies that E [ e^{ikX} ] = e^{iμk} e^{−σ2k2 /2}. The product of such characteristic functions is another function of the same form, in which the means and variances add together. Consequently, the sum of independent Gaussian random variables is a Gaussian whose mean and variance is the sum of the individual means and variances, and problems involving Gaussian random variables are stochastically linear. The product of two independent Gaussian random variables is not Gaussian, however.

Suppose that {X_1, X_2, . . . , X_N } is a sequence of independent, identically distributed, random variables with finite mean and variance, and probability density p. By making an affine transformation, we may assume that the mean is zero and the variance is one without loss of generality. The probability density p_N of the sum S_N = X_1 + X_2 + . . . + X_N is given by p_N = p ∗ p ∗ · · · ∗ p N times .

We denote the probability density of S_N / √ N by q_N . Then

q_N (x) = √ Np_N (√ Nx ) . (11.51)

We will prove that S_N / √ N converges to a standard Gaussian as N → ∞ in the following sense.

Definition 11.49 A sequence (X_n) of random variables converges in distribution to a random variable X if

lim_{n→∞} E [f (X_n)] = E[f(X)] for every f ∈ C_b(R),

where C_b(R) is the space of bounded, continuous functions f : R → C . A sequence (p_n) of probability densities converges weakly to a probability density p if lim_{n→∞} ∫ f(x)p_n(x) dx = ∫ f(x)p(x) dx for every f ∈ C_b(R). (11.52)

The central limit theorem 325

If X_n and X are absolutely continuous random variables with probability densities p_n and p, respectively, then X_n converges in distribution to X if and only if p_n converges weakly to p. Approximating the characteristic function of the interval [a, b] by continuous functions, one can then also show that

lim_{n→∞} Pr (a ≤ X_n ≤ b) = Pr (a ≤ X ≤ b) .

The following theorem, called Lévy’s continuity theorem, provides a useful necessary and sufficient condition for weak convergence.

Theorem 11.50 (Continuity) A sequence (p_n) of probability densities converges weakly to a probability density p if and only if (p̂_n) converges pointwise to p̂.

Proof. If p_n converges weakly to p, then (11.52) with f(x) = e^{−ikx} implies that p̂_n(k) converges to p̂(k).

We prove the converse statement in several steps. First, we show that if p̂_n converges pointwise to p̂, then (11.52) holds for every Schwartz function f ∈ S. Since the Fourier transform maps S onto S, an equivalent statement is that lim_{n→∞} ∫ f̂(x)p_n(x) dx = ∫ f̂(x)p(x) dx for every f ∈ S. From Fubini’s theorem, as in (11.31), this statement is equivalent to lim_{n→∞} ∫ f(k)p̂_n(k) dk = ∫ f(k)p̂(k) dk for every f ∈ S. (11.53)

Since p_n is a probability density, the Riemann-Lebesgue lemma, Theorem 11.34, implies that p̂_n is a continuous function with |p̂_n(k)| ≤ 1/ √ 2π for every k ∈ R.

Hence (11.53) follows from the pointwise convergence of p̂_n, the integrability of f, and the Lebesgue dominated convergence theorem.

If f ∈ C_0(R) is a continuous function that vanishes at infinity, then there is a sequence (φ_m) of Schwartz functions that converges uniformly to f. The estimate | | | ∫ f(x) [p_n(x) − p(x)] dx | | | ≤ | | | ∫ [f(x) − φ_m(x)] p_n(x) dx | | | + | | | | ∫ φ_m(x) [p_n(x) − p(x)] dx | | | | + | | | ∫ [φ_m(x) − f(x)] p(x) dx | | | ≤ 2‖f − φ_m‖_∞ + | | | | ∫ φ_m(x) [p_n(x) − p(x)] dx | | | | , and (11.52) for f = φ_m ∈ S, implies that (11.52) holds for f ∈ C_0(R).

In order to show (11.52) for f ∈ C_b(R), we first prove that

lim_{R→∞} lim sup n→∞ ∫ |x|≥R p_n(x) dx = 0. (11.54)

326 Distributions and the Fourier Transform

This condition means that probability cannot escape to infinity as n → ∞. The family of probability measures associated with the densities p_n is then said to be tight. For each R > 0, we choose φ_R ∈ C_0(R) such that 0 ≤ φ_R(x) ≤ 1 for all x ∈ R and φ_R(x) = 1 when |x| ≤ R. Then, by the dominated convergence theorem, and the fact that ∫ p(x) dx = 1, we have lim_{R→∞} ∫ φ_R(x)p(x) dx = 1. (11.55)

Also, since φ_R ∈ C_0(R), lim_{n→∞} ∫ φ_R(x)p_n(x) dx = ∫ φ_R(x)p(x) dx. Using the fact that ∫ p_n(x) dx = 1, we therefore have

lim sup n→∞ ∫ |x|≥R p_n(x) dx ≥ lim sup_{n→∞} ∫ [1 − φ_R(x)] p_n(x) dx ≥ 1 − ∫ φ_R(x)p(x) dx, and (11.54) follows from (11.55).

For f ∈ C_b(R) and R > 0, we define f_R = φ_Rf. Since f(x) = f_R(x) for |x| ≤ R, we have the following estimate: | | | ∫ f(x) [p_n(x) − p(x)] dx | | | ≤ | | | ∫ [f(x) − f_R(x)] p_n(x) dx | | | + | | | ∫ f_R(x) [p_n(x) − p(x)] dx | | | + | | | | ∫ [f_R(x) − f(x)] p(x) dx | | | | ≤ 2‖f‖_∞ [∫ |x|≥R [p_n(x) + p(x)] dx ]

+ | | | | ∫ f_R(x) [p_n(x) − p(x)] dx | | | | It then follows from (11.52) for f = f_R ∈ C_0(R) and (11.54) that we can make the right hand side of this equation arbitrarily small for all sufficiently large n. Hence, equation (11.52) holds for all f ∈ C_b(R). □

We can now prove the following central limit theorem.

Theorem 11.51 (Central limit) Let S_N be the sum of N independent, identically distributed, absolutely continuous, real random variables with mean zero and variance one. Then S_N / √ N converges in distribution as N → ∞ to a Gaussian random variable with mean zero and variance one.

The central limit theorem 327

Proof. From Theorem 11.50, we just have to show that the Fourier transform of the density q_N of S_N / √ N converges pointwise to the Fourier transform of the standard Gaussian density. Taking the Fourier transform of (11.51), we find that

q̂_N (k) = p̂_N ( k √ N ) . (11.56)

Since p_N is the N-fold convolution of p, the convolution theorem, Theorem 11.35, implies that p̂_N ( k √ N ) = (2π)^{(N−1)/2} [ p̂ ( k √ N )]_N . (11.57)

We Taylor expand e^{−iz} as e^{−iz} = 1 − iz − 1 2 z^2 [1 + r(z)] ,

where r(z) is a continuous function that vanishes at z = 0 and is uniformly bounded on the real line. Using the conditions in (11.48) and (11.49), we find that p̂ ( k √ N ) = 1 √ 2π ∫ e^{−ikx/√N} p(x) dx = 1 √ 2π ∫ { 1 − ikx √ N − k^2x^2 2N [ 1 + r ( kx √ N )]} p(x) dx = 1 √ 2π [ 1 − k^2 2N (1 + R_N ) ] , where

R_N = ∫ x^2r ( kx √ N ) p(x) dx. The integrand converges pointwise to zero as N → ∞, and the dominated convergence theorem implies that lim_{N→∞} R_N = 0. Computing the Nth power of p̂(k/ √ N), and using (11.56)–(11.57), we obtain that lim N→∞ q̂_N (k) = lim_{N→∞} 1 √ 2π [ 1 − k^2 2N (1 + R_N ) ]_N = 1 √ 2π e^{−k2 /2}. □ We can rescale the discrete random walk (11.50) to obtain a continuous-time stochastic process W (t), called Brownian motion, or the Wiener process, that satisfies

W (t) = lim_{N→∞} S_{Nt} √ N . Here, we extend S_N to a function S_t of a continuous time variable t by supposing, for example, that the particle moves at a constant velocity from its position at time

328 Distributions and the Fourier Transform

N to its position at time N + 1. This limit has to be interpreted in an appropriate probabilistic sense, which we will not make precise here.

As the central limit theorem suggests, Brownian motion W (t) is a Gaussian process of mean 0 and variance t. Its sample paths are continuous, nowhere differentiable functions of time with probability one. The probability density p(x, t) of finding the particle at position W (t) = x at time t, assuming that W (0) = 0, is given by p(x, t) = 1 √ 2πt e^{−x2/(2t)}. The density p is the Green’s function of the heat equation

p_t = 1 2 p_{xx}, p(x, 0) = δ(x). Brownian motion is the simplest, and most fundamental, example of a diffusion process. These processes may also be described by stochastic differential equations, and they have widespread applications, from statistical physics to the modeling of financial markets.

11.13 References

See Hochstadt [22] for proofs and further discussion of the eigenfunctions of the Fourier transform. Distributions are discussed in Reed and Simon [45]. For an introduction to the theory of stochastic differential equations, see Øksendal [41].

11.14 Exercises

Exercise 11.1 Let X be a locally convex space. Prove the following.

(a) The addition of vectors in X and the multiplication by a scalar are continuous.

(b) A topology defined by a family of seminorms has a base of convex open neighborhoods. Such a topological space is called locally convex.

(c) If for all x ∈ X there exists α ∈ A such that p_α(x) > 0, then the topology defined by {p_α | α ∈ A} is Hausdorff.

Exercise 11.2 Suppose that {p_1, p_2, p_3, . . .} is a countable family of seminorms on a linear space X. Prove that (11.4) defines a metric on X, and prove that metric topology defined by d coincides with the one defined by the family of seminorms {p_1, p_2, p_3, . . .}. Exercise 11.3 Let (x_n) be a sequence in a locally convex space whose topology is defined by a countably infinite set of seminorms. Prove that (x_n) is a Cauchy

Exercises 329

sequence for the metric d defined in (11.4) if and only if for every α ∈ A and ϵ > 0, there is an N such that p_α(x_n − x_m) < ϵ for all n, m ≥ N. Exercise 11.4 If φ ∈ S(R), prove that φδ^′ = φ(0)δ^′ − φ^′(0)δ.

Exercise 11.5 Prove that lim_{ϵ→0+} 1 x + iϵ = p.v. 1 x − iπδ(x) in S^∗(R). Exercise 11.6 Show that the distributional derivative of log |x| : R → R is p.v.1/x. Exercise 11.7 Show that there is no product · : S^∗ × S^∗ → S^∗ on the space of tempered distributions that is commutative, associative, and agrees with the usual product of a tempered distribution and a smooth function of polynomial growth. Hint. Compute the product x · δ(x) · p.v.(1/x) in two different ways. Exercise 11.8 Suppose that ω ∈ S(R) is a test function such that ∫ R ω(x) dx = 1. Show that every test function φ ∈ S(R) may be written as φ(x) = ω(x) (∫ R φ(y) dy ) + ψ^′(x) for some test function ψ ∈ S(R). Deduce that if T is a tempered distribution such that T^′ = 0, then T is constant.

Exercise 11.9 Let k ∈ S and define the convolution operator Kf(x) = ∫ k(x − y)f(y) dy for all f ∈ S. Prove that K : S → S is a continuous linear operator for the topology of S. Exercise 11.10 For every h ∈ R^n define a linear transformation τ_h : S → S by τ_h(f)(x) = f(x − h). (a) Prove that for all h ∈ R^n , τ_h is continuous in the topology of S. (b) Prove that for all f ∈ S, the map h → τ_hf is continuous from R^n to S.

Hint. For (b), prove that for f ∈ C(R^n ) one has lim_{h→0} ‖τ_hf − f‖_∞ = 0 if and only if f is uniformly continuous. Also, note that it is sufficient to prove continuity at h = 0, due to the group property of τ_h.

330 Distributions and the Fourier Transform

Exercise 11.11 The density ρ of an array of N point masses of mass m_j > 0 located at x_j ∈ R^n is a sum of δ functions ρ(x) = N∑ j=1 m_j δ(x − x_j ). Compute the Fourier transform ρ̂ of ρ. Show that for any φ ∈ S, and for any k_1, . . . , k_N ∈ R^n , z_1, . . . , z_N ∈ C we have ∫ φ(k)ρ̂(k − ℓ)φ(ℓ) dkdℓ ≥ 0, N∑ p,q=1 z_pρ̂ (k_p − k_q ) z_q ≥ 0.

The Fourier transform ρ̂ is said to be of positive type.

Exercise 11.12 Prove that if s > n/2, then H^s(R^n ) ⊂ C_0(R^n ), and there is a constant C such that ‖f‖_∞ ≤ C‖f‖_Hs for all f ∈ H^s(R^n ). Exercise 11.13 Prove equations (11.27)–(11.29) for the Fourier transform of translates and convolutions. Prove the corresponding results for derivatives, translates, and convolutions tempered distributions.

Exercise 11.14 The Airy equation is the ODE u^{′′} − xu = 0. The solutions, called Airy functions, are the simplest functions that make a transition from oscillatory behavior (for x < 0) to exponential behavior (for x > 0). Take the Fourier transform, and deduce that u(x) = c ∫ e^{ikx+ik3 /3} dk, where c is an arbitrary constant. This nonconvergent integral is a simple example of an oscillatory integral. Here, it may be interpreted distributionally as an inverse Fourier transform. Why do you find only one linearly independent solution?

Exercise 11.15 Let f_n : R → R be the function

f_n(x) = n^2 if −1/n < x < 0, −n^2 if 0 < x < 1/n, 0 otherwise.

Show that the sequence (f_n) converges in S^∗(R) as n → ∞, and determine its distributional limit.

Exercises 331

Exercise 11.16 Let f ∈ L^1(R^3 ) be a rotationally invariant function in the sense that there is a function g : R^+ → C such that f(x) = g(|x|). Prove that the Fourier transform of f is a continuous function f̂ that is also rotation invariant, and f̂(k) = h(|k|), where h(k) = 1 k √ 2 π ∫_∞ 0 r sin(kr)g(r) dr. Exercise 11.17 Show that

A^{−1} = 1 (2π)^{n/2} ∫ R^n x ⊗ x exp ( − 1 2 x · Ax ) dx. We therefore call A^{−1} the covariance matrix of the n-dimensional Gaussian probability distribution with density (2π)^{−n/2} exp (−x · Ax/2).

Exercise 11.18 Prove that if g ∈ L^2 satisfies g(−x) = g(x), then ĝ is real-valued.

Exercise 11.19 Give a counterexample to show that the Riemann-Lebesgue lemma does not hold for all functions in L^2.

Exercise 11.20 Show that δ ∈ H^s(R^n ) if and only if s < −n/2.

Exercise 11.21 Show that the integral equation u(x) + ∫_∞ −∞ e^{−(x−y)2/2}u(y) dy = f(x) has a unique solution u ∈ L^2(R) for every f ∈ L^2(R), and give an expression for u in terms of f.

Exercise 11.22 Show that

F^{−1} [isgn k] = − 2 √ π ( p.v. 1 x ) . Exercise 11.23 Show that the solution of the heat equation on a one-dimensional semi-infinite rod,

u_t = 1 2 u_{xx} 0 < x < ∞, t > 0, u(0, t) = 0 t > 0, u(x, 0) = f(x) 0 < x < ∞, is given by u(x, t) = ∫_∞ 0 e^{−(x−y)2/(2t)} − e^{−(x+y)2/(2t)} √ 2πt u_0(y) dy.

332 Distributions and the Fourier Transform

This solution illustrates the method of images. Exercise 11.24 Let f(t) = { exp(−1/t^2) if t > 0, 0 if t ≤ 0.

Show that u(x, t) = ∞∑ n=0 f^{(n)}(t) (2n)! x^{2n} is a nonzero solution of the one-dimensional heat equation u_t = u_{xx} with zero initial data u(x, 0) = 0.

Exercise 11.25 Find the Green’s function g(x, t) of the one-dimensional wave equation, g_{tt} − g_{xx} = 0, g(x, 0) = 0, g_t(x, 0) = δ(x). Exercise 11.26 Consider the wave equation u_{tt} = Δu for u(x, t), where t > 0 and x ∈ R^n , with initial data u(x, 0) = 0, u_t(x, 0) = v_0(x).

For simplicity, assume that v_0 ∈ S(R^n ). Find the equation satsified by the Fourier transform of u, û(k, t) = 1 (2π)^{n/2} ∫ e^{−ik·x}u(x, t) dx, and show that u(x, t) = 1 (2π)^{n/2} ∫ sin(|k|t) |k| e^{ik·x}v̂_0(k) dk, where v̂_0 is the Fourier transform of v_0 and | · | denotes the Euclidean norm.

For n = 3, let dΩ_t denote the surface integration measure on the sphere of radius t, so ∫ |x|=t dΩt = 4πt 2. Prove that the solution can be written as u(x, t) = 1 4πt ∫ |y|=t v_0(x + y) dΩ_t.

For n = 2, prove that the solution is u(x, t) = 1 2π ∫ |y|≤t v_0(x + y) √ t^2 − |y|^2 dy. Interpret these formulae physically.

Exercises 333

Exercise 11.27 Prove (11.45).

Exercise 11.28 Prove the following identity for all a > 0: ∞∑ n=−∞ 1 n^2 + a^2 = π a 1 + e^{−2πa} 1 − e^{−2πa} . By consideration of the limit a → 0^+, show that ∞∑ n=1 1 n^2 = π^2 6 . Exercise 11.29 We define the Wigner distribution W (x, k) of a Schwartz function φ(x), where x, k ∈ R^n , by W (x, k) = 1 (2π)^n ∫ R^n φ ( x − y 2 ) φ ( x + y 2 ) e^{ik·y} dy. Compute the Wigner distribution of a Gaussian exp (−x · Ax), where A is a positive definite matrix. Show that W is real-valued, and W (x, k) = 1 (2π)^n ∫ R^n φ̂ ( k − ℓ 2 ) φ̂ ( k + ℓ 2 ) e^{−iℓ·x} dℓ, ∫ R^n W (x, k) dk = |φ(x)|^2 , ∫ R^n W (x, k) dx = |φ̂(k)|^2 . Thus, the Wigner distribution W has some properties of a phase space (that is, an (x, k)-space) density of φ. Show, however, that W is not necessarily nonnegative.

Exercise 11.30 Let φ : R → C be any Schwartz function such that ∫_∞ −∞ |φ(x)|^2 dx = 1, and define

E_x = ∫_∞ −∞ x^2|φ(x)|^2 dx, E_k = ∫_∞ −∞ k^2|φ̂(k)|^2 dk. Prove the Heisenberg uncertainty principle: E_xE_k ≥ 1 4 . Show that equality is attained when φ is a suitable Gaussian.

334 Distributions and the Fourier Transform

Chapter 12

Measure Theory and Function Spaces

In this chapter, we describe the basic ideas of measure theory and L^p spaces. We also define Sobolev spaces and summarize some of their main properties. Many results will be stated without proof, and we will not construct the most important example of a measure, namely, Lebesgue measure. Nevertheless, we hope that this discussion will allow the reader to use the concepts and results of measure theory as they are required in various applications.

12.1 Measures

The notion of measure generalizes the notion of volume. A measure μ on a set X associates to a subset A of X a nonnegative number μ(A), called the measure of A. It is convenient to allow for the possibility that the measure of a set may be infinite. It is too restrictive, in general, to require that the measure of every subset of X is well defined. Some sets may be too wild to define their measures in a consistent way. Sets that do have a well-defined measure are called measurable sets. Thus, a measure μ is a nonnegative, extended real-valued function defined on a collection of measurable subsets of X. We require that the measurable sets form a σ-algebra, meaning that complements, countable unions, and countable intersections of measurable sets are measurable. Moreover, as suggested by the properties of volumes, we require that the measure be countably additive, meaning that the measure of a countable union of disjoint sets is the sum of the measures of the individual sets. First, we give the formal definition of a σ-algebra.

Definition 12.1 A σ-algebra on a set X is a collection A of subsets of X such that:

(a) ∅ ∈ A;

(b) if A ∈ A, then A^c = X \ A ∈ A;

(c) if {A_i | i ∈ N} is a countable family of sets in A, then ⋃_∞ i=1 A_i ∈ A. A measurable space (X, A) is a set X and a σ-algebra A on X. The elements of A

336 Measure Theory and Function Spaces

are called measurable sets.

It follows from the definition that X ∈ A, and A is closed under countable intersections, since ∞⋂ i=1 A_i = (_∞ ⋃ i=1 A^c_i )_c .

Example 12.2 The smallest σ-algebra on an arbitrary set X is {∅, X}. The largest σ-algebra is the power set P(X), that is, the collection of all subsets of X.

If F is an arbitrary collection of subsets of a set X, then the σ-algebra A(F) generated by F is the smallest σ-algebra on X that contains F. This σ-algebra is the intersection of all σ-algebras on X that contain F.

Example 12.3 Suppose that (X, T ) is a topological space, where T is the collection of open sets in X. The σ-algebra on X generated by T is called the Borel σ-algebra of X. We denote it by R(X). Since a σ-algebra is closed under complements, the Borel σ-algebra contains all closed sets, and is also generated by the collection of closed sets in X. Elements of the Borel σ-algebra are called Borel sets.

Example 12.4 The Borel σ-algebra of R, with its usual topology, is generated by the collection of all open intervals in R, since every open set is a countable union of open intervals. The collection of half-open intervals {(a, b] | a < b} also generates R(R) (see Exercise 12.1). More generally, the Borel σ-algebra of R^n is generated by the collection of all cubes C of the form

C = (a_1, b_1) × (a_2, b_2) × . . . × ˙(a_n, b_n), (12.1)

where a_i < b_i. It is tempting to try and construct the Borel sets by forming the collection of countable unions of closed sets, or the collection of countable intersections of open sets. The union of these collections, however, is not a σ-algebra. It can be shown that an uncountably infinite iteration of the formation of countable intersections and unions is required to obtain the Borel σ-algebra on R^n , starting from the open sets. Thus, the structure of a general Borel set is complicated. This fact explains the nonexplicit definition of the σ-algebra generated by a collection of sets.

Next, we define measures and introduce some convenient terminology.

Definition 12.5 A measure μ on a set X is a map μ : A → [0, ∞] on a σ-algebra A of X, such that:

(a) μ(∅) = 0;

Measures 337

(b) if {A_i | i ∈ N} is a countable family of mutually disjoint sets in A, meaning that A_i ∩ A_j = ∅ for i ≠ j, then μ (_∞ ⋃ i=1 A_i ) = ∞∑ i=1 μ (A_i) . (12.2)

The measure is finite if μ(X) < ∞, and σ-finite if there is a countable family {A_i ∈ A | i = 1, 2, . . .} of measurable subsets of X such that μ(A_i) < ∞ and X = ∞⋃ i=1 A_i. A measure space is a triple (X, A, μ) consisting of a set X, a σ-algebra A on X, and a measure μ : A → [0, ∞].

In the countable additivity condition (12.2), we make the natural convention that the sum of a divergent series of nonnegative terms is ∞. This countable additivity condition on μ makes sense because A is closed under countable unions. We will often write a measure space as (X, μ), or X, when the σ-algebra A, or the measure μ, is clear from the context. It is also useful to consider signed measures, which take positive or negative values, complex measures, which take complex values, and vector-valued measures, which take values in a linear space, but we will not do so here.

Example 12.6 Let X be an arbitrary set and A the σ-algebra consisting of all subsets of X. The counting measure ν on X is defined by

ν(A) = the number of elements of A,

with the convention that if A is an infinite set, then ν(A) = ∞. The counting measure is finite if X is a finite set, and σ-finite if X is countable.

Example 12.7 We define the delta measure δ_{x0} supported at x_0 ∈ R^n on the Borel σ-algebra R(R^n ) of R^n by

δ_{x0} (A) = { 1 if x_0 ∈ A, 0 if x_0 /∈ A.

This measure describes a “mass” distribution on R^n corresponding to a unit mass located at x_0. The formal density of this distribution is the delta function supported at x_0.

If a σ-algebra A is generated by a collection of sets F, then we would like to define a measure on A by specifying its values on F. The following theorem gives a useful sufficient condition to do this. A separate question, which we do not consider here, is when a function μ : F → [0, ∞] may be extended to a measure on the σ-algebra A(F) generated by F.

338 Measure Theory and Function Spaces

Theorem 12.8 Suppose that A is the σ-algebra on X generated by the collection of sets F. Let μ and ν be two measures on A such that

μ(A) = ν(A) for every A ∈ F.

If there is a countable family of sets {A_i} ⊂ F such that ⋃ i A_i = X and μ(A_i) < ∞, then μ = ν.

The following example of Lebesgue measure is fundamental.

Example 12.9 The Borel σ-algebra of R^n , defined in Example 12.3, is generated by the collection of cubes C in (12.1). Lebesgue measure is the measure λ on the Borel σ-algebra R(R^n ) such that λ(C) = Vol(C), meaning that

λ ((a_1, b_1) × (a_2, b_2) × . . . × (a_n, b_n)) = (b_1 − a_1)(b_2 − a_2) · · · (b_n − a_n).

Lebesgue measure is σ-finite, since

R^n = ∞⋃ i=1 (−i, i)^n . As we discuss in Example 12.14 below, Lebesgue measure may be extended to the larger σ-algebra L(R^n ) of Lebesgue measurable sets, which is the completion of the Borel σ-algebra with respect to Lebesgue measure.

We have not explained why Lebesgue measure should exist at all, but Theorem 12.8 implies that it is unique if it exists. One can prove the existence of Lebesgue measure by construction, although the proof is not easy. The construction shows the following result.

Theorem 12.10 A subset A of R^n is Lebesgue measurable if and only if for every ϵ > 0, there is a closed set F and an open set G such that F ⊂ A ⊂ G and λ(G \ F ) < ϵ. Moreover,

λ(A) = inf {λ(U) | U is open and U ⊃ A} = sup {λ(K) | K is compact and K ⊂ A} .

Thus, a Lebesgue measurable set may be approximated from the outside by open sets, and from the inside by compact sets.

Lebesgue measure has several natural geometrical properties. It is translationally invariant, meaning that for every A ∈ L(R^n ) and h ∈ R^n , we have λ(τ_hA) = λ(A), where τ_hA = {y ∈ R^n | y = x + h for some x ∈ A} .

Measures 339

The space R^n is a commutative group with respect to addition. An invariant measure on a locally compact group, such as Lebesgue measure, is called a Haar measure. If T : R^n → R^n is a linear map and T A = {y ∈ R^n | y = T x for some x ∈ A} , then λ(T A) = | det T |λ(A). Thus, Lebesgue measure is rotationally invariant, and it has the scaling property that λ(tA) = t^nλ(A) for t > 0.

If (X, A, μ) is a measure space, a subset A of X is said to have measure zero if it is measurable and μ(A) = 0. Sets of measure zero play a particularly important role in measure theory and integration.

Example 12.11 A subset A of R^n is of measure zero with respect to the deltameasure δ_{x0} defined in Example 12.7 if and only if A is a Borel set and x_0 /∈ A.

Example 12.12 For each x ∈ R, the Lebesgue measure of the set {x} is equal to zero, since λ ({x}) = lim_{ϵ→0+} λ ({y | |x − y| < ϵ}) = lim_{ϵ→0+} 2ϵ = 0. Hence every countable subset A = {x_i | i ∈ N} of R has measure zero, since the countable additivity of Lebesgue measure implies that λ(A) = ∞∑ i=1 λ({x_i}) = 0. One can show that a subset A of R^n has Lebesgue measure zero if and only if for every ϵ > 0, A is contained in a not necessarily disjoint union of open cubes, the sum of whose volumes is less than ϵ.

It follows from the additivity and nonegativity of a measure that any measurable subset of a set of measure zero has zero measure. We may extend a measure in a unique fashion to every subset of a set of measure zero by defining it to be zero.

Definition 12.13 A measure space is complete if every subset of a set of measure zero is measurable. If (X, A, μ) is a measure space, the completion A of the σalgebra A with respect to a measure μ on A consists of all subsets A of X such that there exists sets E and F in A with E ⊂ A ⊂ F, and μ(F \ E) = 0. The completion μ of μ is defined on A by μ(A) = μ(E) = μ(F ). The complete measure space ( X, A, μ ) is called the completion of (X, A, μ).

340 Measure Theory and Function Spaces

Example 12.14 The Borel σ-algebra R(R^n ) is not complete. Its completion with respect to Lebesgue measure is the σ-algebra L(R^n ) of Lebesgue measurable sets. We will use the same notation λ to denote Lebesgue measure on the Borel sets and the Lebesgue measurable sets.

A property that holds except on a set of measure zero is said to hold almost everywhere, or a.e. for short. When we want to make explicit the measure μ with respect to which a set has measure zero, we write μ-a.e. We define the essential supremum of a set of real numbers A ⊂ R by

ess sup A = inf{C | x ≤ C for all x ∈ A \ N, where μ(N) = 0}.

A Borel measure is a measure defined on the Borel σ-algebra of a topological space. Thus, the delta-measure and Lebesgue measure defined on R(R^n ) are examples of Borel measures. The following example gives a useful class of Borel measures on R.

Example 12.15 Let F : R → R be an increasing, right-continuous function, meaning that F (x) ≤ F (y) for x ≤ y, and

F (x) = lim_{y→x+} F (y).

There is a unique measure μ_F on the Borel σ-algebra of R such that μ_F ((a, b]) = F (b) − F (a). From Exercise 12.3, if b_n → b^+ is a decreasing sequence and a < b, then

μ_F ((a, b_n]) → μ_F ((a, b])^+ ,

which explains why F must be right-continuous. This measure is called a Lebesgue- Stieltjes measure, and F is called the distribution function of the measure. For example, if F (x) = x, then we obtain Lebesgue measure. If F is the right-continuous step function,

F (x) = { 1 if x ≥ 0, 0 if x < 0,

then we obtain the delta measure supported at the origin. If F is the Cantor function, defined in Exercise 1.19, then we obtain a measure such that the Cantor set C has measure one and R \ C has measure zero. Despite the fact that μ_F is supported on a set of Lebesgue measure zero, we have μ_F ({x}) = 0 for every x ∈ R.

Kolmogorov observed in the 1920s that measure theory provides the mathematical foundation of probability theory.

Definition 12.16 A probability space (Ω, A, μ) is a measure space such that μ(Ω) = 1. The measure μ is called a probability measure.

Measurable functions 341

In modeling a random trial or experiment, we form a sample space Ω that consists of all possible outcomes of the trial, including outcomes that may occur with probability zero. An event is a measurable subset of Ω, and the collection of events forms a σ-algebra A on Ω. The probability 0 ≤ μ(A) ≤ 1 of an event A ∈ A is given by an appropriate probability measure defined on A. The σ-algebra of a probability space has a natural interpretation as the collection of events about which information is available.

Example 12.17 Let Ω = {n ∈ Z | n ≥ 0} be the nonnegative integers and A the set of all subsets of Ω. Let μ be the measure on A such that μ({n}) = λ^n n! e^{−λ}, μ(A) = ∑ n∈A λ^n n! e^{−λ}. This measure is called the Poisson distribution.

Example 12.18 Suppose that Ω = R^n and A is the Lebesgue σ-algebra. The standard Gaussian probability measure on R^n is given by μ(A) = 1 (2π)^{n/2} ∫ A e^{−|x|2/2} dx. Here, the integral is the Lebesgue integral, defined below.

12.2 Measurable functions

Measurable functions are the natural mappings between measurable spaces. They play an analogous role to continuous functions between topological spaces.

Definition 12.19 Let (X, A) and (Y, B) be measurable spaces. A measurable function is a mapping f : X → Y such that

f^{−1}(B) ∈ A for every B ∈ B.

The measurability of f : X → Y depends only on the σ-algebras on X and Y , and not on what measure, if any, is defined on X or Y . When a measure μ is defined on X, we say that two measurable functions f : X → Y and g : X → Y are equal a.e. if μ ({x ∈ X | f(x) ≠ g(x)}) = 0. Two functions on a measure space that are equal a.e. will often be regarded as equivalent.

Example 12.20 A measurable map T : X → X on a measure space (X, A, μ) is said to be measure preserving if μ ( T^{−1}(A) ) = μ(A)

342 Measure Theory and Function Spaces

for all measurable sets A. Measure preserving maps arise naturally in physics and other applications. Ergodic theory studies the properties of various kinds of measure preserving maps (see Theorem 7.11 and Theorem 8.35, for example).

Example 12.21 A measurable map X : Ω → R on a probability space Ω is called a random variable.

If B is the σ-algebra generated by F, then the condition that

f^{−1}(F ) ∈ A for all F ∈ F

is sufficient to ensure that f is measurable. This follows from the fact that {f^{−1}(B) | B ∈ B} is the σ-algebra generated by {f^{−1}(F ) | F ∈ F}, and is therefore contained in A.

Example 12.22 Every continuous function between topological spaces is Borel measurable. A continuous function f : R^n → R is measurable with respect to the Lebesgue σ-algebra on the domain R^n and the Borel σ-algebra on the range R.

From now on, we will restrict our attention to real-valued functions defined on a measure space (X, A, μ). Complex-valued functions may be treated by splitting them into their real and imaginary parts. The fact that the real numbers are totally ordered makes it particularly easy to develop the integral in this case. The theory applies to real-valued functions defined on a general measure space X, but it is helpful to keep in mind the case when X is R^n equipped with Lebesgue measure.

It is often convenient to allow measures and functions to take on the values −∞ or ∞. We therefore introduce the extended real numbers R = [−∞, ∞]. We make the following definitions of algebraic operations involving x ∈ R and ∞: x + ∞ = ∞, x − ∞ = −∞, x · ∞ = ∞, x · (−∞) = −∞ if x > 0, x · ∞ = −∞, x · (−∞) = ∞ if x < 0, |∞| = | − ∞| = ∞. We also define

0 · ∞ = 0 · (−∞) = 0.

For example, we will define the integral of a function that is infinite on a set of measure zero, or the integral of a function that is zero on a set of infinite measure, to be zero. We do not define ∞−∞, and any expression of this form is meaningless.

We use the natural ordering and topology on R; as far as its ordering and topology are concerned, R is isomorphic to the closed interval [−1, 1]. Any monotone sequence {x_n} of points in R has a limit. The limit of a monotone increasing sequence is sup{x_n} if the sequence is bounded, and ∞ if it is unbounded. The

Measurable functions 343

limit of a monotone decreasing sequence is inf{x_n} if the sequence is bounded, and −∞ if it is unbounded. We equip R with the Borel σ-algebra R(R). This σ-algebra is generated by the semi-infinite intervals of the form {[−∞, c) : c ∈ R}, so we have the following criterion for the measurability of a function f : X → R.

Proposition 12.23 Let (X, A) be a measurable space. A function f : X → R is measurable if and only if the set {x ∈ X | f(x) < c} belongs to A for every c ∈ R.

In this proposition, the sets {f(x) ≤ c}, {f(x) > c}, or {f(x) ≥ c} could be used equally well. A complex-valued function f : X → C is measurable if and only if f = g + ih where g, h : X → R are measurable.

We say that a sequence of functions (f_n) from a measure space (X, A, μ) to R converges pointwise to a function f : X → R if

lim_{n→∞} f_n(x) = f(x) for every x ∈ X.

The sequence converges pointwise-a.e. to f if it converges pointwise to f on X \ N, where N is a set of measure zero. The following result explains why all functions encountered in analysis are measurable.

Theorem 12.24 If (f_n) is a sequence of measurable functions that converges pointwise to a function f, then f is measurable. If (X, A, μ) is a complete measure space and (f_n) converges pointwise-a.e. to f, then f is measurable.

A measurable function that takes on finitely many, finite values is called a simple function. Any measurable function may be approximated by simple functions.

Definition 12.25 A function φ : X → R on a measurable space (X, A) is a simple function if there are measurable sets A_1, A_2, . . . , A_n and real numbers c_1, c_2, . . . , c_n such that φ = n∑ i=1 c_iχ_{Ai} . (12.3)

Here, χ_A is the characteristic function of the set A, meaning that

χ_A(x) = { 1 if x ∈ A, 0 if x ∉ A. The representation of a simple function as a sum of characteristic functions is not unique. A standard representation uses disjoint sets A_i and distinct values c_i. In that case, we have φ(x) = c_i if and only if x ∈ A_i. Since the sets A_i are required to be measurable, a simple function is measurable.

Theorem 12.26 Let f : X → [0, ∞] be a nonnegative, measurable function. There is a monotone increasing sequence {φ_n} of simple functions that converges pointwise to f.

344 Measure Theory and Function Spaces

Proof. For each n ∈ N, we subdivide the range of f into 2^{2n} + 1 intervals I_{n,k} = [ k − 1 2^n , k 2^n ) for k = 1, 2, . . . , 2^{2n}, I_{n,2}2n_{+1} = [2^n, ∞]

of length 2^{−n}. We define the measurable sets

A_{n,k} = f^{−1} (I_{n,k}) for k = 1, 2, . . . , 2^{2n} + 1.

Then the increasing sequence of simple functions

φ_n =

2^{2n}+1∑

k=1 ( k − 1 2^n ) χ_{An,k} converges pointwise to f as n → ∞. □

An arbitrary measurable function f : X → R may be written in a canonical way as the difference of two nonnegative measurable functions,

f = f_+ − f_−, f_+ = max{f, 0}, f_− = max{−f, 0}. (12.4)

We call f_+ the positive part of f and f_− the negative part. We may then approximate each part by simple functions.

12.3 Integration

The Lebesgue integral provides an extension of the Riemann integral which applies to highly discontinuous and unbounded functions, and which behaves very well with respect to limiting operations. To construct the Lebesgue integral, we first define the integral of a simple function. We then define the integral of a general measurable function using approximations by simple functions.

Suppose that φ = n∑ i=1 c_iχ_{Ai} is a simple function on a measure space (X, A, μ). We define the integral of φ with respect to the measure μ by ∫ φ dμ = n∑ i=1 c_iμ (A_i) . The value of the sum on the right-hand side is independent of how φ is represented as a sum of characteristic functions.

This definition is already well outside the scope of the Riemann integral. For instance, the characteristic function of the rationals is not Riemann integrable, but its Lebesgue integral is zero. The Riemann integral of a function f : [a, b] → R

Integration 345

is based upon the approximation of the function by simple step functions φ, in which the sets A_i are intervals. It may not be possible to approximate a highly discontinuous function by step functions, and then the Riemann definition of the integral fails. The Lebesgue integral uses approximations of the function by simple functions in which the sets A_i are general measurable sets. Because of the way the approximating simple functions are constructed in Theorem 12.26, the Lebesgue approach to integration is sometimes contrasted with the Riemann approach by saying that it subdivides the range of the function instead of the domain.

Definition 12.27 Let f : X → [0, ∞] be a nonnegative measurable function on a measure space (X, A, μ). We define ∫ f dμ = sup {∫ φ dμ | | φ is simple and φ ≤ f } . If f : X → R and f = f_+ − f_−, where f_+ and f_− are the positive and negative parts of f defined in (12.4), then we define ∫ f dμ = ∫ f_+ dμ − ∫ f_− dμ, provided that at least one of the integrals on the right hand side is finite. If ∫ |f| dμ = ∫ f_+ dμ + ∫ f_− dμ < ∞, then we say that f is integrable or summable. A complex-valued function f : X → C is integrable if f = g + ih where g, h : X → R are integrable, and then ∫ f dμ = ∫ g dμ + i ∫ h dμ. If A is a measurable subset of X, we define ∫ A f dμ = ∫ fχ_A dμ. The Lebesgue integral does not assign a value to the integral of a highly oscillatory function f for which both ∫ f_+ dμ and ∫ f_− dμ are infinite.

Example 12.28 The function f(x) = d dx [ x^2 sin ( 1 x^2 )] = − 2 x cos ( 1 x^2 ) + 2x sin ( 1 x^2 ) , is not Lebesgue integrable on [0, 1]. The function is not Riemann integrable on [0, 1] either, since it is unbounded. Nevertheless, the improper Riemann integral

lim_{ϵ→0+}

∫_1 ϵ f(x) dx = sin 1

346 Measure Theory and Function Spaces

exists, because of the cancellation between the large positive and negative oscillations in the integrand.

Depending on the context, we may write the integral in any of the following ways ∫ f, ∫ f dμ, ∫ f(x) dμ(x), ∫ f(x) μ(dx). We will also write the integral ∫ f dλ of a function defined on R^n with respect to Lebesgue measure λ as ∫ f dx, ∫ f(x) dx. Example 12.29 If δ_{x0} is the delta-measure, and f : R^n → R is a Borel measurable function, then ∫ f dδ_{x0} = f(x_0).

We have f = g a.e. with respect to δ_{x0} if and only if f(x_0) = g(x_0).

Example 12.30 Let ν be the counting measure on the set N of natural numbers defined in Example 12.6. If f : N → R, then ∫ f dν = ∞∑ n=1 f_n, where f_n = f(n). This integral is well defined if f is nonnegative, or if the sum on the right converges absolutely, in which case f is integrable with respect to ν. Thus, nonnegative and absolutely convergent series are a special case of the general Lebesgue integral.

Example 12.31 We denote the integral with respect to the Lebesgue-Stieltjes measure μ_F on R defined in Example 12.15 by ∫ fdμ_F = ∫ fdF. If F is a piecewise smooth, monotone increasing function with a countable number of jump discontinuities, then the Lebesgue-Stieltjes integral includes a continuous integral from the smooth parts of F , and a discrete sum from the jumps.

12.4 Convergence theorems

Suppose that a sequence of functions (f_n) converges pointwise to a limiting function f. When can we assert that ∫ f_n dμ converges to ∫ f dμ? The following example shows that some condition is required to ensure the convergence of the integrals.

Convergence theorems 347

Example 12.32 Define f_n : [0, 1] → R by

f_n(x) = { n if 0 < x < 1/n, 0 otherwise.

Then we have f_n(x) → 0 as n → ∞ for every x ∈ [0, 1], but ∫_1 0 f_n(x) dx = 1

for every n, so

∫_1 0 f_n(x) dx does not tend to 0 as n → ∞.

Two simple conditions that ensure the convergence of the integrals are the monotone convergence of the sequence, and a uniform bound on the sequence by an integrable function. The corresponding theorems, called the monotone convergence theorem and the Lebesgue dominated convergence theorem, are among the most important and frequently used results in integration theory.

A sequence of functions (f_n), where f_n : X → R, is monotone increasing if

f_1(x) ≤ . . . ≤ f_{n−1}(x) ≤ f_n(x) ≤ f_{n+1}(x) ≤ . . . for every x ∈ X.

Theorem 12.33 (Monotone convergence) Suppose that (f_n) is a monotone increasing sequence of nonnegative, measurable functions f_n : X → [0, ∞] on a measure space (X, A, μ). Let f : X → [0, ∞] be the pointwise limit,

f(x) = lim_{n→∞} f_n(x).

Then lim_{n→∞} ∫ f_n dμ = ∫ f dμ. The convergence of the sequence in Example 12.32 is not monotone. A generalization of this result, called Fatou’s lemma, is the following.

Theorem 12.34 (Fatou) If (f_n) is any sequence of nonnegative measurable functions f_n : X → [0, ∞] on a measure space (X, A, μ), then ∫ ( lim inf n→∞ f_n ) dμ ≤ lim inf_{n→∞} ∫ f_n dμ. (12.5)

Example 12.32 shows that we may have strict inequality in (12.5). Intuitively, “mass” may “leak out to infinity” as n → ∞, so the integral of the lim inf may be less than or equal to the lim inf of the integrals.

The crucial hypothesis in the next theorem is that every function in the sequence (f_n) is bounded independently of n by the same integrable function g. This theorem is the one of the most useful for applications.

348 Measure Theory and Function Spaces

Theorem 12.35 (Lebesgue dominated convergence) Suppose that (f_n) is a sequence of integrable functions, f_n : X → R, on a measure space (X, A, μ) that converges pointwise to a limiting function f : X → R. If there is an integrable function g : X → [0, ∞] such that |f_n(x)| ≤ g(x) for all x ∈ X and n ∈ N , then f is integrable and lim_{n→∞} ∫ f_n dμ = ∫ f dμ. The sequence in Example 12.32 is bounded uniformly in n by the function g(x) = { 1/x if 0 < x ≤ 1, 0 if x = 0,

but this function is not integrable on [0, 1]. The same result applies if X is a complete measure space, f_n → f pointwise-a.e., and |f_n(x)| ≤ g(x) pointwise-a.e.

A corollary of the dominated convergence theorem is the following result for differentiation under an integral, which is proved by approximation of the derivative by difference quotients.

Corollary 12.36 (Differentiation under an integral) Suppose that (X, A, μ) is a complete measure space, I ⊂ R is an open interval, and f : X × I → R is a measurable function such that:

(a) f(·, t) is integrable on X for each t ∈ I;

(b) f(x, ·) is differentiable in I for each x ∈ X \ N where μ(N) = 0; (c) there is an integrable function g : X → [0, ∞] such that | | | ∂f ∂t (x, t) | | | ≤ g(x) a.e. in X for every t ∈ I.

Then φ(t) = ∫ X f(x, t) dμ(x) is a differentiable function of t in I, and dφ dt (t) = ∫ X ∂f ∂t (x, t) dμ(x).

12.5 Product measures and Fubini’s theorem

One of the most elementary geometrical facts is that the area of a rectangle in the plane is the product of the lengths of its sides. From the point of view of measure theory, this means that Lebesgue measure on R^2 is the product of Lebesgue

Product measures and Fubini’s theorem 349

measures on R. We will describe a general construction of product measures here. A closely related result from elementary calculus is that the double integral of a continuous function over a smooth region in R^2 can be computed as two iterated one-dimensional integrals. Fubini’s theorem provides a generalization of this result, which states that an integral of a function on a product space can be computed as iterated integrals over the individual components of the product space. Fubini’s theorem is another of the most useful results in the theory of Lebesgue integration.

The key hypothesis in Fubini’s theorem is that the function is integrable on the product space. The following example shows that the equality of double and iterated integrals is not true, in general, without an integrability condition.

Example 12.37 Define f : [0, 1] × [0, 1] → R by f(x, y) = x^2 − y^2 (x^2 + y^2)^2 . Then a straightforward computation shows that ∫_1 0 (∫_1 0 f(x, y) dy ) dx = ∫_1 0 1 1 + x^2 dx = π 4 , ∫_1 0 (∫_1 0 f(x, y) dx ) dy = − ∫_1 0 1 1 + y^2 dx = − π 4 . The function f in this example is not integrable, meaning that ∫_1 0 ∫_1 0 |f(x, y)| dxdy = ∞. First, we define the product of two σ-algebras.

Definition 12.38 Let (X, A) and (Y, B) be measurable spaces. The product σalgebra A ⊗ B is the σ-algebra on X × Y that is generated by the collection of sets {A × B | A ∈ A, B ∈ B} . (12.6) The collection of sets in (12.6) does not form a σ-algebra, since the union of two such sets is not, in general, another such set. Next, we state a theorem which defines the product of two σ-finite measures.

Theorem 12.39 Suppose that (X, A, μ) and (Y, B, ν) are σ-finite measure spaces. There is a unique product measure μ ⊗ ν, defined on A ⊗ B, with the property that for every A ∈ A and B ∈ B (μ ⊗ ν)(A × B) = μ(A)ν(B).

350 Measure Theory and Function Spaces

Example 12.40 Suppose that X = R^m and Y = R^n are equipped with the Borel σ-algebras A = R^m and B = R^n and the Lebesgue measures μ = λ^m and ν = λ^n. The product σ-algebra is R^m ⊗R^n = R^{m+n}, and the product measure is λ^m ⊗λ^n = λ^{m+n}. Thus, Lebesgue measure on R^n is the n-fold product of Lebesgue measure on R.

Let f : X × Y → R. We denote by f^y : X → R and f_x : Y → R the functions f^y(x) = f(x, y), f_x(y) = f(x, y). If (X, A, μ) and (Y, B, ν) are σ-finite measure spaces and f : X × Y → R is an A ⊗ B-measurable function, then one can prove that f^y is A-measurable for every y ∈ Y and f_x is B-measurable for every x ∈ X. Furthermore, the function I(x) = ∫ Y f_x(y) dν(y) is μ-measurable, and the function J(y) = ∫ X f^y(x) dμ(x) is ν-measurable. All the integrals appearing in the following statement of Fubini’s theorem are therefore well defined.

Theorem 12.41 (Fubini) Let (X, A, μ) and (Y, B, ν) be σ-finite measure spaces. Suppose that f : X × Y → R is an (A ⊗ B)-measurable function.

(a) The function f is integrable, meaning that ∫ X×Y |f| dμ ⊗ dν < ∞, if and only if either of the following iterated integrals is finite: ∫ X (∫ Y |f_x(y)| dν(y) ) dμ(x), ∫ Y (∫ X |f^y(x)| dμ(x) ) dν(y). (b) If f is integrable, then ∫ X×Y f(x, y) d(μ(x) ⊗ ν(y)) = ∫ X (∫ Y f_x(y) dν(y) ) dμ(x), ∫ X×Y f(x, y) d(μ(x) ⊗ ν(y)) = ∫ Y (∫ X f^y(x) dμ(x) ) dν(y). To apply this theorem, we usually check that one of the iterated integrals of |f| is finite, and then compute the double integral of f by evaluation of an iterated integral.

Example 12.42 Suppose that x_{mn} is a doubly-indexed sequence of real or complex numbers, with m, n ∈ N. The application of Fubini’s theorem to counting measure on N implies that if ∞∑ m=1 (_∞ ∑ n=1 |x_{mn}| ) < ∞,

The L^p spaces 351

then ∞∑ m=1 (_∞ ∑ n=1 x_{mn} ) = ∞∑ n=1 (_∞ ∑ m=1 x_{mn} ) . The product of two complete measures is not necessarily complete, and this leads to some technical complications in connection with Lebesgue measure.

Example 12.43 Suppose that X = R^m and Y = R^n , with m, n ≥ 1, are equipped with the Lebesgue σ-algebras L^m = R^m and L^n = R^n, respectively. It is not true that L^m ⊗ L^n = L^{m+n}. Rather, we have L^{m+n} = L^m ⊗ L^n. For example, if E ⊂ R^m is any non-Lebesgue measurable set (which cannot be a subset of a set of m-dimensional Lebesgue measure zero) and y ∈ R^n , then the set E ×{y} ⊂ R^{m+n} does not belong to L^m ⊗L^n. It is, however, an (L^{m+n})-measurable set, since it is a subset of R^m ×{y} which has (m+n)-dimensional Lebesgue measure zero.

The following version of Fubini’s theorem applies in this context.

Theorem 12.44 Suppose that (X, A, μ) and (Y, B, ν) are complete σ-finite measure spaces, and let (X × Y, L, λ) be the completion of the product space. If f : X × Y → R is a nonnegative or integrable L-measurable function, then f_x is B-measurable μ-a.e. in x ∈ X and f^y is A-measurable ν-a.e. in y ∈ Y . Furthermore, I(x) = ∫ f_x(y) dν(y) and J(y) = ∫ f^y(x) dμ(x) are measurable, and ∫ X×Y f dλ = ∫ X (∫ Y f_x(y) dν(y) ) dμ(x) = ∫ Y (∫ X f^y(x) dμ(x) ) dν(y).

12.6 The L^p spaces

The L^p-spaces consist of functions whose pth powers are integrable. The space L^∞ requires a separate definition.

Definition 12.45 Let (X, A, μ) be a measure space and 1 ≤ p < ∞. The space L^p(X, μ) is the space of equivalence classes of measurable functions f : X → C , with respect to the equivalence relation of a.e.-equality, such that ∫ |f|^p dμ < ∞. The L^p-norm of f is defined by ‖f‖_p = (∫ X |f|^p dμ )_{1/p} . (12.7)

352 Measure Theory and Function Spaces

The space L^∞(X, μ) consists of equivalence classes of functions f : X → C such that there is a finite constant M with |f(x)| ≤ M μ-a.e. The L^∞-norm is defined by ‖f‖_∞ = ess sup {|f(x)| | x ∈ X} = inf{M | |f(x)| ≤ M μ-a.e.}. We are mainly interested in the case when X is a Lebesgue measurable subset of R^n , but most results below apply to arbitrary measure spaces. When the measure μ is understood, we often abbreviate L^p(X, μ) to L^p(X), or simply L^p. For example, we write L^p(R^n ) for L^p(R^n , λ), where λ is Lebesgue measure.

Theorem 12.46 If (X, A, μ) is a measure space and 1 ≤ p ≤ ∞, then L^p(X) is a Banach space.

Proof. We will only prove the result for 1 ≤ p < ∞. We abbreviate L^p(X) to L^p and ‖ · ‖_p to ‖ · ‖. The verification that L^p is a linear space and that ‖ · ‖ is a norm is straightforward, with the exception of the triangle inequality, which we prove in Theorem 12.56 below. We therefore just have to show that L^p is complete.

From Exercise 1.20, a normed linear space is complete if and only if every absolutely convergent series converges. Suppose that f_n ∈ L^p with n = 1, 2, . . . is a sequence of functions such that ∞∑ n=1 ‖f_n‖ = M, where M < ∞. We need to show that there is a function f ∈ L^p such that lim N→∞ ‖ ‖ ‖ ‖ ‖ f − N∑ n=1 f_n ‖ ‖ ‖ ‖ ‖ = 0.

First, we consider the sequence of nonnegative functions g_N defined by

g_N = N∑ n=1 |f_n|. The sequence (g_N ) is monotone increasing, so it converges pointwise to a nonnegative, measurable extended real-valued function g : X → [0, ∞]. We have ‖g_N ‖ ≤ M for every N ∈ N, so ∫ |g_N |^pdμ = ‖g_N ‖^p ≤ M^p.

The L^p spaces 353

The monotone convergence theorem, Theorem 12.33, implies that ‖g‖^p = lim_{N→∞} ‖g_N ‖^p ≤ M^p. In particular, ‖g‖ < ∞, so g ∈ L^p. Therefore, g is finite μ-a.e., which means that the sum ∑_∞ n=1 f_n(x) is absolutely convergent μ-a.e. We can then define a function f pointwise-a.e. by f(x) = ∞∑ n=1 f_n(x). The partial sums of this series satisfy | | | | | N∑ n=1 f_n(x) | | | | | p ≤ g(x)^p. Since g ∈ L^p and |f(x)| ≤ g(x), we have that f ∈ L^p. Furthermore, g^p ∈ L^1 and | | | | f(x) − N∑ n=1 f_n(x) | | | | p ≤ (2g(x))^p. The dominated convergence theorem, Theorem 12.35, implies that lim N→∞ ∫ | | |f − N∑ n=1 f_n | | | | p dμ = 0, so the series converges to f in L^p, which proves that L^p is complete. □

The following example shows that the L^p-convergence of a sequence does not imply pointwise-a.e. convergence. One can prove, however, that if f_n → f in L^p, then there is a subsequence of (f_n) that converges pointwise-a.e. to f.

Example 12.47 For 2^k ≤ n ≤ 2^{k+1} −1, where k = 0, 1, 2, . . ., we define the interval I_n by

I_n = [ (n − 2^k)/2^k, (n + 1 − 2^k)/2^k ] , and the function f_n : [0, 1] → R by f_n = χ_{In} . The sequence (f_n) consists of characteristic functions of intervals of width 2^{−k} that sweep across the interval [0, 1]. We have f_n → 0 in L^p([0, 1]), for 1 ≤ p < ∞, but f_n(x) does not converge for any x ∈ [0, 1]. The subsequence (f_2k ) converges pointwise-a.e. to zero.

As we have seen, it is often useful to approximate an arbitrary element in some space as the limit of a sequence of elements with special properties. Every L^pfunction may be approximated by simple functions.

354 Measure Theory and Function Spaces

Theorem 12.48 Suppose that (X, A, μ) is a measure space and 1 ≤ p ≤ ∞. If f ∈ L^p(X), then there is a sequence (φ_n) of simple functions φ_n : X → C such that lim_{n→∞} ‖f − φ_n‖_p = 0. Proof. It is sufficient to prove the result for nonnegative functions, since we may approximate a general function in L^p by approximating its positive and negative parts. We consider only the case 1 ≤ p < ∞ for simplicity. If f ≥ 0, then from Theorem 12.26 there is a monotone increasing sequence of nonnegative simple functions (φ_n) that converges pointwise to f. The sequence (g_n) defined by

g_n = f^p − (f − φ_n)^p

is a monotone increasing sequence of nonnegative functions. The monotone convergence theorem implies that ∫ X g_n dμ → ∫ X f^p dμ as n → ∞, from which it follows that φ_n → f in L^p. □

As an application of this theorem, we prove that L^p(R^n ) is separable for p < ∞.

Theorem 12.49 If 1 ≤ p < ∞, then L^p(R^n ) is a separable metric space.

Proof. We have to show that L^p(R^n ) contains a countable dense subset. The set S of simple functions whose values are complex numbers with rational real and imaginary parts is dense in the space of simple functions. Hence, Theorem 12.48 implies that S is dense in L^p(R^n ). The set S is not countable because there are far too many measurable sets, but we can approximate every simple function by a simple function of the form (12.3) in which each set A_i is chosen from a suitable countable collection F of measurable sets. For example, we can use the collection of cubes of the form [a_1, b_1]×[a_2, b_2]×· · ·×[a_n, b_n], where a_1, b_1, a_2, b_2, . . . , a_n, b_n ∈ Q. We omit a detailed proof. The result then follows. □

This theorem also applies to L^p(Ω), with 1 ≤ p < ∞, where Ω is an arbitrary measurable subset of R^n . The space L^∞(R^n ) is not separable (see Exercise 12.13).

For p < ∞, we can approximate functions in L^p(R^n ) by continuous functions with compact support.

Theorem 12.50 The space C_c(R^n ) of continuous functions with compact support is dense in L^p(R^n ) for 1 ≤ p < ∞.

Proof. If f ∈ L^p(R^n ), then the Lebesgue dominated convergence theorem implies that the sequence (f_n) of compactly supported functions,

f_n(x) = { f(x) if |x| ≤ n, 0 if |x| > n,

The basic inequalities 355

converges to f in L^p as n → ∞. Each f_n may be approximated by simple functions, which are a finite linear combination of characteristic functions. It therefore suffices to prove that the characteristic function χ_A of a bounded, measurable set A in R^n may be approximated by continuous functions with compact support. From Theorem 12.10, for every ϵ > 0 there is an open set G and a compact set K ⊂ G such that K ⊂ A ⊂ G and λ(G \ K) < ϵ^p. By Urysohn’s lemma (see Exercise 1.16), there is a continuous, real-valued function f such that 0 ≤ f(x) ≤ 1, f = 1 on K, and f = 0 on G^c. Then

‖f − χ_A‖_p = (∫ G\K |f − χ_A|^p dx )_{1/p} ≤ λ(G \ F )^{1/p} < ϵ. □ We can use an approximate identity to smooth out C_c-approximations, thus obtaining C^∞_c -approximations.

Theorem 12.51 If 1 ≤ p < ∞, then C^∞_c (R^n ) is a dense subspace of L^p(R^n ).

Proof. For ϵ > 0, let φ_ϵ ∈ C^∞_c (R^n ) be an approximate identity. If f ∈ C_c(R^n ), we define f_ϵ = φ_ϵ ∗ f. Then f_ϵ ∈ C^∞_c (R^n ) for every ϵ > 0. Moreover, f_ϵ → f uniformly, and hence in L^p, as ϵ → 0^+. Since C_c(R^n ) is dense in L^p(R^n ), the result follows. □

12.7 The basic inequalities

It has been said that analysis is the art of estimating. In this section, we give the basic inequalities of L^p theory.

Many inequalities are based on convexity arguments. We first prove Jensen’s inequality, which states that the mean of the values of a convex function is greater than or equal to the value of the convex function at the mean. We recall from Definition 8.47 that a function φ : C → R on a convex set C is convex if φ (tx + (1 − t)y) ≤ tφ(x) + (1 − t)φ(y) for every x, y ∈ C and t ∈ [0, 1]. We define the mean of an integrable function f on a finite measure space (X, μ) by ⟨f⟩_μ = 1 μ(X) ∫ X f dμ. (12.8) Theorem 12.52 (Jensen) Let (X, μ) be a finite measure space. If φ : R → R is convex and f : X → R belongs to L^1(X, μ), then φ (⟨f⟩_μ) ≤ ⟨φ ∘ f⟩_μ . (12.9)

356 Measure Theory and Function Spaces

Proof. From Exercise 12.9, there is a constant c ∈ R such that

φ(y) ≥ φ(⟨f⟩_μ) + c(y − ⟨f⟩_μ) for every y ∈ R. (12.10)

Setting y = f(x) in this inequality and integrating the result over X, we obtain that ∫ X φ ∘ f dμ ≥ φ(⟨f⟩_μ) ∫ X dμ + c (∫ X f dμ − ⟨f⟩_μ ∫ X dμ )

= φ (⟨f⟩_μ) μ(X). Dividing this equation by μ(X) < ∞, we obtain (12.9). □

The right-hand side of (12.9) may be infinite. Although φ ∘ f need not be in L^1, its negative part is integrable from (12.10), so its integral is well defined.

Example 12.53 Suppose that {x_1, x_2, . . . , x_n} is a finite subset of R, and μ is a discrete probability measure on R with μ({x_i}) = λ_i, where 0 ≤ λ_i ≤ 1 and

λ_1 + λ_2 + · · · + λ_n = 1.

Then Jensen’s inequality, with f(x) = x, implies that for any convex function φ : R → R we have

φ (λ_1x_1 + λ_2x_2 + . . . + λ_nx_n) ≤ λ_1φ(x_1) + λ_2φ(x_2) + . . . + λ_nφ(x_n).

Hölder’s inequality is one of the most important inequalities for proving estimates in L^p-spaces. We say that two numbers 1 ≤ p, p^′ ≤ ∞ are Hölder conjugates or conjugate exponents if they satisfy 1 p + 1 p^′ = 1, (12.11)

with the convention that 1/∞ = 0. For example, p = 1 and p^′ = ∞ are Hölder conjugates, and p = 2 is conjugate to itself. Hölder’s inequality applies to a pair of functions, one in L^p and one in L^{p′} .

Theorem 12.54 (Hölder) Let 1 ≤ p, p^′ ≤ ∞ satisfy (12.11). If f ∈ L^p(X, μ) and g ∈ L^{p′} (X, μ), then fg ∈ L^1(X, μ) and | | | | ∫ fg dμ | | | | ≤ ‖f‖^p‖g‖^{p′} . (12.12) Proof. For the conjugate pair of exponents (p, p^′) = (1, ∞), Hölder’s inequality is the obvious inequality | | | | ∫ X fg dμ | | | | ≤ ‖g‖^∞ ∫ X |f| dμ. We therefore assume that 1 < p, p^′ < ∞.

The basic inequalities 357

The set Y = {x ∈ X | g(x) ≠ 0} is measurable, and | | | ∫ X f(x)g(x) dμ(x) | | | = | | | ∫ Y f(x)g(x) dμ(x) | | | ≤ ∫ Y |f(x)| |g(x)| dμ(x). We also have ‖f‖^p = ∫ X |f|^p dμ ≥ ∫ Y |f|^p dμ. Therefore, replacing X by Y if necessary, it is sufficient to prove (12.12) under the assumption that f(x) ≥ 0 and g(x) > 0 for every x ∈ X.

We define a new measure ν on X by ν(A) = ∫ A g^{p′} dμ. The function φ : R → R defined by φ(x) = |x|^p is convex for p ≥ 1. An application of Jensen’s inequality (12.9) to the function h : X → R defined by h = f g^{p′ /p} implies that φ (⟨h⟩_ν ) ≤ ⟨φ ∘ h⟩_ν . Writing out this equation explicitly, we obtain | | | | 1 ν(X) ∫ X f g^{p′ /p} dν | | | | p ≤ 1 ν(X) ∫ X f^p g^{p′} dν. Rewriting the integrals with respect to ν as integrals with respect to μ, and using the assumption that p and p^′ are dual exponents, we obtain that | | | | ∫ X fg dμ ∫ X g^{p′} dμ | | | | p ≤ 1 ∫ X g^{p′} dμ ∫ X f^p dμ. Taking the pth root of this equation, rearranging the result, and using the fact that p and p^′ are conjugate exponents again, we get (12.12). Since the right-hand side of this inequality is finite, it follows that h ∈ L^1(X, ν) and fg ∈ L^1(X, μ). □

In the special case when p = p^′ = 2, Hölder’s inequality is the Cauchy-Schwarz inequality for L^2-spaces. As an application of Hölder’s inequality, we prove a result about the inclusion of L^p-spaces.

Proposition 12.55 Suppose that (X, μ) is a finite measure space, meaning that μ(X) < ∞, and 1 ≤ q ≤ p ≤ ∞. Then L^1(X, μ) ⊃ L^q (X, μ) ⊃ L^p(X, μ) ⊃ L^∞(X, μ).

358 Measure Theory and Function Spaces

Proof. We define 1 ≤ r ≤ ∞ by 1 p + 1 r = 1 q . Then p/q and r/q are Hölder conjugates. Moreover, if f ∈ L^p, then |f|^{p/q} ∈ L^q and 1 ∈ L^{r/q}, since μ(X) < ∞. Hölder’s inequality therefore implies that ‖f‖^q = ∫ X |f|^q · 1 dμ ≤ (∫ X (|f|^q )^{p/q} dμ )_{q/p} (∫ X dμ )_{q/r}

= (μ(X))^{p/(p−q)} ‖f‖^q_p. Hence, ‖f‖_q is finite for every f ∈ L^p, which proves the claimed inclusion. □

For these inclusions to hold, it is crucial that μ(X) < ∞, as illustrated in Exercise 12.14. Minkowski’s inequality is the triangle inequality for the L^p-norm.

Theorem 12.56 (Minkowski) If 1 ≤ p ≤ ∞, and f, g ∈ L^p(X, μ), then f + g ∈ L^p(X, μ), and ‖f + g‖_p ≤ ‖f‖_p + ‖g‖_p. (12.13) Proof. We have |f + g|^p ≤ (|f| + |g|)^p ≤ 2^p max (|f|^p , |g|^p) ≤ 2^p (|f|^p + |g|^p) . Hence, f + g ∈ L^p if f, g ∈ L^p.

If f + g ∈ L^p, then |f + g|^{p−1} ∈ L^{p′} , where p^′ is the Hölder conjugate of p, and ‖ ‖ ‖|f + g|^{p−1} ‖ ‖ ‖_{p′} = ‖f + g‖^{p−1}_p . Hence, using Hölder’s inequality followed by this result, we find that ‖f + g‖^p = ∫ |f + g| |f + g|^{p−1} dμ ≤ ∫ |f| |f + g|^{p−1} dμ + ∫ |g| |f + g|^{p−1} dμ ≤ ‖f‖_p ‖ ‖ ‖|f + g|^{p−1} ‖ ‖ ‖_{p′} + ‖g‖_p ‖ ‖ ‖|f + g|^{p−1} ‖ ‖ ‖_{p′} ≤ ( ‖f‖_p + ‖g‖_p ) ‖f + g‖^{p−1}_p . If ‖f + g‖_p ≠ 0, then division of this inequality by ‖f + g‖^{p−1}_p gives (12.13). If ‖f + g‖_p = 0, then the result is trivial. □

The basic inequalities 359

For 0 ≤ p ≤ 1, nonnegative functions satisfy the reverse triangle inequality ‖f + g‖_p ≥ ‖f‖_p + ‖g‖_p, which explains why L^p is only a normed linear space for p ≥ 1.

Tchebyshev’s inequality is an elementary inequality that is especially useful in probability theory.

Theorem 12.57 (Tchebyshev) Suppose that f ∈ L^p(X), where 0 < p < ∞. For every ϵ > 0, we have μ ({x ∈ X | |f(x)| > ϵ}) ≤ 1 ϵ^p ‖f‖^p. Proof. Define S_ϵ ∈ A by S_ϵ = {x ∈ X | |f(x)| > ϵ}. Then ‖f‖^p = ∫ X |f|^p dμ ≥ ∫ S_ϵ |f|^p dμ ≥ ϵ^pμ (S_ϵ) , which is what we had to prove. □ The following inequality for the L^p-norm of convolutions is called Young’s inequality. This inequality shows that convolution is a continuous operation when defined on an appropriate choice of Banach spaces. Theorem 12.58 (Young) Suppose that 1 ≤ p, q, r ≤ ∞ satisfy 1 p + 1 q = 1 + 1 r . (12.14) If f ∈ L^p(R^n ) and g ∈ L^q(R^n ), then f ∗ g ∈ L^r(R^n ), and ‖f ∗ g‖_r ≤ ‖f‖_p ‖g‖_q. Proof. We leave it to the reader to check that it is sufficient to prove the result for nonnegative functions f, g such that ‖f‖_p = ‖g‖_q = 1.

We first consider the special case p = q = r = 1. Using Fubini’s theorem to exchange the order of integration, we have ‖f ∗ g‖_1 = ∫ [∫ f(y)g(x − y) dy ] dx = [∫ f(y) dy ] [∫ g(z) dz ]

= ‖f‖_1‖g‖_1, (12.15) which proves the result in this case.

360 Measure Theory and Function Spaces

For general values of p, q, we observe from (12.14) and the definition of the Hölder conjugate that 1 p^′ + 1 q^′ + 1 r = 1.

An application of the generalized Hölder inequality in Exercise 12.12 therefore implies that f ∗ g(x) = ∫ [ f(y)^{p/r}g(x − y)^{q/r} ] [ f(y)^{1−p/r} ] [ g(x − y)^{1−q/r} ] dy ≤ [∫ f(y)^pg(x − y)^q dy ]_{1/r} [∫ f(y)^{(1−p/r)q′} dy ]_{1/q}′ [∫ g(x − y)^{(1−q/r)p′} dy ]_{1/p}′ . Since (1 − p/r)q^′ = p, (1 − q/r)p^′ = q, and ‖f‖_p = ‖g‖_q = 1, it follows that f ∗ g(x)^r ≤ ∫ f(y)^pg(x − y)^q dy, meaning that (f ∗ g)^r ≤ f^p ∗ g^q. The use of this inequality and (12.15) then implies that ‖f ∗ g‖^r = ‖(f ∗ g)^r‖_1 ≤ ‖f^p ∗ g^q‖ = ‖f^p‖_1 ‖g^q‖_1 = ‖f‖^p ‖g‖^q = 1, which proves the theorem. □

Two common special cases of this result are: ‖f ∗ g‖_1 ≤ ‖f‖_1 ‖g‖_1, ‖f ∗ g‖_∞ ≤ ‖f‖_2 ‖g‖_2.

12.8 The dual space of L^p

In Section 5.6, we gave the general definition of the dual space of a Banach space. In this section, we describe the dual space L^p(X)^∗ of bounded, linear functionals on L^p(X), where X is a measure space equipped with a measure μ.

Suppose that 1 ≤ p ≤ ∞ and g ∈ L^{p′} (X), where p^′ is the Hölder conjugate of p. We define φ_g : L^p(X) → C by

φ_g (f) = ∫ X fg dμ for every f ∈ L^p(X). (12.16)

Hölder’s inequality implies that φ_g is a bounded linear functional on L^p, with ‖φ_g ‖_{(L}p_)∗ ≤ ‖g‖_Lq .

The dual space of L^p 361

Here, ‖ · ‖_{(L}p_)∗ is the norm of a bounded linear function defined in (5.23). The next theorem states that if 1 ≤ p < ∞, then all linear functionals on L^p are of the form (12.16).

Theorem 12.59 If 1 ≤ p < ∞, then every φ ∈ L^p(X)^∗ is of the form φ(f) = ∫ X fg dμ for some g ∈ L^{p′} (X), where 1/p + 1/p^′ = 1. Moreover, ‖φ‖_{(L}p_)∗ = ‖g‖_Lp′ . We will not give the proof. According to Theorem 12.59, we may identify the dual of L^p with L^{p′} . When p = p^′ = 2, we recover the result of the Riesz representation theorem that the dual of the Hilbert space L^2 may be identified with itself. The dual of L^1 is L^∞, but the dual of L^∞ is strictly larger than L^1 (except in trivial cases, such as when X is a finite set). The full description of (L^∞)^∗ is complicated and rarely useful, so we will not give it here. If 1 < p < ∞, then (L^p)^{∗∗} = L^p and L^p is reflexive, but L^1 and L^∞ are not reflexive.

The continuous linear functionals define the weak topology. From Definition 5.59, Definition 5.60, and Theorem 12.59, we have the following definition of weak L^pconvergence.

Definition 12.60 Suppose that 1 ≤ p < ∞. A sequence (f_n) converges weakly to f in L^p, written f_n⇀f, if lim_{n→∞} ∫ f_ng dμ = ∫ fg dμ for every g ∈ L^{p′} , (12.17)

where p^′ is the Hölder conjugate of p. When p = ∞ and p^′ = 1, the condition in (12.17) corresponds to weak-∗ convergence f_n^∗⇀ f in L^∞.

As in the case of Hilbert spaces, discussed in Section 8.6, weak L^p-convergence does not imply strong L^p-convergence, meaning convergence in the L^p-norm. The following example illustrates three typical ways in which a weakly convergent sequence of functions can fail to be strongly convergent.

Example 12.61 Let g ∈ L^p(R) be a fixed nonzero function, where 1 ≤ p < ∞. For each of the following three sequences, we have f_n ⇀ 0 weakly as n → ∞, but not f_n → 0 strongly, in L^p(R).

(a) f_n(x) = g(x) sin nx (oscillation); (b) f_n(x) = n^{1/p}g(nx) (concentration); (c) f_n(x) = g(x − n) (escape to infinity).

The Banach-Alaoglu theorem, in Theorem 5.61, leads to the following weak compactness result for L^p.

362 Measure Theory and Function Spaces

Theorem 12.62 Suppose that (f_n) is a bounded sequence in L^p(X), meaning that there is a constant M such that ‖f_n‖ ≤ M for every n ∈ N. If 1 ≤ p < ∞, then there is a subsequence (f_{nk} ) and a function f ∈ L^p(X) with ‖f‖ ≤ M such that f_{nk} ⇀ f as k → ∞ weakly in L^p(X). If p = ∞, then f_{nk}^∗⇀ f converges weak-∗ in L^∞(X).

12.9 Sobolev spaces

Many problems in applied analysis involve differentiable functions. Sobolev spaces are Banach spaces of functions whose weak derivatives belong to L^p spaces. They provide the simplest and most useful setting for the application of functional analytic methods to the study of differential equations. We have already discussed several special cases of Sobolev spaces in the chapters on Fourier series and unbounded linear operators. Here, we give more general definitions of Sobolev spaces, and describe some of their main properties. We use the multi-index notation introduced in Section 11.1, and consider real-valued functions for simplicity.

We will define Sobolev spaces of functions whose domain is an open subset Ω of R^n , equipped with n-dimensional Lebesgue measure. In particular, we could have Ω = R^n . As usual, L^p(Ω) denotes the space of Lebesgue measurable functions f : Ω → R whose pth powers are integrable. We also introduce the local L^p spaces, denoted by L^p_{loc}(Ω). A function f belongs to L^p_{loc}(Ω) if it is measurable and ∫ K |f|^p dx < ∞ for every compact subset K of Ω. For example, 1/x belongs L^1_{loc} ((0, 1)), but not to L^1 ((0, 1)) or L^1_{loc} (R). For every 1 ≤ p ≤ ∞, we have the inclusions

L^1_{loc}(Ω) ⊃ L^p_{loc}(Ω) ⊃ L^p(Ω).

Thus, L^1_{loc}(Ω) is the largest space of integrable functions. We adopt the following definition of a test function for the purposes of this chapter.

Definition 12.63 A test function φ : Ω → R on an open subset Ω of R^n is a function with continuous partial derivatives of all orders whose support is a compact subset of Ω. We denote the set of test functions on Ω by C^∞_c (Ω).

Definition 12.64 If f, g_α ∈ L^1_{loc}(Ω) are such that ∫ Ω g_αφ dx = (−1)^{|α|} ∫ Ω f∂^αφ dx for all φ ∈ C^∞_c (Ω),

then we say that g_α = ∂^αf is the αth weak partial derivative of f.

The weak derivative is only defined pointwise up to a set of measure zero.

Sobolev spaces 363

Example 12.65 The function f(x) = 1 |x|^a belongs to L^1_{loc}(R^n ) if and only if a < n. The weak derivative of f with respect to x_i is given by g_i(x) = −a x_i |x| 1 |x|^{a+1} provided that g_i is locally integrable which is the case when a < n−1. For example, in one space dimension, if f^′ ∈ L^p_{loc}(R) for some p > 1, then a < 0 and f is continuous. In fact, the Sobolev embedding theorem below implies that any function on R whose weak derivative belongs to L^p_{loc}(R) for some p > 1 is continuous. In higher space dimensions, a function may be weakly differentiable but discontinuous. The strength of an allowable singularity in a weakly differentiable function increases with the number of space dimensions n.

Definition 12.66 Let k be a positive integer, 1 ≤ p ≤ ∞, and Ω an open subset of R^n . The Sobolev space W^{k,p}(Ω) consists of all functions f : Ω → R such that ∂^αf ∈ L^p(Ω) for all weak partial derivatives of order 0 ≤ |α| ≤ k. We define a norm on W^{k,p}(Ω) by

‖f‖_W k,p_{(Ω)} = ∑ 0≤|α|≤k ∫ Ω |∂^αf|^p dx 1/p

when 1 ≤ p < ∞, and by ‖f‖_W k,∞_{(Ω)} = max_{0≤|α|≤k} { sup_{x∈Ω} |∂^αf(x)| }

when p = ∞. Here, the supremum is to be interpreted as an essential supremum. For p = 2, corresponding to the case of square integrable functions, we write W^{k,2}(Ω) = H^k(Ω), and define an inner product on H^k(Ω) by

⟨f, g⟩_Hk_{(Ω)} = ∑ 0≤|α|≤k ∫ Ω ∂^αf∂^αg dx.

The space W^{k,p}(Ω) is a Banach space and H^k(Ω) is a Hilbert space.

Next, we define a Sobolev space of functions that “vanish on the boundary of Ω.” Definition 12.67 The closure of C^∞_c (Ω) in W^{k,p}(Ω) is denoted by

W^{k,p}_0 (Ω) = C^∞_c (Ω).

364 Measure Theory and Function Spaces

We also define

H^k_0 (Ω) = W^{k,2}_0 (Ω).

Informally, we can think of W^{k,p}_0 (Ω) as the W^{k,p}(Ω)-functions whose derivatives of order less than or equal to k − 1 vanish on the boundary ∂Ω of Ω. Compactly supported functions are dense in W^{k,p}(R^n ), so that W^{k,p}_0 (R^n ) = W^{k,p}(R^n ).

The definition of the boundary values of Sobolev functions which do not vanish on the boundary is non-trivial. The boundary of a smooth set has measure zero, but Sobolev functions are not necessarily continuous and they are defined pointwise only up to sets of measure zero. The trace theorem, in Theorem 12.76 below, gives a way to assign boundary values to Sobolev functions.

Sobolev spaces of negative orders may be defined by duality.

Definition 12.68 Let k be a positive integer, 1 ≤ p < ∞, and p^′ the Hölder conjugate of p. The Sobolev space W^{−k,p}(Ω) is the dual space of W^{k,p′}_0 (Ω). That is, f ∈ W^{−k,p}(Ω) is a continuous linear map f : W^{k,p′}_0 (Ω) → R, f : u → ⟨f, u⟩. We define a norm on W^{−k,p}(Ω) by ‖f‖_W −k,p = sup u∈W^{k,p′}_0 u≠0 ⟨f, u⟩ ‖u‖ .

In particular, H^{−k}(Ω) is the dual space of H^k_0 (Ω). Elements of W^{−k,p}(Ω) are distributions whose action on test functions extends continuously to an action on functions in W^{k,p′}_0 (Ω). The dual space of W^{k,p′} (Ω) is not a space of distributions, because the action of a continuous linear functional on functions in W^{k,p′} (Ω) depends on the values of the W^{k,p′} (Ω)-functions on the boundary ∂Ω, and therefore it is not determined by its action on compactly supported test functions. It is possible to show that any distribution f ∈ W^{−k,p}(Ω) may be written (nonuniquely) as f = ∑ |α|≤k ∂^αg_α

where g_α ∈ L^p(Ω). The action of this distribution f on a W^{k,q}_0 -function u is given by ⟨f, u⟩ = ∑ |α|≤k (−1)^{|α|} ∫ Ω g_α∂^αu dx. More generally, it is possible to define Sobolev spaces W^{s,p} of fractional order for any s ∈ R and p ∈ [1, ∞]. These spaces arise naturally in connection with the trace theorem below, but we will not describe them here. For p = 2, the Hilbert spaces H^s(R^n ) may be defined by use of the Fourier transform (see Definition 11.38).

Properties of Sobolev spaces 365

12.10 Properties of Sobolev spaces

In this section, we summarize the main properties of Sobolev spaces without proof. These properties include the approximation of Sobolev functions by smooth functions (density theorems), the integrability or continuity properties of Sobolev functions (embedding theorems), compactness conditions (the Rellich-Kondrachov theorem), and the definition of boundary values of Sobolev functions (trace theorems). Depending on the context, there are many different regularity conditions that the domain Ω on which the Sobolev functions are defined must satisfy, and the differences between them are sometimes quite subtle. We will say that a domain is regular if it satisfies an appropriate regularity condition, without stating the precise condition that is required. Any domain bounded by a smooth hypersurface (meaning that the boundary is locally the zero set of a smooth function with nonzero derivative) satisfies the regularity conditions for all the results stated in this section. Domains with outward pointing cusps or needle-shaped protrusions are typical examples of domains with insufficient regularity, and some of the properties stated below do not hold on such domains.

We use C(Ω) to denote the space of uniformly continuous functions on Ω, and C_0(R^n ) to denote the space of continuous functions on R^n that tend to zero as x → ∞. This space is the closure of C^∞_c (R^n ) in L^∞(R^n ). The space C^k (Ω) consists of functions whose partial derivatives of order less than or equal to k are uniformly continuous in Ω, and C^∞(Ω) consists of functions with uniformly continuous derivatives of all orders in Ω. If a function is uniformly continuous in the open set Ω, then it has a unique continuous extension to the closure Ω.

In the theorems stated below, we consider two types of domains: Ω = R^n ; and Ω a regular, bounded, open subset of R^n with boundary ∂Ω. It is frequently possible to consider more general domains, but this complicates the statements of some of the theorems. The order k is a positive integer and 1 ≤ p ≤ ∞, unless stated otherwise.

Theorem 12.69 (Density) The space C^∞_c (R^n ) is dense in W^{k,p}(R^n ). If Ω is an open subset of R^n , then C^∞_c (Ω) is dense in W^{k,p}_0 (Ω), and if Ω is regular, then C^∞(Ω) is dense in W^{k,p}(Ω).

Meyers and Serrin proved for general domains that C^∞(Ω) ∩ W^{k,p}(Ω) is dense in W^{k,p}(Ω), but functions in C^∞(Ω) need not be smooth up to the boundary.

Among the most important properties of Sobolev spaces are the embedding theorems, which provide information about the integrability or continuity of a function given information about the integrability of its derivatives. To motivate the embedding theorems, we first consider functions u : R^n → R, and ask when it is possible to have an estimate of the form ‖u‖_Lq ≤ C‖∇u‖_Lp (12.18)

366 Measure Theory and Function Spaces

for a constant C that is independent of u. Here, ∇u = ( ∂u ∂x_1 , ∂u ∂x_2 , . . . , ∂u ∂x_n )

is the gradient, or derivative, of u and ‖∇u‖_Lp = (‖ ‖ ‖ ∂u ∂x_1 ‖ ‖ ‖ ‖ p L^p + ‖ ‖ ‖ ‖ ∂u ∂x_2 ‖ ‖ ‖ ‖ p L^p + . . . + ‖ ‖ ‖ ‖ ∂u ∂x_n ‖ ‖ ‖ ‖ p L^p )_{1/p} . We also use the notation Du for ∇u.

For t > 0, we define the rescaled function u_t(x) = u(tx). A simple calculation shows that ‖u_t‖_Lq = t^{−n/q}‖u‖_Lq , ‖∇u_t‖_Lp = t^{1−n/p}‖∇u‖_Lp . (12.19) These norms must scale according to the same exponent if the estimate in (12.18) is to hold. This occurs if and only if p < n and q = p^∗, where

p^∗ = np n − p . This equation may also be written as 1 p^∗ = 1 p − 1 n . (12.20)

We call p^∗ the Sobolev conjugate of p. The inequality in (12.18) does in fact hold for every u ∈ C^∞_c (R^n ) when q = p^∗, and it follows by a density argument that every function in W^{1,p}(R^n ) belongs to L^{p∗} (R^n ) when p < n.

The inclusion W^{1,p}(R^n ) ⊂ L^{p∗} (R^n ) is equivalent to the existence of an embedding

J : W^{1,p}(R^n ) → L^{p∗} (R^n ),

where Jf = f. The estimate (12.18) implies the continuity of J.

If Ω ⊂ R^n is a bounded domain, then we have W^{1,p}(Ω) ⊂ L^{p∗} (Ω) and L^{p∗} (Ω) ⊂ L^q(Ω) for 1 ≤ q ≤ p^∗. Thus, there is a continuous embedding J : W^{1,p}(Ω) → L^q(Ω). Summarizing these results, we get the following theorem.

Theorem 12.70 (Embedding) Suppose that Ω is a regular, bounded, open set in R^n , p < n, and p^∗ is the Sobolev conjugate of p, defined in (12.20).

(a) If u ∈ W^{1,p}(R^n ), then u ∈ L^{p∗} (R^n ). There is a constant C = C(p, n) such that ‖u‖_Lp∗_{(R}n_) ≤ C‖∇u‖_Lp_{(R}n_).

Properties of Sobolev spaces 367

(b) If u ∈ W^{1,p}(Ω) and 1 ≤ q ≤ p^∗, then u ∈ L^q (Ω). There is a constant C = C(p, q, Ω) such that ‖u‖_Lq_{(Ω)} ≤ C‖u‖_W 1,p_{(Ω)}. To prove this theorem, one uses the Hölder inequality to show that the estimate holds for test functions. The result follows for arbitrary Sobolev functions by the density of test functions in Sobolev spaces (see Adams [1] for complete proofs).

The above embedding theorem applies if p < n. If p > n, then functions in W^{1,p} are continuous and one can estimate their uniform norm in terms of their W^{1,p}-norm.

Theorem 12.71 (Embedding) Suppose that n < p < ∞, and Ω is a regular bounded open subset of R^n .

(a) If u ∈ W^{1,p}(R^n ), then u ∈ C_0(R^n ). There exists a constant C = C(p, n) such that ‖u‖_L∞_{(R}n_) ≤ C‖∇u‖_Lp_{(R}n_). (b) If u ∈ W^{1,p}(Ω) then u ∈ C(Ω) and there exists a constant C = C(p, Ω) such that ‖u‖_L∞_{(Ω)} ≤ C‖u‖_W 1,p_{(Ω)}. A more refined version of this embedding theorem states that the functions are Hölder continuous.

Definition 12.72 A function u : Ω → R is Hölder continuous in the open set Ω, with exponent 0 < r ≤ 1, if sup x,y∈Ω x≠y |u(x) − u(y)| |x − y|^r < ∞.

If u is Hölder continuous with exponent r = 1, then u is Lipschitz continuous. Any Hölder continuous function is continuous, but not conversely. The Banach space C^{0,r}(Ω) consists of all bounded Hölder continuous functions in Ω with the norm

‖u‖_C0,r_{(Ω)} = sup_{x∈Ω} |u(x)| + sup_{x,y∈Ω} x≠y |u(x) − u(y)| |x − y|^r .

For each positive integer k and 0 < r ≤ 1, we define C^{k,r} (Ω) to be the space of functions that are k times continuously differentiable in Ω, with uniformly continuous derivatives whose kth-order derivatives are Hölder continuous with exponent

368 Measure Theory and Function Spaces

r. This space is a Banach space with the norm ‖u‖_Ck,r_{(Ω)} = max_{0≤|α|≤k} { sup_{x∈Ω} |∂^αu(x)| } + max_{|α|=k} sup_{x,y∈Ω} x≠y |∂^αu(x) − ∂^αu(y)| |x − y|^r .

Theorem 12.73 (Morrey) Suppose that n < p < ∞. Let

r = 1 − n p . (a) If u ∈ W^{1,p}(R^n ), then u ∈ C^{0,r}(R^n ) and there exists a constant C = C(p, n) such that ‖u‖_C0,r_{(R}n_) ≤ C‖∇u‖_Lp_{(R}n_). (b) If u ∈ W^{1,p}(Ω), then u ∈ C^{0,r}(Ω) and there exists a constant C = C(p, Ω) such that ‖u‖_C0,r_{(Ω)} ≤ C‖u‖_W 1,p_{(Ω)}. Spaces of continuous functions form an algebra with respect to the pointwise product, since the pointwise product of continuous functions is continuous, but the L^p-spaces do not form an algebra; for example, the product of two L^2-functions belongs to L^1, but not in general to L^2. The Sobolev spaces form an algebra when they consist of continuous functions.

Theorem 12.74 Suppose that Ω is an open subset of R^n , including the possibility Ω = R^n . If kp > n, then W^{k,p}(Ω) is an algebra and there is a constant C such that ‖uv‖_W k,p ≤ C‖u‖_W k,p ‖v‖_W k,p for all u, v ∈ W^{k,p}(Ω). It is a general principle that a set of functions whose derivatives are uniformly bounded is compact. The Sobolev-space version of this principle is the Rellich- Kondrachov theorem which states that W^{k,p}(Ω) is compactly embedded in L^q(Ω) for q < p^∗. The boundedness of the domain Ω and the condition that q is strictly less than the Sobolev conjugate p^∗ of p are both essential for compactness. In the critical case, q = p^∗, the embedding is continuous but not compact.

Theorem 12.75 (Rellich-Kondrachov) Let Ω be a regular bounded domain in R^n .

(a) Suppose that 1 ≤ p < n and 1 ≤ q < p^∗. Then bounded sets in W^{1,p}(Ω) are precompact in L^q(Ω).

(b) Suppose that p > n. Then bounded sets in W^{1,p}(Ω) are precompact in C(Ω).

Properties of Sobolev spaces 369

In particular, suppose that (u_k) is a sequence of functions in W^{1,p}(Ω) such that ‖u_k‖_W 1,p ≤ C for a constant C that is independent of k. If p < n and 1 ≤ q < p^∗, then there is a subsequence of (u_k) that converges strongly in L^q(Ω). If p > n, then there is a uniformly convergent subsequence.

If p > n and 0 < r < 1 − n/p, then the embedding of W^{1,p}(Ω) into C^{0,r}(Ω) is compact. General compactness theorems follow by repeated application of this result. For example, if kp < n then W^{k,p}(Ω) is compactly embedded in L^q(Ω) for any 1 ≤ q < np/(n − kp), while if kp > n then W^{k,p}(Ω) is compactly embedded in C(Ω).

There is no sensible way to assign boundary values u|_{∂Ω} to a general function u ∈ L^p(Ω). Functions in L^p are defined only pointwise-a.e., and the boundary ∂Ω of a regular domain has measure zero. The situation is different for Sobolev functions. If u ∈ W^{k,p}(Ω), then one can assign boundary values to the derivatives of u of order less than or equal to k − 1/p. It is not possible to define boundary values of kth order derivatives, however, since they are just L^p functions.

Theorem 12.76 (Trace) There is a surjective bounded linear operator γ : W^{1,p}(Ω) → W^{1−1/p,p}(∂Ω) such that

γu = u|_{∂Ω} if u ∈ W^{1,p}(Ω) ∩ C(Ω).

There is a “loss of 1/p derivatives” in restricting a Sobolev function to the boundary. For example, the boundary values of a function in H^1(Ω) belong to H^{1/2}(∂Ω). Conversely given an element of H^{1/2}(∂Ω), there is a function in H^1(Ω) which takes those boundary values.

Our last result is the Poincaré inequality, which has many variants. The common theme is that, after removing nonzero constant functions, one can estimate the L^pnorm of a function in terms of the L^p-norm of its derivative.

Theorem 12.77 (Poincaré) Suppose that Ω is a bounded domain. Then there is a constant C such that ‖u‖_Lp ≤ C‖∇u‖_Lp for every u ∈ W^{1,p}_0 (Ω).

More generally, this estimate holds if Ω is bounded in one direction. The Poincaré estimate is false for nonzero constant functions, so the assumption that u ∈ W^{1,p}_0 , rather than u ∈ W^{1,p}, is essential. A useful consequence of this estimate

370 Measure Theory and Function Spaces

is that ‖∇u‖_Lp provides an equivalent norm on W^{1,p}_0 (Ω). When p = 2, it follows that we can use ⟨u, v⟩ = ∫ Ω ∇u(x) · ∇v(x) dx as an inner product on H^1_0 (Ω). Another Poincaré inequality is the following.

Theorem 12.78 (Poincaré) Suppose that Ω is a smooth connected bounded domain. There exists a constant C such that ‖u − ⟨u⟩‖_Lp ≤ C‖∇u‖_Lp (12.21) for every u ∈ W^{1,p}(Ω), where ⟨u⟩ is the mean of u over Ω, ⟨u⟩ = 1 |Ω| ∫ Ω u(x) dx, and |Ω| is the volume of Ω.

12.11 Laplace’s equation

The Dirichlet problem for the Laplacian is

−Δu = f x ∈ Ω, (12.22) u(x) = 0 x ∈ ∂Ω. Here, f : Ω → R is a given function (or distribution) and Ω is a smooth bounded open set in R^n . We assume homogeneous boundary conditions for simplicity; nonhomogeneous boundary conditions may be transferred to the PDE in the usual way.

To formulate any PDE problem in a precise way, we have to specify what function space solutions should belong to. We also have to specify how the derivatives are defined and in what sense the solution satisfies the boundary conditions and any other side conditions. There is often a great deal of choice in how this is done. A classical solution of (12.22) is a twice-continuously differentiable function u that satisfies the PDE pointwise, wheras a weak solution satisfies it in a distributional sense.

To motivate the definition of a weak solution, we suppose that u is a smooth solution. Let φ ∈ C^∞_c (Ω) be any test function. Then multiplication of (12.22) by φ and an integration by parts imply that ∫ Ω ∇u(x) · ∇φ(x) dx = ∫ Ω f(x)φ(x) dx. (12.23)

Laplace’s equation 371

Conversely, if u is a smooth function that vanishes on ∂Ω and satisfies (12.23) for all test functions φ, then u is a classical solution of the original boundary value problem.

Let us require that the solution u and the test function φ belong to the same space. Then ∇u and ∇φ must both be square-integrable, so it is natural to look for solutions in the space H^1_0 (Ω). Since φ ∈ H^1_0 (Ω), we can make sense of the right-hand side of (12.23) provided that f ∈ H^{−1}(Ω). This leads to the following definition.

Definition 12.79 Given a distribution f ∈ H^{−1}(Ω), we say that u is a weak solution of (12.22) if u ∈ H^1_0 (Ω) and ∫ Ω ∇u · ∇φ dx = ⟨f, φ⟩ for every φ ∈ H^1_0 (Ω),

where ⟨·, ·⟩ denotes the duality pairing between H^{−1}(Ω) and H^1_0 (Ω).

If we define a quadratic functional I : H^1_0 (Ω) → R by I(u) = 1 2 ∫ Ω |∇u|^2 dx − ⟨f, u⟩, then, as we will see in Section 13.9, a function u that minimizes I is a weak solution of (12.22). As a result of this connection, the present approach to the study of the Laplacian is often called the variational method. The boundary condition u = 0 on ∂Ω is replaced by the condition that u ∈ H^1_0 (Ω). The precise sense in which weak solutions satisfy boundary conditions or initial conditions often requires careful attention. Definition 12.79 is not the most general definition of weak solutions. For example, we could consider distributional solutions of (12.22) when f /∈ H^{−1}(Ω). The definition given is the natural one for the following existence theorem.

Theorem 12.80 There is a unique weak solution u ∈ H^1_0 (Ω) of (12.22) for every f ∈ H^{−1}(Ω). There is a constant C = C(Ω) such that ‖u‖_H1 ≤ C‖f‖_H−1 for all f ∈ H^{−1}(Ω). Proof. By the Poincaré inequality, we can use (u, v) = ∫ Ω ∇u · ∇v dx as an inner product on H^1_0 (Ω). Since f ∈ H^{−1}(Ω) = H^1_0 (Ω)^∗, and H^1_0 (Ω) is a Hilbert space, the Riesz representation theorem implies that there is a unique u ∈ H^1_0 (Ω) such that (u, φ) = ⟨f, φ⟩ for every φ ∈ H^1_0 (Ω). This function u is the unique weak solution of (12.22). Moreover, we have ‖u‖_H1_0 = ‖f‖_H−1 . □

372 Measure Theory and Function Spaces

This theorem implies that

−Δ : H^1_0 (Ω) → H^{−1}(Ω)

is a Hilbert space isomorphism; in fact, it is the isomorphism between H^1_0 (Ω) and its dual space H^{−1}(Ω), in which the dual space is represented concretely as a space of distributions.

The proof of Theorem 12.80 gives a solution u of (12.22) that belongs to H^1_0 (Ω). This is the best regularity one can hope for in the case of a general right hand side f ∈ H^{−1}. If, however, f ∈ H^k is smooth, then elliptic regularity theory shows that the solution u ∈ H^{k+2} and that ‖u‖_Hk+2 ≤ C‖f‖_Hk . This gain of derivatives is typical of elliptic equations. One can estimate the L^2- norm of all second derivatives of u in terms of the L^2-norm of the single combination of second derivatives Δu. If f ∈ H^k(Ω) with k > n/2, then it follows from the Sobolev embedding theorem that u ∈ H^{k+2}(Ω) ⊂ C^2(Ω), so u is a classical solution, and if f ∈ C^∞(Ω), then u ∈ C^∞(Ω).

If f ∈ C(Ω), then it is not necessarily true that u ∈ C^2(Ω). If, however, f ∈ C^{k,r}(Ω) is Hölder continuous, where 0 < r ≤ 1, then there is a unique Hölder continuous solution u ∈ C^{k+2,r}(Ω), and one can estimate the Hölder norms of the second derivatives of u in terms of the Hölder norm of f. Analogous existence, uniqueness, and regularity results hold in L^p(Ω) for 1 < p < ∞, but not for p = 1 or p = ∞.

The idea in Theorem 12.80 of using the Riesz representation theorem to prove the existence and uniqueness of a weak solution applies to more general linear PDEs. Consider a linear equation that can be written in the abstract form

Au = f, (12.24)

where A : H → H^∗ is a bounded linear operator from a Hilbert space H to its dual space H^∗, and f ∈ H^∗. In the case of Laplace’s equation, we had A = −Δ, H = H^1_0 (Ω), and H^∗ = H^{−1}(Ω). Evaluation of (12.24) on a test function v ∈ H, gives an equivalent weak formulation: a(u, v) = ⟨f, v⟩ for all v ∈ H, where a : H × H → R is defined by a(u, v) = ⟨Au, v⟩. This bilinear form a is called the Dirichlet form associated with A. In the case of Laplace’s equation, we have a(u, v) = ∫ Ω ∇u · ∇v dx.

References 373

The Dirichlet form of a Sturm-Liouville ordinary differential operator is given in (10.38). If a is a symmetric, positive definite, sesquilinear form, and there exists a constant α > 0 such that a(u, u) ≥ α‖u‖^2 for all u ∈ H, then the energy norm ‖u‖_A = √ a(u, u) is equivalent to the original norm on H, and the Riesz representation theorem implies the existence and uniqueness of a weak solution u of (12.24) for every f ∈ H^∗.

If a is not symmetric, then it does not define an inner product on H, and the Riesz representation cannot be used directly to establish the existence of a weak solution. Nevertheless, a similar result, called the Lax-Milgram lemma, still applies. The proof is outlined in Exercise 12.23.

Theorem 12.81 (Lax-Milgram) Suppose that a : H × H → R is a sesquilinear form on a Hilbert space H, and there are constants α > 0, β > 0 such that α‖x‖^2 ≤ |a(x, x)| , |a(x, y)| ≤ β‖x‖ ‖y‖, for all x, y ∈ H. Then, for every bounded linear functional f : H → R, there is a unique element x ∈ H such that a(x, y) = ⟨f, y⟩ for all y ∈ H.

Finally, we mention that (12.23) is a useful starting point for numerical methods of solving Laplace’s equation, especially the finite element method.

12.12 References

Jones [25] gives a clear and well-motivated introduction to the Lebesgue integral. For a detailed account of measure theory, see Folland [12]. A concise, concrete introduction to the subject, including a discussion of L^p-spaces, is in Lieb and Loss [32]. For a detailed account of Sobolev spaces, see Adams [1]. For Sobolev spaces and elliptic PDEs, see Evans [11] and Gilbarg and Trudinger [15]. An extensive discussion of Sobolev spaces, variational problems, and related analysis of linear PDEs is contained in Dautry and Lions [7].

374 Measure Theory and Function Spaces

12.13 Exercises Exercise 12.1 Prove that the Borel σ-algebra on R is generated by the following families of sets: {(a, b] | a < b}, {[a, b) | a < b}, {[a, b] | a < b}, {(a, ∞) | a ∈ R}. Exercise 12.2 Let A be a σ-algebra of subsets of Ω, and suppose μ is a measure on Ω. Prove the following properties:

(a) If A, B ∈ A, then A \ B ∈ A;

(b) If A, B ∈ A, and A ⊂ B, then μ(A) ≤ μ(B); (c) If A, B ∈ A, then μ(A ∪ B) ≤ μ(A) + μ(B).

Exercise 12.3 If (A_i) is an increasing sequence of measurable sets, meaning that A_1 ⊂ A_2 ⊂ . . . ⊂ A_i ⊂ A_{i+1} ⊂ . . . , then prove that μ (_∞ ⋃ i=1 A_i ) = lim_{i→∞} μ (A_i) .

If (A_i) is a decreasing sequence of measurable sets, meaning that A_1 ⊃ A_2 ⊃ . . . ⊃ A_i ⊃ A_{i+1} ⊃ . . . , and μ(A_1) < ∞, prove that μ (_∞ ⋂ i=1 A_i ) = lim_{i→∞} μ (A_i) .

Give a counterexample to show that this result need not be true if μ(A_i) is infinite for every i.

Exercise 12.4 Give an example of a monotonic decreasing sequence of nonnegative functions converging pointwise to a function f such that the equality in Theorem 12.33 does not hold.

Exercise 12.5 Check that the counting measure defined in Example 12.6 is a measure.

Exercise 12.6 Use the dominated convergence theorem to prove Corollary 12.36 for differentiation under an integral sign.

Exercise 12.7 Prove that f ∼ g if and only if f = g pointwise-a.e. defines an equivalence relation on the space of all measurable functions.

Exercises 375

Exercise 12.8 Let f_n : X → C be a sequence of measurable functions converging to f pointwise-a.e. Suppose there exists g ∈ L^p(X) such that |f_n| ≤ g a.e. Prove that f_n → f in the L^p-norm.

Exercise 12.9 Let φ : R → R be a convex function. Prove the following properties:

(a) for all x ∈ R the left- and right-derivatives, φ^′_−(x) and φ^′_+(x) exist and satisfy

φ^′_−(x) ≤ φ^′_+(x);

(b) φ is continuous on R;

(c) for all x ∈ R, there exists a constant c ∈ R such that

φ(y) ≥ φ(x) + c(y − x) for all y ∈ R. (12.25) The graph of the function y → c(y − x) satisfying (12.25) is called a support line of φ at x.

Exercise 12.10 If x, y ≥ 0 and ϵ > 0 is any positive number, show that xy ≤ ϵ 2 x^2 + 1 2ϵ y^2.

This estimate is sometimes called the Peter-Paul inequality.

Exercise 12.11 Let p_1, p_2, . . . , p_n be positive numbers whose sum is equal to one. Prove that for any nonnegative numbers x_1, x_2, . . . , x_n, we have the inequality

x^{p1}_1 x^{p2}_2 . . . x^{pn}_n ≤ p_1x_1 + p_2x_2 + . . . + p_nx_n.

Exercise 12.12 Prove the following generalization of Hölder’s inequality: if 1 ≤ p_i ≥ ∞, where i = 1, . . . , n, satisfy n∑ i=1 1 p_i = 1,

and f_i ∈ L^{pi} (X, μ), then f_1 · · · f_n ∈ L^1(X, μ) and | | | | ∫ f_1 · · · f_n dμ | | | | ≤ ‖f^1‖^p1 · · · ‖f^n‖^pn . Exercise 12.13 Prove that L^∞ ([0, 1]) is not separable, and that C ([0, 1]) is not dense L^∞ ([0, 1]).

Exercise 12.14 Prove that for any pair of distinct exponents 1 ≤ p, q ≤ ∞, we have L^p(R) ⊄ L^q(R). Show that the function f(x) = 1 |x|^{1/2} √ 1 + log^2 |x|

belongs to L^2(R), but not to L^p(R) for any 1 ≤ p ≤ ∞ that is different from 2.

376 Measure Theory and Function Spaces

Exercise 12.15 If f ∈ L^p(R^n ) ∩ L^q(R^n ), where p < q, prove that f ∈ L^r(R^n ) for any p < r < q, and show that ‖f‖_r ≤ (‖f‖_p)^{1/r−1/q1/p−1/q} (‖f‖_q)^{1/p−1/r1/p−1/q} . This result is one of the simplest examples of an interpolation inequality.

Exercise 12.16 A function f : R^n → C is said to be L^p-continuous if τ_hf → f in L^p(R^n ) as h → 0 in R^n , where τ_hf(x) = f(x − h) is the translation of f by h. Prove that, if 1 ≤ p < ∞, every f ∈ L^p(R^n ) is L^p-continuous. Give a counter-example to show that this result is not true when p = ∞. Hint. Approximate an L^p-function by a C_c-function.

Exercise 12.17 Prove that the unit ball in L^p([0, 1]), where 1 ≤ p ≤ ∞, is not strongly compact.

Exercise 12.18 Give an example of a bounded sequence in L^1([0, 1]) that does not have a weakly convergent subsequence. Why doesn’t this contradict the Banach- Alaoglu theorem?

Exercise 12.19 Let 1 ≤ p ≤ ∞. Prove that if f ∈ L^p(R), and its weak derivative is identically zero, then f is a constant function.

Exercise 12.20 Which of the following functions belongs to H^1([−1, 1])? (a) f(x) = |x|; (b) g(x) = sgn x; (c) h(x) = ∑_∞ n=1(1/n)^{3/2} sin nx.

Exercise 12.21 Prove a Poincaré inequality of the form (12.21) for periodic functions defined on the n-dimensional torus T^n.

Exercise 12.22 Use the Riesz representation theorem to prove that there is a unique weak solution u ∈ H^1(R^n ) of the equation −Δu + u = f for every f ∈ H^{−1}(R^n ). Show that (−Δ + I) : H^1(R^n ) → H^{−1}(R^n ) is an isomorphism. Is −Δ : H^1(R^n ) → H^{−1}(R^n ) an isomorphism?

Exercise 12.23 Suppose that a : H × H → R is a sesquilinear form on a Hilbert space H that satisfies the hypotheses of the Lax-Milgram lemma in Theorem 12.81.

(a) Show that there is a bounded linear map J : H → H such that Jx is the unique element satisfying a(x, y) = ⟨Jx, y⟩ for all y ∈ H, where ⟨·, ·⟩ denote the inner product on H.

Exercises 377

(b) Show that α‖x‖ ≤ ‖Jx‖. Deduce that J is one-to-one and onto.

Hint. Show that ran J is closed and use the projection theorem to show that J is onto.

(c) Show that there is a unique solution x of the equation ⟨Jx, y⟩ = F (y) for all y ∈ H, and prove the Lax-Milgram lemma.

378 Measure Theory and Function Spaces

Chapter 13

Differential Calculus and Variational Methods

In many of the preceding chapters, we studied linear spaces of functions and linear operators acting on them. This theory provides a natural framework for the majority of linear equations that arise in applied mathematics. Many problems lead to nonlinear equations that may be formulated in terms of nonlinear maps acting on Banach spaces. There is no general theory of nonlinear maps that is as powerful as, for example, the spectral theory of linear operators. If, however, we can approximate a nonlinear map locally by a linear map, then we can reduce various questions about nonlinear problems to ones about associated linear problems. The linearization of nonlinear maps is one of the most useful and widely applicable methods for the study of nonlinear problems, and accounts for the importance of linear analysis in nonlinear settings.

13.1 Linearization

Linearization is closely connected with differentiation: the central idea of differentiation is the local approximation of a nonlinear map by a linear map. A map f : X → Y between Banach spaces X, Y is differentiable at x ∈ X if there is a bounded linear map f^′(x) : X → Y such that

f(x + ϵh) = f(x) + ϵf^′(x)h + o(ϵ) (13.1)

as ϵ → 0 for every h ∈ X. Here, o(ϵ) stands for a term that approaches zero faster than ϵ as ϵ → 0. We call the linear map f^′(x) the derivative of f at x.

In this section, we describe some problems where the linearization of a nonlinear map is useful. First, suppose that we want to find solutions x ∈ X of a nonlinear equation of the form

f(x) = y, (13.2)

where f : X → Y is a map between Banach spaces X, Y , and y ∈ Y is given. If we

380 Differential Calculus and Variational Methods

know a solution x_0 ∈ X for a particular y_0 ∈ Y , meaning that

f(x_0) = y_0, (13.3)

then we can try to solve (13.2) when y is close to y_0 by looking for a solution x that is close to x_0. We write y as

y = y_0 + ϵy_1, (13.4)

where ϵ is a small real or complex parameter. If f is differentiable at x_0, we may look for a solution x(ϵ) of the form

x(ϵ) = x_0 + ϵx_1 + o(ϵ). (13.5)

Then, using (13.1), (13.4), and (13.5) in (13.2), we get

f(x_0) + ϵf^′(x_0)x_1 = y_0 + ϵy_1 + o(ϵ).

From (13.3), the leading order terms in ϵ are equal. Cancelling the leading order terms, dividing the equation by ϵ, and letting ϵ → 0, we find that x_1 and y_1 satisfy

f^′(x_0)x_1 = y_1. (13.6)

If f^′(x_0) is nonsingular, then we can solve (13.6) for x_1. It is then reasonable to expect that we can also solve the nonlinear equation (13.2) when y is sufficiently close to y_0. The inverse function theorem states that this expectation is correct, provided that f is continuously differentiable at x_0.

A second application of linearization concerns the stability of solutions of a nonlinear evolution equation of the form

x_t = f(x), x(0) = x_0, (13.7)

where the solution x : [0, ∞) → X takes values in a Banach space X, and f : X → X is a vector field on X. For some equations, such as partial differential equations, the vector field f may only be defined on a dense subspace of X. A point x ∈ X is an equilibrium solution, or stationary solution, or fixed point of (13.7) if

f (x) = 0.

In that case, the constant function x(t) = x is a solution of (13.7). Even though an equilibrium solution is an exact solution of (13.7), it may not be observed in practice if it is unstable, meaning that a small perturbation of the equilibrium grows in time.

To study the effect of a small perturbation on the equilibrium state, we look for solutions of (13.7) of the form x(t) = x + ϵy(t), where ϵ is small, and linearize the right hand side of (13.7) about x = x. Neglecting higher order terms, we find that y satisfies the linear evolution equation

y_t = f^′ (x) y. (13.8)

Vector-valued integrals 381

It is reasonable to expect that, under suitable conditions on f, the study of solutions of (13.8) will provide information about the stability of the equilibrium solution x of (13.7). Similar ideas may be used to study the stability of time-dependent solutions — for example, time-periodic solutions — of (13.7), but we will not describe them here.

As a third example of linearization, we consider the minimization of a functional I : X → R. We suppose that I is bounded from below and look for a minimizer x ∈ X such that

I(x) = inf_{x∈X} I(x). (13.9)

We have already discussed the direct method for solving variational problems, in which we choose a minimizing sequence and attempt to show that it has a subsequence that converges to a minimizer. An alternative approach, called the indirect method, is to look for critical points of I, which are solutions of the equation

I^′(x) = 0. (13.10)

If I is differentiable, then any minimizer that is an interior point of the domain of I is a critical point of I. A point x at which I^′(x) ≠ 0 is called a regular point. Conversely, if an equation f(x) = 0 can be written in the form (13.10) for some functional I, then we may be able to use the associated variational principle (13.9) to construct solutions. When applicable, variational methods are one of the most powerful methods for analyzing equations.

The above examples illustrate the need for a notion of the derivative of a map between Banach spaces. There are many different definitions of the derivative. The most important is the Fréchet derivative, which generalizes the notion of the derivative or differential of a vector-valued function of several variables. We will also introduce the Gâteaux derivative, which generalizes the notion of the directional derivative.

13.2 Vector-valued integrals

In this section, we define the derivative and the Riemann integral of a vector-valued function of a real variable, and prove some of their basic properties. The definitions are essentially identical to the ones in elementary calculus for a real-valued function. We will need these tools, especially the estimate in Theorem 13.4, to prove results about differentiable functions, such as the inverse function theorem.

A vector-valued function of a real variable is a mapping from a subset of the real numbers into a Banach space, which could be finite or infinite-dimensional. Geometrically, such a function defines a parametrized curve in the Banach space. The derivative of the function is the tangent, or velocity, vector of the curve.

382 Differential Calculus and Variational Methods

Definition 13.1 A function f : (a, b) → X from an open interval (a, b) into a Banach space X is differentiable at a < t < b, with derivative f^′(t) ∈ X, if the following limit exists in X:

f^′(t) = lim_{h→0} f(t + h) − f(t) h . The function f is differentiable in (a, b) if it is differentiable at each point in (a, b), and continuously differentiable in (a, b) if f^′ : (a, b) → X is continuous.

Next, we define the Riemann integral of a vector-valued function f : [a, b] → X defined on a closed, bounded interval [a, b]. We say that φ : [a, b] → X is a step function if there is a partition a = t_0 < t_1 < . . . < t_n = b of the interval [a, b], and constant vectors c_i ∈ X, with i = 1, . . . , n, such that

φ(t) = c_i for t_{i−1} < t < t_i. (13.11)

We denote the space of step functions from [a, b] into X by S([a, b]), and regard it as a subspace of the Banach space B([a, b]) of bounded functions f : [a, b] → X equipped with the sup-norm ‖f‖_∞ = sup_{a≤t≤b} ‖f(t)‖. We define a linear map Λ : S([a, b]) → X that takes a step function φ, defined in (13.11), to its Riemann integral by

Λφ = n∑ i=1 (t_i − t_{i−1}) c_i. Thus, the integral of a step function is a finite linear combination of the values c_i of the step function. The vectors c_i need not be parallel, and the integral need not be parallel to any of the c_i’s, but it does lie in the linear subspace spanned by {c_1, . . . , c_n}. The map Λ is well defined, since its value does not depend on how the step-function is represented. From the triangle inequality, we have ‖Λφ‖ ≤ ( max 1≤i≤n ‖c_i‖ )_n∑ i=1 (t_i − t_{i−1}) = ‖φ‖_∞(b − a), so Λ is bounded. We denote the closure of S([a, b]) in B([a, b]) by R([a, b]). Elements in the space R([a, b]) of uniform limits of step functions are sometimes called regulated functions. Theorem 5.19 implies that there is a unique bounded linear extension of Λ to R([a, b]), which we also denote by Λ : R([a, b]) → X. For f ∈ R([a, b]), we call Λf the Riemann integral of f, and write it as

Λf = ∫_b a f(t) dt.

Vector-valued integrals 383

The uniform continuity of a continuous function on the compact interval [a, b] implies that R([a, b]) contains the space C([a, b]) of continuous functions from [a, b] to X, so every continuous function is Riemann integrable (see Exercise 13.11). The space R([a, b]) also contains the piecewise continuous functions, which have a finite number of jump discontinuities in [a, b], meaning that the left and right limits of the function exist at its points of discontinuity. In fact, it is possible to show [9] that a function f is in R([a, b]) if and only if the left and right hand limits, lim h→0^− f(t + h), lim_{h→0+} f(t + h),

exist at every point of [a, b] (except, of course, for the left limit at a and the right limit at b). The Riemann integral can be defined on a larger class of functions than the regulated functions, but once one has to deal with functions that are less regular than continuous or piecewise continuous functions, it is preferable to use the Lebesgue integral. One can also define integrals of functions taking values in an infinite-dimensional Banach space for which the Riemann sums, or the integrals of approximating simple functions, converge weakly instead of strongly. We will not consider such integrals in this book.

The estimate ‖ ‖ ‖ ‖ ∫_b a f(t) dt ‖ ‖ ‖ ‖ ≤ ∫_b a ‖f(t)‖ dt ≤ M(b − a), (13.12) where M = sup_{a≤t≤b} ‖f(t)‖, follows from the continuity of Λ and the corresponding estimate for step functions. The usual algebraic properties of the Riemann integral also follow by continuity from the corresponding properties for step functions.

Next, we prove that if the derivative of a function is zero, then the function is constant. To do this, we use linear functionals on X to reduce to the real-valued case.

Proposition 13.2 If f : (a, b) → X is differentiable in (a, b) and f^′ = 0, then f is a constant function.

Proof. Let φ : X → R be a bounded linear functional on X. We define f_φ : (a, b) → R by f_φ(t) = φ (f(t)) .

The chain rule (see Theorem 13.8 below) implies that f_φ is differentiable and has zero derivative. The mean value theorem of elementary calculus (see Exercise 1.14) implies that f_φ is constant. Hence, for every φ ∈ X^∗ and s, t ∈ (a, b) we have

φ (f(s) − f(t)) = f_φ(s) − f_φ(t) = 0.

384 Differential Calculus and Variational Methods

It follows from the Hahn-Banach theorem and Exercise 5.6 that f(s) = f(t) for all s, t ∈ (a, b), so f is constant. □

The fundamental theorem of calculus holds for vector-valued maps.

Theorem 13.3 (Fundamental theorem of calculus) Suppose that X is a Banach space.

(a) If f : [a, b] → X is continuous, then

F (t) = ∫_t a f(s) ds is continuously differentiable in (a, b) and F^′ = f.

(b) If f is continuously differentiable in an open interval containing [a, b], then f(b) − f(a) = ∫_b a f^′(t)dt. (13.13)

Proof. To prove the first part, suppose that a < t < b and h is sufficiently small. Then

F (t + h) − F (t) = ∫_{t+h} t f(s) ds. It follows that F (t + h) − F (t) h − f(t) = 1 h ∫_{t+h} t [f(s) − f(t)] ds. Taking the norm of this equation, and using (13.12), we obtain that ‖ ‖ ‖ F (t + h) − F (t) h − f(t) ‖ ‖ ‖ ≤ sup {‖f(s) − f(t)‖ | t ≤ s ≤ t + h} → 0 as h → 0, by the continuity of f. Thus F is differentiable in (a, b), with continuous derivative f.

To prove the second part, suppose that f is continuously differentiable, and define g(t) = ∫_t a f^′(s) ds. Then, from the first part, we have that g is continuously differentiable and g^′ = f^′, so that the derivative of (f − g) is zero. Since g(a) = 0, Proposition 13.2 implies that f(t) − g(t) = f(a). Evaluation of this equation at t = b gives (13.13). □

The mean value theorem for real-valued functions does not hold for vectorvalued functions, but the following estimate substitutes for the mean value theorem in many contexts.

Vector-valued integrals 385

Theorem 13.4 (Mean value) If f is continuously differentiable in an open interval that contains the closed, bounded interval [a, b], with values in a Banach space, then ‖f(b) − f(a)‖ ≤ M (b − a) where M = sup_{a≤t≤b} ‖f^′(t)‖ .

Proof. Using (13.12) and (13.13), we have

‖f(b) − f(a)‖ = ‖ ‖ ‖ ‖ ‖ ∫_b a f^′(t) dt ‖ ‖ ‖ ‖ ‖ ≤ ∫_b a ‖f^′(t)‖ dt ≤ M(b − a). □ As an application of vector-valued integrals, we briefly consider the solution of a linear evolution equation

x_t = Ax, x(0) = x_0, (13.14)

where A : X → X is a bounded linear operator on a Banach space X. For example, if X = R^n , then (13.14) is an n × n system of ODEs. Similar ideas apply to PDEs, where A : D(A) ⊂ X → X is an unbounded linear operator that generates a C_0-semigroup. Let y(λ) = ∫_∞ 0 e^{−λt}x(t) ds denote the Laplace transform of x : [0, ∞) → X. Then, taking the Laplace transform of (13.14), and integrating by parts, we find that (λI − A) y = x_0. Thus, for λ ∈ ρ(A), we have y(λ) = R(λ)x_0, where R(λ) = (λI − A)^{−1} is the resolvent operator of the generator A. The resolvent operator is related to the solution operator T (t) = e^{At} by R(λ) = ∫_∞ 0 e^{−λs}T (s) ds, meaning that the solution operator is the inverse Laplace transform of the resolvent. A nonhomogeneous linear evolution equation may be solved in terms of the solution operator of the homogeneous equation (see Exercise 13.12).

386 Differential Calculus and Variational Methods

13.3 Derivatives of maps on Banach spaces

In this section, we define the derivative of a map between Banach spaces. The dimensions of the Banach spaces play little role in what follows, and a geometric understanding of the derivative is essential for a clear understanding of multivariable calculus on R^n .

In order to generalize the notion of the derivative of a function of a real variable to a function defined on a Banach space, it is important to view the derivative in a slightly different way than is usual in elementary calculus. There, the derivative of a differentiable function f : (a, b) → R is typically thought of as another function f^′ : (a, b) → R. Instead, we think of the derivative f^′(x) of f at a point x as a linear map that approximates f near x. For real-valued functions, this linear map is just multiplication by the value of the derivative at x.

Definition 13.5 A map f : U ⊂ X → Y whose domain U is an open subset of a Banach space X and whose range is a Banach space Y is differentiable at x ∈ U if there is a bounded linear map A : X → Y such that

lim_{h→0} ‖f(x + h) − f(x) − Ah‖ ‖h‖ = 0.

This definition of the derivative is sometimes called the Fréchet derivative, to distinguish it from the directional, or Gâteaux, derivative in Definition 13.9 below. When we refer to the derivative of a function, without other qualifications, we will mean the Fréchet derivative, but there is little consistency in the literature in the usage of the words “derivative,” “differential,” and “differentiable.”

We can restate the definition using the following o-notation. Suppose that r : U ⊂ X → Y is a function whose domain U is a neighborhood of the origin in a Banach space X, with values in a Banach space Y . We write

r(h) = o(h^n) as h → 0,

pronounced r is “small oh” of h^n, if

lim_{h→0} ‖r(h)‖ ‖h‖^n = 0,

meaning that ‖r(h)‖ approaches zero as h → 0 faster than ‖h‖^n. We also write

r(h) = O(h^n) as h → 0,

pronounced r is “big oh” of h^n, if there are constants δ > 0 and C > 0 such that ‖r(h)‖ ≤ C‖h‖^n when ‖h‖ < δ.

Derivatives of maps on Banach spaces 387

If f, g : U ⊂ X → Y , we write

f(h) = g(h) + o(h^n) if f(h) − g(h) = o(h^n) as h → 0, f(h) = g(h) + O(h^n) if f(h) − g(h) = O(h^n) as h → 0.

Thus, o(h^n) denotes a term that approaches zero faster than ‖h‖^n, and O(h^n) denotes a term that is bounded by a constant factor of ‖h‖^n near 0.

The function f is differentiable at x if and only if there is a bounded linear map A : X → Y such that

f(x + h) = f(x) + Ah + o(h) as h → 0.

If such a linear map exists, then it is unique (see Exercise 13.1), and we write it as A = f^′(x). If f is differentiable at each point of U, then f^′ : U → B(X, Y ) is the map that assigns to each point x ∈ U the bounded linear map f^′(x) : X → Y that approximates f near x. We say that f is continuously differentiable at x if the map f^′ is continuous at x, where the domain U is equipped with the norm on X and the range B(X, Y ) is equipped with the operator norm. We say that f is continuously differentiable in U if it is continuously differentiable at each point x ∈ U. Other common notations for the derivative are df, Df, and f_x.

Example 13.6 Suppose that f : U ⊂ R^n → R^m . We use coordinates (x_1, x_2, . . . , x_n) on R^n and (y_1, y_2, . . . , y_m) on R^m . Then the component expression for f is

y_1 = f_1(x_1, x_2, . . . , x_n), y_2 = f_2(x_1, x_2, . . . , x_n), . . y_m = f_m(x_1, x_2, . . . , x_n),

where f_i : R^n → R. We assume that the partial derivatives of the coordinate functions f_i exist and are continuous in U. Then it follows from the remark below Theorem 13.11 that f is differentiable, and the matrix of f^′ : U → B(R^n , R^m ) is the Jacobian matrix of f:

f^′ = ∂f_1/∂x_1 ∂f_1/∂x_2 . . . ∂f_1/∂x_n ∂f_2/∂x_1 ∂f_2/∂x_2 . . . ∂f_2/∂x_n . . . . .. . . . ∂f_m/∂x_1 ∂f_m/∂x_2 . . . ∂f_m/∂x_n .

Example 13.7 Let Ω be a smooth domain in R^n , X = H^1(Ω), and Y = L^1(Ω). We consider real-valued functions u : Ω → R for simplicity. We will show that the

388 Differential Calculus and Variational Methods

quadratic map f : X → Y defined by f(u) = 1 2 |∇u|^2 + 1 2 u^2 is differentiable, and find its derivative. We have f(u + h) = f(u) + A(u)h + f(h), where A(u) : H^1(Ω) → L^1(Ω) is defined by A(u)h = ∇u · ∇h + uh. From the Cauchy-Schwarz inequality, we have ‖A(u)h‖_L1 ≤ ‖u‖_H1 ‖h‖_H1 , so A(u) is a bounded linear map. The term f(h) = o(h) as h → 0, since ‖f(h)‖_L1 = 1 2 ∫ Ω ( |∇h|^2 + h^2 ) dx = 1 2 ‖h‖^2_H1 , so ‖f(h)‖_L1 ‖h‖_H1 = ‖h‖_H1 → 0 as h → 0.

Thus, f is differentiable in H^1(Ω), and f^′(u) = A(u).

One of the most important results concerning derivatives is the chain rule. Geometrically, the chain rule states that the linear approximation of the composition of two differentiable maps is the composition of their linear approximations. Theorem 13.8 (Chain rule) Suppose that X, Y , Z are Banach spaces, and f : U ⊂ X → Y, g : V ⊂ Y → Z, where U and V are open subsets of X and Y , respectively. If f is differentiable at x ∈ U and g is differentiable at f(x) ∈ V , then g ∘ f is differentiable at x and (g ∘ f)^′ (x) = g^′ (f(x)) f^′ (x) .

Proof. By the differentiability of f, we have f(x + h) = f(x) + f^′(x)h + r(h), where r(h)/‖h‖ → 0 as h → 0. Let y = f(x) and k = f^′(x)h + r(h). Then g(y + k) = g(y) + g^′(y)k + s(k), where s(k)/‖k‖ → 0 as k → 0. Hence, g (f(x + h)) = g (y) + g^′ (y) f^′(x)h + t(h),

Derivatives of maps on Banach spaces 389

where

t(h) = g^′ (y) r(h) + s (k) = g^′ (f(x)) r(h) + s (f^′(x)h + r(h)) .

Since f^′(x) and g^′ (y) are bounded linear maps, we have ‖t(h)‖ ‖h‖ ≤ ‖g^′ (y) ‖ ‖r(h)‖ ‖h‖ + ‖s(k)‖ ‖k‖ ( ‖f^′(x)‖ ‖h‖ + ‖r(h)‖ ‖h‖ ) . It follows that ‖t(h)‖/‖h‖ → 0 as h → 0, which proves the result. □

A useful way to compute the derivative of a function is in terms of its directional derivative, or Gâteaux derivative. For example, the matrix of the derivative of a map on R^n is the Jacobian matrix of its partial derivatives.

Definition 13.9 Let X and Y be Banach spaces, and f : U ⊂ X → Y , where U is an open subset of X. The directional derivative of f at x ∈ U in the direction h ∈ X is given by

δf(x; h) = lim_{t→0} f(x + th) − f(x) t . (13.15)

If this limit exists for every h ∈ X, and f^′_G(x) : X → Y defined by f^′_G(x)h = δf(x; h) is a linear map, then we say that f is Gâteaux differentiable at x, and we call f^′_G the Gâteaux derivative of f at x.

The directional derivative may also be written as δf(x; h) = d dt f(x + th) | | | |_{t=0} .

If f is Fréchet differentiable at x, then it is Gâteaux differentiable at x (Exercise 13.4), and the Fréchet derivative f^′(x) is given by f^′(x)h = δf(x; h). The converse is not true. Even for functions defined on R^2 , the existence and linearity of directional derivatives does not imply the differentiability, or even the continuity, of the function (see Exercise 13.5). To give a sufficient condition for the existence of directional derivatives to imply differentiability, we first prove the following immediate consequence of the mean value theorem in Theorem 13.4.

Theorem 13.10 Suppose that f : U ⊂ X → Y is a Gâteaux differentiable function from an open subset U of a Banach space X to a Banach space Y . If x, y ∈ U and the line segment {tx + (1 − t)y | 0 ≤ t ≤ 1} connecting x and y is contained in U, then ‖f(x) − f(y)‖ ≤ M‖x − y‖ where M = sup_{0≤t≤1} ‖f^′_G (tx + (1 − t)y)‖ .

390 Differential Calculus and Variational Methods

Proof. The definition of the Gâteaux derivative implies that the function h(t) = f (tx + (1 − t)y) is differentiable in an open interval that contains [0, 1] and h^′(t) = f^′_G (tx + (1 − t)y) (x − y).

The result then follows from an application of Theorem 13.4 to h. □ Theorem 13.11 Suppose that f : U ⊂ X → Y is a Gâteaux differentiable function from an open subset U of a Banach space X to a Banach space Y . If the Gâteaux derivative f^′_G : U ⊂ X → B(X, Y ) is continuous at x ∈ U, then f is Fréchet differentiable at x and f^′(x) = f^′_G(x). Proof. For sufficiently small ‖h‖, we define r(h) = f(x + h) − f(x) − f^′_G(x)h. (13.16) The Gâteaux differentiability of f implies that r is Gâteaux differentiable, and r^′_G(h) = f^′_G(x + h) − f^′_G(x).

From Theorem 13.10, we have that ‖r(h)‖ ≤ M(h)‖h‖, where M(h) = sup_{0≤t≤1} ‖r^′_G(th)‖ . The continuous Gâteaux differentiability of f implies that M(h) → 0 as h → 0, so r(h) = o(h) as h → 0. Equation (13.16) implies that f is Fréchet differentiable at x, and f^′(x) = f^′_G(x). □ A more refined argument shows that f is Fréchet differentiable at a point if its directional derivatives δf(x; h) exist in a neighborhood of the point and are uniformly continuous functions of x and continuous functions of h (see Lusternik and Sobolev [33], for example).

Next, we consider some examples of directional derivatives.

Example 13.12 Let X = L^p(Ω), where 1 ≤ p < ∞. We will compute the Gâteaux derivative of the L^p-norm. We define F : X → R by F (u) = ‖u‖^p. Then δF (u; h) = d dt ∫ |u + th|^p | | | |_{t=0} .

Derivatives of maps on Banach spaces 391

First, we show that we can interchange the derivative and the integral by the dominated convergence theorem (Theorem 12.35). For each x ∈ X we have d dt |u(x) + th(x)|^p | | | |_{t=0} = lim_{t→0} 1 t (|u(x) + th(x)|^p − |u(x)|^p) . Since the function x → |x|^p is convex for p ≥ 1, we have |u(x) + th(x)|^p ≤ t|u(x) + h(x)|^p + (1 − t)|u(x)|^p for 0 < t < 1. Hence |u(x) + th(x)|^p − |u(x)|^p t ≤ |u(x) + h(x)|^p − |u(x)|^p, and similarly |u(x)|^p − |u(x) − h(x)|^p ≤ |u(x) + th(x)|^p − |u(x)|^p t . These two inequalities imply that | | | | |u(x) + th(x)|^p − |u(x)|^p t | | | | ≤ |u(x)|^p + |u(x) + h(x)|^p + |u(x) − h(x)|^p. (13.17) The left-hand side of (13.17) converges pointwise a.e. as t → 0, since

lim_{t→0+} 1 t ||u(x) + th(x)|^p − |u(x)|^p| = d dt ||u(x) + th(x)|^p − |u(x)|^p| | | | |_{t=0} = p 2 |u(x)|^{p−2} ( u(x)h(x) + u(x)h(x) ) , where we write |z|^p as (zz)^{p/2} before differentiating. The right-hand side of (13.17) is in L^1. Therefore, the dominated convergence theorem implies that

lim_{t→0} 1 t ∫ ||u(x) + th(x)|^p − |u(x)|^p| = p 2 ∫ |u(x)|^{p−2} ( u(x)h(x) + u(x)h(x) ) . Hence, the directional derivative is given by δF (u; h) = p 2 ∫ |u|^{p−2} ( uh + uh ) . Since |u|^{p−1} ∈ L^{p′} when u ∈ L^p where p^′ is the Hölder conjugate of p, Hölder’s inequality implies that δF (u; ·) is a bounded linear functional on L^p. It follows that F is Gâteaux differentiable.

Example 13.13 Suppose that φ : R → R is a continuous function such that |φ(t)| ≤ a + b|t|^{p/q} (13.18)

392 Differential Calculus and Variational Methods

for suitable constants a, b > 0 and p, q ≥ 1, and Ω is a bounded, measurable subset of R^n . We define a nonlinear map N_φ : L^p(Ω) → L^q(Ω) by

(N_φu) (x) = φ (u(x)) .

Thus, N_φ is the operation of composition with the function φ, regarded as a map on L^p. Such an operator is called a Nemitski operator. It follows from (13.18) that N_φ is bounded, meaning that it maps bounded sets in L^p into bounded sets in L^q. It is also possible to show that if u_n → u in L^p, then N_φ(u_n) → N_φ(u) in L^q, so N_φ is continuous. This continuity does not follow from the boundedness of N_φ because N_φ is nonlinear.

Now suppose that φ : R → R is continuously differentiable. The pointwise calculation d dϵ φ (u(x) + ϵh(x)) | | | |_{ϵ=0} = φ^′ (u(x)) h(x)

suggests that, when it exists, the derivative of N_φ at u is multiplication by the function φ^′ (u). To give conditions under which this is true, suppose that p > 2 and |φ^′(t)| ≤ a + b|t|^{p−2}. (13.19) Then, if u, h ∈ L^p(Ω), we have φ^′ (u) h ∈ L^q(Ω), where q is the Hölder conjugate of p. Thus the map h → φ^′ (u) h is a bounded linear map from L^p to L^q. It is possible to show that, in this case, the Nemitski operator N_φ : L^p → L^q is Fréchet differentiable, and

(N_φ)^′ (u)h = φ^′ (u) h.

In the limiting case, when p = 2 and |φ^′(t)| ≤ a, the Nemitski operator N_φ : L^2 → L^2 is Gâteaux differentiable, but not Fréchet differentiable, unless φ(t) = a + bt is a linear function of t. The proof of these facts requires some measure-theoretic arguments which we omit.

If f : X × Y → Z is a differentiable map on the product of two Banach spaces, then we have f(x + h, y + k) = f(x, y) + Ah + Bk + o(h, k) for suitable linear maps A : X → Z and B : Y → Z. We call A and B the partial derivatives of f with respect to x and y, repectively, and denote them by A = D_xf(x, y), B = D_yf(x, y). Other common notations for the partial derivatives (D_xf, D_yf) are (d_xf, d_yf), (D_1f, D_2f), (f_x, f_y).

The inverse and implicit function theorems 393

We may define higher order derivatives as multilinear maps in a similar way to the definition of the first derivative as a linear map. For example, we say that f : U ⊂ X → Y is twice differentiable at x ∈ U if there is a continuous, bilinear map f^{′′}(x) : X × X → Y such that

f(x + h) = f(x) + f^′(x)h + 1 2 f^{′′}(x)(h, h) + o(h^2) as h → 0.

If f : U ⊂ X → Y is k-times continuously differentiable at each point of U, then we say that f belongs to C^k(U).

Example 13.14 If f = (f_1, f_2, . . . , f_m) : R^n → R^m , where f_i : R^n → R is twice continuously differentiable, and h = (h_1, h_2, . . . , h_n) ∈ R^n , then

[f^{′′}(x)(h, h)]_i = n∑ j,k=1 ∂f_i ∂x_j ∂x_k (x)h_j h_k.

Just as we defined the equivalence of the topological properties of two spaces in terms of homeomorphisms, and the equivalence of metric space properties in terms of metric space isomorphisms, we may define the equivalence of the smoothness properties of two spaces in terms of diffeomorphisms.

Definition 13.15 If f : U ⊂ X → V ⊂ Y is a one-to-one, onto map from an open subset U of a Banach space X to an open subset V of a Banach space Y such that f ∈ C^k(U) and f^{−1} ∈ C^k(V ), where k ≥ 1, then f is called a C^k -diffeomorphism, or a diffeomorphism. Two open sets U ⊂ X, V ⊂ Y are diffeomorphic if there is a diffeomorphism f : U → V .

13.4 The inverse and implicit function theorems

In this section, we prove the inverse function theorem, which states that a continuously differentiable function is locally invertible if its derivative is invertible.

Theorem 13.16 (Inverse function) Suppose that f : U ⊂ X → Y is a differentiable map from an open subset U of a Banach space X to a Banach space Y . If f is continuously differentiable in U and f^′(x) has a bounded inverse at x ∈ U, then there are open neighborhoods V ⊂ U of x and W ⊂ Y of f(x) such that f : V → W is a one-to-one, onto continuous map with continuous inverse f^{−1} : W → V . Moreover, the local inverse is continuously differentiable at f(x) and ( f^{−1} )_′ (f(x)) = [f^′ (x)]^{−1} . (13.20)

Proof. We want to show that for a given sufficiently small k ∈ Y there is a solution h ∈ X of the equation

f(x + h) = f(x) + k. (13.21)

394 Differential Calculus and Variational Methods

The idea of the proof is to use the contraction mapping theorem to show that there is a solution of the nonlinear equation close to the solution of the linearized equation. We write f(x + h) = f(x) + f^′(x)h + r(h), where r(h) = o(h) as h → 0. Since f is continuously differentiable at x, we see that r is continuously differentiable at 0, and r^′(0) = 0. Since f^′(x) is invertible, we may rewrite (13.21) as a fixed point equation h = T (h) where T (h) = [f^′(x)]^{−1} (k − r(h)) . (13.22) The vector k occurs in this equation as a parameter.

First, we show that T contracts distances when ‖h‖ is sufficiently small. From (13.22), we have ‖T (h_1) − T (h_2)‖ ≤ ‖ ‖[f_′(x)]−1 ‖ ‖ ‖r(h_1) − r(h_2)‖ . Theorem 13.10 implies that ‖r(h_1) − r(h_2)‖ ≤ sup_{0≤t≤1} ‖r^′ (th_1 + (1 − t)h_2) ‖ ‖h_1 − h_2‖ .

Since r^′(0) = 0 and r is continuously differentiable at 0, there is a δ > 0 such that ‖r^′ (h) ‖ ≤ 1 2 ‖ ‖[f_′(x)]−1 ‖ ‖ for ‖h‖ ≤ δ. We denote the closed ball in X of radius δ and center zero by B_δ = {h ∈ X | ‖h‖ ≤ δ} . It follows that ‖r(h_1) − r(h_2)‖ ≤

‖h_1 − h_2‖ 2 ‖ ‖ ‖[f^′(x)]^{−1} ‖ ‖ ‖ for h_1, h_2 ∈ B_δ , (13.23)

and therefore that ‖T (h_1) − T (h_2)‖ ≤ 1 2 ‖h_1 − h_2‖ for h_1, h_2 ∈ B_δ.

To apply the contraction mapping theorem, we need to show that T maps B_δ into itself when k is sufficiently small. Taking the norm of T (h) in (13.22), we get ‖T (h)‖ ≤ ‖ [f^′(x)]^{−1} ‖ (‖k‖ + ‖r(h)‖) . (13.24) Equation (13.23), with h_1 = h and h_2 = 0, implies that ‖r(h)‖ ≤ ‖h‖ 2 ‖ ‖ ‖[f^′(x)]^{−1} ‖ ‖ ‖ for h ∈ B_δ.

The inverse and implicit function theorems 395

It therefore follows from (13.24) that if ‖h‖ ≤ δ and ‖k‖ ≤ η where η = δ 2‖ [f^′(x)]^{−1} ‖

, (13.25)

then ‖T (h)‖ ≤ δ. Thus T : B_δ → B_δ is a contraction on the complete set B_δ when k ∈ B_η , where B_η is the closed ball in Y of radius η and center zero. The contraction mapping theorem implies that T has a unique fixed point in B_δ. We may therefore define g : B_η → B_δ by the requirement that h = g(k) is the unique solution of (13.22) belonging to B_δ. From (13.21), the function g provides a local inverse of f, with f^{−1} (f(x) + k) = x + g(k). (13.26) To complete the proof, we need to show that f^{−1} is continuously differentiable.

From (13.22), if h = g(k), then h = [f^′(x)]^{−1} (k − r(h)) . (13.27) Subtracting the equations corresponding to (13.27) for h_1 = g(k_1) and h_2 = g(k_2), taking the norm of the result, and using (13.23), we find that

‖h_1 − h_2‖ ≤ ‖ ‖[f_′(x)]−1 ‖ ‖ (‖k_1 − k_2‖ + ‖r(h_1) − r(h_2)‖) ≤ ‖ ‖[f_′(x)]−1 ‖ ‖ ‖k_1 − k_2‖ + 1 2 ‖h_1 − h_2‖ .

Rewriting this inequality, we obtain that

‖g(k_1) − g(k_2)‖ ≤ 2‖ [f^′(x)]^{−1} ‖ ‖k_1 − k_2‖ for k_1, k_2 ∈ B_η. (13.28) Thus, g is Lipschitz continuous in B_η.

Setting h = g(k) in (13.27), we find that g(k) = [f^′(x)]^{−1} k + s(k), (13.29) where the remainder s : B_η → Y is defined by s(k) = − [f^′(x)]^{−1} r (g(k)) .

From (13.28), with k_1 = k and k_2 = 0, we have ‖g(k)‖ ≤ 2 ‖k‖‖ [f^′(x)]^{−1} ‖ for k ∈ B_η. Hence, s(k) = o(k) as k → 0 because ‖s(k)‖ ‖k‖ = ‖h‖ ‖k‖ ‖ [f^′(x)]^{−1} r(h)‖ ‖h‖ ≤ 2‖ [f^′(x)]^{−1} ‖^2 ‖r(h)‖ ‖h‖ → 0 as k → 0.

Equation (13.29) therefore implies that g is differentiable at k = 0 with g^′(0) = [f^′(x)]^{−1}. It follows from (13.26) that f^{−1} is differentiable at f(x), and its derivative is given by (13.20).

396 Differential Calculus and Variational Methods

The continuous differentiability of f^{−1} follows from the continuous differentiability of f, and the continuity of inversion on the set of bounded, nonsingular linear operators. □

The fact that the derivative of the inverse is the inverse of the derivative may also be deduced from the chain rule. Exercise 13.7 shows that the continuity requirement on the derivative of f in the hypotheses of the inverse function theorem cannot be dropped.

Example 13.17 The map s : R → R given by s(x) = x^2 is locally invertible at every x ≠ 0. If x > 0, a local inverse is r : (0, ∞) → (0, ∞) where r(y) = √ y. If x < 0, a local inverse is r : (0, ∞) → (−∞, 0) where r(y) = − √ y. The map s is not locally invertible at 0 where its derivative vanishes. The map c : R → R given by c(x) = x^3 is globally invertible on R, with continuous inverse c^{−1} : R → R where c^{−1}(x) = x^{1/3}. The inverse function is not differentiable at x = 0 where the derivative of c vanishes. Thus, c : R → R is a homeomorphism, but not a diffeomorphism.

Example 13.18 Consider the map exp : C → C defined by exp z = e^z. This map may also be regarded as a map exp : R^2 → R^2 defined by exp(x, y) = (u, v), where

u = e^x cos y, v = e^x sin y.

The derivative of exp is nonsingular at every point, so it is locally invertible. The map is not globally invertible, however, since exp(z +2πin) = exp z for every n ∈ Z.

Example 13.19 Suppose that f : U ⊂ R^n → R^n is a continuously differentiable map. From Example 13.6, the matrix of the derivative f^′ is the Jacobian matrix of f. The determinant of this matrix, J : U ⊂ R^n → R,

J = det ( ∂f_i ∂x_j )

is called the Jacobian of f. The inverse function theorem implies that the map f is locally invertible near x if its Jacobian is nonzero at x. Moreover, the local inverse f^{−1} is differentiable, and its Jacobian matrix is the inverse of the Jacobian matrix of f.

Example 13.20 The hodograph method is a method for linearizing certain nonlinear PDEs by exchanging the role of independent and dependent variables. As an example, we consider the transonic small disturbance equation, which provides a simplified model of the equations for steady fluid flows near the speed of sound (such as the flow around an aircraft flying at a speed close to the speed of sound):

uu_x + v_y = 0, u_y − v_x = 0, (13.30)

The inverse and implicit function theorems 397

where u = u(x, y), v = v(x, y). If the Jacobian J = | | | u^x u^y v_x v_y | | | = u_xv_y − u_yv_x is nonzero, then we may locally invert the map (x, y) → (u, v) and write x = x(u, v), y = y(u, v). Moreover, we have ( u_x u_y v_x v_y ) = ( x_u x_v y_u y_v )−1 = 1 j ( y_v −x_v −y_u x_u ) , where

j = x_uy_v − x_v y_u = 1 J . Hence,

u_x = y_v j , u_y = −x_v j , v_x = −y_u j , v_y = x_u j . The use of these equations in (13.30) implies that

uy_v + x_u = 0, x_v − y_u = 0.

The Jacobian j cancels, because all terms are linear in a first order derivative of u or v, and consequently the resulting system for x = x(u, v), y = y(u, v) is linear. From the second equation, we may write x = φ_u and y = φ_v for some function φ. The first equation then implies that φ = φ(u, v) satisfies φ_{uu} + uφ_{vv} = 0. This PDE is called the Tricomi equation. It is one of the simplest equations of mixed type, being elliptic when u > 0 (corresponding to subsonic flow) and hyperbolic when u < 0 (corresponding to supersonic flow). Despite the greater simplicity of the linear equations for (x, y) than the nonlinear equations for (u, v), the hodograph method has a significant drawback: solutions may contain curves or regions where the Jacobians j or J vanish, and then the local invertibility between (x, y) and (u, v) is lost.

Example 13.21 Neglecting friction, the angle of u(t) of a forced pendulum satisfies

ü + sin u = h, (13.31)

where h(t) is a given forcing function. We suppose that h is a T -periodic function, where T > 0, and ask if (13.31) has T -periodic solutions. When h = 0, (13.31) has the trivial T -periodic solution u = 0, and we can use the implicit function theorem to prove the existence of T -periodic solutions for small, nonzero h. Let X = { u ∈ C^2(R) | u(t + T ) = u(t) } , Y = {u ∈ C(R) | u(t + T ) = u(t)} .

398 Differential Calculus and Variational Methods

Then we may write (13.31) as f(u) = h where f : X → Y is defined by

f(u) = ü + sin u.

The map f is continuously differentiable, and its derivative f^′(0) : X → Y is given by f^′(0)v = v̈ + v.

The linear map f^′(0) : X → Y is nonsingular if and only if T ≠ 2nπ for some n ∈ N. In that case, there is a unique T -periodic solution of (13.31) when ‖h‖_∞ is sufficiently small. The case T = 2nπ corresponds to a resonance of the external forcing with the linearized oscillator.

The implicit function theorem is a generalization of the inverse function theorem.

Theorem 13.22 (Implicit function theorem) Suppose that X, Y , Z are Banach spaces, and F : U ⊂ X × Y → Z is a continuously differentiable map defined on an open subset U of X × Y . If (x_0, y_0) ∈ U is a point such that F (x_0, y_0) = 0, and D_yF (x_0, y_0) : Y → Z is a one-to-one, onto, bounded linear map, then there is an open neighborhood V ⊂ X of x_0, an open neighborhood W ⊂ Y of y_0, and a unique function f : V → W such that

F (x, f(x)) = 0 for all x ∈ V .

The function f is continuously differentiable, and f^′(x) = − [D_yF (x, f(x))]^{−1} D_xF (x, f(x)) . The proof of this theorem is similar to the proof of the inverse function theorem, so we will omit it. The implicit function theorem reduces to the inverse function theorem when F (x, y) = x − f(y).

Example 13.23 If F = (F_1, F_2, . . . , F_m) : R^n × R^m → R^m is a continuously differentiable function, then the matrix of the partial derivative D_yF is ∂F_1/∂y_1 ∂F_1/∂y_2 . . . ∂F_1/∂y_m ∂F_2/∂y_1 ∂F_2/∂y_2 . . . ∂F_2/∂y_m . . . . .. . . . ∂F_m/∂y_1 ∂F_m/∂y_2 . . . ∂F_m/∂y_m . (13.32)

The m × m system of nonlinear equations F (x, y) = 0 has a unique local solution for y in terms of x near any point where F (x, y) = 0 and the determinant of the Jacobian matrix in (13.32) is nonzero.

The inverse and implicit function theorems 399

Many problems lead to an equation that depends on a parameter μ ∈ R. For example, μ may be a dimensionless parameter characteristic of the system being modeled by the equation. For a time-independent problem, we may write such an equation in the abstract form

F (x, μ) = 0, (13.33)

where F : X × R → Y and X, Y are Banach spaces. The study of how the solution set of (13.33) varies as μ varies is part of bifurcation theory. We assume that F is a smooth function. A solution branch of (13.33) is a smooth map x : I ⊂ R → X from an open interval I in R into X such that

F (x(μ), μ) = 0 for all μ ∈ I.

We say that μ_∗ is a bifurcation point of (13.33) from the solution branch x, if there is a sequence of solutions (x_n, μ_n) in X × I such that

F (x_n, μ_n) = 0, x_n ≠ x(μ_n), x_n → x(μ_∗), μ_n → μ_∗ as n → ∞. The implicit function theorem implies that if the derivative

D_xF (x(μ), μ) (13.34)

is a nonsingular, bounded linear map from X to Y , then there is a unique local solution branch. Thus, a necessary condition for μ_∗ to be a bifurcation point is that the derivative in (13.34) is singular at μ = μ_∗.

Example 13.24 Consider the equation

x^3 − μx = 0,

where x, μ ∈ R, corresponding to F (x, μ) = x^3 − μx. The zero solution x = 0 is a solution branch. We have F_x(0, μ) = −μ, so the only possible bifurcation point from the zero solution is at μ = 0. The solutions in this case are x = 0, and x = ± √ μ when μ > 0. Thus, a new branch of solutions appears at μ = 0. This bifurcation is called a pitchfork bifurcation.

The next example shows that the singularity of the derivative in (13.34) is a necessary but not sufficient condition for a bifurcation to occur.

Example 13.25 Consider the following system of equations for (x, y) ∈ R^2 :

y^3 − μx = 0, x^3 + μy = 0.

400 Differential Calculus and Variational Methods

The zero solution (x, y) = (0, 0) satisfies this system for all μ ∈ R. The derivative of the left-hand side with respect to (x, y) has the matrix ( −μ 3y^2 3x^2 μ ) . This matrix is singular at x = y = 0 if and only if μ = 0, in which case it has a two-dimensional null space. Elimination of μ from the original system of equations implies that x^4 + y^4 = 0. Therefore, the zero solution is the only solution, and μ = 0 is not a bifurcation point.

The same ideas apply to bifurcation problems for equations on infinite-dimensional spaces.

Example 13.26 Consider the following nonlinear Dirichlet problem on a smooth, bounded domain Ω ⊂ R^n :

−Δu = μ sin u in Ω, u = 0 on ∂Ω.

We write this equation in the form (13.33), where F : X × R → Y with F (u, μ) = −Δu + μ sin u, X = { u ∈ C^{2,r} ( Ω ) | u = 0 on ∂Ω } , Y = C^{0,r} ( Ω ) . Here 0 < r ≤ 1, and C^{k,r} ( Ω ) denotes a space of Hölder continuous functions. One can show that F is differentiable at u = 0, and D_uF (0, μ)h = −Δh − μh. The theory of elliptic PDEs implies that D_uF (0, μ) : X → Y is a bounded, nonsingular map unless μ is an eigenvalue of −Δ. Thus, the possible bifurcation points from the trivial solution u = 0 are the eigenvalues of the Laplacian operator on Ω. It is possible to show that a bifurcation must occur at a simple eigenvalue, but need not occur at a multiple eigenvalue.

13.5 Newton’s method

Newton’s method is an iterative method for the solution of a finite or infinitedimensional system of nonlinear equations,

f(x) = 0, (13.35)

where f is a smooth mapping between Banach spaces. Suppose that x_n is an approximate solution. As x → x_n, we have

f(x) = f(x_n) + f^′(x_n)(x − x_n) + o(x − x_n).

Newton’s method 401

If f^′(x_n) is nonsingular and x_n is sufficiently close to a solution of (13.35), then it is reasonable to expect that the solution x = x_{n+1} of the linearized equation,

f(x_n) + f^′(x_n)(x − x_n) = 0,

is a better approximation to the solution of the nonlinear equation than x_n. The resulting iteration scheme, called Newton’s method, is given by

x_{n+1} = x_n − [f^′(x_n)]^{−1} f(x_n) for n ≥ 0. (13.36)

After the choice of a starting point, x_0, Newton’s method generates a sequence (x_n) of iterates, provided that f^′(x_n) is nonsingular for every n. The Newton iterates may be obtained from an iteration of the fixed point problem

x = x − [f^′(x)]^{−1} f(x),

which is clearly equivalent to (13.35) when f^′(x) is nonsingular. A basic question concerning Newton’s method is: When does the sequence of Newton iterates converge to a solution of (13.35)?

There are many variants of Newton’s method. One of the simplest is the modified Newton’s method:

x_{n+1} = x_n − [f^′(x_0)]^{−1} f(x_n) for n ≥ 0. (13.37)

This method has the numerical advantage that the derivative f^′(x_0) only has to be computed and inverted once, at the starting point x_0; the sequence of approximations, however, does not converge as rapidly as the sequence obtained from Newton’s method. The modified Newton’s method is simpler to analyze than Newton’s method, and, following Lusternik and Sobolev [33], we will prove a convergence result for it here. A proof of the convergence of Newton’s method, under suitable assumptions on f and x_0, may be found in Kantorovich and Akilov [27].

In order to prove convergence, we will assume that f^′ satisfies a Lipschitz condition. If f : U ⊂ X → Y is a differentiable function, then we say that the derivative f^′ : U ⊂ X → B(X, Y ) is Lipschitz continuous in U if there is a constant C, called a Lipschitz constant, such that ‖f^′(x) − f^′(y)‖ ≤ C‖x − y‖ for all x, y ∈ U. (13.38) Theorem 13.27 Let f : U ⊂ X → Y be a differentiable map from an open subset U of a Banach space X into a Banach space Y such that f^′ is Lipschitz continuous in U with Lipschitz constant C. Suppose that x_0 ∈ U, f^′(x_0) is nonsingular, and h = C ‖ ‖ ‖[f^′(x0)]^{−1} ‖ ‖ ‖ ‖ ‖ ‖[f^′(x0)]^{−1} f(x0) ‖ ‖ ‖ ≤ 1 4 . (13.39)

Define δ ≥ 0 by δ = ‖ ‖ ‖[f^′(x0)]^{−1} f(x0) ‖ ‖ ‖ ( 1 − √ 1 − 4h 2h ) , (13.40)

402 Differential Calculus and Variational Methods

and suppose further that the closed ball B_δ of radius δ centered at x_0, B_δ = {x ∈ X | ‖x − x_0‖ ≤ δ} , (13.41) is contained in U. Then there is a unique solution of the equation f(x) = 0 in B_δ, and the sequence (x_n) of modified Newton iterates, defined in (13.37), converges to the solution of f(x) = 0 in B_δ as n → ∞.

Proof. The modified Newton iterates are obtained from the fixed point iteration x_{n+1} = T (x_n), where T (x) = x − [f^′(x_0)]^{−1} f(x).

First, we show that T : B_δ → B_δ . We may write T (x) − x_0 = − [f^′(x_0)]^{−1} [r(x) + f(x_0)] , (13.42) where r(x) = f(x) − f(x_0) − f^′(x_0) (x − x_0) . (13.43) Taking the norm of (13.42), we find that ‖T (x) − x_0‖ ≤ M ‖r(x)‖ + η, (13.44) where M = ‖ ‖ ‖[f^′(x0)]^{−1} ‖ ‖ ‖ , η = ‖ ‖ ‖[f^′(x0)]^{−1} f(x0) ‖ ‖ ‖ . (13.45) Computing the derivative of r, and using the Lipschitz condition (13.38) for f^′, we obtain that ‖r^′(x)‖ = ‖f^′(x) − f^′(x_0)‖ ≤ C ‖x − x_0‖ . Since r(x_0) = 0, the mean value theorem implies that ‖r(x)‖ = ‖r(x) − r(x_0)‖ ≤ sup_{0≤t≤1} ‖r^′ (tx + (1 − t)x_0)‖ ‖x − x_0‖ ≤ C ‖x − x_0‖^2 . Using this result in (13.44), we find that ‖T (x) − x_0‖ ≤ CM ‖x − x_0‖^2 + η. Hence, T maps the ball {x | ‖x − x_0‖ ≤ ϵ} into itself provided that CMϵ^2 + η ≤ ϵ. (13.46) This inequality can be satisfied for some ϵ > 0 if h = CMη ≤ 1 4 . (13.47)

Linearized stability 403

Using (13.45), we see that this is the condition in (13.39). In that case, the smallest value δ of ϵ for which (13.46) holds is

δ = ητ, (13.48)

where τ is the smallest root of the equation hτ^2 − τ + 1 = 0, or τ = 1 − √ 1 − 4h 2h . (13.49)

Using (13.45) and (13.49) in (13.48), we find that δ is given by (13.40). This proves that T : B_δ → B_δ.

Next, we prove that T is a contraction on B_δ. Differentiating (13.42) and (13.43), we find that

T^′(x) = − [f^′(x_0)]^{−1} [f^′(x) − f^′(x_0)] .

Hence, using (13.45) and the Lipschitz condition on f^′ in (13.38), we have ‖T^′(x)‖ ≤ M ‖f^′(x) − f^′(x_0)‖ ≤ CM‖x − x_0‖ ≤ CMδ for all x ∈ B_δ . It follows from (13.47), (13.48), and (13.49) that CMδ = 1 − √ 1 − 4h 2 ≤ 1 2 . We therefore have ‖T^′(x)‖ ≤ 1/2 in B_δ , so from the mean value theorem ‖T (x) − T (y)‖ ≤ 1 2 ‖x − y‖ for all x, y ∈ B_δ. The theorem now follows from the contraction mapping theorem. □

Note that the conditions (13.39) and B_δ ⊂ U in the hypotheses of the theorem are satisfied when x_0 is sufficiently close to a solution of f(x) = 0 at which the derivative of f is nonsingular.

A significant practical difficulty in the implementation of Newton’s method, and its modifications, is that the iterates may diverge unless the starting point is very close to the solution. For this reason, Newton’s method is often used in conjunction with continuation methods, in which one slowly varies a parameter in the equation, and uses the solution for a previous parameter value as an initial guess for the Newton iterations for the next parameter value.

13.6 Linearized stability

We consider an equilibrium of the evolution equation

u_t = f(u), (13.50)

404 Differential Calculus and Variational Methods

where f : D(f) ⊂ X → X is a vector field on a Banach space X. We assume that the initial value problem for (13.50) is well posed, meaning that there is a unique solution u : [0, ∞) → X for every initial condition u(0) = u_0 ∈ X, and u(t) depends continuously on u_0 with respect to the normed topology on X. A state u ∈ X is an equilibrium of (13.50) if f(u) = 0. There are many inequivalent ways to define the stability of an equilibrium. We only consider the two most common ways here.

Definition 13.28 An equilibrium u of (13.50) is stable if for every neighborhood U of u there is a neighborhood V of u such that if u(0) ∈ V , then u(t) ∈ U for all t ≥ 0. If u is not stable, then it is unstable. An equilibrium u is asymptotically stable if it is stable and there is a neighborhood W of u such that u(t) → u as t → ∞ whenever u(0) ∈ W .

Thus, if a stable equilibrium is perturbed, the perturbation remains small, and if an asymptotically stable equilibrium is perturbed, then the perturbation remains small and eventually dies out.

The linearization of (13.50) about u is

v_t = Av, where A = f^′ (u). (13.51)

We define the linear stability of an equilibrium u of (13.50) in terms of the stability of the equilibrium v = 0 of (13.51).

Definition 13.29 The equilibrium u = u of (13.50) is linearly stable, or linearly asymptotically stable, if v = 0 is a stable, or asymptotically stable, equilibrium of (13.51), respectively.

In the case of ODEs, we have the following result.

Theorem 13.30 Suppose that f : R^n → R^n is continuously differentiable and f (u) = 0. If all the eigenvalues of f^′ (u) have a strictly negative real part, then u is an asymptotically stable equilibrium of the system of ODEs u̇ = f(u). If one of the eigenvalues of f^′ (u) has a strictly positive real part, then u is unstable.

The stability part of this theorem is proved by the construction of a suitable quadratic Liapunov function V : X → R for (13.50) that has a minimum at u and the property that V_t ≤ 0 on solutions of (13.50) in a neighborhood of u (see [21]).

Example 13.31 Consider a 2 × 2 system of ODEs for (u, v) ∈ R^2 : u̇ = f(u, v), v̇ = g(u, v). (13.52) The eigenvalues of the derivative A = ( f_u (u, v) f_v (u, v) g_u (u, v) g_v (u, v) ) (13.53)

Linearized stability 405

have strictly negative real parts if and only if

tr A = f_u (u, v) + g_v (u, v) < 0, det A = f_u (u, v) g_v (u, v) − f_v (u, v) g_u (u, v) > 0. (13.54)

Thus, an equilibrium (u, v) of (13.52) is asymptotically stable when the condition in (13.54) holds.

If the spectrum of f^′ (u) touches the imaginary axis, meaning that all points in the spectrum have nonpositive real parts and the real part of at least one point is equal to zero, then the equilibrium u may be linearly stable, but we cannot draw conclusions about the nonlinear stability of u from its linearized stability alone.

Example 13.32 Consider the following 2 × 2 system of ODEs for (u, v) ∈ R^2 : u̇ = μu − v − α ( u^2 + v^2 ) u, v̇ = u + μv − α ( u^2 + v^2 ) v, where α, μ are real parameters. It is convenient to write this equation in complex form for w = u + iv ∈ C as

ẇ = (μ + i) w − α|w|^2w. (13.55)

This equation may be solved by writing it in the polar form ṙ = μr − αr^3, θ̇ = 1, where w = re^{iθ} , r = √ u^2 + v^2, tan θ = v u . If μ < 0, then the equilibrium w = 0 is asymptotically stable, and if μ > 0 it is unstable. If μ = 0, then the eigenvalues of the linearization are purely imaginary, and the equilibrium w = 0 is linearly stable. It is asymptotically stable if α > 0, stable if α = 0, and unstable if α < 0.

When α and μ have the same sign, (13.55) has a periodic limit cycle solution w(t) = √ μ α e^{it}. As μ increases through zero, the equilibrium w = 0 becomes unstable. If α > 0, then a stable limit cycle appears for μ > 0, while if α < 0, then an unstable limit cycle shrinks down to the equilibrium w = 0 and disappears for μ > 0. This type of bifurcation is called a Hopf bifurcation. The Hopf bifurcation is said to be supercritical if α > 0 and subcritical if α < 0.

406 Differential Calculus and Variational Methods

For PDEs, the relationship between different types of stability, and between linear and nonlinear stability, can be rather subtle. It is usually true that if the spectrum of f^′ (u) is contained in a left-half plane {λ ∈ C | Re λ ≤ ω} for some ω < 0, then u is linearly asymptotically stable (see the discussion of (9.24)), and that linear asymptotic stability implies nonlinear asymptotic stability, but there are exceptions. Moreover, the linearized equation may have continuous or residual spectrum in addition to, or instead of, the pure point spectrum that occurs for ODEs.

We will illustrate the linearization of nonlinear PDEs by considering an important class of examples called reaction-diffusion equations. These nonlinear PDEs describe the dynamics of spatially dependent chemical concentrations and temperature in the presence of chemical reactions and the diffusion of reactants and heat. They also model the population of spatially distributed species in ecology. The general form of a reaction-diffusion equation for u(x, t) ∈ R^m , where x ∈ R^n and t ≥ 0, is

u_t = DΔu + f(u). (13.56)

The effect of diffusion is described by the linear term DΔu, where D is a positive definite, symmetric m×m matrix, called the diffusion matrix. In most applications, D is diagonal, and, for simplicity, we assume that D is constant. The effect of reactions is described by the term f(u), where f : R^m → R^m is a given nonlinear function. For models of chemical reactions, f is often a polynomial in the chemical concentrations, as follows from the law of mass action, with coefficients that depend exponentially on the temperature. To be specific, we consider a reaction-diffusion equation for a function u defined on a regular, bounded domain Ω ⊂ R^n subject to Dirichlet boundary conditions. In that case, we supplement (13.56) with the initial and boundary conditions

u(x, t) = 0 for x ∈ ∂Ω and t > 0, u(x, 0) = u_0(x) for x ∈ Ω.

An equilibrium solution u : Ω ⊂ R^n → R^m of (13.56) satisfies the elliptic system of PDEs DΔu + f(u) = 0, u(x) = 0 for x ∈ ∂Ω.

To study the linear stability of u, we have to compute the Fréchet derivative of the map F given by

F (u) = DΔu + f(u). (13.57)

The derivative of the linear term is trivial to compute, so we only need to compute the derivative of the nonlinear term, defined on a suitable space of functions.

Linearized stability 407

Lemma 13.33 Suppose that Ω ⊂ R^n is a regular, bounded open domain, and f : R^m → R^m is a twice continuously differentiable function with derivative f^′ : R^m → R^{m×m} . Then the map N_f : H^k(Ω) → L^2(Ω) defined by N_f (u) = f(u) is differentiable for every k > n/2, and its derivative N^′_f (u) : H^k(Ω) → L^2(Ω) at u ∈ H^k(Ω), is given by

N^′_f (u)(v) = f^′(u)v.

Proof. Let |u| denote the Euclidean norm of u ∈ R^m . Since f is twice continuously differentiable, for each R > 0 there is constant C(R) such that |f(u + h) − f(u) − f^′(u)v| ≤ C(R)|v|^2 for all u, v ∈ R^n such that |u| ≤ R and |u + v| ≤ R. By the Sobolev embedding theorem (Theorem 12.70) and the assumption that k > n/2, there is a constant M such that ‖u‖_∞ ≤ M‖u‖_Hk . By combining these inequalities and integrating the result over Ω, we obtain for ‖v‖_Hk ≤ 1 that ‖f(u + v) − f(u) − f^′(u)v‖_L2 ≤ C ‖ ‖v^2 ‖ ‖_{L2} ≤ C^′‖v‖_∞‖v‖_L2 ≤ C^{′′}‖v‖^2_Hk where C = C(R) with R = ‖u‖_∞ + M, C^′, and C^{′′} are constants depending on the bounded domain Ω and u, but not on v. The result follows by dividing this equation by ‖v‖_Hk and taking the limit of the result as ‖v‖_Hk → 0. □

The Laplacian maps H^k into L^2 if k ≥ 2. Thus, it follows that if k ≥ 2 and k > n/2, then the map F defined in (13.57), where

F : D(F ) ⊂ H^k(Ω) → L^2(Ω), D(F ) = { u ∈ H^k(Ω) | u = 0 on ∂Ω } , is differentiable, and the derivative of F at u ∈ D(F ) is given by F^′ (u) v = DΔv + Av, where A = f^′ (u). The linearization of (13.56) is therefore

v_t = DΔv + Av. (13.58)

As for the Laplacian on a regular bounded domain, the spectrum of F^′ (u) consists entirely of eigenvalues. The matrix A need not be symmetric, and if it is not, then F^′ (u) is not self-adjoint, so its eigenvalues need not be real. The equilibrium u is linearly asymptotically stable if every eigenvalue of F^′ (u) has strictly negative real part.

408 Differential Calculus and Variational Methods

In general, the equilibrium u is a function of x, so that F^′ (u) is a variable coefficient elliptic differential operator. It is usually not possible to compute its eigenvalues explicitly, although the eigenvalues with the largest real parts can be computed numerically. If, however, u is a constant state and the reaction-diffusion equation is posed on R^n , or T^n, then we can use Fourier analysis to study the spectrum of the linearization. We illustrate this procedure with a discussion of the Turing instability, which was proposed by Turing in 1952 as a mechanism for the development of spatial patterns from a spatially uniform state, and in particular as a possible mechanism for morphogenesis.

The state u ∈ R^m is a spatially uniform equilibrium of (13.56) if and only if f (u) = 0. We look for solutions of the linearization (13.58) of (13.56) at u of the form v(x, t) = e^{ik·x+λt}^v, (13.59) where k ∈ R^n , λ ∈ C , and ^v ∈ C^m \ 0. General solutions of the IVP for (13.58) may be obtained from these solutions by use of the Fourier transform. The solution (13.59) grows exponentially in time if Re λ > 0. Thus, u is linearly unstable if Re λ > 0 for some k ∈ R^n . The use of (13.59) in (13.58) implies that ( −|k|^2D + A ) ^v = λ^v. (13.60) It follows that λ is an eigenvalue of −|k|^2D + A. Turing observed that −|k|^2D + A may have an eigenvalue with positive real part for some |k| > 0 even though all the eigenvalues of A have negative real part. In that case, u is an asymptotically stable equilibrium of the reaction equations u̇ = f(u), and is therefore stable to spatially uniform perturbations, but is unstable to spatially nonuniform perturbations. The growth of spatially unstable perturbations, and the possible saturation of the growth by nonlinear effects, leads to the formation of spatial patterns from a spatially uniform state. This instability is called a Turing instability or a diffusion-driven instability.

The simplest system that exhibits Turing instability is a 2×2 system of reaction diffusion equations for (u, v) ∈ R^2 with a diagonal diffusion matrix D = diag(μ, ν), where μ, ν > 0: u_t = μΔu + f(u, v), v_t = νΔv + g(u, v). (13.61)

Here, f, g : R^2 → R are given functions that describe the reaction equations. The eigenvalue problem (13.60) for (13.61) is ( −|k|^2μ + f_u f_v g_u −|k|^2ν + g_v ) ( ^u ^v ) = λ ( ^u ^v ) , where we do not indicate explicitly that the derivatives of f, g are evaluated at u = u, v = v.

Linearized stability 409

The eigenvalues λ are solutions of the quadratic equation

λ^2 − [ f_u + g_v − |k|^2 (μ + ν) ] λ + h ( |k|^2 ) = 0, (13.62)

where h ( |k|^2 ) = μν|k|^4 − (μg_v + νf_u) |k|^2 + f_ug_v − f_vg_u. From (13.54), the equilibrium state is stable to spatially uniform perturbations with k = 0 if

f_u + g_v < 0, f_ug_v − f_vg_u > 0. (13.63)

The quadratic equation (13.62) for λ then has a root with positive real part if and only if h ( |k|^2 ) < 0, and this can occur for some |k| > 0 only if

μg_v + νf_u > 0. (13.64)

In that case, h ( |k|^2 ) has a minimum at |k| = κ, where

κ^2 = μg_v + νf_u 2μν , and h ( κ^2 ) < 0 if and only if μg_v + νf_u > 2 √ μν (f_ug_v − f_vg_u). (13.65)

Thus, the conditions (13.63)–(13.65) imply that a Turing instability occurs in the system defined by (13.61).

At first sight, it may seem surprising that diffusion can cause instability in a state that is stable to spatially uniform perturbations, but there is a simple explanation. It follows from (13.63) and (13.64) that f_u and g_v have opposite signs and μ ≠ ν. This difference between the diffusivities is essential for the Turing instability. Exchanging u and v, if necessary, we may assume that f_u < 0 and g_v > 0, when μ > ν. Furthermore, replacing v by −v, if necessary, we find that the sign structure of the entries in the matrix A of the derivative of the reaction terms in a 2 × 2 system that is subject to a Turing instability can always be put in the form A = ( − + − + ) . In this case, we call v an activator because, in the absence of diffusion, it grows exponentially in time when u = 0, and we call u an inhibitor because positive values of u reduce the growth of v. If v = 0, then the inhibitor u decays exponentially to its equilibrium state. The equilibrium is a stable state of the reaction equations because a positive perturbation in the activator from its equilibrium value causes a growth in the inhibitor, and this in turn stabilizes the activator. We have seen that μ > ν, which means that the diffusivity of the inhibitor is greater than the diffusivity of the activator. If a spatially nonuniform perturbation in the activator begins to

410 Differential Calculus and Variational Methods

grow at some point, then the inhibitor diffuses away faster than the activator, and as a result the generation of inhibitor may not be sufficient to prevent the continued growth of the activator.

Morphogenesis is too complex to be explained by a Turing instability. It has been suggested, however, that some biological patterns, such as coat pigmentations, are the result of a Turing instability. Turing instability has been observed in chemically reacting systems in gels, although the first successful experimental observations took place almost forty years after Turing’s original theoretical work.

13.7 The calculus of variations

The calculus of variations is an enormous subject, with applications to physics, geometry, and optimization theory, among many other areas. The following discussion is therefore only a brief, and incomplete, introduction.

A basic problem in the calculus of variations is the minimization of a functional. Suppose that I : X → R is a real-valued functional defined on a Hilbert or Banach space X. If I has a local minimum at x, then for each h ∈ X, the function I(x+ϵh) of the scalar parameter ϵ has a local minimum at ϵ = 0. Therefore, if I is differentiable at x, then d dϵ I(x + ϵh) | | |_{ϵ=0} = I^′(x)h = 0,

so the derivative of I at x is zero. We call a point where the derivative of a functional I vanishes a critical point or stationary point of I. Thus, a necessary condition for a differentiable functional I to have a minimum at an interior point x of its domain is that x is a critical point of I. In searching for the minimizers of I, we may therefore restrict attention to the critical points of I, as well as any boundary points of the domain of I, and points where I fails to be differentiable. A critical point need not be a local minimum. For example, it could be a local maximum or a saddle point. We will not discuss here sufficient conditions for a critical point to be a minimum, but critical points of functionals are often of interest in their own right.

In this section, we introduce the fundamental ideas in the calculus of variations by a study of functionals of the form I(u) = ∫_1 0 L (x, u(x), Du(x)) dx, (13.66) where u : [0, 1] → R^m is a continuously differentiable function of one variable, and

L : [0, 1] × R^m × R^m → R

is a given smooth function, called the Lagrangian. It is convenient to use the notation D for the derivative with respect to x, so Du = u^′.

The calculus of variations 411

We will derive a differential equation, called the Euler-Lagrange equation, that is satisfied by any sufficiently smooth critical point of I. Abusing notation slightly, we write L_x (x, u(x), Du(x)) = ∂ ∂x L(x, y, v) | | | |_{y=u(x), v=Du(x)} , L_u (x, u(x), Du(x)) = ∂ ∂y L(x, y, v) | | | |_{y=u(x), v=Du(x)} , L_{Du}(x, u(x), Du(x)) = ∂ ∂v L(x, y, v) | | | |_{y=u(x), v=Du(x)} . If u = (u_1, u_2, . . . , u_m) takes values in R^m , then these partial derivatives denote the gradient, and L_u = (L_{u1} , L_{u2} , . . . , L_{um} ) , L_{Du} = (L_{Du1} , L_{Du2} , . . . , L_{Dum} ) also take values in R^m . If φ = (φ_1, φ_2, . . . , φ_m) : [0, 1] → R^m , then we write L_u · φ = m∑ i=1 L_{ui} φ_i, L_{Du} · φ = m∑ i=1 L_{Dui} φ_i. For example, the chain rule implies that DL (x, u(x), Du(x)) = L_x (x, u(x), Du(x)) + L_u (x, u(x), Du(x)) · Du(x) +L_{Du}(x, u(x), Du(x)) · D^2u(x). There are many possible choices for the space X of admissible functions on which I is defined, and the “correct” space in which to look for a minimizer, if one exists at all, depends in general on the functional. For definiteness, we first suppose that u is a continuously differentiable function that satisfies the boundary conditions u(0) = u(1) = 0. Then I : X → R, where X = { u ∈ C^1([0, 1]) | u(0) = u(1) = 0 } . The functional I is differentiable on X, and I^′(u) : X → R is given by

I^′(u)φ = d dϵ I(u + ϵφ) | | | ϵ=0 = d dϵ ∫_1 0 L(x, u + ϵφ, Du + ϵDφ) dx | | | |_{ϵ=0} = ∫_1 0 {L_u(x, u, Du) · φ + L_{Du}(x, u, Du) · Dφ} dx. Thus, if u is a critical point of I, we have

∫_1 0 {L_u(x, u, Du) · φ + L_{Du}(x, u, Du) · Dφ} dx = 0 for all φ ∈ X.

412 Differential Calculus and Variational Methods

Suppose that the critical point u belongs to C^2([0, 1]). We may then integrate by parts in this equation to obtain

∫_1 0 {L_u(x, u, Du) − D [L_{Du}(x, u, Du)]} · φ dx = 0 for all φ ∈ X. (13.67) The boundary terms vanish because φ is zero at the endpoints. To obtain the differential equation satisfied by u, we use the following fundamental lemma of the calculus of variations, or du Bois-Reymond lemma.

Lemma 13.34 (Fundamental) If f : [a, b] → R is a continuous function such that ∫_b a f(x)φ(x) dx = 0 for every φ ∈ C^∞_c ((a, b)),

then f(x) = 0 for every a ≤ x ≤ b.

Proof. Suppose that f is not identically zero. Then there is an x_0 ∈ (a, b) such that f(x_0) ≠ 0. Multiplying f by −1, if necessary, we may assume that f(x_0) > 0. Since f is continuous, there is an interval I ⊂ (a, b) such that |f(x) − f(x_0)| ≤ 1 2 f(x_0) for every x ∈ I,

which implies that f(x) ≥ f(x_0)/2 for every x ∈ I. Let φ ∈ C^∞_c ((a, b)) be a nonnegative function with integral equal to one and support contained in I. Then ∫_b a f(x)φ(x) dx ≥ 1 2 f(x_0) > 0.

This contradiction proves the lemma. □

Applying the fundamental lemma componentwise to (13.67), we see that every C^2-critical point u of the functional I defined in (13.66) satisfies the following Euler- Lagrange equation:

−DL_{Du} + L_u = 0. (13.68)

If u = (u_1, u_2, . . . , u_m) is an m-vector-valued function, where u_i : [0, 1] → R, then the component form of the Euler-Lagrange equation (13.68) is −DL_{Dui} + L_{ui} = 0, i = 1, 2, . . . , m. Using the chain rule to expand the derivative, we may write this equation as − m∑ j=1 { L_{DuiDuj} D^2u_j + L_{Duiuj} Du_j } − L_{Duix} + L_{ui} = 0, i = 1, 2, . . . , m.

The calculus of variations 413

If the second derivative L_{DuDu} of L with respect to Du, with matrix ( L_{DuiDuj} )_m i,j=1 , is nonsingular, then we may solve this equation for D^2u to obtain a second-order system of equations of the form D^2u = f(x, u, Du).

Exactly the same argument applies if we minimize I over the affine space of functions u that satisfy the nonhomogeneous boundary conditions

u(0) = a, u(1) = b, (13.69)

since u + ϵφ satisfies the same boundary conditions as u if and only if φ(0) = φ(1) = 0. A C^2-critical point of I on the space of functions u ∈ C^1([0, 1]) such that u(0) = a and u(1) = b therefore satisfies the ODE (13.68) and the boundary conditions (13.69).

Example 13.35 Suppose that a curve y = u(x) connects the origin (0, 0) and a point (a, b) in the (x, y)-plane. The length I(u) of the curve is given by the arclength integral I(u) = ∫_a 0 √ 1 + (Du)^2 dx.

The corresponding Euler-Lagrange equation is −D ( Du √ 1 + (Du)^2 ) = 0,

which simplifies to

D^2u = 0.

The solution is a linear function of x, and the shortest curve connecting two points is a straight line.

Example 13.36 One of the original problems in the calculus of variations was the brachistochrone problem, first formulated by Galileo in 1638, who suggested incorrectly that the solution is a circular arc. The problem was formulated independently and solved correctly by Johann Bernoulli in 1697. Suppose that a frictionless particle, or bead, slides along a curve y = u(x) under the influence of gravity. We choose the y coordinate downwards, so that gravity acts in the positive y-direction. If the particle starts at the origin O = (0, 0) with zero velocity, then conservation of energy implies that after it has dropped a vertical distance y, the velocity v of the particle satisfies 1 2 v^2 = gy,

414 Differential Calculus and Variational Methods

where g is the acceleration due to gravity. Therefore, v = √ 2gy. The time I(u) taken by the particle to move from the origin O to a point P = (a, b) on the curve is given by the integral of arclength divided by velocity, or I(u) = ∫_a 0 √ 1 + (Du)^2 2gu dx. The brachistochrone problem is to find the curve connecting given points O and P such that a particle starting at rest slides from O to P along the curve in the shortest possible time. The curve should be steep initially, so the particle accelerates rapidly, but it should not be too steep, because this increases its arclength. The required curve satisfies the Euler-Lagrange equation associated with I, which is −D ( Du √ 2gu [1 + (Du)^2] ) − 1 2 √ 1 + (Du)^2 2gu^3 = 0. (13.70)

In order to solve (13.70), we will show that the Euler-Lagrange equation has a first integral whenever the Lagrangian does not depend explicitly on the independent variable x. This result is one of the simplest instances of Noether’s theorem, which connects symmetries of the Lagrangian with conservation laws of the Euler-Lagrange equation.

Proposition 13.37 If L = L(u, Du) is independent of x, then any solution u of the Euler-Lagrange equation (13.68) satisfies the conservation law L_{Du} (u, Du) · Du − L (u, Du) = constant. Proof. We define H : R^m × R^m → R by H(u, Du) = L_{Du}(u, Du) · Du − L(u, Du). Then, using the chain rule, we find that DH = (DL_{Du} − L_u) · Du. Hence, if u satisfies (13.68), then H is constant. □

Example 13.38 The Lagrangian for brachistochrone problem in Example 13.36, L(u, Du) = √ 1 + (Du)^2 2gu , is independent of x. Proposition 13.37 therefore implies that (13.70) has the first integral

(Du)^2 √ 2gu [ 1 + (Du)^2 ] − √ 1 + (Du)^2 2gu = c,

The calculus of variations 415

where c is a constant of integration. This equation simplifies to 2gc^2u [ 1 + (Du)^2 ] = 1.

Writing the curve y = u(x) in the parametric form x = x(t), y = y(t), where y(t) = u(x(t)) so Du = ẏ/ẋ, and setting y(t) = k(1 − cos t) where k = 1/(4gc^2), we find that ẋ = k(1 − cos t).

The solution through the points (0, 0) and (a, b) is therefore the cycloid x(t) = k(t − sin t), y(t) = k(1 − cos t) for 0 ≤ t ≤ T . The constants of integration k, T are chosen so that k(T − sin T ) = a, k(1 − cos T ) = b.

In view of the importance of the expression on the left-hand side of the Euler- Lagrange equation (13.68), we make the following definition.

Definition 13.39 The variational derivative, or functional derivative, of the functional I in (13.66) at a smooth function u is the function δI δu = −DL_{Du} + L_u. The Euler operator L_I of I is the operator L_I (u) = δI δu that maps a function u to the variational derivative of I at u.

Using this notation, we may write the Euler-Lagrange equation for I as δI δu = 0.

If u and φ are sufficiently smooth, and φ is compactly supported in (0, 1), then d dϵ I(u + ϵφ) | | |_{ϵ=0} =

∫_1 0 δI δu (x) · φ(x) dx. (13.71) We may think of the L^2-inner product ⟨u, v⟩ = ∫_1 0 u(x) · v(x) dx as a continuous analog of the Euclidean inner product on R^n , ⟨u, v⟩ = n∑ i=1 u_iv_i,

416 Differential Calculus and Variational Methods

in which an integral over the continuous index x replaces a sum over the discrete index i. Equation (13.71) is the continuous analog of the formula for the directional derivative of a function I : R^n → R: d dϵ I(u + ϵφ) | | | |_{ϵ=0} = n∑ i=1 ∂I ∂u_i φ_i. Thus, the variational derivative of a functional defined on a suitable subspace of L^2 is a formal continuous analog of the gradient of a function defined on R^n . From (13.71), we may write the value of the variational derivative at x formally as δI δu (x) = d dϵ I(u + ϵδ_x) | | | |_{ϵ=0} ,

where δ_x is the delta-function supported at x. Thus, heuristically, the value of δI/δu at the point x measures the sensitivity of I to changes in u at x.

In the above analysis, we looked for critical points of the functional I in (13.66), defined on a restricted class of admissible functions that satisfy prescribed Dirichlet conditions at the endpoints. Suppose, instead, we look for critical points of I(u) without imposing any boundary conditions on the admissible functions u, so that I : X → R where X = C^1([0, 1]). If a critical point u belongs to C^2([0, 1]), then exactly the same argument as before implies that

∫_1 0 {L_u(x, u, Du) − DL_{Du}(x, u, Du)} · φ dx = − [L_{Du}(x, u, Du) · φ]^1_0 , (13.72) for all φ ∈ C^1([0, 1]). The boundary terms arising from the integration by parts need not vanish, since φ is not required to vanish at the endpoints. If, however, we first consider (13.72) for functions φ that do vanish at the endpoints, then we see, as before, that u must satisfy the Euler-Lagrange equation (13.68). It then follows from (13.72) that

[L_{Du}(x, u, Du) · φ]^1_0 = 0 for all φ ∈ C^1([0, 1]).

Choosing a smooth function φ : [0, 1] → R^m such that φ_i(0) = 1, φ_i(1) = 0, or φ_i(0) = 0, φ_i(1) = 1, with all other components zero at both endpoints, we see that the critical point u must satisfy the boundary conditions L_{Du}(x, u, Du) = 0 when x = 0, 1. These boundary conditions are called natural boundary conditions or free boundary conditions for I, since they are the ones picked out automatically by the variational principle.

A function N(x, y, v) is called a null Lagrangian if the functional

F (u) = ∫ N(x, u, Du) dx

Hamilton’s equation and classical mechanics 417

has the property that L_F (u) = 0 for all smooth functions u. If L and ~L are two Lagrangians that differ by a null Lagrangian, then the associated variational principles have the same Euler-Lagrange equations, but they may have different natural boundary conditions. Null Lagrangians are also of interest in other contexts.

Example 13.40 If u : R → R, the Lagrangian N = Du is a null Lagrangian, since the Euler operator of the associated functional F = ∫ N dx is L_F (u) = −DN_{Du} = −D1 = 0. The Euler-Lagrange equation of the functional

I_α(u) =

∫_1 0 ( 1 2 (Du)^2 + αDu − fu ) dx is independent of α:

−D^2u − f = 0;

but the natural boundary conditions do depend on α:

Du + α = 0 when x = 0, 1.

13.8 Hamilton’s equation and classical mechanics

If the Lagrangian L(x, y, v) is a convex function of v, we may use a Legendre transform to rewrite the second-order Euler-Lagrange equation (13.68) as a first-order, Hamiltonian system of ODEs. We begin by describing the Legendre transform.

Let f : Ω ⊂ R^n → R be a twice continuously differentiable function defined on a convex, open set Ω. We say that f is uniformly convex if the second derivative f^{′′}(x) : R^n × R^n → R is positive definite for every x ∈ Ω, meaning that f^{′′}(x) (h, h) > 0 for all h ∈ R^n \ {0}. This condition is equivalent to the positive definiteness of the Hessian matrix of f, ( ∂^2f ∂x_i∂x_j ) . A uniformly convex function is strictly convex (see Exercise 13.16). We define the gradient mapping φ : Ω → Ω^∗ associated with f by

φ(x) = f^′(x), Ω^∗ = {x^∗ ∈ R^n | x^∗ = φ(x) for some x ∈ Ω} . (13.73)

Geometrically, f^′(x) : R^n → R, so x^∗ belongs to the dual space of R^n . Here, we will use the Euclidean inner product · to identify R^n with its dual.

418 Differential Calculus and Variational Methods

Lemma 13.41 If f : Ω → R is a uniformly convex function on a convex, open subset Ω of R^n that belongs to C^2(Ω), then the gradient map φ : Ω → Ω^∗ defined in (13.73) is a C^1-diffeomorphism of Ω onto Ω^∗.

Proof. Since φ^′ = f^{′′} is nonsingular, the inverse function theorem implies that φ is a locally invertible C^1-map. By the definition of Ω^∗, the gradient map φ is onto, so we only have to show that φ is globally one-to-one. Suppose that x, y ∈ Ω. Then, since Ω is convex, we have [φ(x) − φ(y)] (x − y) = [∫_1 0 d dt φ (tx + (1 − t)y) dt ] (x − y) = ∫_1 0 f^{′′} (tx + (1 − t)y) (x − y, x − y) dt. Using the positive definiteness and continuity of f^{′′}, we see that [φ(x) − φ(y)] (x − y) > 0 if x ≠ y. Hence φ(x) ≠ φ(y) if x ≠ y, so φ is globally invertible. □

It follows from this lemma that φ^{−1} : Ω^∗ → Ω is a C^1-diffeomorphism. The following Legendre transform is therefore well defined.

Definition 13.42 Let f : Ω → R be a uniformly convex function on a convex, open subset Ω of R^n that belongs to C^2(Ω). The Legendre transform of f is the map f^∗ : Ω^∗ → R defined by

f^∗ (x^∗) = x · x^∗ − f(x), where x = φ^{−1} (x^∗).

Here, x · x^∗ denotes the Euclidean inner product of x and x^∗ in R^n , and φ : Ω → Ω^∗ is the gradient map associated with f defined in (13.73).

We call x, x^∗ dual variables or conjugate variables, and f, f^∗ dual functions or conjugate functions.

Example 13.43 If f : R → R is uniformly convex, then x^∗ = φ(x) is the slope of the graph of f at x, which is a strictly increasing function of x. The value of f^∗ at x^∗ is the difference between the values of the linear function whose graph is a line through the origin of slope x^∗ and f at the point where the slope of f is equal to x^∗.

We now return to the variational principle for the functional I in (13.66). We assume that the Lagrangian L(x, y, v) is a uniformly convex function of v, and we define the Hamiltonian H(x, y, p) to be the Legendre transform of L(x, y, v) with respect to v, meaning that H(x, y, p) = p · v − L(x, y, v), p = L_v(x, y, v). (13.74)

Hamilton’s equation and classical mechanics 419

It follows from (13.74) that L_u = −H_u. The Euler-Lagrange equation (13.68) may therefore be written as a first-order system of ODEs: Du = H_p(x, u, p), Dp = −H_u(x, u, p). We call such a system a Hamiltonian system.

Variational principles provide a general formulation of the laws of classical mechanics, which may be written in either the Lagrangian or Hamiltonian forms. This formulation is essential in understanding the connection between classical and quantum mechanics. As an example, we consider the equations for a particle of mass m moving in R^n , acted on by a conservative force field F = −∇V , where V : R^n → R is a smooth potential energy function. We change notation, and write the independent variable as t, instead of x, and the dependent variable as q, instead of u. We use a dot to denote the derivative with respect to t. A particle path for times 0 ≤ t ≤ T is given by a function q : [0, T ] → R^n . We define the action S(q) of a path q to be the time-integral of the difference between the particle’s kinetic and potential energies along the path: S(q) = ∫_T 0 ( 1 2 mq̇^2 − V (q) ) dt. Here, q̇^2 = q̇ · q̇. The corresponding Lagrangian is L(q, q̇) = 1 2 mq̇^2 − V (q). Thus, the action S : C^1([0, T ]) → R is a functional defined on the space of possible particle paths. Hamilton’s principle of stationary action states that the actual path traveled by a particle with given positions at t = 0 and t = T is a stationary point of the action. The path therefore satisfies the Euler-Lagrange equation associated with S, which is mq̈ = −∇V. (13.75) This equation is Newton’s second law.

The Lagrangian L is independent of t, and Proposition 13.37 implies that 1 2 mq̇^2 + V (q) = constant (13.76)

on a solution, which expresses the conservation of energy. The correspondence between the invariance of the Lagrangian under time translations and the conservation of energy is a very general one.

Conservation of energy may be verified directly from (13.75). Taking the scalar product of (13.75) with q̇, we obtain that mq̇ · q̈ + ∇V (q) · q̇ = 0.

420 Differential Calculus and Variational Methods

Using the chain rule, we find that d dt [ 1 2 mq̇^2 + V (q) ] = 0,

which implies (13.76).

The reason why classical mechanics is given by a principle of stationary action is not at all clear at the classical level, but the principle may be derived from quantum mechanics. For example, in Feynman’s path-integral formulation of quantum mechanics, the action is the phase of the quantum-mechanical amplitude of a particle path, and the classical paths are paths of stationary phase.

The Legendre transform (13.74) implies that the momentum p = mv is the dual variable to the velocity v = q̇, and the Hamiltonian H is the total energy of the particle: H(q, p) = 1 2m p^2 + V (q).

The Hamiltonian form of the Euler-Lagrange equation is

q̇ = 1 m p, ṗ = −∇_q V. Hamilton’s equation may itself be given a variational formulation, as the Euler- Lagrange equation of the functional ~S(q, p) = ∫_T 0 {p · q̇ − H(p, q)} dt. The Lagrangian function is not a uniformly convex function of the derivatives, since it is a linear function of q̇ and is independent of ṗ. This explains why the associated Euler-Lagrange equation is first-order, rather than second-order.

13.9 Multiple integrals in the calculus of variations

The Euler-Lagrange equation for a functional of functions of several variables is a PDE, rather than an ODE. Suppose that I(u) = ∫ Ω L (x, u, Du) dx, (13.77) where Ω is a smooth bounded domain in R^n , u : Ω ⊂ R^n → R^m , and Du = (D_1u, D_2u, . . . , D_nu) is the derivative of u, where D_i is the partial derivative with respect to x_i keeping x_j fixed for j ≠ i. A similar calculation to the one in Section 13.7 shows that the

Multiple integrals in the calculus of variations 421

Euler-Lagrange equation for I is − n∑ i=1 D_iL_{Diu} + L_u = 0.

Example 13.44 The Euler-Lagrange equation associated with the functional I(u) = ∫ Ω { 1 2 u^2_t − 1 2 |Du|^2 − (1 − cos u) } dxdt is the sine-Gordon equation,

−u_{tt} + Δu − sin u = 0.

We will consider the variational principle for Laplace’s equation. Similar ideas apply to variational principles of the form (13.77) in which L is a convex function of Du. We define a quadratic functional I : H^1_0 (Ω) → R by I(u) = 1 2 ∫ Ω |Du|^2 dx − f(u), where f : H^1_0 (Ω) → R is a bounded linear functional on H^1_0 (Ω), meaning that f ∈ H^{−1}(Ω). From the Poincaré inequality in Theorem 12.77, we may use ⟨u, v⟩ = ∫ Ω Du · Dv dx as the H^1_0 -inner product. Then I(u) = 1 2 ‖u‖^2 − f(u). It follows from Theorem 8.50 (see Exercise 8.20) that I has a unique minimizer on H^1_0 (Ω). This minimizer is a critical point of I, so that I^′(u)(φ) = 0 for all φ ∈ H^1_0 (Ω), meaning that ∫ Ω Du · Dφ dx + f(φ) = 0 for all φ ∈ H^1_0 (Ω).

From Definition 12.79, the minimizer u is a weak solution of Laplace’s equation, −Δu = f, providing another proof of the existence of weak solutions.

In many problems, we are interested in minimizing a functional I : X → R subject to a nonlinear constraint J(x) = 0, where J : X → R. A constrained minimization problem may often be replaced by an unconstrained problem by the introduction of a Lagrange multiplier λ. We define F : X × R → R by F (x, λ) = I(x) − λJ(x).

422 Differential Calculus and Variational Methods If ( x, λ ) is a critical point of F , then taking the partial derivatives of F with respect to x and λ, we see that I^′ (x) − λJ^′ (x) = 0, J (x) = 0.

It follows that x is a critical point of I on the constraint manifold J (x) = 0 (see Giaquinta and Hildebrandt [14] for a detailed discussion).

Example 13.45 Consider the problem of minimizing I : H^1_0 (Ω) → R given by I(u) = 1 2 ∫ Ω |Du|^2 dx subject to the constraint 1 2 ∫ Ω u^2 dx = 1.

A constraint on the value of an integral of an admissible function is called an isoperimetric constraint. Introducing a Lagrange multiplier λ ∈ R, we consider critical points of the functional F (u, λ) = 1 2 ∫ Ω |Du|^2 dx − λ ( 1 2 ∫ Ω u^2 dx − 1 ) . Taking the derivative of F with respect to u, we find that a smooth critical point satisfies −Δu = λu. Thus, u is an eigenfunction of the Laplacian, and the Lagrange multiplier λ is an eigenvalue.

Example 13.46 Consider a function u = (u_1, u_2, . . . , u_{m+1}) : Ω ⊂ R^n → S^m ⊂ R^{m+1} from a subset Ω of n-dimensional Euclidean space into an m-dimensional sphere. We use the notation

|u|^2 = m+1∑ j=1 u^2_j , |Du|^2 = n∑ i=1 m+1∑ j=1 ( ∂u_j ∂x_i )_2 . A function u that minimizes the functional I(u) = 1 2 ∫ Ω |Du|^2 dx, (13.78) subject to the constraint that u(x) ∈ S^m, meaning that |u(x)|^2 = 1, (13.79)

References 423

is called a harmonic map from R^n into S^m. A constraint on the pointwise values of an admissible function and its derivative is called a holonomic constraint.

In this case, the Lagrange multiplier is a function λ : Ω ⊂ R^n → R. We consider critical points of the functional F (u, λ) = 1 2 ∫ Ω |Du|^2 dx − ∫ Ω λ |u|^2 dx. The Euler-Lagrange equation is

−Δu = λu. (13.80)

Differentiating the constraint |u|^2 = 1, we find that u · Du = 0. Hence, taking the scalar product of (13.80) with u, and rearranging the result, we find that λ = −u · Δu = −D · (u · Du) + |Du|^2 = |Du|^2 . Thus the Euler-Lagrange equation for harmonic maps from Euclidean space into a sphere is the following nonlinear elliptic system of PDEs: −Δu = |Du|^2 u. Such harmonic maps provide a simple model for the steady state configuration of systems with orientational order, such as liquid crystal director fields. An interesting feature of the solutions is the possible presence of topological defects in the field u of unit vectors.

13.10 References

Newton’s method is discussed in Kantorovich and Akilov [27]. For a discussion of evolution equations and Liapunov functions, see Walker [55]. For more on symmetries and variational principles, see Olver [42]. For classical mechanics, see Arnold [2] and Gallavotti [13]. The Legendre transformation in convex analysis is described in Rockafellar [46]. The classical calculus of variations is discussed in much more depth in Giaquinta and Hildebrandt [14]. An indication of the extent of the subject is that, despite the fact that these two volumes have a total length of over 1, 000 pages, the authors state that their account is an introduction to the subject, and is not encyclopaedic!

13.11 Exercises

Exercise 13.1 Prove that the derivative of a differentiable map is unique.

Exercise 13.2 Prove that if A : X → Y is a bounded linear map, then A is differentiable in X, with constant Fréchet derivative equal to A itself.

424 Differential Calculus and Variational Methods

Exercise 13.3 Suppose that f, g : X → Y are two differentiable maps between Banach spaces X, Y . Show that f + g is differentiable, and (f + g)^′ = f^′ + g^′.

Exercise 13.4 Prove that a Fréchet differentiable map is Gâteaux differentiable.

Exercise 13.5 Define the function f : R^2 → R by f(x, y) = xy^2 x^2 + y^4 for (x, y) ≠ (0, 0),

and f(0, 0) = 0. Show that the directional derivatives of f at the origin exist in every direction, but f is not continuous or Fréchet differentiable at the origin.

Exercise 13.6 Let k : R × [0, 1] → R be a continuous function such that for each t ∈ [0, 1], the function k(·, t) is in C^1(R). Define a functional f : C([0, 1]) → R by f(u) = ∫_1 0 k(u(t), t) dt. Determine the differentiability properties of f.

Exercise 13.7 Let f : R → R be an increasing function such that f(x) = { 1/n if 1/n − 1/(4n^2) ≤ x ≤ 1/n + 1/(4n^2), x + O(x^2) as x → 0, where n ∈ N. Show that f^′(0) ≠ 0, but f is not locally invertible at 0. Why doesn’t this example contradict the inverse function theorem?

Exercise 13.8 Consider the BVP u^{′′} = μ^2 sin v, v^{′′} = μ^2u cos v, u^′(0) = u(1) = 0, v(0) = v^′(1) = 0.

Show that there are no solutions that bifurcate off the trivial solution u = v = 0 unless μ ∈ R is a solution of 1 + cos μ cosh μ = 0.

Exercise 13.9 Suppose that H is a Hilbert space and F : H × R → H is a continuously differentiable operator such that F (0, μ) = 0 for all μ ∈ R, so u = 0 is a solution branch of the equation F (u, μ) = 0. Suppose that D_uF (0, 0) : H → H is a singular Fredholm operator (see Definition 8.22), assumed self-adjoint for simplicity. Then H = M ⊕ N where M = ran D_uF (0, 0) and N = ker D_uF (0, 0). Let P denote the orthogonal projection of H onto M and Q the orthogonal projection onto N . Prove that there are open neighborhoods U ⊂ H, V ⊂ N , and I ⊂ R of 0 and a continuously differentiable function φ : V × I → M such that (u, μ) ∈ U × I

Exercises 425

is a solution of F (u, μ) = 0 if and only if u = φ(v, μ) + v where v ∈ V is a solution of G(v, μ) = 0 with G : V × R → N defined by G(v, μ) = QF (φ(v, μ) + v, μ) . The finite-dimensional system of equations G(v, μ) = 0 for v ∈ ker D_uF (0, 0) is called the bifurcation equation associated with the original, possibly infinitedimensional, system of equations F (u, μ) = 0. This procedure is called Liapunov- Schmidt reduction. With appropriate modifications, a similar procedure applies to a continuously differentiable map F : X × R → Y between Banach spaces X, Y .

Exercise 13.10 Suppose that f : H → R is a differentiable functional on a Hilbert space H. Show that there is a function ∇f : H → H, called the gradient of f, such that f^′(x)h = ⟨∇f(x), h⟩. Compute the gradient of the function f(x) = ‖x‖^2.

Exercise 13.11 Prove that the closure R([a, b]) of the space S([a, b]) of step functions in the space B([a, b]) of bounded functions f : [a, b] → X on a compact interval [a, b] into a Banach space X, equipped with the sup-norm, includes all continuous functions. Show that the characteristic function of the rationals in [a, b] does not belong to R([a, b]).

Exercise 13.12 Let A : X → X be a bounded linear operator on a Banach space X, and f : R → X a continuous, vector-valued function. Show that the solution of the nonhomogeneous linear evolution equation

x_t = Ax + f, x(0) = x_0

is given by

x(t) = T (t)x_0 + ∫_t 0 T (t − s)f(s) ds, where T (t) = e^{tA} is the solution operator of the homogeneous equation. This result is called Duhamel’s formula.

Exercise 13.13 Suppose that T > 0 and T ≠ 2nπ for any n ∈ N. Write out the iteration scheme of the modified Newton method for finding T -periodic solutions of the forced pendulum,

ü + sin u = h,

where h is a given T -periodic function. Assume that the initial point for the modified Newton’s method is u_0 = 0. Find an estimate on ‖h‖_∞ that is sufficient to ensure convergence of the modified Newton iterates, and estimate the norm ‖u‖_C2 of the corresponding T -periodic solution.

426 Differential Calculus and Variational Methods

Exercise 13.14 Derive the Euler-Lagrange equation satisfied by C^4-critical points of a functional I : C^2([0, 1]) → R defined by I(u) = ∫_1 0 L ( x, u, Du, D^2u ) dx, where the Lagrangian L : R × R^m × R^m × R^m → R is a twice continuously differentiable function.

Exercise 13.15 The area of a surface obtained by revolving the graph y = u(x) about the x-axis, where 0 ≤ x ≤ 1, is given by I(u) = 2π ∫_1 0 u(x) √ 1 + [Du(x)]^2 dx.

Write out the Euler-Lagrange equation, and the first integral that follows from the independence of the Lagrangian of x. Show that the curve with smallest surface area of revolution connecting given endpoint u(0) = a, u(1) = b is a catenary.

Exercise 13.16 Prove that a uniformly convex function f : Ω ⊂ R^n → R on an open, convex set Ω is strictly convex.

Exercise 13.17 Compute the Legendre transform of:

(a) f(x) = e^x − 1, where f : R → R;

(b) f(x) = x^T Ax/2 where A is an n × n positive definite matrix, and f : R^n → R. Exercise 13.18 Compute the Euler-Lagrange equation of the quadratic functional I(u) = ∫ Ω n∑ i,j=1 1 2 a_{ij} (x) ∂u ∂x_i ∂u ∂x_j − f(x)u dx, where a_{ij} = a_{ji} without loss of generality. Show that the resulting linear PDE is formally self-adjoint.

Exercise 13.19 Let Ω be a regular, bounded open subset of R^n . Show that

λ = inf_{u∈H10 (Ω)} u≠0 { ∫ Ω |∇u|^2 dx ∫ Ω |u|^2dx }

is the smallest eigenvalue of the Dirichlet problem for the Laplacian on Ω, and that the infimum is attained at the corresponding eigenfunctions. Use the trial function u(x, y) = xy(1 − x − y) to obtain an upper bound on the lowest eigenvalue of the Dirichlet Laplacian on the triangle Ω = { (x, y) ∈ R^2 | 0 < x < 1, 0 < y < 1 − x } .

November 14, 2000 20:17 WorldScientific/ws-b9-75x6-50 wsbook

Bibliography

[1] R. A. Adams, Sobolev Spaces, Academic Press, New York, 1975. [2] V. I. Arnold, Mathematical Methods of Classical Mechanics, 2nd ed., Springer-Verlag, New York, 1989.

[3] R. Beals, Advanced Mathematical Analysis, Graduate Texts in Mathematics Vol. 12, Springer-Verlag, New York, 1973.

[4] A. Bellini-Morante, and A. C. McBride, Applied Nonlinear Semigroups, John Wiley & Sons, Chichester, 1998.

[5] R. Courant, and D. Hilbert, Methods of Mathematical Physics, Vol. 1, Interscience, New York, 1953.

[6] E. A. Coddington, and N. Levinson, Theory of Ordinary Differential Equations, McGraw-Hill, New York, 1955.

[7] R. Dautry, and J.-L. Lions, Mathematical Analysis and Numerical Methods for Science and Technology, Vol 1–6, Springer-Verlag, New York, 1988–93.

[8] R. Devaney, An Introduction to Chaotic Dynamical Systems, 2nd ed., Addison-Wesley, Redwood City, 1989.

[9] J. Dieudonné, Foundations of Modern Analysis, Academic Press, New York, 1960. [10] H. Dym, and H. P. McKean, Fourier Series and Integrals, Academic Press, New York, 1972.

[11] L. C. Evans, Partial Differential Equations, Graduate Studies in Mathematics, Volume 19, American Mathematical Society, Providence, 1998.

[12] G. B. Folland, Real Analysis, 2nd ed., John Wiley & Sons, New York, 1999. [13] G. Gallavotti, The Elements of Mechanics, Springer-Verlag, New York, 1983. [14] M. Giaquinta, and S. Hildebrandt, Calculus of Variations I, II, Springer-Verlag, New York, 1996.

[15] D. Gilbarg, and N. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-Verlag, New York, 1977.

[16] I. S. Gradshteyn, and I. M. Ryzhik, Table of Integrals, Series, and Products, 6th ed., Academic Press, Boston, 2000.

[17] G. R. Grimmett, and D. R. Stirzaker, Probability and Random Processes, 2nd ed., Clarendon Press, Oxford, 1992.

[18] J. Guckenheimer, and P. Holmes, Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields, Corr. 5th print., Springer-Verlag, New York, 1997.

[19] P. R. Halmos, Finite-dimensional Vector Spaces, 2nd ed., D. Van Nostrand Company, Princeton, 1958.

[20] P. R. Halmos, A Hilbert Space Problem Book, 2nd ed., Springer-Verlag, New York,

November 14, 2000 20:17 WorldScientific/ws-b9-75x6-50 wsbook

428 Bibliography

1982.

[21] M. W. Hirsch, and S. Smale, Differential Equations, Dynamical Systems and Linear Algebra, Academic Press, New York, 1974.

[22] H. Hochstadt, Integral Equations, John Wiley & Sons, New York, 1973. [23] H. Hochstadt, The Functions of Mathematical Physics, Dover, New York, 1986. [24] R. A. Horn, and C. R. Johnson, Matrix Analysis, Cambridge University Press, Cambridge, 1985.

[25] F. Jones, Lebesgue Integration on Euclidean Space, Jones and Bartlett, Boston, 1993. [26] T. Kato, Perturbation Theory for Linear Operators, 2nd ed., Springer-Verlag, Berlin, 1980.

[27] L. V. Kantorovich, and G. P. Akilov, Functional Analysis, 2nd ed., Pergamon Press, New York, 1982.

[28] J. L. Kelley, General Topology, Springer-Verlag, New York, 1955. [29] T. W. Körner, Fourier Analysis, Cambridge University Press, Cambridge, 1988. [30] P. D. Lax, Linear Algebra, John Wiley & Sons, New York, 1997. [31] N. N. Lebedev, Special Functions and their Applications, Dover, New York, 1972. [32] E. H. Lieb and M. Loss, Analysis, Graduate Studies in Mathematics volume 14, American Mathematical Society, 1997.

[33] L. A. Lusternik, and V. J. Sobolev, Elements of Functional Analysis, 3rd ed., Hindustan Publishing Corporation, Delhi, and John Wiley & Sons, New York, 1974.

[34] D. G. Luenberger, Optimization by Vector Space Methods, John Wiley & Sons, New York, 1969.

[35] S. Mallet, A Wavelet Tour of Signal Processing, Academic Press, San Diego, 1998. [36] J. E. Marsden, and M. J. Hoffman, Basic Complex Analysis, 3rd ed., W. H. Freeman and Company, New York, 1999.

[37] J. E. Marsden, and M. J. Hoffman, Elementary Classical Analysis, 2nd ed., W. H.

Freeman and Company, New York, 1993.

[38] S. G. Mikhlin, Mathematical Physics; an Advanced Course, North-Holland Pub. Co., Amsterdam, 1970.

[39] P. M. Morse, and H. Feshbach, Methods of Theoretical Physics, Parts I–II, McGraw- Hill, New York, 1953.

[40] A. W. Naylor, and G. R. Sell, Linear Operator Theory in Engineering and Science, Springer-Verlag, New York, 1982.

[41] B. Øksendal, Stochastic Differential Equations, 5th ed., Springer-Verlag, New York, 1998.

[42] P. J. Olver, Applications of Lie Groups to Differential Equations, 2nd ed., Springer- Verlag, New York, 1993.

[43] W. H. Press et al., Numerical Recipes in C , 2nd ed., Cambridge University Press, Cambridge, 1992.

[44] J. Rauch, Partial Differential Equations, Springer-Verlag, New York, 1991. [45] M. Reed, and B. Simon, Methods of Modern Mathematical Physics, Vol. 1: Functional Analysis, 2nd ed., Academic Press, New York, 1980.

[46] R. T. Rockafellar, Convex Analysis, Princeton University Press, Princeton, 1970. [47] W. Rudin, Principles of Mathematical Analysis, 2nd ed., McGraw-Hill, New York, 1964.

[48] W. Rudin, Functional Analysis, 2nd ed., McGraw-Hill, New York, 1991. [49] W. Rudin, Real and Complex Analysis, 3rd ed., McGraw-Hill, New York, 1986. [50] G. F. Simmons, Introduction to Topology and Modern Analysis, McGraw-Hill, New York, 1963.

[51] M. Schroeder, Fractals, Chaos, Power Laws: Minutes from an Infinite Paradise,

November 14, 2000 20:17 WorldScientific/ws-b9-75x6-50 wsbook

Bibliography 429

W. H. Freeman, New York, 1991.

[52] I. Stakgold, Green’s Functions and Boundary Value Problems, 2nd ed., John Wiley & Sons, New York, 1998.

[53] J. C. Strikwerder, Finite Difference Schemes and Partial Differential Equations, Wadsworth & Brooks/Cole, Pacific Grove, CA, 1989.

[54] L. Trefethen, and D. Bai, Numerical Linear Algebra, Society for Industrial and Applied Mathematics, Philadelphia, 1997.

[55] J. A. Walker, Dynamical Systems and Evolution Equations, Plenum, New York, 1980. [56] G. B. Whitham, Linear and Nonlinear Waves, John Wiley & Sons, New York, 1974. [57] E. Zauderer, Partial Differential Equations of Applied Mathematics, 2nd ed., John Wiley & Sons, New York, 1998.

430 Bibliography

November 14, 2000 20:17 WorldScientific/ws-b9-75x6-50 wsbook

Index

C0-semigroup, 114, 163 L^1 norm, 4 L^∞ norm, 5 L^p spaces, 351

local, 362 ϵ-net, 24 σ-algebra, 335

Borel, 336, 338 σ-finite, 337

absolute convergence, 8

in a normed linear space, 33 action, 419 activator, 409 adjoint

of a bounded operator, 193 of an unbounded operator, 246 advection-diffusion equation, 279 Airy’s equation, 330 algebra, 109 almost everywhere, 15, 340 almost periodic function, 135 analytic, 220 annihilation operator, 147 antilinear, 126 approximate identity, 151 approximate spectrum, 241 approximation scheme, 114 consistent, 114 convergent, 114 stable, 115 Arzelà-Ascoli theorem, 45 asymptotically stable, 235, 404 averaging kernel, 260 backwards heat equation, 164 Baker-Campbell-Hausdorff formula, 123 ball

closed, 14 open, 14 unit, 4 Banach algebra, 39 Banach space, 8, 91

of linear operators, 110 Banach-Alaoglu theorem, 119, 208 Banach-Steinhaus theorem, 204 base of open sets, 84 basis

Hamel, 94 orthonormal, 133 Schauder, 94 Bernstein polynomials, 40 Bessel function, spherical, 279 Bessel’s inequality, 137 bifurcation equation, 425 bifurcation theory, 399 Biot-Savart law, 284 Birkhoff ergodic theorem, 204 Bolzano-Weierstrass theorem, 23 Borel

σ-algebra, 336, 338 set, 336 Born approximation, 69 boundary, 88 boundary conditions, 250 boundary value problem, 69, 249 bounded

from above, 9 from below, 9 function, 11

November 14, 2000 20:17 WorldScientific/ws-b9-75x6-50 wsbook

432 Index

linear operator, 95 set, 9 bounded linear transformation theorem, 100 brachistochrone problem, 413 Brownian motion, 327

calculus of variations, 410, 420 Cantor function, 32 Cantor set, 16 Cartesian product, 3 Cauchy

sequence, 7 unordered sum, 136 Cauchy-Schwarz inequality, 128, 357 Central limit theorem, 320 chain rule, 388 characteristic function

of a random variable, 323 of a set, 343 characteristic polynomial, 217 circle map, 172 classical solution, 370 closed

ball, 14 operator, 247 set, 15 closure, 16, 88

sequential, 86 cluster point, 31 codimension, 187, 212 coercive, 34, 211 commutator, 109 compact

metric space, 25 operator, 110 relatively, 27 support, 39 topological space, 83 compact resolvent, 227 complete measure space, 339 complete metric space, 8

of continuous functions, 38 complete orthonormal set, 139 completion

of a measure space, 339 of a metric space, 19 complex measure, 337 conjugate exponent, Sobolev, 366 conjugate linear, 126 connected, 89 Continuity theorem, 325 continuous

extension, 100 function, 12 in L^p, 376 random variable, 320 spectrum, 219 topological space, 83 uniformly, 13, 27 contraction, 61 contraction mapping theorem, 62 convergence

absolute, 8 in distribution of random variables, 324 of a sequence, 6 of series, 8 pointwise, 35 topological space, 82 unconditional, 136 uniform, 36 weak in Hilbert space, 204 convex

function, 209 set, 4 convolution, 150, 298, 359

operator, 329 theorem, 154, 309 countable, 30 countably additive, 335 counting measure, 337 covariance matrix of a Gaussian, 331 cover, 24 creation operator, 147 critical point, 381, 410 cylinder set, 85

d’Alembert’s solution, 185 deficiency index, 268 delta function, 253, 291

derivative of, 296 delta sequence, 299 dense, 16 derivative

distributional, 295 Fréchet, 386 functional, 415 Gâteaux, 389 variational, 415 weak, 158, 295, 362

November 14, 2000 20:17 WorldScientific/ws-b9-75x6-50 wsbook

Index 433

devil’s staircase, 32 diagonal argument, 46 diagonalizable matrix, 216 diagonally dominant matrix, 79 diameter, 11 diffeomorphism, 393 differentiable, 31 differentiable map, 386 differential equation

existence and uniqueness, 73, 74 existence of solutions, 53 nonlinear, 52 differential operator, 249 diffusion equation, 161 diffusion-driven instability, 408 Dini’s monotone convergence theorem, 60 Dirac delta function, 253 direct method in the calculus of

variations, 381 direct sum, 133, 187 directional derivative, 389 Dirichlet boundary conditions, 250 Dirichlet form, 270, 372 Dirichlet kernel, 183 discrete Laplacian operator, 240 dispersive waves, 170 distance, 11 distance function, 1 distribution function, 340 distributional derivative, 295 distributions, 287, 294

tempered, 291 divergent series, 8 domain

of a linear operator, 245 regular, 365 dominated convergence theorem, 348 du Bois-Reymond lemma, 412 dual basis, 117 dual space

algebraic, 116 of L^p, 361 topological, 116 duality pairing, 293 Duhamel’s formula, 425 dynamical system, 63

eigenvalue, 216

of a linear operator, 219 eigenvalue problem

Laplace’s equation, 277 Sturm-Liouville, 268 eigenvector, 216 energy norm, 373 epigraph, 33 equicontinuous, 44 equilibrium solution, 380 equivalence relation, 33 equivalent norms, 101 ergodic map, 203 ergodic theorem, 172

Birkhoff, 204 von Neumann’s mean, 201 Weyl, 173 essential supremum, 340 essentially self-adjoint, 248 Euclidean norm, 4 Euclidean norm of a matrix, 97 Euclidean space, 4 Euler operator, 415 Euler-Lagrange equation, 412 even function, 156 event, 341 exponential, 112 extended real numbers, 342 extension of an operator, 246

Fatou’s lemma, 347 Fejér kernel, 183 final conditions, 250 finite element method, 373 finite part distribution, 293 first countable, 84 fixed point, 62, 380 flow, 113 Fourier

coefficients, 153 cosine expansion, 156 series, 149 sine expansion, 156 Fourier basis, 134 Fourier transform, 301

eigenfunctions, 312 inverse transform, 305 of a characteristic function, 308 of a convolution, 304 of a delta function, 307 of a derivative, 301 of a distribution, 306 of a Gaussian, 302

November 14, 2000 20:17 WorldScientific/ws-b9-75x6-50 wsbook

434 Index

of a rotationally invariant function, 331 of a Schwartz function, 301 of a tempered distribution, 306 of a translated function, 304 of an exponential function, 308 of positive type, 330 on L^1, 307 on L^2, 311 Fourier-Laplace transform, 310 Fréchet derivative, 386 Fréchet space, 289 fractal, 16 Fredholm alternative, 195 Fredholm integral equation, 67 Fredholm integral operator, 68 Fredholm operator, 196 free boundary conditions, 416 Fubini’s theorem, 350 function

even, odd, 156 of an operator, 232 functional, 116

linear, on Hilbert space, 190 functional calculus, 232 functional derivative, 415 fundamental lemma of the calculus of variations, 412 fundamental theorem of calculus, 384

Gâteaux derivative, 389 Gamma function, 276 Gauss-Seidel method, 79 Gaussian, 302, 341 Gaussian random variable, 321 generalized Hölder inequality, 375 generator, 114 Gibbs phenomenon, 155 gradient, 425 gradient flow, 77 gradient mapping, 417 Gram-Schmidt procedure, 140 graph of an operator, 248 Green’s function, 70, 245, 253, 254, 316 of Laplace’s equation, 276 of the heat equation, 163 Green’s theorem, 250, 274 Gronwall’s inequality, 56

Hölder continuous, 181, 267, 367 Hölder’s inequality, 356

Haar measure, 339 Haar scaling function, 176 Haar wavelet basis, 177 Hahn-Banach theorem, 118 Hamel basis, 94 Hamiltonian operator, 147 Hamiltonian system, 77, 419 Hardy’s inequality, 284 harmonic map, 423 Hausdorff, 82 heat equation, 69, 161

Green’s function, 318 smoothing property, 318 Heaviside step function, 254 Heine-Borel theorem, 23 Heisenberg uncertainty principle, 333 Hermite

functions, 272 polynomials, 146 Hermitian, 197 Hessian matrix, 417 Hilbert cube, 230 Hilbert space, 126

separable, 133 Hilbert transform, 316

periodic, 200 Hilbert-Schmidt

integral operator, 231 matrix norm, 98, 127 operator, 230 hodograph method, 396 holomorphic, 220 holonomic constraint, 423 homeomorphism, 83 homogenized equation, 286 Hopf bifurcation, 405

ill-posed, 104, 164, 185 implicit function theorem, 393 independent random variable, 322 index of Fredholm operator, 196 indicator function, 323 indirect method in the calculus of variations, 381 inequality

Cauchy-Schwarz, 357 generalized Hölder, 375 Gronwall’s, 56 Hölder, 356 Hardy’s, 284

November 14, 2000 20:17 WorldScientific/ws-b9-75x6-50 wsbook

Index 435

isoperimetric, 170 Jensen, 355 Minkowski, 358 Poincaré, 369, 370 Tchebyshev, 359 triangle for L^p norm, 358 Young’s, 359 infimum, 9, 28, 29 inhibitor, 409 initial value problem, 52 inner product, 125

standard, 126 inner product space, 125 integrable function, 345 integral

Lebesgue, 344 Riemann, 382 interior, 88 interpolation inequality, 376 invariant subspace, 222 inverse function theorem, 380, 393 isometric embedding, 18 isometry, 18 isomorphic

Hilbert spaces, 133, 199 metric spaces, 18 isoperimetric constraint, 422 isoperimetric inequality, 170

Jacobi theta function, 319 Jacobi’s method, 79 Jacobian, 396 Jacobian matrix, 387 Jensen’s inequality, 355

KdV equation, 169, 242 kernel, 102 Kronecker delta function, 117

ladder operator, 147 Lagrange multiplier, 421 Lagrangian, 410 Laplace transform, 310, 385 Laplace’s equation, 168, 273, 370 eigenvalue problem, 277 Green’s function, 276 Laplace-Beltrami equation, 278 Lax pair, 242 Lax-Milgram lemma, 373, 376

Lebesgue dominated convergence theorem, 348 Lebesgue integral, 344 Lebesgue measure, 338 Lebesgue-Stieltjes integral, 346 Lebesgue-Stieltjes measure, 340 Legendre functions, 272 Legendre polynomials, 145, 272 Legendre transform, 417, 418 Liapunov function, 77, 404 Liapunov-Schmidt reduction, 425 limit cycle, 405 linear asymptotic stability, 404 linear form, 116 linear functional, 116

on Hilbert space, 190 linear operator, 95

unbounded, 245 linear spaces

finite-dimensional, 106 linear stability, 404 linear subspace, 5 Lipschitz continuous, 48, 73 local L^p space, 362 locally convex space, 289, 328 lower bound, 9 lower semicontinuous, 14

weakly, 209

maximum, 10, 28 maximum norm, 5 maximum principle, 72 Mazur’s theorem, 210 mean ergodic theorem, 201 mean of a function, 355 mean of a random variable, 321 mean value theorem, 32, 385 measurable

function, 341 set, 335, 336 measure, 335

σ-finite, 337 complex-valued, 337 counting, 337 definition of, 336 Lebesgue, 338, 340 signed, 337 vector-valued, 337 measure preserving map, 202 measure space, 337

November 14, 2000 20:17 WorldScientific/ws-b9-75x6-50 wsbook

436 Index

measure theory, 335 measure zero set, 15, 339 method of images, 332 metric, 1 metric space, 2

complete, 8 metrizable topological space, 85 minimum, 10, 28 Minkowski’s inequality, 358 mixed boundary conditions, 250 modified Green’s function, 258 modified Newton’s method, 401 mollifier, 260 monotone, 10 monotone convergence theorem, 347 Dini’s, 60 Monte Carlo method, 175 multi-index, 287 multiplicity, 218 multiresolution analysis, 179

natural boundary conditions, 416 Navier-Stokes equations, 212 neighborhood, 17, 82 neighborhood base, 84 Nemitski operator, 392 nets, 85 Neumann boundary conditions, 250 Neumann series, 69 Neumann, von

mean ergodic theorem, 201 Newton’s method, 400 nilpotent

matrix, 122 operator, 221 Noether’s theorem, 414 nonlinear ODE, 52 nonnegative operator, 198 nonsingular linear map, 95 norm, 4

L^1, 4 L^∞, 5 equivalent, 101 Euclidean, 4 Hilbert-Schmidt, 230 maximum, 5 operator, 95 sum, 4 supremum, 36 uniform, 36, 95 normal matrix, 217 normal operator, 201 normal random variable, 321 null Lagrangian, 416 null space, 102 nullity, 102

odd function, 156 ODE blowup, 52 existence and uniqueness, 73, 74 existence of solutions, 53 nonlinear, 52 uniqueness theorem, 57 open ball, 14 open cover, 24 open mapping theorem, 101 open set

metric spaces, 15 topological spaces, 81 operator

bounded, 95 bounded from below, 198 closable, 248 closed, 247 compact, 110 differential, 249 functions of, 232 Hilbert-Schmidt, 230 self-adjoint, 247 Sturm-Liouville, 252 symmetric, 247 topology, 109 trace class, 231 unitary, 199 orbit, 172 orthogonal, 199

complement, 130 direct sum, 133 projection, 188 set, 133 vectors, 130 orthonormal basis, 133, 139 oscillatory integral, 330

parallelogram law, 129 Parseval’s identity, 139 partial derivative of a map, 392 Payley-Weiner theorem, 310 Peano existence theorem, 58

November 14, 2000 20:17 WorldScientific/ws-b9-75x6-50 wsbook

Index 437

periodic boundary conditions, 250 Picard existence theorem, 58 pitchfork bifurcation, 399 Poincaré inequality, 184, 369, 370 point spectrum, 219 pointwise convergence, 343 pointwise-a.e. convergence, 343 Poisson distribution, 341 Poisson kernel, 169 Poisson summation formula, 319 polar decomposition, 217 polarization, 129 polynomial

Bernstein, 40 Hermite, 146 Legendre, 145, 272 Tchebyshev, 146 trigonometric, 150 polynomial growth, 294 population dynamics, 64 positive definite operator, 198 positive operator, 198 power set, 82 pre-Hilbert space, 125 precompact, 27

subset of Hilbert space, 228 principal value distribution, 293 probability density, 321 probability measure, 340 probability space, 340 product σ-algebra, 349 product measure, 349 projection, 187, 188 projection theorem, 130 pseudo-differential operator, 316

quasiperiodic, 134 quotient space, 211

random variable, 142, 320, 342 Gaussian, 321 random walk, 322 range, 102 rank, 102 reaction-diffusion equation, 406 reflection operator, 297 reflexive Banach space, 119 regular distribution, 292 regular domain, 365 regular point, 381 regular Sturm-Liouville problem, 271 regulated functions, 382 Rellich’s theorem, 266 Rellich-Kondrachov theorem, 368 residual spectrum, 219

of a self-adjoint operator, 224 resolvent equation, 239 resolvent operator, 219, 220 resolvent set, 218 resonance, 398 restriction of an operator, 246 Riemann integral, 382 Riemann-Lebesgue lemma, 308 Riesz Representation Theorem, 191 Riesz transform, 316 right shift, 240 rotation map, 172

sample space, 341 Schauder basis, 94 Schauder fixed point theorem, 62 Schwartz function, 288 Schwartz space, 287, 288 secant method, 78 second-order random variable, 143 self-adjoint

boundary conditions, 247, 251 boundary value problem, 251 operator, 197, 247 semicontinuous, 14 seminorm, 289 separable

L^p spaces, 354 Hilbert space, 133 metric space, 17 sequence

Cauchy, 7 convergent, 6 divergent, 6 sequentially compact

metric space, 23 series, 7, 33

uncountable, 136 sesquilinear, 126 shift operator, 103

spectrum, 240 sign function, 97 signed measure, 337 simple eigenvalue, 236 simple function, 343

November 14, 2000 20:17 WorldScientific/ws-b9-75x6-50 wsbook

438 Index

sinc function, 300, 308 sine-Gordon equation, 421 singular distribution, 292 singular integral operator, 316 skew-adjoint operator, 200 Sobolev conjugate, 366 Sobolev embedding theorem, 160, 266, 366–368 Sobolev space, 93, 128, 158, 362, 363 space filling curve, 89 spectral gap, 164 spectral mapping theorem, 234, 285 spectral radius, 97, 220 spectral theorem

compact operator, 225 for Sturm-Liouville operators, 268 spectrum, 218

approximate, 241 continuous, 219 of a linear operator, 218 of a matrix, 216 point, 219 residual, 219 spherical Bessel function, 279 spherical harmonics, 279 square root of an operator, 243 stability, 404 stable, 404 standard deviation, 321 stationary point, 410 stationary solution, 380 step function, 254 Strang splitting, 123 strictly convex function, 209 strong convergence, 111 strong operator topology, 111 structure theorem

for distributions, 295 Sturm-Liouville operator, 252

spectral theorem for, 268 Sturm-Liouville problem

regular, 271 singular, 271 subsequence, 6 subspace, 5 sum norm, 4 sum, unordered, 136 summable function, 345 support, 39 support line, 375 supremum, 9, 28, 29

essential, 340 symbol, 314 symmetric

form, 197 matrix, 197 operator, 247

Tchebyshev polynomials, 146 Tchebyshev’s inequality, 359 tempered distributions, 291 test function, 288, 362 theta function, 319 Toda lattice, 242 topological linear space, 86 topological space, 81

dual, 116 topology, 81

discrete, 82 indiscrete, 82 induced, 82 operator, 109 relative, 82 strong operator, 111 trivial, 82 uniform, 109 weak, 119, 204 weak-∗, 299 totally bounded

metric space, 24 trace class operator, 231 trace theorem for Sobolev functions, 369 trajectory, 172 translation invariant operator, 313 translation operator, 297 transonic small disturbance equation, 396 triangle inequality, 2, 4

for the L^p norm, 358 Tricomi equation, 397 trigonometric polynomials, 150 trivial topology, 82 Turing instability, 408

ultradistribution, 310 ultrametric, 3 unconditionally convergent, 136 uncorrelated random variables, 143 uncountable, 30 uniform boundedness theorem, 204 uniformly continuous group, 113

November 14, 2000 20:17 WorldScientific/ws-b9-75x6-50 wsbook

Index 439

uniformly convex, 417 unit ball, 4 unitary, 199 unstable, 404 upper bound, 9 upper semicontinuous, 14 Urysohn’s lemma, 32

variance, 321 variational derivative, 415 vector-valued measure, 337 Volterra integral operator, 104 von Neumann ergodic theorem, 201

wave

dispersive, 170 equation, 167 wavelets, 175 weak convergence

in L^p, 361 in Banach space, 119 in Hilbert space, 204 of operators, 112 of probability distributions, 324 weak derivative, 158, 295, 362 weak solution, 163, 370 weak topology, 119, 204

on L^p, 361 weak-∗ convergence, 119 weak-∗ topology, 299 Weierstrass approximation theorem, 40 weighted norm, 59 Weyl ergodic theorem, 173 Wiener process, 327 Wigner distribution, 333 Wronskian, 256

Young’s inequality, 154, 359

Zorn’s lemma, 140