ADVANCED ANALYSIS
Math 121, Fall 2004
Solutions, Midterm 1

1. Answer the following questions. Give a brief justification of your answer.
(a) What is the (smallest) period of the function cos (57x)?
(b) What is the value of

10
/ cos® (5rz) dz?
0
(c) What is the value of

10
/ cos (brz) cos (307mz) dz?
0

Solution.
e (a) The function cos(kz) has period 27 /k, so cos (5wx) has period 2/5.

e (b) The integration interval is an integer multiple of the period, since
10 = 25 - (2/5). Therefore, since the average value of cos’z over a
period is 1/2, we have

10 1
/ cos? (57z) dz = 10 - 5= 5.
0

e (c) The functions cos (57z) and cos (307x) are orthogonal on any pe-
riod, so

10
/ cos (5mx) cos (30mx) dx = 0.
0



2. Suppose that f(z) is defined by

f(z) = 2? for0 <z <.

Sketch graphs of the following extensions of f(x) for —37 < z < 37:
(a) the periodic extension f,(x) with period =;

(b) the even periodic extension f(z) with period 27;

(c) the odd periodic extension f,(z) with period 2.

Solution.

e Graphs omitted.



3. Suppose that f(z) is the 27-periodic function defined by
flz)=12z for —m <z <.

(a) What are the Fourier cosine coefficients a,, of f(z)? Explain how you
know the answer without evaluating any integrals.

(b) What does the Fourier series of f(z) converge to at x = 7/2, and x = 7?7
Why?

(c) Compute the Fourier sine coefficients b, of f(z), and write out the Fourier
series expansion of f(z).

Solution.

e (a) Since f is odd, the Fourier cosine coefficients are zero, so a, = 0
for all n > 0.

e (b) The function f is piecewise smooth. According to Dirichlet’s theo-
rem, its Fourier series converges to f(x) at points  where f is contin-
uous, and to the average of the left and right hand limits of f at points
where f has a jump discontinuity. Since f(x) is continuous at z = /2
and f(m/2) = m/2, the Fourier series converges to 7/2 at x = 7/2. At
xr = m, the function f has a jump discontinuity with left-hand limit
equal to 7 and right-hand limit equal to —7. Hence the Fourier series
converges to 0.

e (c) The Fourier sine coefficients of f are given by

1 e
b, = —/ T sinnzx dx

= / z sin nx dx
0

[ Z COSNT sin nx] 4
0

n2
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T
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o
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n

Thus,

1 1 1
flz)y=2 (sinx— §sin2x+ gsin?):v— Zsinél:r—}-...)



4. (a) State the orthogonality relations for the functions sin(nmz) on the
interval 0 < z < 1, where n =1,2,3,....

(b) Use these orthogonality relations to derive an expression for the coeffi-
cients b, in the Fourier sine expansion

f(z) = Z b, sinnmx
n=1

of a function defined in 0 < z < 1.
Solution.

e (a) Since sinmnz and sinnmz are orthogonal for n # m, and the av-
erage value of sin?z over a period is 1/2, the orthogonality relations

are )
. . 0 for m # n,
sinmmz sin nrx dr =
0 1/2 for m = n.

e (b) Replacing the summation variable n by m, we have

flz) = Z b Sin ML
m=1

Multiplying this equation by sin nmz, where n is a fixed but arbitrary
positive integer, integrating the result over 0 < z < 1, and using the
orthogonality relations, we get

1 1 00
/ f(z)sinnrrdx = / (Z by, sin mmﬁ) sinnrzx dx
0 0

m=1

1
bm ( / sin mmx sin nwx dx)
0
1

by,.

M8

Il

o — 3

Hence,

1
b, = 2/ f(z)sinnrzx dx.
0



5. The 27-periodic function defined by
f(z) = |z| —T<x<m
has the Fourier series expansion

4 1 1 1
flz) = g - <cosx+ ?cos?u:-l— ?cos5x+ ﬁcosh—i-...) ]

Apply Parseval’s theorem to this function, and use the result to deduce the
sum of the infinite series

1 11 1
Zﬁ:1+§+§+%+”--

n odd

Solution.

e According to Parseval’s theorem, if

1 o
f(z) = 500 + Z (., COS N,

n=1
then N
L[ 2 Ly 1 2
%/_ﬂf(x) dx = 7%+ 5;%.
We have
1 [" 1 ["
Py /_7r]”(a:)2 dx = ) |z|? d

From the Fourier series expansion of f, we have

_ _ | —4/(mn?) forn>1 odd,
Qg = T, ap =
0 for n > 2 even.



It follows that

Hence,



6. Suppose that a function f(z) has the real Fourier series expansion
f(@) 1+§Oo:‘”2{ + nsinna}
r)= - e cosnr +nsinnx}.
2
n=1
(a) Find the complex Fourier series expansion of f, of the form
o
— Z c einw
- n
n=—oo

(b) Does this Fourier series converge slowly or rapidly? How smooth do you
think f(z) is? That is, how many orders of derivatives of f(z) do you expect
to be continuous? Explain your answer briefly. (No proofs required.)

Solution.

e Using Euler’s equation, we get

—* {cos na + nsin nz}

mz + e—inw N einm _ e—inw
—_— n —_—
2 21

2
e
%i " {(1 = in) €7 + (1 + in) =7}
fj |

l\DIr—t

flz) =

l\DIr—t

l\DI»—t

_ /Ln n ema:.

DN | =

Hence, the complex Fourier coefficients of f are given by
1 N g2
cnzé(l—m)e". (1)
e Alternative proof. We have
Cn = = (an — iby) for n > 0,

where a, and b, are the Fourier cosine and sine coefficients of f, re-
spectively.



From the Fourier series, we have

_ _m2
a, =e ", b, =ne ™.

Note that ay = 1, so the expression for a,, also holds when n = 0. Thus,

1
tn =5 (1—in)e™ for n > 0.

Also,

C_p = ©Cp

1
= 3 (1+in)e™™,

so the same formula holds for n < 0, and we get (1).

The Fourier coefficients of f tend to zero exponentially quickly as
n — 00, so the the Fourier series converges very rapidly. Since nPe™"
converges to zero rapidly as n — oo for every p = 1,2,3..., the series
obtained from the one for f by term-by-term differentiation converges
uniformly, and we expect that f has continuous derivatives of all orders
(as, in fact, it does).



