Solutions to Sample Midterm 2
Math 121, Fall 2004

1. Use Fourier series to find the solution u(x,y) of the following boundary
value problem for Laplace’s equation in the semi-infinite strip 0 < x < 1,

y>0:

@ + @ =0

ox?  Oy? ’
u(0,y) = ( ,y) =0,
u(x,0) =

u(:z:,y)—>0 as y — 00.

Solution.

e The separated solutions of Laplace’s equation that satisfy the boundary
conditions at x = 0,1 and as y — oo are sin(nmx)e "™, where n is a
positive integer. We therefore look for a solution of the form

oo
= Z by, sin(nmx)e ",
n=1

Imposing the boundary condition at y = 0, we obtain

Z b, sin(nmx) =1,
n=1

SO

2 / sin(nmz) d

0
cos(nmx }

|: n 1 1
] {{/ - 1
0

for n even.



The solution is therefore

4 1 1
u(z,y) = - {sin(mv)e_“y + 3 sin(3mz)e ™ + R sin(brx)e "™ + .. } .



2. Use Fourier series to find the solution wu(z,t) of the following initial-
boundary value problem for the wave equation in 0 < z < 1 and t > 0:

Pu ot _
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ou ou

u(z,0) =0,

ou

E(:E,O) =x.

Solution.

e The separated solutions of the wave equation that are zero at ¢ = 0 and
satisfy the boundary conditions at « = 0, 1 are t and cos(nnz) sin(nwt),

where n = 1,2, .... We therefore look for a solution of the form
1 o0
u(z,t) = ant + ; ay, cos(nmz) sin(nt).

Differentiating this series with respect to ¢, we find that

0 1 G
8_2;(13’ t) = 500 + ; nma, cos(nmx) cos(nmt).

Imposing the initial condition for du/0t at t = 0, we get the Fourier
cosine expansion:

1 o0

500 + Z nra, cos(nrr) = .

n=1

Hence, for n > 1 we have

1
nrwa, = 2/ x cos(nmx) dx
0
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0 for n even,

0




and
3
a, — { —4/(nm)?  for n odd,

0 for n even.

For n = 0, we get

1
Qo —Z/xdx
0

Hence, the solution is

4 1 1
u(z,t) = =t — o {cos(wx) + = cos(3mx) + 5 cos(bmx) + .. } :



3. Use Fourier transforms to solve the following initial value problem for
u(z,t) in —oo <z < oo, t > 0:

ou_ o
ot Oxr
u(z,0) = f(z).

Write the solution for u(z, t) as a convolution, but do not compute any inverse
transforms explicitly. How smooth is the solution for ¢t > 07

Solution.
e Let

1 [~ ,
u(k,t) = %/ u(z, t)e™ " da

o0
be the Fourier transform of u with respect to x. Then, taking the
Fourier transform of the initial value problem, we get
ou i
— = —(—tk)"u,
5 — (7ik)

a(k, 0) = f(k),

where fis the Fourier transform of f. It follows that

which has the solution

Uk, t) = f(k)e ™.

Accordlng to the convolution theorem, if f, g have Fourler transforms
f g respectively then f g is the Fourier transform of 5-f*g. It follows
that -

uet) = [~ Glo—y. 07w dy

where

~ 1 4
G(k’,t) = %e_k t.

The solution is smooth (infinitely differentiable with respect to x) for
t > 0 since its Fourier transform decays exponentially quickly as k — oo
(assuming, for example, that f(k) is a bounded function of k).



-~

4. (a) Give the formulas for the Fourier transform f(k) of a function f(x)
and the inverse Fourier transform.

(b) Compute the Fourier transform of e~1#,

(c) State Parseval’s theorem, and use it to evaluate

o 1
———=dk.
A (14 £2)?

Solution.

~

e (a) A function f(z) and its Fourier transform f(k) are related by
1 [ L

k) = o= | [flz)e™dr,
2 J_ o

fla) = [ et

o (b) If f(x) = e71#|, then using

| = T for x > 0,
| =z forx <0,

and changing x — —x in the integral for —oo < z < 0, we find that
N 1 [®

f(k) = — e~ lPle=ihT g

2 J_

0 0o
_ 1 {/ ik dx+/ o~ (1+ik)e dx}
27T —00 0

1 > . .
_ %A {ef(lfzk)x_i_ef(bmk)z} dr
1 [e—(1—ik)z e—(1+ik)x o0
T | Tk Tvik ),
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e (c) Parseval’s theorem states that

2 1 o0

/:]ﬂk) th= 5 [ 1P .

For f(z) = e 1*l, we compute that

/_Z|f(a:)\2 dr = Q/OOOe—QIdx

_ 93700
= —[e7™];
= 1.
It follows from Parsevals theorem and (b) that
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e Remark. The integral in (c¢) can also be evaluated directly by use of
the substitution & = tan @, which gives

/oo ! dk = /W/Q ! 20 do
o (1+Ek2)2 —Jo (1 +tan?6)? S
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which verifies Parseval’s theorem explicitly in this case.



5. Use Laplace transforms to solve the following initial value problem:

Yy +2y +2y =1,
y(t) =0, ¢'(0)=1.

Solution.

e Let Y(p) be the Laplace transform of y(¢). Then, taking the Laplace
transform of the ODE and using the initial conditions, we get that

1
p?Y —142pY +2Y = —.
p
Solving for Y, we get

1 1

Y(p) = + .
() P?+2p+2  pp*+2p+2)

We have p* + 2p+2 = (p+ 1)* + 1, so (from L13 of the table)
1
L' |————| =e¢'sint.
LDQ +2p+ 2}
Also

1
p(p? +2p +2)

1 p+t2
P p2+2p+2

[

1
2
1
20p (+12+1 (p+1)2+1

So (from L1, L13, L14) we have

1 1
L! [ ) +2)} 25 [1—6_tcost—e_tsint]
pp 14

Hence, combining these inverse transforms, we get

1
y(t) = 5 [1—e"cost+ e 'sint].



6. (a) Say what jump conditions the solution of y(¢) of the following initial
value problem satisfies at ¢ = 0, and find the solution directly (do not use
Laplace transforms):

Y — 4y = 6(1),
y(t) =0 fort <O.

(b) Write the solution of the following initial value problem, where f() is an
arbitrary function, as a convolution (you don’t need to derive your answer):

y' =4y = f(t),
y(0) = y'(0) = 0.

Solution.

e (a) The derivative of y has a jump discontinuity of size one at ¢ = 0.
The solution is therefore

~ Jys(t) fort >0,
W)_{o for t <0,

where

Y —4yy =0 for ¢t > 0,
s (0)=0, 4 0)=1

The general solution of the ODE is y,(t) = acosh2t + bsinh 2¢, and
the initial conditions imply that a« = 0 and b = 1/2. Hence,

1
y(t) = 5 sinh 2t for t > 0.
e (b) The solution is

y(t) = %/o sinh 2(t — s) f(s) ds.



