Solutions for
Sample Midterm Questions
Math 121, Fall 2004

1. Answer the following questions with a brief explanation to justify your
answer.

(a) What is the period of the function sin (7z)?

(b) What is the value of
7007
/ sin? (7z) dz?
0

(c) What is the value of

7007
/ sin (7x) sin (70z) dz?
0

Solution.

e (a) The (smallest) period is 27/7, since

sin [7 (x + 27”” — sin (7o + 27)
— sin (72)

e (b) The range of integration is an integer multiple of the period, since

2
7007r:7-350-7”,

and the average value of sin® 2 over a period is 1 /2, so

7007 1
/ sin? (7z) dz = 7007 - =

O 2
= 350m.

e (c) Since sin (7z) and sin (70z) are orthogonal, we have

7007
/ sin (7zx) sin (70z) dz = 0.
0



2. Suppose that f(z) is the 27-periodic function defined by

f(z) = r for —m <2 <0,
0 for0<z<m.

Compute the (real) Fourier series expansion of f(z). What does the Fourier
series converge to at x =0, x = 7/2, and z = 7?7 Why?

Solution.

e The Fourier series expansion is

1 o0
f(z) = 500 + Z a, cosnx + b, sinnz,

n=1

where
1 ™
anp = —/ f(z) cosnz dx n=0,1,2,...,
™ -7

1 ™
b, = —/ f(z)sinnx dzx n=0,1,2,....
™ —T

e Computing a,, and using the equations

cosnm = (—1)", sinnm = 0,

0
/ T cosnx dx

0
T sin ne COS nx
n2
-7

1
n?

for n even,

7n?) for n odd.

we get, forn =1,2,3,...,

anp =

et N N R
§o|_||_|
/—\



For n = 0, we get

e Computing b, forn =1,2,3,..., we get

1 [0
b, = —/ T sinnx dx
™ —T
. 0
1 rcosnr  SInnx
- e
T n n o
1T [(=1)"
oo n
_ (_1)n+1
N n
- % for n even,
o —% for n odd.

e The Fourier series expansion of f(z) is therefore

2 1 1 1
flz) = —%-l—; (cosx+§cos3x+ﬁcos5x+ﬁcos7x+...>

1 1 1
+sinx — Esin2x+§sin3x— Zsin4x+...

e (c) The function is piecewise smooth. By Dirichlet’s theorem, the
Fourier series converges to the value of the function where is is con-
tinuous, and to the average of the left and right limits where it has a
jump discontinity. The function f(z) is continuous and equal to 0 at
z =0 and z = 7/2, so the Fourier series converges to 0 at both points.
The function has a jump discontinuity at x = 7, with left limit equal
to 0 and right limit equal to —7. Therefore the Fourier series converges
to —m/2 at x = .



3. Suppose that
flz)=1-2° 0<z <.

Let f, be the periodic extension of f (with period 1), f. the even periodic
extension of f (with period 2), and f, the odd periodic extension of f (with
period 2).

(a) Sketch the graphs of f,, fe, and f, on the interval —3 < z < 3.

(b) Write out the corresponding form of the Fourier series for these func-
tions, together with expressions for their Fourier coefficients. (Just write
expressions for the coefficients — don’t evaluate any integrals.)

(c) Which Fourier series converges faster — the one for f. or the one for f,?
Explain you answer briefly, but don’t do any explicit computations.

Solution.
e (a) Graphs ommitted.

e (b) The Fourier series are

oo 1
frlx) = Z €™ Cn, =/ (1 —2°) e ™ dux,
0

n=—00
1 - !
felz) = 500 + Zan COS NI, a, = 2/ (1 — 3:2) cosnmz dz,
n=1 0

00 1
folz) = Z b, sin nx, b, = 2/ (1 - x2) sinnmx dz.
n=1 0

e (c) The Fourier series for f, converges faster than the one for f,, since
fo has a jump discontinuity whereas f, does not.



4. The function

fz) = 0 for —m <2 <0,
sinz for 0 <z <.

Has the Fourier series expansion

1 1 2 < cos2x cosdxr  cosb6zx cos 2nx )

J@=stgsime— g ate et T o

Apply Parseval’s theorem to this function, and use the result to determine
the sum of the infinite series

i 1 S S SR S
Senz—17 3 1533
Solution.

e Parseval’s theorem states that if f(z) is a 27-periodic function with
Fourier cosine and sine coefficients a,, and b,, repsectively, then

1 [" 1 1 &
—W/Ff(x)zdxziag—i—i Z {a2 + 02}

n=—oo

e For the given function f(x), we have

/f =—/s1n3:dx

or 5

1

4 bl

since the average value of sin z is 1/2. It follows from the Fourier series
expansion of f and Parseval’s theorem that

i=1() 72 6) 3 C) S

n=

Rearranging and simplifying this equation, we get that

- 1 w2 1
2 fGnp 1P 16 2

n=1



5. State the orthogonality relation for the functions e™®, where n is an
integer.

(a) Use these relations to derive an expression for the Fourier coefficient ¢,
in the complex Fourier expansion of a 2r-periodic function f,

0
f(z) = Z cn€™.
n=—o0
(b) What can you say about ¢, if f is an even function?
Solution.
e The orthogonality relations are

1 zwez‘mwe—mdx:{o if m # n,
27 J, 1 ifm=n.

e (a) We multiply the Fourier series of f,

by e~™® and integrate over a period. (Here, m is a summation variable
that runs over all integers, and n is an arbitrary but fixed integer.)
Exchanging the order of integration and summation, and using the
orthogonality relation, we deduce that

1 2T ) 1 2T o ) )
g/o f(z)e™™ dx = 5 0 Z cm€™ | e7"™ dx

m—=—0o0
0 1 2w ] ]
mx —InT
= E m | — ee dx
2 Jo
m=—00
= Cp,

since only the nth term in the series is nonzero. That is,
1 2w

Cn = oo i f(z)e ™ dx

e If f is an even function, then ¢, is real.



6. Suppose that f(z) has the complex Fourier series expansion

1 )
f(:L‘) — Z i eine.

n=—oo

Find the real Fourier series expansion of f(x) (in terms of sines and cosines).

Solution.

e We split the series up into sums for n < 0 and n > 0:

—00 o0

— 1 an‘
/(@) Zl—i—ine + +Zl+ine

n=-—1 n=1

The term 1 comes from n = 0. Changing the summation variable from
n to —n in the first sum, and combining the sums, we get

=1 1
— —inT 1 inT
f(@) Zl—z’ne + +nz::11+m€

=1
( 1 i einw + 1 : e—inw) )
. 1+4+1in 1—1n

3

I
[

N

+

n

Using Fuler’s equation

einw + efin:c 6inw _ efimv
cosnr=————, sinnr = -
2 21
and the equations
1 _ 11— _1—un
1+in  (1+i4n)(1—idn) 1+4+n?’
1 _ 1+ _1+in
1—in (1 —in)(1+in) 14+n?
to rewrite the terms in this series, we get
1 inT 1 —inT 1 inT —ing
—— — € + ——-€ = e +e
1+1in 1—1in 1+ n? ( )
o = — (emx - e—mz)
2n
= COSNT + ——— SIN NT.

14+ n? 14+n



Hence

1+n2 n?

f(x):1+2nz:;{ ! cosn:1:+1_:_I sinnx}. (1)

e Alternative method. If a 2m-periodic function f has complex Fourier
coefficients ¢,, and Fourier cosine and sine coefficients a,, and b,, re-
spectively, then'

1
=5 (an, — iby) forn >0 (2)

For the given function

1
C =
" 1+1in
_ 1—1n
 14n2
1 .omn
= —1
1+n? 1+ n?
SO
2 b 2n
a, — — e
n 1+n27 n 1+n25

which gives (1).

e For completeness, we derive (2) from the equations for the Fourier
coefficients. We have

1 27

a, = —/ f(z) cos nx dz,
T Jo
1 2m

b, = —/ f(z) sinnx dz,
T Jo

1 27 )
Cp = %/0 f(z)e "™ dux.

'See below for a derivation of this result — it’s ok to state it without proof unless
you’re specifically asked to derive it.



Using Euler’s formula in the definition of ¢,, and rewriting the result,
we get that, for n > 0,

1 27
Cn = — / f(z) (cosnz — isinnz) dx
2 Jo

1 27 1 27
= %/0 f(zx) cosnxd:r—i%/() f(z)sinnz dx

1 1
= 3 n__.bn)
g~ 5!

which proves (2).



