Problem Set 1
Math 201A, Fall 2006
Due: Friday, Oct 6

Problem 1. Give an e-¢ proof that
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when |z| < 1.

Problem 2. If x, y, z are points in a metric space (X, d), show that

d(x
d(z,y) + d(z,

|d(z, 2) — d(y, 2)|,

' Y)
w |d(x, z) — d(y,w)].
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Prove that if z,, — x and y, — y as n — oo, then d(x,,y,) — d(x,y).

Problem 3. If (X, dx) and (Y, dy) are metric spaces, show that d = dx x dy
defined by
d(21, 22) = dx (21, 22) + dy (Y1, y2),

where z; = (z1,v1), 22 = (%2,¥2), is a metric on the Cartesian product

Z=XXxY.
If X =Y =R and dx(z,y) = dy(z,y) = |x — y|, describe the set

{zeR?|d(2,0) <1}.



Problem 4. If X is a normed linear space with norm || - ||, define p: X — R
by

(a) Why isn’t p a norm on X7
(b) Define r : X x X — R by

r(z,y) = plz —y).
Prove that r is a metric on X.
(c) Define the diameter of X with respect to a metric d by
diam(X) = sup d(z,y).
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What is the diameter of X with respect to the metric d(x,y) = ||z — y||?
What is the diameter of X with respect to the metric r(z,y) = p(x — y)?

(d) Prove that ||z, —z| — 0 as n — oo if and only if r(z,,, ) — 0 asn — oo.
Problem 5. Let N={1,2,3,...} denote the natural numbers, and define
dl, dg NxN-—>R

by
1 1

dl(nvm) = n m

) d2(n7m): |n—m|

(a) Prove that dy, dy are metrics on N.

(b) Determine whether or not N is complete with respect each of the metrics
dy, ds.



