ANALYSIS
Math 201A, Fall 2006
Problem Set 6

1. Let C'(]0,1]) denote the space of continuously differentiable functions
f:]0,1] = R, and define

LfIF = Sup]\f(w)lJr sup | f'(x)].

z€[0,1 z€[0,1]

(a) Show that || - || is a norm on C*([0, 1]).
(b) Prove that C'([0, 1]) is a Banach space with respect to || - ||.

WARNING. The uniform convergence of (f,,) to f does not imply the conver-
gence of (f!) to f'.

2. If f:]0,1] — R is integrable, define b, € R by

by, = /0 1 f(2) sin(nmz) da.

(a) Prove that b, — 0 as n — oo for any polynomial.
(b) Prove that b, — 0 as n — oo for any f € C(]0, 1]).

HINT. Integrate by parts for (a), and use the Weierstrass approximation
theorem for (b).

3. A function f : [0,1] — R is said to be Holder continuous with exponent

“f (irt0= 1)

[f]a = Ssup ’$—y’a

z#y€[0,1]
is finite. Given 0 < o <1 and M > 0, define
F={feC(0,1]) | [flle <M, [fla <M}.

Prove that F is a compact subset of C([0,1]) equipped with the sup-norm



4. Suppose that (f,) is a sequence of continuous functions f, : [0,1] — R
such that |f,(z)| <1 for alln € N, z € [0,1]. Define F,, : [0,1] — R by

Fu(z) = /O ") d

Prove that the sequence (F},) has a subsequence that converges uniformly on

0, 1].

5. Suppose that
{fn: K =R |neN}

is an equicontinuous family of functions on a compact metric space K. If
(fn) converges pointwise to a function f, prove that f is continuous. Is the
convergence necessarily uniform?



