SAMPLE MIDTERM PROBLEMS
Brief Solutions
Math 201B, Winter 2007

Problem 1. Let £ C R be a measurable subset of R. Define a linear
subspace M of L*(R) by

M={feL*R)| f(z) =0ae. in E}.
Find M+. What is the orthogonal projection of f € L?(R) onto M?

Solution.

e Let £ =R\ FE be the complement of E. Then
Mt ={feL’R)| f(z) =0ae. in E}.

e The direct-sum decomposition of f is

J=xgef+Xx&f,

where y g is the characteristic function of F, and yg. f is the orthogonal
projection of f onto M.

Problem 2. Let
E={(z,y) eR*|0<z <00, 0<y<l}.

Prove that )
/ ysinze * dxdy = = log 2.
) 2

Solution.

e To apply Fubini’s theorem, first check that

/‘ysinxe_“ﬂ dxdy < /ye_xydxdy
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e Then compute the iterated integral

1 00
/ (/ ysinxe Y dx) dy.
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Problem 3. Let T, S € L*(T) be the triangular and square waves, defined
respectively by

1 if0<zx<m,

T(x)=|z| if|z| <m, S(x):{ 1 i er ez <0

Compute the Fourier coefficients of 7', S. Show that T € H(T) and 7" = S.
Show that S ¢ H'(T).

Solution.

e From the definition of the Fourier coefficient,

fom = [ s,

we compute that

. 2 [(-1)" =1 - w2
T, = — 0, Ty = ,
m [ n? n# ° V2T
A 2 1 (=1)" -1 N
S, = i4/— [( ) } n # 0, So = 0.
T n
e The sum )
S,

nez

converges, since Y 1/n? converges, so T' € H'(T). Since S, = inTn,
we have S =1T".

e The series )
g n%|S,

nez

does not converge, since the terms do not approach zero as n — 00, so

S ¢ H\(T).



Problem 4. Suppose that the Fourier coefficients f of a function f € LY(T)
satisfy (f,) € ¢*(Z), meaning that

D

neL

I

< OQ.

Prove that f is a continuous function.

Solution.

e Since |f,e*| < |f,|, the Fourier series
o) = =3 fue™
V2 "
converges uniformly by the Weierstrass M-test, so the sum ¢ is contin-

uous.

e The Fourier coefficients of g are equal to those of f, since in computing
the Fourier coefficients of g we may exchange the order of integration
and uniform limits.

e From Problem 2 in Problem Set 5, it follows that f = ¢, so f is con-
tinuous.



Problem 5. An indexed set of vectors {u, | & € A} in a Hilbert space H is
said to be stable if there exist constants m, M > 0 such that for all

{co | ca €C,a € A} € *(A)

we have
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(a) Show that a stable set is linearly independent, and an orthonormal set is
stable.

(b) Suppose that {u, | @ € A} is a set of normalized vectors (||uq|| = 1) such

that
> [{ta, ug)|* < 1.
a#fB

Show that {u, | @ € A} is stable.
(c) Let {e, | n € Z} be an orthonormal set, and define

en + €nt1

V2

Uy =

Show that {u, | n € Z} is not stable.

Solution.

o (a) If {u, | a € A} is stable and

Z Colle = 0,

a€cA

> leal* =0.

acA

then

Hence ¢, = 0 for all & € A, so a stable set is linearly independent. (In
fact, what we have shown is stronger than linear independence, since
we did not consider only finite linear combinations of the vectors.)

e For an orthonormal set

2
=2 leal’
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so the set is stable, with m = M = 1.




e (b) We have

2
= Z CaCp <uavuﬁ>'
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Using the Cauchy-Schwarz inequality, we get

> e (tasug) = D lcal’ + D Tats (Ua, ug)
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e (c) Consider, for example, ¢, = (—=1)" for 1 < n < N and ¢, = 0

otherwise. Then
Dl =N,

nel

and
2

=1.
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Since N € N is arbitrary, there is no constant m > 0 with the required
property for stability.
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