Solutions: Problem Set 2
Math 201B, Winter 2007

Problem 1. Let (z,)%; be a sequence in a Banach space. Prove that the
unordered sum
D

neN
converges if and only if the series

[e.e]
> e
n=1
converges unconditionally.

Solution.

e First, suppose that the unordered sum converges in the normed space
X, to x € X say. Let > *°_ yn be a rearrangement of the series
> o | Ty, so that y, = To(m) Where o : N — N is one-to-one and onto.

e Given € > 0, there is a finite subset I C N such that if J D [ is a finite
subset of N, then
S

neJ

< €.

If
M >max{o " (n) |nel},

then J = {o(1),0(2),...,0(M)} D I. Hence,

M
Zym—$ Zfbn—I
m=1

neJ
SO Y. ym = x, and the series converges unconditionally.

<,

e Conversely, suppose that the unordered sum does not converge. Then
for each x € X, there exists ¢ > 0 such that for every finite subset
I C N there exists a finite subset J D I with

E Ty — T

neJ

> €.




Pick a finite set J; D {1} with this property, and, given a finite set
Jy C N, pick a finite set Jy11 D {1,..., N+1}UJy with this property.
We then define a rearrangement of N by listing the elements of J; (in
any order), followed by the elements of J, \ J; (if any), J3 \ J2, and
so on. The resulting rearranged series has partial sums that differ
infinitely often by at least ¢ from x. Hence, the series cannot converge
unconditionally to any x € X.



Problem 2. Suppose that the unordered sums
D Tar DU
a€cA BeB

converge in a Hilbert space. Prove that

<zxa,zyﬂ> - T

acA peB a,B)EAXB

Solution.

o We write

x:Zxa, y:Zyg.

acA BeB

We want to show that the unordered sum of complex numbers

Z <mom y/3>

(a,8)€EAXB
converges and is equal to (z,y).

e First we give a simple, but incomplete, argument. If € > 0, then there
exist finite subsets I C A, J C B such that if I’ D I, J' D J are finite
subsets of A, B then

E To — T

a€el’

< €, Zy@—y

BeJ’

< €.

Since

Z <‘r0<7y/3> - <ZL’,y> = Zxaa Z yﬂ> - <l’,y>

(@,B)el'x.J’ <ae[’ BeJ’

x,Zyg—y>+<Zxa—:c,y>

peJ’ a€el’

+<Zxa—x,2y5—y>,

acl’ peJ’



it follows from the Cauchy-Schwarz inequality that

Y (Tarys) — (wy)| <ellz] +ellyll + €
(@)l %)

Therefore, given any € > 0, we can find a finite set I x J C A x B such
that if I’ x J' D I x J is any finite rectangle in A x B, then

> (Bayyp) — (1Y) <e.

(a,B)eI’x J’

Unfortunately, this is not quite sufficient to prove that the unordered

Z <xaayﬁ>

(o,B)€EAXB

converges because we have to prove this inequality for every finite sub-
set K DI x J of A x B, not just rectangles of the form K = 1" x J'.

The difficulty here is that if K C I’ x J' we cannot say that

Z <xavyﬁ> - <.’L’,y> < Z <Ia,y5> - <$,y> :

(,B)EK (a,B)el’xJ!

We would be able to say this, however, if each term in the sum were a
nonnegative real number. Thus, it appears necessary to split (z,,yg)
into its real and imaginary parts, and prove convergence of the un-
ordered sums of the positive and negative terms in each sum, which
would imply convergence of the original complex unordered sum. We
omit a detailed proof. (Let me know if you have a simpler one!)



Problem 3. Let {e, | @ € A} be an orthonormal set in a Hilbert space H.

Define
M = {anea | co € C, Z‘Ca|2 < oo}

a€cA acA

Prove that M is a closed linear subspace of H.
Solution.
e The set M is well-defined since ) ., caeq converges if and only if
Y aca |ca|? converges.

e Note that convergent unordered sums can be added term-by-term.
Proof: Suppose that

Zxa:x7 Zya:y'

acA a€A

Given € > 0, there are finite sets I C A, J C A such that if I’ D I,
J' D J are finite subsets of A, then

E To — X

ael’

€
<§,

Zya_y

acJ’

<€
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It follows that if I U J C K is a finite subset of A, then

Z(xa+ya)—(x+y) < Zxa—x + Zya—y
acK a€EK a€EK
< €+E
—+=-=c¢
2 2

o If x,y € M, with

T = Zaaea, Yy = Zbaea

a€cA

then
r+y= Z(aa—i—ba)ea.

a€cA



Since
|aa + ba|2 < (laa| + |b0c|)2 < (2max{|aa| ) |ba|})2 <4 (|aa|2 + |ba|2) )

it follows that

Z ‘aa + ba|2 <4 (Z |aa‘2 + Z ’ba|2> < 00,

acA aEA aEA
sor+ye M.

Similarly, we also have \z € M for all A € C and x € M, so M is a
linear space.

To prove that M is closed, first note that M N M+ = {0}. This
follows from the projection theorem, but it is easy to show directly: If

r € M N M, then since M+ = M we have z L x,s0 x = 0.
Suppose that x € M. Let
y = Z(ea, T)eq,.
acA
According to Bessel’s inequality,
2
Y Heas @) < ),
acA

so y € M. Moreover, (e,, T) = (eq,y) for all a € A, which implies that
r—1y € Mt Since x,y € M, it follows that x —y € M N M+, so
x =1y and x € M, which implies that M is closed.



