PROBLEM SET 1
Math 218B, Winter 2010

1. Look for self-similar, spherically symmetric solutions of the heat equation

uy = Au reR" t>0

L. (lz]
t)=—f|—=].
ute.t) = o (1)
(a) Determine the values of v, 8 € R for which there is a solution of this form

and find the ODE satisfied by f(&).
(b) Find the values of a, f if

of the form

lim u(z,t)de = 1.
t—0+ Rn

Solve the ODE explicitly in this case, and show that you get the fundamental
solution of the heat equation.

2. (a) Solve the IVP for the Schrédinger equation
iy = —Au reR" teR,
u(z,0) = f(z)

where f € S, and show that u € C* (R;S) is given by

u(z,t) = /F(l" —y,0)f(y)dy

where

1 2 /40
_ —|z|*/4dt
[(x,t) Arit) 2 e :

(b) Prove that for any s € R, the solution operators of the Schrédinger
equation {eiltA :t € R} form a strongly continuous unitary group on H*.

3. Suppose that s > n/2. Prove that H*(R") is an algebra, meaning that
fge H?if f,g € H®, and there is a constant C such that

I fallge < Collfllasllgllas  forall f,g € H*.

HinT. Use the convolution theorem and the inequality

(1 + ’k + 5‘2)8/2 <2° [(1 + |k’2)8/2 -+ (1 + |£’2)s/2i| .
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