Solutions: Midterm 2
Math 21C, Spring 2018

1. [20%)] Determine the interval of convergence (including the endpoints) for
the following power series. State explicitly for what values of = the series
converges absolutely, converges conditionally, or diverges. Give the radius of
convergence R and the center of the interval of convergence a.
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e The ratio test implies that the series »  a,, converges absolutely if 3|z| <
1 and diverges if 3|x| > 1. The center of the interval of convergence is
a = 0 and the radius of convergence is R = 1/3.

e At x = £1/3, we have

< — forn > 1,
n

so the series converges absolutely at x = 4+1/3 by comparison with
the convergent p-series with p = 2. The interval of convergence is
—-1/3<2<1/3.



2. [20%)] Let
@=2—7j+k  U=4i+ 3k

(a) Compute @ - V.
(b) Compute @ x 7.
(c) Find the angle 6 between @ and v.

Solution.

e (a) We have
w-v=2-4—-1-0+1-3=11.

e (b) We have
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(c) We have

jd* = 2% + (=1)* + 1> = 6,
[0]? = 4% + 0% 4 3% = 25,

so |ii] = v/6, || = 5, and
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3. [20%] Suppose that Ly, Ly are lines with the parametric equations

Ly r=44+2t, y=1+4+t 2=2+1;
Lo : r=44+t y=1—t, z=2+3t.

Find an equation for the plane that contains L; and Ls.

Solution.

e The lines intersect at the point Py(4,1,2), so they are contained in the
plane through Py whose normal vector 77 is orthogonal to the direction

vectors of both lines.
e The direction vectors of Ly, Ly are
T=2+j+k  Oa=1i—j+3k,
so a normal vector to the plane is
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e The equation of the plane is 77 - (7" — ) = 0, or
4(x—4)=5@y—1)—-3(z—2)=0,

which gives
dxr — dy — 3z = 5.



4. [20%)] Let
f(z,y) =sin(x + 2y) + z3y.

Compute the partial derivatives fu, fy, fazs foy, fyy-

Solution.

e We have

fr = cos(z + 2y) + 3%y

fy = 2cos(z + 2y) + 2°
fuz = —sin(z + 2y) + 62y
foy = —2sin(z + 2y) + 327
fyy = —4sin(z + 2y)



5. [20%] (a) Find the Taylor polynomial Py(x) of order 2 at z = 0 for the

function f(z) = ze™".

(b) Write down an expression for the remainder Ra(x) and use it to find an estimate
for the maximum error between f(z) and Ps(x) when z = 0.1.

Solution.

e (a) We have

Pa)=(1-2)e™  fla)=(@-2e?  fa)=3-a)"

The first three Taylor coefficients of f(z) at x = 0 are

w=f0)=0, a=rO=1 o="1"-
S0
Py(x) = x — 2°.
e Alternatively, since e™* =1 — 2 + ..., we have e ™ =z — 2% + .. ..
e (b) The remainder is given by
Ry(z) = fl;fc)x?’, f"(c)= (3 —c)e ",

for some 0 < ¢ < x. Both factors (3 —¢) and e~ ¢ are positive and decreasing
for 0 < ¢ < 3, s0 f"(c) attains its maximum value on 0 < ¢ < 3 at the left
endpoint ¢ = 0, meaning that 0 < f"”'(¢) < 3.

e It follows that

0 < £(0.1) — Py(0.1) < =(0.1)3.

N | =



