Midterm 1: Solutions
Math 21D, Fall 2019

1. [15pts] (a) Let R be the triangle in the (z,y)-plane with vertices (0,0),
(1,3), (0,3). Sketch R.
(b) Write the double integral

/ /R (3z 4+ 2y%) dA

as an iterated integral in the order dzxdy (integrate with respect to = first

followed by y). DO NOT EVALUATE.

(c) Write the double integral in (b) as an iterated integral in the order dydz
(integrate with respect to y first followed by z). DO NOT EVALUATE.

Solution.

e (a) The triangle R is shown in the figure.
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e (b) The triangle R is described by 0 <y < 3,0 <z < y/3 so

3 ry/3
// (3:70 + 2y2) dA = / / (Bx + 2y2) dzdy.
R 0o Jo

e (b) The triangle R is described by 0 <z < 1,3z <y < 3 so

1 3
// (32 4 2y%) dA —/ / (32 4 2y°%) dydz.
R 0 J3z



2. [15pts] (a) Evaluate the iterated integral

3 pdy—y?
/ / x dxdy.
0 Jy2-2y

(b) Sketch the region of integration in the (z,y)-plane for the integral in (a).

Solution.

e (a) We have

4y—y2 1 4y—y2
/ rdr = {—332]
y2—2y 2 y2—2y
1
2

=5 (=)~ (2~ 20)’]

= 6y” — 2y°,
3 4dy—y? 3
// xdxdy:/ (6y2—2y3) dy
0 Jy2—2y 0
1,1° or
= |22 — =yt ==
P2,

e (b) The region R is shown in the figure.
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3. [15pts] Let R be the region in z > 0,
y > 0 between the lines y =0, y =z
and the circles 22 +y? = 1, 22 +¢y* = 4
(see figure). Use polar coordinates to
evaluate the double integral
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Solution.
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e The region R is described in polar coordinates by

0<60<m7/4,

1<r <2

e Since 22 + y? = r? and dA = rdrdf, we get

// ! dA—/m/“ drdo
r (22 +y?)32 B 0 1 7“3TT
4
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4. [15pts| Let a,b,c > 0 be positive constants and let D be the rectangular
box0<zr<a, 0<y<b0<2z<c.

(a) Evaluate the triple integral

[ [@rvsaav

(b) What is the average value of z + y + z over D?
Solution.

e (a) We have (any other order of integration works as well)

///D(:c+y+z) dvz/oa/ob/oc(x+y+z) dzdydz.

Then
c r 1 ) &
(x+y+2)dz=|zz+yz+ =2
0 L 2 ]y
12
:xc+yc—|—§c,
/b 12 [ 1 2 1 2 ’
rc+yc+ —c* | dy = |ryc+ =y“c+ =yc
0 2 I 2 2 0

1 1
= zbc + §b26 + 51702

a

a 1 1 1 1 1
/0 (xbc + 5526 + §b02> dr = _§x2bc + 53:1)20 + 5:)&602} )

1 1 1
= §a2bc + iabQC + §ab02,

///D(x—i-y—i-z)dV-%abc(a—i—b—l—c).

e (b) The volume of D is abc, so the average value of x +y + z on D is

m///l)(anerz) dV:%(aerJrc).



5. [20pts] Let D be the upper-half of the unit sphere 2% +y?+2% <1, 2 > 0,
and let I be the triple integral

I:///Dz(x2+y2) dv.

(a) Write I as an iterated integral in cylindrical coordinates in the order

dzdfdr (integrate with respect to z first). DO NOT EVALUATE.

(b) Write I as an iterated integral in spherical coordinates in the order
dfdedp. DO NOT EVALUATE.

Solution.

e (a) Since 22 +y2+ 2% = 1 gives 22 = 1 — 7?2, the hemisphere is described
in cylindrical coordinates by

0<r<i, 0 <6 <2m, 0<z<+V1-—r2
Using 22 + y? = r? and the cylindrical volume element

dV = rdzdfdr,

1 27 V1—-r2
I = / / / 2r? - rdzdfdr.
0o Jo 0

e (b) The hemisphere is described in spherical coordinates by

we get that

0<p<l,  0<¢<z,  0<6<om

Using z = pcos ¢, 22 +y?> = p?sin? ¢, and the spherical volume element
dV = p?sin ¢ dfdodp,

we get that

1 prw/2 p27
I = / / / pcos - p*sin® ¢ - p?sin ¢ dddodp.
o Jo 0



6. [10pts] Let R be closed, bounded region in the (z,y)-plane and f(z,y)
an integrable function on R. Explain how [ [ r [ dA is defined in terms of
Riemann sums.

Solution.

e For every partition P of R into rectangles Ry, Ro, ..., R,, choose any
point (x;,y;) in each rectangle R; of the partition. Then

dA = i LU AA;
//Rf |7>m~l>o;f(x] U)AA;

where ||P|| is the maximum side-length of the rectangles R; in the
partition P and AA; is the area of R;.

Optional Remark. A precise way to state this definition is as follows. A
function f(z,y) is integrable on R with

[ [ ria=1

if for every € > 0 there exists § > 0 such that

<€

> flagu)AA; — L
j=1

for every partition P of R with ||P|| < ¢ and every choice of points (z;,y;)



