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4

Abstract. We describe structure of quasihomomorphisms from arbitrary groups to5

discrete groups. We show that all quasihomomorphisms are “constructible”, i.e., are6

obtained via certain natural operations from homomorphisms to some groups and7

quasihomomorphisms to abelian groups. We illustrate this theorem by describing8

quasihomomorphisms to certain classes of groups. For instance, every unbounded9

quasihomomorphism to a torsion-free hyperbolic group H is either a homomorphism10

to a subgroup of H or is a quasihomomorphism to an infinite cyclic subgroup of11

H.12

1 Introduction

Let G be a group and H be a group equipped with a proper left-invariant metric d13

(e.g., a finitely generated group, equipped with a word metric). A map f : G → H14

is called a quasihomomorphism if there exists a constant C such that15

d(f(xy), f(x)f(y)) ≤ C16

for all x, y ∈ G. In the case when H is discrete (and in this paper we limit ourselves17

only to this class of groups, except, briefly, in Section 9), f is a quasihomomorphism18

if and only if the set of defects of f19

D(f) = {f(y)−1f(x)−1f(xy) : x, y ∈ G}20

is finite. A quasihomomorphism with values in Z (or R, equipped with the standard21

metric) is called a quasimorphism.22

The concept of quasihomomorphisms goes back to Ulam [Ula60, Chapter 6], who23

asked if they are close to group homomorphisms. There is a substantial literature24

on constructing exotic quasimorphisms, i.e., ones which are not close to homomor-25

phisms, going back to the work of Brooks [Bro81], see e.g. [Cal09] and references26

therein; we will refer to quasimorphisms constructed via this procedure as Brooks27

quasimorphisms. On the other hand, very little is known about quasihomomorphisms28

with values in noncommutative groups. The first Ulam-stability theorem was proven29

by Kazhdan [Kaz82], namely, that ϵ-quasihomomorphisms from amenable groups30
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K. FUJIWARA AND M. KAPOVICH GAFA

into the group of unitary transformations of any Hilbert space are ϵ′-close to ho-31

momorphisms (with limϵ→0 ϵ′ = 0). It was proven by Shtern [Sht99] (among other32

things) that any quasihomomorphism from an amenable group G into GL(n, R) is33

a bounded perturbation of a homomorphism. Ozawa [Oza11] proved that lattices34

in SL(n, K) (n ≥ 3, K is a local field) do not admit unbounded quasihomomor-35

phisms to hyperbolic groups. On the negative side, Burger et al. proved in [BOT13]36

that every group containing a free nonabelian subgroup, is not Ulam-stable, in the37

sense of Kahzdan’s paper. Rolli [Rol09] constructed exotic quasihomomorphisms of38

free groups into groups admitting bi-invariant metrics. After this paper was written,39

Danny Calegari shared with us an email from Bill Thurston, who noted that“About40

quasimorphisms to non-abelian groups: they may be hard to construct in general,41

but it looks like the Heisenberg group will be one interesting case.” In the same email42

Thurston outlined a construction of exotic quasihomomorphisms from hyperbolic 3-43

manifold groups into the 3-dimensional Heisenberg groups using contact structures44

on 3-manifolds, although filling in details requires some work; for instance, it is far45

from clear why quasihomomorphisms defined by Thurston are not close to homo-46

morphisms. It follows from our main result that, for this to be the case, at the very47

least, one has to assume that the 3-manifold M in Thurston’s construction satisfies48

b2(M) ≥ 2. A construction of quasihomomorphisms (not close to homomorphisms)49

from arbitrary hyperbolic groups to Heisenberg groups, which works in greater gen-50

erality, but is purely algebraic and avoids contact structures, is presented in our51

Example 2.11.52

Calegari also brought the paper [CZ11] to our attention, where a certain non-53

commutative version of quasimorphisms into R is discussed. Furthermore, after54

this paper was written we received a preprint by Hartnick and Schweitzer [HS14],55

where they proved existence of exotic quasihomomorphisms of free groups; how-56

ever, their definition of quasihomomorphisms is different from Ulam’s. We will dis-57

cuss their work in more detail in Section 9, together with few other generalizations58

of homomorphisms. In that section we also show that, while Brooks’ construction59

does not generalize to self-quasihomomorphisms of free groups, it does go through60

when we replace Ulam’s notion of a quasihomomorphism with the one of a middle-61

quasihomomorphism.62

The goal of this paper is to explain why it is so “hard to construct” quasihomo-63

morphisms to noncommutative groups which are neither homomorphisms, nor come64

from quasihomomorphisms with commutative targets, provided that H is a discrete65

group.66

In order to formulate our main theorem we will need a definition:67

Definition 1.1. A quasihomomorphism f : G → H is constructible (from group ho-68

momorphisms) if there exists a finite-index subgroup Go < G, a subgroup Ho < H,69

a finitely generated abelian subgroup A < Ho central in Ho, and a quasihomomor-70

phism fo : Go → Ho within finite distance from f |Go such that:71
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GAFA ON QUASIHOMOMORPHISMS WITH NONCOMMUTATIVE TARGETS

The projection f̄o : Go → Q = Ho/A of fo is a homomorphism.

1 ✲ Go
✲ G

H

f

❄

1 ✲ A ✲ Ho

fo

❄

✲ Q ✲

f̄
o

✲
1

Special subclasses of quasihomomorphisms include:72

1. Almost homomorphisms, i.e., maps f : G → H ′ < H, where H ′ contains a finite73

normal subgroup K such that the projection of f to H ′/K is a homomorphism.74

2. Products of quasimorphisms: f : G → H ′ ∼= Zn <H; in this case f =(f1, . . . , fn),75

where each fi : G → Z is a quasimorphism.76

When we cannot specify the quotient group Q in Definition 1.1, but can only77

claim that it belongs to a certain class C of groups, we will say that the quasihomo-78

morphism f in this definition is constructible from quasihomomorphisms to groups79

in the class C.80

Our main theorem is:81

Theorem 1.2. Every quasihomomorphism f : G → H is constructible.82

We will prove this theorem in Section 3 (see Theorem 3.6).83

Remark 1.3. Theorem 1.2 essentially reduces the study of quasihomomorphisms84

G → H to analyzing quasihomomorphisms Go → A, homomorphisms f ′ : Go → Q85

and cohomology classes [ω] ∈ H2(Q; A) with bounded pull-back classes f ′∗([ω]) ∈86

H2(Go; A), see Section 2.4.1.87

We also show how one can sharpen the main theorem by restricting to special88

classes of target groups, e.g., some periodic groups (Example 3.3), hyperbolic groups89

(Theorem 4.1), CAT (0) groups (Theorem 5.5), mapping class groups (Theorem 7.1)90

and groups acting on simplicial trees (Lemma 8.3). For instance:91

1. All quasihomomorphisms to free Burnside groups B(n, m) (with large odd ex-92

ponent m) are bounded.93

2. All unbounded quasihomomorphisms to hyperbolic groups are either almost94

homomorphisms or have elementary images.95

3. All quasihomomorphisms G → H = Map(Σ) to the mapping class group are96

constructible from homomorphisms to other mapping class groups of surfaces97

(proper subsurfaces in Σ), see Theorem 7.1 for the more precise statement.98
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In particular, we will show that higher rank irreducible lattices do not admit un-99

bounded quasihomomorphisms to hyperbolic groups and to mapping class groups.100

This sharpens the main result of Ozawa [Oza11], since he could prove it only for101

lattices in SL(n, K).102

Osin [Osi16] extended our results on rigidity of quasihomomorphisms to hyper-103

bolic groups and mapping class groups, to the case of relatively hyperbolic target104

groups and target groups which act acylindrically on Gromov-hyperbolic spaces.105

Lastly, we note that Heuer in his thesis [Heu15] studied quasihomomorphisms to Lie106

groups.107

2 Preliminaries

In this section we collect some basic facts about quasihomomorphisms.108

2.1 Definition and notation. Throughout the paper (except for Section 9),109

we will be considering quasihomomorphisms to discrete groups, denoted H, equipped110

with a proper metric d (whose choice will be suppressed in our notation). The reader111

can think of a finitely generated group equipped with a word metric as the main112

example. Set |h| = d(1, h).113

Definition 2.1. Suppose that a map f : G → H between groups has the property114

that f(G) is contained in a subgroup J < H, J contains a finite normal subgroup115

K ▹ J , such that the projection f̄ : G → J̄ = J/K is a homomorphism. We then116

will refer to f as an almost homomorphism, it is a homomorphism modulo a finite117

normal subgroup (in the range of f).118

Clearly, every almost homomorphism is a quasihomomorphism.119

A quasihomomorphism f : G → H is called bounded if its image is a bounded120

(i.e., finite) subset of H. Note that every map f : G → H with bounded image is121

automatically a quasihomomorphism.122

A map f : G → H is a quasiisomorphism if it is a quasihomomorphism which123

admits a quasiinverse, i.e., a quasihomomorphism f ′ : G → H such that124

dist(f ′ ◦ f, id) < ∞, dist(f ◦ f ′, id) < ∞.125

Here and in what follows, for maps f1, f2 : X → Y to a metric space (Y, dY ),126

dist(f1, f2) = sup
x∈X

dY (f1(x), f2(x)).127

A quasiisomorphism is strict if f ′ = f−1. Two groups G, H are (strictly) quasi-128

isomorphic to each other if there exists a (strict) quasiisomorphism between these129

groups.130

In what follows we will frequently use the notation NR(S) ⊂ H to denote the131

R-neighborhood of a subset S in a discrete group H equipped with a proper metric.132

We will also use the notation h1 ∼ h2 for elements h1, h2 ∈ H to denote that133

d(h1, h2) ≤ Const134
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GAFA ON QUASIHOMOMORPHISMS WITH NONCOMMUTATIVE TARGETS

where Const is a certain uniform constant (which is not fixed in advance). Instead135

of the notation ∼, we will also write write136

p ∼S q137

if p = qs with p, q ∈ H, s ∈ S (where the subset S is bounded). For example, for a138

quasihomomorphism f : G → H with D = D(f), by the definition,139

f(ab) ∼D f(a)f(b)140

for a, b ∈ G.141

For two quasihomomorphisms fi : Gi → H, i = 1, 2, the notation f1 ∼ f2 will142

mean that the domain of f1 is a finite index subgroup G1 < G2 and that143

dist(f1, f2|G1) < ∞.144

For a subset D of a group H and n ≥ 2 we will use the notation Dn to denote145

the subset of H consisting of products of at most n elements of D. More generally,146

for two subsets A, B ⊂ H we let147

A · B = {ab : a ∈ A, b ∈ B}.148

We will use the notation D−1 for the set of inverses of elements of D. Then149

h ∼D h′ ⇐⇒ h′ ∼D−1 h.150

For an element h ∈ H we let ad(h) denote the inner automorphism of H defined151

by conjugation via h:152

ad(h)(x) = hxh−1.153

The map ad : H → Inn(H) < Aut(H) is a homomorphism; its image Inn(H) is the154

group of inner automorphisms of H. The quotient group Out(H) = Aut(H)/Inn(H)155

is the outer automorphism group of H.156

Given a group H and its subgroup A we let NH(A) and ZH(A) denote the157

normalizer and the centralizer of A in H respectively. For a subgroup B < H we158

will also use the notation159

NB(A) := NH(A) ∩ B, ZB(A) := ZH(A) ∩ B.160
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K. FUJIWARA AND M. KAPOVICH GAFA

2.2 Elementary properties of quasihomomorphisms. Composition. The161

composition of quasihomomorphisms is again a quasihomomorphism:162

D(f2 ◦ f1) ⊂ D(f2) · f2(D(f1)) · D(f2).163

In particular, if f2 is a homomorphism and f2(D(f1)) = {1}, then f2 ◦ f1 is a164

homomorphism.165

Product construction. Let fi : G → Hi, i = 1, . . . , n be quasihomomorphisms. Then166

their product167

f = (f1, . . . , fn) : G → H1 × · · · × Hn168

is again a quasihomomorphism. Conversely, given a quasihomomorphism169

f = (f1, . . . , fn) : G → H1 × · · · × Hn,170

in view of the composition property above, each component fi is again a quasiho-171

momorphism.172

Closeness of f(G) and f(G)−1. Suppose that173

f : G → H174

is a quasihomomorphism. Then for D = D(f) we obtain:175

ϵ = f(1) = f(1)f(1)s, s ∈ D176

and, hence,177

ϵ = s−1 ∈ D−1.178

Furthermore, for x ∈ G179

1 = f(xx−1)ϵ−1 = f(x)f(x−1)sϵ−1, s ∈ D180

which implies that181

(f(x))−1 = f(x−1)s′, s′ ∈ D2. (1)182

In particular, the sets f(G), (f(G))−1 are Hausdorff-close to each other.183

2.3 Quasiaction and bounded displacement property. By the definition184

of a quasihomomorphism, for D = D(f):185
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GAFA ON QUASIHOMOMORPHISMS WITH NONCOMMUTATIVE TARGETS

f(xyz) ∼D f(xy)f(z)186

and187

f(xyz) ∼D f(x)f(yz) ∼D f(x)f(y)f(z).188

In particular,189

f(xy)f(z) ∼D−1 f(xyz) ∼D2 f(x)f(y)f(z)190

and, hence,191

d(f(xy)h, f(x)f(y)h) ≤ C3, ∀h ∈ f(G), C3 = max{|s| : s ∈ D2D−1}. (2)192

More precisely,193

f(xy)h ∼D2D−1 f(x)f(y)h, h ∈ f(G), x, y ∈ G. (3)194

Therefore, the left multiplication by f(x) defines a quasiaction of G on f(G). The195

set f(G) is not literally preserved by this quasiaction, but196

d(f(x)f(G), f(G)) ≤ C1, C1 = max{|s|, s ∈ D},197

for all x ∈ G: for h = f(y) ∈ f(G),198

f(x)h ∼D−1 f(xy) ∈ f(G).199

In view of (2), the defect set D(f) has the property that every element h ∈ D(f)200

quasiacts on f(G) with bounded displacement. We define the defect subgroup ∆ = ∆f201

of f to be the subgroup of H generated by D(f). It is then immediate that every202

element of ∆f (quasi)acts on f(G) with bounded displacement. Equation (3) shows203

that there exists a finite subset D′ = D′(f) = D2D−1 ⊂ ∆f such that for every204

s ∈ D = D(f),205

sh = hs′, s′ ∈ D′. (4)206

Remark 2.2. To verify (4), let h ∈ f(G) and s ∈ D = D(f), then207

h−1sh = f(c)−1f(b)−1f(a)−1f(ab)f(c) ∼D2D−1 f(c)−1f(b)−1f(a)−1f(a)f(b)f(c) = 1208

where f(c) = h and209

f(b)−1f(a)−1f(ab) = s.210

In particular,211

h−1∆fh ⊂ ∆f . (5)212

Since for every h ∈ f(G), h−1 ∈ f(G)D2 ⊂ f(G)∆f (see Equation (1)), we conclude213

that214

h∆fh−1 ⊂ ∆f (6)215

as well. Thus:216

0 3 9 0 3 6 4
Jour. No Ms. No.

B
Dispatch: 29/2/2016
Total pages: 42
Disk Received
Disk Used

Journal: GAFA
Not Used
Corrupted
Mismatch

A
u

th
o

r 
P

ro
o

f



un
co

rr
ec

te
d 

pr
oo

f

K. FUJIWARA AND M. KAPOVICH GAFA

Lemma 2.3. The sets f(G) and f(G)−1 are contained in NH(∆f ), the normalizer217

of ∆f in H. In particular, we obtain a homomorphism218

G → NH(∆f )/∆f219

whose image is ⟨f(G)⟩/∆f .220

Let f : G → H be a quasihomomorphism with the defect subgroup ∆f . As we221

just proved, the image of f is contained in N = NH(∆f ). It follows that there is222

no harm in replacing the group H with the group ⟨f(G)⟩. We assume from now223

on that H = N = ⟨f(G)⟩; we continue to work with the restriction of the original224

left-invariant metric from the target group of f to ⟨f(G)⟩.225

Remark 2.4. We observe that if the group G is finitely generated, so is the group226

⟨f(G)⟩: it is generated by f(S) and D(f), where S is a finite generating set of G.227

By Lemma 2.3, we also obtain a homomorphism228

ϕ = ϕf : G → Out(∆f ) = Aut(∆f )/Inn(∆f ) (7)229

given by sending g ∈ G first to the conjugation automorphism230

ϕ̃(g) = ad(f(g)) ∈ Aut(∆f )231

232

ϕ̃(g)(δ) = f(g)δf(g)−1, δ ∈ ∆f233

and then projecting to the group of outer automorphisms. (The quasihomomorphism234

ϕ̃, of course, in general, is not a homomorphism.) Similarly, by the same lemma, we235

have an antihomomorphism236

ψ : G → Out(∆f ),237

ψ(g) defined by sending g to ψ̃(g) = ad(f(g)−1) and then projecting to Out(∆f ). In238

view of (1), we have239

ψ(g) = ϕ(g−1).240

Since ∆f is generated by the finite subset D(f), the automorphisms ϕ̃(g), ψ̃(g)241

are determined by their values on the elements s ∈ D(f); the images of elements242

s ∈ D(f) under ϕ̃(g) and ψ̃(g) belong to a finite subset D′(f) (independent of g).243

Therefore, the subset244

ϕ̃(G) ∪ ψ̃(G) ⊂ Aut(∆f )245

is finite and, thus, the homomorphism ϕ has finite image. We summarize these simple246

(but useful) observations in247

Lemma 2.5. 1. There exists a finite subset {y1, . . . , yn} of H such that248

ϕ̃(G) ∪ ψ̃(G) ⊂ {ad(yj) : j = 1, . . . , n}.249
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2. The kernel Go = ker(ϕ) is a subgroup of finite index in G. For every g ∈ Go the250

automorphisms ϕ̃(g), ψ̃(g) ∈ Aut(∆f ) are inner. In particular, we can choose251

the elements y1, . . . , yn ∈ ∆f such that252

ϕ̃(Go) ∪ ψ̃(Go) ⊂ {ad(yj) : j = 1, . . . , n}.253

2.4 Lift and projection.254

2.4.1 Quasisplit exact sequences. Consider an exact sequence255

1 → A
i

→ B
p
→ C → 1. (8)256

In what follows, we will identify A with i(A). If A is central in B, then the sequence257

(8) defines a central extension of C by A.258

A sequence (8) is said to be quasisplit if there exists a quasihomomorphism259

C
s
→ B such that p ◦ s = id. (More generally, one can allow this composition to260

have bounded displacement, but we will not need this.) Given a quasisplitting s we261

define the mapping262

q(b) = b−1 · (s ◦ p(b)) , q : B → A.263

Lemma 2.6. If A is central in B, the map q is a quasihomomorphism.264

Proof. Pick b1, b2 ∈ B and set ci = p(bi),265

s(ci) = aibi, ai = q(bi) ∈ A, i = 1, 2.266

Then267

s(c1c2) = s(c1)s(c2)δ, δ ∈ D(s).268

Then,269

q(b1b2) = b−1
2 b−1

1 · s(c1c2) = b−1
2 b−1

1 s(c1)s(c2)δ270

= b−1
2 a1s(c2)δ = a1b

−1
2 s(c2)δ = a1a2δ = q(b1)q(b2)δ.271

272

⊓2273

We continue with the hypothesis of the lemma and define the maps274

F : B → C × A, F (b) = (p(b), q(b))275

and276

F ′ : C × A → B, F ′(c, a) = s(c)a−1.277

Since p and q are (quasi)homomorphisms, so is F . The proof that F ′ is a quasiho-278

momorphism is completely analogous to the proof of Lemma 2.6 and is left to the279

reader.280
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Lemma 2.7. If A is central in B then F ′ = F−1; in particular, the group B is strictly281

quasiisomorphic to C × A.282

Proof. F ′ ◦ F (b) = F ′(p(b), q(b)) = sp(b) · (q(b))−1 = sp(b) · sp(b)−1 · b = b. The283

reader will verify that F ◦ F ′ = id. ⊓2284

Given a quasisplit extension (8), each quasihomomorphism f : G → C lifts to a
quasihomomorphism f̃ : G → B, f̃ = s ◦ f .

G
f̃

✲ B

C

p

❄

f

✲

Similarly, given a quasisplit exact sequence (8), each quasihomomorphism f : B →
H projects to a quasihomomorphism f̄ = f ◦ s : C → H.

B
f

✲ H

C

p

❄

f̄

✲

If f : G → C is unbounded, the quasihomomorphism f̃ is, of course, unbounded as285

well. This is not necessarily the case for projections of quasihomomorphisms C
f
→ H286

as one can take, for instance, B = A×C and f = f1 × f2 : G → B, with bounded f2287

and unbounded f1. However, if A is finite and f is unbounded, then f̄ is unbounded288

as well. We will use this observation several times in the case when H = Z, in order289

to construct unbounded quasimorphisms on the quotient group C.290

Example 2.8. Examples of quasisplit sequences are given by:291

(a) Extensions with finite kernel A: in this case any section s : C → B will define292

a quasisplitting.293

(b) Central extensions whose obstruction class is a bounded 2nd cohomology class,294

cf. [Ger92] or [NR97].295

The first example is immediate. To justify (b), suppose that ω ∈ Z2(C, A) is a296

bounded normalized cocycle, i.e., ω(1, c) = ω(c, 1) = 0 ∈ A for all c ∈ C. Here and297

in what follows we use the restriction of the metric from B to i(A) ∼= A. We also298

refer the reader to [Cal09] for the discussion of bounded cohomology.299
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Following [Bro82, p. 92], we define the extension Eω of C by A, using the group300

law on the product A × C given by the formula:301

(a1, c1)(a2, c2) = (a1 + a2 + ω(c1, c2), c1c2).302

The group Eω is then a central extension of C by A, which is isomorphic to the one303

in (8). The quasisplitting of the sequence304

0 → A → Eω → C → 1305

is given by s(c) = (0, c). Then ω is bounded if and only if s is a quasihomomorphism.306

We obtain307

Lemma 2.9. A central extension (8) quasisplits if and only if the extension class is308

bounded.309

In Section 6 we will prove Proposition 6.4 about quasisplitting of a central ex-310

tension associated with a certain subgroup of the mapping class group of a surface,311

illustrating this result.312

2.4.2 Second bounded cohomology of G. Note that there are situations when313

the sequence (8) does not quasisplit, but homomorphisms f : G → C still lift to314

quasihomomorphisms f̃ : G → B. Namely, assume that the subgroup A is central in315

B and the class f∗([ω]) ∈ H2(G; A) is bounded. Then the homomorphism f lifts to316

a quasihomomorphism f̃ : G → B. To see this, consider the central extension of G317

by A defined by the class f∗([ω]):318

0 → A → Ẽ → G → 1.319

Let s̃ : G → Ẽ be the quasisplitting. Composing s̃ with the natural homomorphism320

f̂ : Ẽ → B (which projects to f : G → C), we obtain the required lift f̃ . The converse321

to this is also easy to see: if f lifts to a quasihomomorphism f̃ , then the class322

f∗([ω]) ∈ H2(G; A) is bounded.323

Example 2.10. Consider the case where A is a finitely generated abelian group cen-324

tral in Ẽ and the group G is hyperbolic. Then all cohomology classes in H2(G; A) are325

bounded (see [NR97]), which implies that quasihomomorphisms f : G → C always326

lift to quasihomomorphisms G → B.327

Example 2.11. Consider the integer Heisenberg group B = H2n, where A ∼= Z,328

C ∼= Z2n and the obstruction class [ω] is unbounded (the cocycle ω is the restriction329

of a symplectic form from R2n to Z2n). Then every homomorphism f : G → Z2n
330

from a hyperbolic group G, lifts to a quasihomomorphism f̃ : G → H2n. We now331

explain how to use this in order to construct examples of quasihomomorphisms to332

nilpotent groups which are not close to homomorphisms.333

It follows from the definition of H2n that two elements b, b′ ∈ B commute if and334

only if ω(p(b), p(b′)) = 0. Take G which admits an epimorphism f : G → C ′ ∼= Z2 <335
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K. FUJIWARA AND M. KAPOVICH GAFA

Z2n such that ω is nondegenerate on C ′ and f∗(ω) defines a trivial cohomology class336

of G. For instance, we can take G to be the fundamental group of a closed oriented337

surface of genus ≥ 2 and f : G → C induced by a map of nonzero degree S → T 2.338

Or, in line with Thurston’s suggestion mentioned in the introduction, we can take339

G to be the fundamental group of a closed hyperbolic 3-manifold M which admits a340

retraction r : M → S to a closed oriented hyperbolic surface S ⊂ M . [It follows from341

the work of Agol, Haglund and Wise that for every quasifuchsian surface subgroup342

of π1(S) < π1(M) there exists a finite index subgroup of Γ′ < π1(M) which retracts343

to π1(S) ∩ Γ′. Hence, examples which we need abound.] Then take the composition344

of r with a homomorphism induced by a nonzero degree map S → T .345

Lemma 2.12. Suppose that G is a hyperbolic group, we are given a central extension346

(8) and f : G → C, a homomorphism such that [f∗(ω)] ̸= 0 in H2(G, Z). Then:347

1. For each quasihomomorphism f̃ : G → B as above, there is no finite index348

subgroup Go < G such that f̃ |Go is within finite distance from a homomorphism.349

2. The image of f̃ is not Hausdorff-close to an abelian subgroup of B.350

Proof. 1. Suppose, for the sake of a contradiction, that there exists such Go < G351

and a homomorphism f ′ : Go → B within finite distance from f |Go. Then the352

distance between the homomorphisms fo := p ◦ f ′ and f |Go is again bounded,353

which implies (since C is free abelian of finite rank) that the two homomorphisms354

are actually equal. Since Go has finite index in G, the transfer argument shows355

that [f∗
o (ω)] = [f∗(ω)] ∈ H2(Go, Z) is still nonzero. However, for arbitrary central356

extension357

1 → A → Γ̃ → Γ → 1358

and arbitrary group Λ we have that a homomorphism h : Λ → Γ lifts to a homo-359

morphism h̃ : Λ → Γ̃ if and only if the pull-back h∗(ω) of the extension cocycle,360

vanishes in H2(Λ, A). Thus, in our situation, we obtain a contradiction with the361

assumption about nontriviality of the f∗(ω).362

2. Suppose that f̃(G) is Hausdorff-close to an abelian subgroup B′ < B. Then the363

subgroup f(G) < C is Hausdorff-close to the abelian subgroup C ′ = p(B′). Since364

subgroups of the abelian group C are Hausdorff-close iff they are commensurable,365

we can assume, after replacing G with a finite index subgroup Go < G, that f(Go)366

is contained in C ′ and, hence, f̃(Go) is contained in B′. As in Part 1, the restriction367

of the extension class ω to the finite index subgroup Co := f(Go) < f(G) is still368

nontrivial. This, however, implies that each abelian subgroup of p−1(Co), such as369

B′ ∩ p−1(Co), projects to a cyclic subgroup of C, in particular, the restriction of370

ω to p(B′) = Co is trivial in this case. A contradiction. ⊓2371

Remark 2.13. As a warning to the reader, we note that, in general, even if B is372

finitely presented, its center may fail to be finitely generated, see e.g. [Abe79].373
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GAFA ON QUASIHOMOMORPHISMS WITH NONCOMMUTATIVE TARGETS

Question 2.14. Is it true that for arbitrary (countable) abelian group A and a374

hyperbolic group G, every class in H2(G; A) is bounded, i.e., is represented by a375

cocycle taking only finitely many values?376

Suppose that f̃1, f̃2 : G → B are distinct quasihomomorphisms lifting f : G → C377

and (8) is a central extension. Then for every g ∈ G378

f̃2(g) = φ(g)f̃1(g),379

where φ(g) ∈ A [which we, as usual, identify with i(A)]. It is immediate that φ : G →380

A is a quasihomomorphism. We summarize these observation as381

Lemma 2.15. Given a central extension (8), the following hold:382

1. A homomorphism f : G → C lifts to a quasihomomorphism f̃ : G → B if and383

only if the pull-back class f∗([ω]) ∈ H2(G; A) is bounded.384

2. Different quasihomomorphic lifts differ by quasihomomorphisms G → A.385

2.5 Summary of constructions of quasihomomorphisms. So far, we saw386

several basic constructions of quasihomomorphisms:387

(i) Lift. If f̄ : G → H̄ is a quasihomomorphism and 1 → K → H → H̄ → 1 is a388

short exact sequence with a (virtually) abelian group K, then lift f̄ (if pos-389

sible) to a quasihomomorphism f : G → H. Note that if the exact sequence390

quasisplits with a quasisplitting s : H̄ → H, then we can always lift f̄ to391

a quasihomomorphism f = s ◦ f̄ . For instance, all almost homomorphisms392

G → H appear in this fashion.393

(ii) Product. If fi : G → Hi are quasihomomorphisms, i = 1, . . . , n, then take394

f = (f1, . . . , fn) : G → H =
n∏

i=1

Hi.395

(iii) Composition. The special case of the composition construction is when396

f : G → H is a quasihomomorphism and ι : H → H̃ is a monomorphism;397

then we extend f to the quasihomomorphism f̃ = ι ◦ f .398

(iv) Extension from a finite index subgroup. Extend fo : Go → H (if possible)399

to a quasihomomorphism f : G → H, where |G : Go| < ∞.400

(v) Bounded perturbation. Replace f (if possible) with a quasihomomorphism f ′
401

within finite distance from f . Note, however, that (unlike quasimorphisms402

to abelian groups) a bounded perturbation of a quasihomomorphism need403

not be a quasihomomorphism. For instance, we will show in Theorem 4.4404

that if f1, f2 : G → H are quasihomomorphisms to a torsion-free hyperbolic405

group, and dist(f1, f2) < ∞, then either f1 = f2, or f1, f2 are both bounded,406

or both are quasimorphisms to the same cyclic subgroup. Nevertheless, we407

will see and use repeatedly in the paper that sometimes quasihomomor-408

phisms can be perturbed to quasihomomorphisms.409
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K. FUJIWARA AND M. KAPOVICH GAFA

By using repeatedly these constructions one can obtain new quasihomomorphisms410

from a given set of quasihomomorphisms. In Theorem 1.2 we show that all quasiho-411

momorphisms are constructible; in particular, there is no need to repeat the above412

constructions. Another construction which, as it turns out, to be not needed (in full413

generality) is the composition of quasihomomorphisms. One needs only its special414

cases as in (i) and (iii).415

3 Rigidity of Quasihomomorphisms

3.1 Quasihomomorphisms and centralizers. Consider a quasihomomorphism416

f : G → H. By Part 1 of Lemma 2.5, there exists a finite subset {y1, . . . , yn} ⊂ G′ =417

f(G) ⊂ H, such that for every x ∈ G there exists yj for which418

ψ̃(x) = ad(yj) ∈ Aut(∆f ),419

i.e., for every δ ∈ ∆f ,420

f(x)−1δf(x) = yjδy
−1
j ,421

and, hence,422

[f(x)yj , δ] = 1.423

In other words, f(x)yj belongs to ZH(∆f ), the centralizer of ∆f in H. Moreover,424

by Part 2 of the same lemma, if ϕ = ϕf (x) = 1 then we can choose yj ∈ ∆f . Recall425

that the image of the homomorphism ϕ is finite and the kernel Go = ker(ϕ) has426

finite index in G.427

We, thus, obtain the following strengthening of Lemma 2.5:428

Corollary 3.1. For every quasihomomorphism f : G → H, there exists a constant429

C such that430

f(G) ⊂ NC(ZH(∆f )).431

Moreover, setting Go = ker(ϕ), we get432

f(Go) ⊂
n⋃

i=1

ZH(∆f ) · yi, yi ∈ ∆f .433

In particular,434

Corollary 3.2. Suppose that H has the property that the centralizer of every435

nontrivial element is abelian. Then for every quasihomomorphism f : G → H either436

f is a homomorphism or its image lies in a C-neighborhood of some abelian subgroup437

(with C depending on f , of course).438
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GAFA ON QUASIHOMOMORPHISMS WITH NONCOMMUTATIVE TARGETS

Example 3.3. Let H be either an (infinite) free Burnside group B(n, m) on n gen-439

erators and odd exponent m ≥ 665, or a Tarski monster (see [Ol’s91]), where all440

proper subgroups are finite cyclic. Note that by a theorem of Adyan and Novikov441

(see e.g. [Ol’s91]), the centralizer of every nontrivial element of B(n, m) is cyclic of442

order m. In the case of Tarski monsters constructed by Olshansky, centralizers of443

nontrivial elements are again cyclic, Theorem 26.5 of [Ol’s91] (we owe the reference444

to Denis Osin). Therefore, for every group G, every unbounded quasihomomorphism445

f : G → H is a homomorphism. (Since if D(f) ̸= {1} then f(G) is close to the cen-446

tralizer of D(f).)447

Note, however, that for m even, some centralizers in B(n, m) are infinite, see448

[IO97] for the details. This leads to449

Question 3.4. Are there quasihomomorphisms f : G → H to torsion groups H,450

which are not within finite distance from almost homomorphisms?451

We note that if H is a nilpotent torsion group, then indeed, the answer to this452

question is negative (since the defect subgroup is finite in this case). Furthermore,453

by repeating the construction in Example 2.11 with A = Z2 and G a countably454

infinite direct sum of Z2’s, it is easy to construct examples of quasihomomorphisms455

to torsion nilpotent groups which are not close to homomorphisms.456

We next explain how one can alter f such that its image is actually contained in457

ZH(∆f ). As above, let Go = ker(ϕ). We define a projection r : f(Go) → ZH(∆f ) by458

sending h = f(g) = zyi to z, where z ∈ ZH(∆f ),459

yi ∈ Y = {y1, . . . , yn} ⊂ ∆f .460

Set461

fo := r ◦ f : Go → ZH(∆f ) < ZH(∆f |Go
)462

Clearly, d(f, fo) = R < ∞, where R = max{d(y, 1) : y ∈ Y }.463

Lemma 3.5. The map fo is a quasihomomorphism and D(fo) ⊂ ∆f .464

Proof. We have465

f(x1x2) = f(x1)f(x2)s, s ∈ D(f)466

f(xi) = fo(xi)δi, δi ∈ ∆f , f(x1x2) = fo(x1x2)δ3, |δi| ≤ R, i = 1, 2, 3.467

Since fo(xi) commutes with ∆f ,468

fo(x1)fo(x2)δ1δ2 = fo(x1)δ1fo(x2)δ2469

= f(x1)f(x2) = f(x1x2)s = fo(x1x2)δ3s.470

Therefore,471

fo(x1)fo(x2) ∼Do
fo(x1x2)472

where Do = D(fo) ⊂ ∆f is finite [since |δi| ≤ R and s ∈ D(f)]. ⊓2473
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K. FUJIWARA AND M. KAPOVICH GAFA

We can now prove474

Theorem 3.6. Every quasihomomorphism f : G → H is constructible: for the475

subgroup Go < G and the quasihomomorphism476

fo : Go → Ho < ZH(∆fo
) < H477

as above, we have:478

(a) The projection of fo to f̄o : Go → Q = Ho/∆fo
is a homomorphism.479

(b) Ho = ⟨fo(Go)⟩ and the finitely generated subgroup ∆fo
is central in Ho.480

Proof. Let Ho < H be the subgroup generated by fo(Go). By the construction,481

fo(Go) ⊂ ZH(∆f ) < ZH(∆fo
)482

since ∆f > ∆fo
. Since Ho = ⟨fo(Go)⟩, the subgroup ∆fo

< Ho is central in Ho. Since483

∆fo
contains the defect set of fo, the map f̄o is a homomorphism. ⊓2484

We note that Theorem 1.2 from the introduction follows immediately.485

3.2 Quasihomomorphisms close to abelian subgroups. In this and the486

following section we establish two technical results, which are variations of Theorem487

1.2 and will be used in the proof of Theorem 7.1.488

Let B be a group which is an extension489

1 → A → B
p
→ C → 1,490

where A is a finitely generated abelian group. Suppose, further, that A is virtually491

central in B in the sense that there exists a finite index subgroup C ′ ▹ C which acts492

trivially on A. We will then refer to B as a virtually central extension of C by A.493

Proposition 3.7. Let B be a virtually central extension of C by A and f : G → B494

be a quasihomomorphism whose projection to C has bounded image. Then there495

exists a finite index subgroup G1 < G such that f |G1 is within finite distance from496

a quasihomomorphism f1 : G → A (f1 ∼ f). Furthermore, if A is contained in the497

center of B, then one can take G1 = Go, where Go < G is as in Theorem 3.6.498

Proof. Let ρ : C → Aut(A) denote the action of C on A, let Q be the image of499

ρ; by our assumption, the group Q is finite. Without loss of generality, we may500

assume that the subset f(G) generates B (otherwise, we replace B with ⟨f(G)⟩. By501

Theorem 3.6, there exists a finite-index subgroup Go < G and a quasihomomorphism502

fo : Go → B (fo ∼ f |Go) such that ∆fo
is contained in the center of B. In particular,503

ρp(∆fo
) = {1} and, hence, the composition504

G
fo→ B

p
→ C

ρ
→ Q505

is a homomorphism. Let G1 denote the kernel of this homomorphism; it is a finite-506

index subgroup of G. By the construction, A is contained in the center of B1 =507

ker(ρ ◦ p). In what follows we use the restriction of the metric from B to B1.508
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GAFA ON QUASIHOMOMORPHISMS WITH NONCOMMUTATIVE TARGETS

We let r : B1 → A denote a nearest-point projection. We claim that the restriction509

of r1 to each n-neighborhood Nn(A) of A in B1 is a quasihomomorphism:510

r(xy) ∼Sn
r(x)r(y)511

for all x, y, xy ∈ Nn(A). The finite subsets Sn, in general, will depend on n.512

The proof of the claim is similar to the one in the proof of Theorem 1.2. Let513

hi = aibi ∈ B1, ai = ro(hi), bi ∼ 1, bi ∈ Bo, i = 1, 2. Then, since A is central in B1,514

h1h2 = a1a2b1b2,515

r(h1h2) ∼ a1a2 = r(h1)r(h2),516

cf. the proof of Lemma 3.5. Thus, the restriction of r to Nn(A) is indeed a qua-517

sihomomorphism. Consequently, the composition f1 = r ◦ f1 : G1 → A is also a518

quasihomomorphism. By the construction, the maps f1|G1 and f |G1 are within fi-519

nite distance from each other. Lastly, we note that if A is central in B, then Q = 1520

and, thus, B1 = B, G1 = Go. ⊓2521

Corollary 3.8. Suppose that B is a finitely generated virtually abelian group,522

B = A ! C, where A is free abelian of finite rank and C is finite. Then for each523

quasihomomorphism f : G → B, there exists a finite-index subgroup G1 < G such524

that f |G1 is within finite distance from a quasihomomorphism f1 : G1 → A. Fur-525

thermore, if A is contained in the center of B, then one can take G1 = Go, where526

Go < G is as in Theorem 3.6.527

3.3 Quasihomomorphisms to finite extensions. Suppose that we have an528

extension of a group Q, i.e., a short exact sequence529

1 → K → H
p

−→ Q → 1,530

and a quasihomomorphism f : G → H such that D(f) is contained in the center of531

H and p ◦ f(G) is finite, e.g., Q is a finite group. Assume, furthermore, that the532

subgroup Qo := p(∆f ) has finite index in Q.533

Proposition 3.9. Under the above assumptions, there exists a finite index sub-534

group G′ < G and a quasihomomorphism f ′ : G′ → K, f ′ ∼ f , D(f ′) ⊂ ∆f .535

Proof. Since the subgroup ∆f is central in H, its image Q′ = p(∆f ) is central in Q.536

The composition537

G
f

−→ H
p

−→ Q → Q/Q′
538

is then a homomorphism to a finite group; let G′ denote its kernel. Since p(∆f ) = Q′
539

and p ◦ f(G) is finite, there exists a finite subset540

D1 = {h1, . . . , hn} ⊂ ∆f ,541
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such that542

f(G′) ⊂
n⋃

i=1

Khi.543

Similarly to the proof of Proposition 3.7, we define the projection544

r :
n⋃

i=1

Khi → K, r(khi) = k.545

Centrality of ∆f in H implies that546

k1hi1k2hi2 = k1k2hi1hi2 = k1k2hi3 ,547

with hi1 , hi2 ∈ D1 and hi3 ∈ D2
1. It follows that f ′ := r◦f |G′ is a quasihomomorphism548

and549

D(f ′) ⊂ D2
1D(f) ⊂ ∆f .550

Clearly, dist(f ′, f |G′) < ∞. ⊓2551

4 Quasihomomorphisms to Hyperbolic Groups

Theorem 4.1. 1. Suppose that H is a torsion-free hyperbolic group. Then (for552

an arbitrary group G) every unbounded quasihomomorphism f : G → H is either553

a homomorphism or a quasimorphism to a cyclic subgroup of H.554

2. Suppose that H is a general hyperbolic group. Then for every unbounded qua-555

sihomomorphism f : G → H either the image of f is contained in an elementary556

subgroup of H or f is an almost homomorphism.557

Proof. In view of Corollary 3.1, f(G) is contained in a C-neighborhood of the cen-558

tralizer of ∆f in H. Since f(G) is infinite, it follows that the defect subgroup ∆ = ∆f559

has infinite centralizer in H, and, hence, is elementary. By Lemma 2.3, f(G) is con-560

tained in N = NH(∆), the normalizer of ∆ in H. If ∆ is finite then composition of561

f with the projection to Q = N/∆ is a homomorphism and, hence, f is an almost562

homomorphism. If ∆ is infinite, then N is elementary. This concludes the proof of563

Part 2.564

Suppose, furthermore, H is torsion free. If ∆ is finite, then it is trivial and f is565

a homomorphism. If ∆ is infinite, then N is infinite cyclic. Thus, f : G → N is a566

quasimorphism from G to an infinite cyclic subgroup of H. ⊓2567

The following lemma is a sharpening of the statement about quasihomomor-568

phisms to elementary groups:569

Proposition 4.2. If f : G → H is an unbounded quasihomomorphism to an ele-570

mentary hyperbolic group H, then, the reduction f̂ of f modulo the maximal finite571

normal subgroup F ▹ H either is a quasimorphism (to Z) or this statement holds572

after restricting f̂ to an index 2 subgroup Go < G.573
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Proof. The projection of f , f̂ : G → H/F , is again a quasihomomorphism. Therefore,574

it suffices to consider the case when F = 1 and H is either Z or Z2 ⋆ Z2; moreover,575

it suffices to consider the case where H is generated by f(G). If H ∼= Z, then f576

is a quasimorphism. If H ∼= Z2 ⋆ Z2, the group ∆f has to fix the ideal boundary577

of H pointwise (since it acts on H with bounded displacement). Therefore, the578

composition of f with the projection to Z2 is a homomorphism. Restricting f to the579

kernel Go of this homomorphism results in a quasimorphism f̂ : Go → Z. ⊓2580

Corollary 4.3. Suppose that Γ is an irreducible lattice in a semisimple Lie group581

of real rank ≥ 2. Then every quasihomomorphism f : Γ → H, with hyperbolic target582

group H, is bounded.583

Proof. First of all, it is proven in [BM99] (Corollary 1.3) that Γ has only bounded584

quasimorphisms. Suppose, therefore, that f : Γ → H is an unbounded quasihomo-585

morphism. If the image of f is contained in an elementary subgroup of H then, after586

passing to an index 2 subgroup Γo < Γ, we obtain an unbounded quasimorphism587

Γo → Z (see Proposition 4.2), which is a contradiction. Assume, therefore, that the588

subgroup J ′ < H generated by f(G) is nonelementary. According to Theorem 4.1,589

J ′ is contained in a subgroup J < H which contains a finite normal subgroup K ▹ J590

such that the projection of f to J̄ = J/K is a homomorphism. Set K ′ := K ∩ J ′.591

Then the projection f̄ : G → J̄ ′ := J ′/K ′ is a homomorphism as well. The sub-592

group J ′ < H is nonelementary and the construction of quasimorphisms applied to593

J ′ < H (see [Fuj98,EF97]) yields unbounded quasimorphisms h : J ′ → Z. Since K ′
594

is a normal finite subgroup in J ′, the sequence595

1 → K ′ → J ′ → J̄ ′ → 1596

is quasisplit (see Example 2.8) and, hence, h projects to an unbounded quasimor-597

phism h̄ : J̄ ′ → Z (see the projection construction in Section 2.4.1). Composing the598

quasimorphism h̄ with the homomorphism f̄ : Γ → J̄ ′, we obtain an unbounded599

quasimorphism Γ → Z, which again contradicts [BM99]. ⊓2600

As another application of Theorem 4.1, we will prove deformation rigidity of601

quasihomomorphisms to torsion-free hyperbolic groups. It shows that a bounded602

perturbation such a quasihomomorphism is seldom a quasihomomorphism.603

Theorem 4.4. Suppose that H is a torsion-free hyperbolic group and f1, f2 : G →604

H are quasihomomorphisms with dist(f1, f2) < ∞. Then either both f1, f2 are605

bounded, or both take values in the same cyclic subgroup of H, or f1 = f2.606

Proof. According to Theorem 4.1, each f1, f2 is either bounded, or is a quasimor-607

phism to a cyclic subgroup or is a homomorphism. Recall that if C1, C2 are infinite608

cyclic subgroups of a hyperbolic group H then either their ideal boundaries in the609

Gromov boundary of H are disjoint, or C1, C2 generate an elementary subgroup of610

H. In the former case, for each R < ∞, the intersection611

NR(C1) ∩ NR(C2)612
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K. FUJIWARA AND M. KAPOVICH GAFA

is bounded. In the setting of our theorem, it follows that if the image of fi is contained613

in a cyclic subgroup Ci of H, then the image of f3−i is contained in a cyclic subgroup614

of H containing Ci. Therefore, it remains to analyze the case when both f1, f2 are615

homomorphisms. For x ∈ G let Ci denote the cyclic subgroup of H generated by616

fi(x). Since the homomorphisms617

fi : ⟨x⟩ → Ci < H618

are within finite distance from each other, the subgroups C1, C2 generate a cyclic619

subgroup C of H. The reader will verify that if fi : ⟨x⟩ → C are two homomorphisms620

within finite distance from each other, they have to be equal. Hence, f1(x) = f2(x)621

for all x ∈ G when both f1, f2 are homomorphisms. ⊓2622

5 Quasihomomorphisms to CAT (0) Groups

We will need several standard facts from the theory of CAT (0) groups. We will use623

the notation Isom(Y ) for the isometry groups of metric spaces Y . From now on,624

we fix a CAT (0) group Γ and a properly discontinuous cocompact isometric action625

Γ " X of Γ on a CAT (0) space X. [This action is not required to be faithful,626

but the kernel of the action is necessarily finite. We are unaware, though, of any627

examples of CAT (0) groups which do not admit faithful properly discontinuous628

cocompact isometric actions on CAT (0) spaces.] Recall that for an isometry α of629

X, the displacement of α is630

Dα = inf
y∈X

d(y, αy).631

Since Γ " X is cocompact and properly discontinuous, for every α ∈ Γ this infimum632

is attained in X and one defines the minimal set Minα of α as633

{x ∈ X : d(x, αx) = Dα}.634

It is clear that Minα is closed; the CAT (0) property implies that Minα is convex635

[BH99, Ch II.6, Theorem 6.2] and, hence, is a CAT (0) space. If α has infinite order,636

then Minα splits isometrically as the product Minα
∼= R × X1, the isometry α acts637

trivially on X1 and via a nontrivial translation on R. Furthermore, Minα equals the638

union of axes of α, i.e. α-invariant geodesics in X and each axis of α has the form639

R × y, y ∈ X1. See [BH99, Ch II.6, Theorem 6.8]. Since for each α of infinite order,640

γ ∈ Γ and an axis A of α, we have that γA is an axis of γαγ−1, it follows that641

the normalizer of ⟨α⟩ in Γ preserves Minα and preserves its product decomposition642

R × X1. Moreover, each element of the centralizer of α acts via a translation along643

the R-factor of Minα.644

For an arbitrary subgroup Λ < Γ we let MinΛ denote the intersection645

MinΛ :=
⋂

α∈Λ

Minα.646
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This is a (a possibly empty) closed convex subset of X invariant under the normalizer647

NΓ(Λ) of Λ in Γ. The invariance property follows from648

γMinα = Minγαγ−1 , α, γ ∈ Γ.649

Lemma 5.1. Suppose that Γ is a CAT (0) group and Γ " X is a properly discon-650

tinuous isometric cocompact action on a CAT (0) space X. Let T < Γ be a finite651

subgroup. Then the fixed-point set652

XT = MinT653

of T in X is a nonempty closed convex subspace invariant under the normalizer654

NΓ(T ) of T in Γ. Moreover, the quotient XT /ΓT is compact, where ΓT = ZΓ(T ) <655

NΓ(T ) < Γ is the centralizer of T in Γ. In particular, NΓ(T ) is again a CAT (0)656

group.657

Proof. The fact that XT is nonempty is a special case of the Cartan’s Fixed Point658

Theorem (see [BH99, Ch. II.2, Corollary 2.8]). Compactness of XT /ΓXT
is proven659

in [Rua01, Remark 2]. ⊓2660

Recall that abelian subgroups of CAT (0) groups are finitely generated, see [BH99,661

Ch II.7, Corollary 7.6].662

Lemma 5.2. Suppose that X1 is a CAT (0) space Γ1 " X1 is a properly discontin-663

uous isometric action, A1 < Γ1 is a free abelian subgroup of Γ1. Then:664

1. MinA1
is nonempty, invariant under the normalizer NΓ1

(A1) and the action of665

ZΓ1
(A1) is cocompact on MinA1

. In particular, the normalizer NΓ1
(A1) is a666

CAT (0) group.667

2. Furthermore, the minimal set MinA1
splits isometrically as E × Y where E is668

a finite-dimensional Euclidean space, the splitting is invariant under NΓ1
(A1).669

The group NΓ1
(A1) acts cocompactly on Y with kernel containing A1 and the670

action of NΓ1
(A1)/A1 on Y is properly discontinuous.671

Proof. We note that the existence of the NΓ1
(A1)-invariant decomposition MinA1

∼=672

E × Y is proven in [BH99, Ch II.7, Theorem 7.1]. The same theorem shows that673

for each y ∈ Y the group A1 acts cocompactly on E × {y}. The quotient space674

Q = MinA1
/A1 fibers over Y1 with compact fibers and the group NΓ1

(A1)/A1 acts675

on Q properly discontinuously. This implies proper discontinuity of the action of676

NΓ1
(A1)/A1 on Y1. Once we know that ZΓ1

(A1) acts cocompactly on MinA1
, co-677

compactness of the action of ZΓ1
(A1)/A1 on Y1 will follow.678

Remark 5.3. Note that the kernel of the action of NΓ1
(A1) on Y1 could be larger679

than A1 because of the kernel of the action of NΓ1
(A1) on MinA1

.680
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Thus, we only have to prove Part 1 of the lemma. The proof is by induction681

on the rank of A1 (which is necessarily finite). Suppose first that A1
∼= Z. The682

cocompactness of the action ZΓ1
(A1) " MinA1

in this case is proven in [Rua01,683

Theorem 3.2]. We assume that the claim holds for all CAT (0) spaces X, properly684

discontinuous cocompact isometric actions Γ " X and free abelian subgroups A < Γ685

of rank n − 1. Suppose that the group A1 in the lemma has rank n. We split A1686

as the product A′
2 × A2, where A′

2
∼= Z, rank(A2) = n − 1. Then, by applying687

[Rua01, Theorem 3.2] to the subgroup A′
2 < Γ1, we obtain that the group ZΓ1

(A′
2)688

(containing ZΓ(A1)) acts cocompactly on MinA′
2
. As we noted earlier, the group689

Γ̃2 := NΓ1
(A′

2)690

preserves the subset MinA′
2

⊂ X1 and its product decomposition R×X2. We consider691

the restriction homomorphism692

ρ : Γ̃2 → Isom(MinA′
2
).693

The kernel of this homomorphism is finite and, hence, the centralizer ZΓ1
(A2) < Γ̃2694

maps to a finite index subgroup in the centralizer of ρ(A2) in ρ(Γ̃2):695

|Zρ(Γ̃2
(ρ(A2) : ρ(ZΓ1

(A2))| < ∞. (9)696

Since MinA′
2

is closed and convex in X1, and the nearest-point projection X1 →697

MinA′
2

is distance nonincreasing, it follows that for each γ ∈ Γ̃2 we have698

Minγ ⊂ MinA′
2
. (10)699

The action of Γ̃2 on the X2-factor of MinA′
2

defines a homomorphism φ : Γ̃2 →700

Isom(X2) whose image we will denote by Γ2. Since the actions of A′
2 on R and of701

Γ̃2 on MinA′
2

are cocompact, the action Γ2 " X2 is properly discontinuous and702

cocompact as well.703

We now apply the induction hypothesis to the action Γ2 " X2 and the abelian704

subgroup A′′
2 := φ(A2) < Γ2. The subset MinA′′

2
⊂ X2 is nonempty and the action705

of ZΓ2
(A′′

2) is cocompact on MinA2
. The preimage of MinA′′

2
in MinA′

2
under the706

projection707

p : MinA′
2

∼= R × X2 → X2708

is contained in the minimal set MinA1
, see (10). Since A1 centralizes A′

2, it acts via709

translations on the R-factor of R × X2. Therefore,710

p−1(MinA′′
2
) = MinA1

.711

Since, by the induction assumption, MinA′′
2
/ZΓ2

(A′′
2) is compact, taking into ac-712

count (9), we conclude that the group ZΓ1
(A1) acts cocompactly on MinA1

. Lemma713

follows. ⊓2714

We now can describe the structure of normalizers and centralizers of abelian715

subgroups of CAT (0) groups.716
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Proposition 5.4. Suppose that Γ " X is a cocompact properly discontinuous717

action of Γ on a CAT (0) space X and let A < Γ be a finitely generated abelian718

subgroup with the torsion subgroup T < A. Then the centralizer Γ′ := ZΓ(A) and719

the normalizer NΓ(A) of A in Γ satisfy the following:720

1. NΓ(A) preserves a closed convex nonempty subset C ⊂ X such that ZΓ(A) acts721

on C properly discontinuously and cocompactly. In particular, both ZΓ(A) and722

NΓ(A) are CAT (0) groups and ZΓ(A) has finite index in NΓ(A).723

2. The short exact sequence724

1 → A → Γ′ → Γ′/A → 1725

virtually splits in the following sense: the quotient Γ1 = Γ′/Φ of Γ′ by a finite726

normal subgroup Φ containing T , contains a finite index subgroup Γ′
o isomorphic727

to A1 × Πo, where A1
∼= A/T .728

3. Furthermore, Πo is also CAT (0) group and there exists a properly discontinuous729

cocompact isometric action Πo " Y on a nonempty CAT (0) space Y , such that730

Y is isometric to a closed convex subset of X.731

Proof. The torsion subgroup T < A is invariant under the action of NΓ(A) by732

conjugation and, hence, NΓ(A) < NΓ(T ). Applying Lemma 5.1 we obtain a closed733

convex nonempty subset XT ⊂ X invariant under NΓ(T ), on which NΓ(T ) acts734

cocompactly. Consider the restriction homomorphism735

ρ : NΓ(T ) → Isom(XT ),736

whose kernel Φ (containing T ) is necessarily finite. This homomorphism defines737

a properly discontinuous cocompact action of Γ1 := ρ(NΓ(T )) on X1 := XT . In738

particular, Γ1 is a CAT (0) group, A/T ∼= A1 := ρ(A) < Γ1 is a free abelian group739

of finite rank. The centralizer and the normalizer of A in Γ map via ρ respectively740

into the centralizer and the normalizer of A1 in Γ1. Furthermore,741

|NΓ1
(A1) : ρ(NΓ(A))| < ∞, |ZΓ1

(A1) : ρ(ZΓ(A))| < ∞. (11)742

We now consider the free abelian subgroup A1 < Γ1 of the CAT (0) group Γ1. In743

view of Lemma 5.2, the groups NΓ1
(A1) and ZΓ1

(A1) act properly discontinuously744

and cocompactly on the closed convex subset C := MinA1
⊂ X1 ⊂ X. This subset is745

invariant under NΓ(A) and taking into account (11), the first claim of the proposition746

follows.747

Since the group A1 is free abelian of finite rank, [BH99, Ch II.7, Theorem 7.1]748

implies the existence of a finite index subgroup Γ′
o < Γ1 isomorphic to Πo ×A1. This749

proves the second claim.750

To prove the last claim of the proposition, we apply Part 2 of Lemma 5.2: the751

CAT (0) space MinA1
⊂ X1 splits isometrically as E × Y and the isometric action752

of Γ1/A1 on Y is properly discontinuous and cocompact. Since Πo maps to a finite753

index subgroup of Γ1/A1, the group Πo acts acts on Y properly discontinuously and754

cocompactly. Lastly, Y embeds isometrically as a cross-section e × Y (e ∈ E) of the755

closed convex subset MinA1

∼= E × Y of X. ⊓2756
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K. FUJIWARA AND M. KAPOVICH GAFA

We can now prove a rigidity theorem for quasihomomorphisms to CAT (0) groups:757

758

Theorem 5.5. Suppose that H is a CAT (0) group. Then for every quasihomo-759

morphism f : G → H there exists a finite-index subgroup Go < G, a CAT (0)760

subgroup H ′ < H, a finite normal subgroup Φ < H ′ and a quasihomomorphism761

fo : Go → H ′ < H within finite distance from f |Go such that the projection f̄o of762

fo to H ′/Φ splits as a product map763

fo = (f1, f2) : Go → H1 × H2 < H ′/F,764

where f1 : Go → H1 is a homomorphism to a CAT (0)-group and f2 is a quasihomo-765

morphism to a finitely generated free abelian group H2.766

Proof. We continue with the notation in Theorem 3.6. We obtain a finite index767

subgroup Go < G and a quasihomomorphism768

fo : Go → Ho := ZH(∆fo
) < H769

within finite distance from f |Go. We let A denote the (finitely generated) abelian770

group ∆fo
and T < A the torsion subgroup. We have quotient homomorphisms771

Ho
p

−→ Ho/T
q

−→ Ho/A.772

By Proposition 5.4, there exists a finite normal subgroup Φ of Ho containing T such773

that the quotient group Ho/Φ contains a finite index subgroup Ho which splits as774

the product H1 × H2, where H1 = Πo is a CAT (0) group and H2
∼= A/T . Since A775

contains the defect set of fo, the composition h := q ◦ p ◦ fo is a homomorphism.776

Setting H ′ := p−1(Ho) < Ho, we conclude that Go := h−1(q(Ho)) < Go is a777

finite index subgroup of G. Then we obtain a quasihomomorphism778

fo := p ◦ fo = (f1, f2) : Go → H1 × H2,779

where f1 is a homomorphism and f2 : Go → H2 is a quasihomomorphism to a free780

abelian group. ⊓2781

Corollary 5.6. Suppose that H is a uniform lattice in a connected reductive al-782

gebraic Lie group and G is an irreducible lattice in a semisimple algebraic Lie group783

of real rank ≥ 2. Then for every quasihomomorphism f : G → H there exists a784

finite index subgroup Go < G and a quasihomomorphism f̃ : Go → H within finite785

distance from f |Go such that f̃ is an almost homomorphism.786

Proof. The group H is a CAT (0) group, acting (with finite kernel) on a certain non-787

positively curved symmetric space. We thus can apply Theorem 5.5 (whose notation788

we will be now using). The subgroup Go < G is still an irreducible higher rank789

lattice; therefore, it has only bounded quasihomomorphisms to free abelian groups790

(see [BM99]). Hence, the map f2 in Theorem 5.5 is bounded and791
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dist(fo, f1) < ∞,792

f1 : Go → H1 < H ′/Φ793

is a homomorphism, where Φ < H ′ is a finite normal subgroup. Since Φ is finite, the794

map f1 lifts to an almost homomorphism f̃ : Go → H ′ < H. By the construction,795

the maps f |Go, f̃ are finite distance apart. ⊓2796

Example 5.7. There are higher rank (non-residually finite) uniform lattices H as797

in Corollary 5.6 with finite nontrivial center ZH < H, such that ZH is contained in798

every finite index subgroup of H, see [Rag84]. [The group H is a lattice in a non-799

linear connected algebraic Lie group, a Z2-central extension of the group SO(n, 2).]800

Therefore, setting G = H/ZH and letting f : G → H be a (quasihomomorphic) lift801

of the identity homomorphism G → H/ZH , we obtain examples of quasihomomor-802

phisms whose restrictions to any finite index subgroup Go < G are not close to803

homomorphisms Go → H.804

Theorem 5.8. Suppose that G is a connected semisimple algebraic Lie group of805

rank ≥ 2 without nontrivial compact normal subgroups and Γ < G is an irreducible806

lattice. Then each quasihomomorphism f : Γ → Γ either has bounded image or is an807

automorphism of Γ.808

Proof. In view of Theorem 1.2, after replacing Γ with a finite index subgroup Γo and809

f |Γo with a nearby quasihomomorphism fo, we obtain:810

fo : Γo → Λ < Γ, 1 → A → Λ
p

−→ Q → 1,811

where A is a central subgroup of a subgroup Λ < Γ, containing ∆fo
and f ′ := p ◦ fo812

is a homomorphism. We let Λ̄ denote the Zariski closure of Λ in G; we will use the813

notation Ā for the Zariski closure of A in G.814

By the Margulis normal subgroups theorem, each nontrivial normal subgroup of815

Γo has finite index in Γo. (Here we are using the fact that Γo is Zariski dense in G816

and G has no nontrivial compact normal subgroups.) We apply this to the kernel817

ker(f ′) of f ′.818

1. If Γo := ker(f ′) has finite index in Γo, the restriction of fo to this kernel is a819

quasihomomorphism Γo → A. According to [BM99], fo|Γo is bounded; hence,820

f is bounded as well.821

2. Assume that f ′ is a monomorphism. Then fo projects to a monomorphism of Γo822

to the algebraic group G1 = Λ̄/Ā. By the Margulis superrigidity theorem, the823

restriction of fo to a finite index subgroup of Γ is induced by an injective homo-824

morphism G → G1. The group A has to be finite [since dim(G1) ≥ dim(G)]. If825

Ā is nontrivial, then the dimension of Λ̄ (and, hence, of G1) is strictly smaller826

than the one of G (since G has no nontrivial normal compact subgroups). We827

conclude that A = {1} and, hence, fo : Γo → Γ < G is a monomomorphism828

whose image necessarily has finite index in Γ (say, by the Mostow rigidity the-829

orem). Thus, the image f(Γ) < Γ is Hausdorff-close to the subgroup Γ. By830
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Corollary 3.1, f(Γ) is contained in a C-neighborhood of the centralizer of ∆f831

in Γ. Since the centralizer of a nontrivial element of Γ has infinite index in Γ, it832

follows that ∆f = {1}, i.e., f is a homomorphism, which is necessarily injective.833

By the Mostow rigidity theorem f is induced by an automorphism of G and,834

hence, f(Γ) = Γ. ⊓2835

6 Mapping Class Groups

In this section we collect some definitions and facts about mapping class groups of836

surfaces of finite type that will be used in the following section in order to prove837

a rigidity theorem for quasihomomorphisms to mapping class groups. Most of this838

material is quite standard, we refer the reader to [FM12,Iva92] for the details.839

6.1 Basic definitions. A finite type surface Σ is an oriented (possibly discon-840

nected) surface (without boundary), admitting a complete hyperbolic metric of finite841

area. Aperipheral loop in Σ is a simple loop α ⊂ Σ such that one of the components842

of Σ\α is an annulus. An simple loop c ⊂ Σ is essential if it is not peripheral and843

does not bound a disk in Σ. More generally, an essential multiloop on Σ is a disjoint844

union of pairwise nonisotopic essential loops in Σ. A subsurface Σ′ ⊂ Σ is called845

essential if each essential loop in Σ′ is still essential in Σ.846

We let Map(Σ) denote the mapping class group of Σ,847

Map(Σ) = Homeo(Σ)/Homeoo(Σ),848

where Homeoo(Σ) is the connected component of the identity map Σ → Σ in the849

full group of homeomorphisms Homeo(Σ). For a ∈ Map(Σ) we let ha ∈ Homeo(Σ)850

denote an (unspecified) homeomorphism representing a.851

We let PMap(Σ) < Map(Σ) denote a finite index normal subgroup equal to the852

kernel of the homomorphism853

Map(Σ) −→ Aut(H1(Σ, Z/3)),854

defined via the action of homeomorphisms of Σ on its 1st homology group. We855

will refer to PMap(Σ) as the pure subgroup of Map(Σ). The pure subgroup entirely856

consists of pure mapping classes. We will discuss pure mapping classes in more detail857

in Section 6.2. For now we only note that each a ∈ PMap(Σ) obviously acts trivially858

on H0(Σ) and preserves isotopy classes of all peripheral loops and that the subgroup859

PMap(Σ) is torsion-free.860

Given an essential multiloop c ⊂ Σ, define the twist subgroup Tc < PMap(Σ)861

associated to c, to be the group generated by the Dehn twists along the components862

of c. Then Tc is a free abelian group of rank r, where r is the number of components863

of c.864

For an essential multiloop c ⊂ Σ we let Mapc(Σ) < Map(Σ) denote the sub-865

group consisting of mapping classes which preserve c (but are allowed to permute866
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components of c and to change the orientation of some of the components). The867

twist subgroup Tc is a normal subgroup in Mapc(Σ).868

If869

Σ = Σ1 2 · · · 2 Σm870

is a decomposition of Σ into its connected components, then the group Map(Σ)871

contains the product872

m∏

i=1

Map(Σi)873

as a finite index normal subgroup with the quotient group Q < Sn (the group Q874

acts on Σ by permuting homeomorphic components of Σ). In the context of pure875

subgroups, we have876

PMap(Σ) ∼=
m∏

i=1

PMap(Σi).877

6.2 Reduction systems and pure elements of Map(Σ). According to the878

Nielsen–Thurston classification, for a connected surface Σ all elements of Map(Σ)879

are classified as:880

1. Finite order.881

2. Reducible.882

3. Pseudo-Anosov.883

Each torsion subgroup of Map(Σ) is finite, since the pure subgroup PMap(Σ) is884

torsion-free.885

Lemma 6.1. Suppose that Σ is connected. Then the normalizer NMap(Σ)(⟨a⟩) for886

each pseudo-Anosov element a ∈ Map(Σ) is virtually infinite cyclic,887

|NMap(Σ)(⟨a⟩) : ⟨a⟩| < ∞.888

The centralizer ZPMap(Σ)(⟨a⟩) of a in the pure mapping class group is infinite cyclic,889

consisting only of pseudo-Anosov elements (and the identity).890

Proof. A proof can be found for instance in [McC82]. Alternatively, the statement891

about centralizers in PMap(Σ) is the content of [Iva92, Lemma 8.13]; the statement892

about the normalizer follows by taking the intersection893

ZPMap(Σ)(⟨a⟩) = NMap(Σ)(⟨a⟩) ∩ PMap(Σ),894

which has finite index in NMap(Σ)(⟨a⟩). ⊓2895

Remark 6.2. One also has NPMap(Σ)(⟨a⟩) ∼= Z, but we will not need this property.896

0 3 9 0 3 6 4
Jour. No Ms. No.

B
Dispatch: 29/2/2016
Total pages: 42
Disk Received
Disk Used

Journal: GAFA
Not Used
Corrupted
Mismatch

A
u

th
o

r 
P

ro
o

f



un
co

rr
ec

te
d 

pr
oo

f

K. FUJIWARA AND M. KAPOVICH GAFA

Corollary 6.3. Suppose that Σ has the connected components Σ1, . . . ,Σm, ai ∈897

Map(Σi) are pseudo-Anosov, i = 1, . . . , m; define the free abelian subgroup A <898

Map(Σ) generated by a1, . . . , am. Then899

ZPMap(Σ)(A) ∼= Z
m.900

Each reducible element a ∈ Map(Σ) admits a canonical reduction system (see e.g.901

[Iva92, §7.4]), which is a certain essential multiloop ca ⊂ Σ invariant under ha (the902

orientation on some of the loops can be reversed). Due to the canonical nature of ca,903

this multiloop is invariant (up to isotopy) under the normalizer NMap(Σ)(⟨a⟩). The904

multiloop ca has the property that (up to isotopy) it is contained in each ha-invariant905

multiloop in Σ.906

An element a ∈ Map(Σ) is pure if it is orientation-preserving and either it is907

pseudo-Anosov or it is reducible, so that ha preserves (up to isotopy) each component908

of ca (together with its orientation), preserves all complementary components Σi ⊂909

Σ\ca, and the restriction of ha to each Σi defines either the trivial or a pseudo-910

Anosov element of Map(Σi). A pure reducible element of Map(Σ) is trivial iff ca is911

empty. Minimality of ca implies that if a ∈ Map(Σ) is pure and preserves (up to912

isotopy) an essential subsurface Σ′ ⊂ Σ, then a preserves each component and each913

boundary loop of Σ. The subgroup PMap(Σ) consists only of pure elements, see914

[Iva92, Corollary 1.8].915

6.3 Mapping class groups of surfaces with boundary. Suppose that Σ̂ is916

a surface with nonempty boundary C, which is a partial compactification of a finite917

type surface Σ = Σ̂\C. In this setting one defines the relative mapping class group918

Map(Σ̂, C) as the quotient,919

Homeo(Σ̂, C)/Homeoo(Σ̂, C),920

where Homeo(Σ̂, C) is the group of homeomorphisms of Σ fixing the boundary C921

pointwise, and Homeoo(Σ̂, C) < Homeo(Σ̂, C) is the identity component. We define922

the pure mapping class group PMap(Σ̂, C) analogously to the case of mapping class923

groups for surfaces without boundary, as the kernel of the homomorphism924

Map(Σ̂, C) → Aut(H1(Σ, Z/3)).925

The inclusion Σ ↪→ Σ̂ defines the restriction homomorphism926

Homeo(Σ̂) → Homeo(Σ)927

and the associated homomorphism of mapping class groups928

ρ : Map(Σ̂, C) → Map(Σ).929

The homomorphism ρ is neither surjective nor injective: its image is a finite index930

normal subgroup of Map(Σ) which is contained in the subgroup Map+(Σ) consisting931

of orientation preserving mapping classes. The quotient Map+(Σ)/ρ(Map(Σ̂, C)) is932
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isomorphic to the permutation group Sn, where n is the number of the components933

of C. Indeed, every orientation-preserving homeomorphism of Σ preserving each end934

of Σ is isotopic to a homeomorphism which extends to an element of Homeo(Σ̂, C).935

Conversely, each permutation of components of C is realizable by an orientation-936

preserving homeomorphism Σ̂ → Σ̂.937

The kernel of ρ is a free abelian subgroup TC of rank n, its free basis consists of938

Dehn twists Dαi
along loops αi ⊂ Σ, parallel to the components of C, i = 1, . . . , n.939

By restricting to the pure mapping class groups we obtain a short exact sequence940

1 → TC → PMap(Σ̂, C) → PMap(Σ) → 1. (12)941

Proposition 6.4. The sequence (12) quasisplits.942

Proof. The proof is by induction on the number n of components of C.943

1. Suppose that n = 1, i.e., C is connected. Let S denote the surface closed surface944

obtained from Σ̂ by attaching the 2-disk along C. In this case, the obstruction945

to splitting the sequence (12) is the Euler class e ∈ H2(PMap(Σ); Z), which946

can be defined as the pull-back of the Euler class947

ẽ ∈ H2(Homeo(S1); Z)948

under the embedding949

PMap(Σ) → Aut(π1(S)) → Homeo(S1),950

see [FM12, Section 5.5.4]. The class ẽ is bounded, see e.g. [Ghy01]. Therefore,951

the class e is bounded as well. Hence, the sequence (12) quasisplits.952

2. Suppose that the claim holds for all surfaces with n − 1 boundary components.953

Let Σ̂ be a surface with954

∂Σ̂ = C = C1 2 · · · 2 Cn.955

Define the surface Σ̂′ by removing the circle Cn from Σ̂ and set C ′ := C\Cn =956

∂Σ̂′. The surface Σ̂′ has n − 1 boundary components, hence, by the induction957

hypothesis, there exists a quasisplitting958

s′ : PMap(Σ′) → PMap(Σ̂′, C ′),959

of the central extension960

1 → TC′ → PMap(Σ̂′, C ′) → PMap(Σ) → 1.961

We claim that the central extension962

1 → TCn
→ PMap(Σ̂, C) → PMap(Σ̂′, C ′) → 1 (13)963

quasisplits, equivalently, has bounded extension class. Given a quasisplitting964

s′′ : PMap(Σ̂′, C ′) → PMap(Σ̂, C),965
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K. FUJIWARA AND M. KAPOVICH GAFA

we then compose it with a quasisplitting s′ as above and obtain a quasisplitting966

s = s′′ ◦ s′ : PMap(Σ′) → PMap(Σ̂, C)967

of (12).968

To prove existence of s′′ we use the following trick. Define a new surface S969

by attaching one-holed tori R1, . . . , Rn−1 to Σ̂ along each circle C1, . . . , Cn−1970

(leaving the last circle Cn untouched). The surface S now has only one boundary971

circle. Each homeomorphism972

h ∈ Homeo(Σ̂, C)973

extends to a homeomorphism h̃ of S by the identity on each Ri. Projecting h̃974

to the mapping class group Map(S, ∂S), yields embeddings975

j : Map(Σ̂, C) ↪→ Map(S, Cn)976

and the analogous embedding977

j : Map(Σ̂′, C ′) ↪→ Map(S′)978

for the surface S′ := S\Cn (which has empty boundary). We obtain a commu-
tative diagram:

1 ✲ TCn

✲ PMap(Σ̂, C) ✲ PMap(Σ̂′, C ′) ✲ 1

1 ✲ TCn

id

❄

✲ PMap(S, Cn)

j

❄

✲ PMap(S′)

j′

❄

✲ 1

We now apply the 1st step of induction to the bottom row of this diagram to ob-979

tain a quasisplitting σ of that central extension. Restricting σ to PMap(Σ̂′, C ′)980

we obtain the desired quasisplitting of the top row of the diagram, i.e., of the981

central extension (13). ⊓2982

6.4 Reducible subgroups. Recall that for each essential multiloop c ⊂ Σ, we983

have two subgroups of Map(Σ): the subgroup Mapc(Σ) and its normal subgroup984

Tc (the twist subgroup). The subgroup PMapc(Σ) := Mapc(Σ) ∩ PMap(Σ) still985

contains Tc. Define the essential subsurface Σc := Σ\c.986

Lemma 6.5. The inclusion Tc ↪→ PMapc(Σ) defines a short exact sequence987

1 → Tc → PMapc(Σ)
π

−→ PMap(Σc) → 1.988
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Proof. The homomorphism π : PMapc(Σ) → PMap(Σc) is induced by restricting989

homeomorphisms of Σ preserving c to the subsurface Σc. The fact that its kernel990

contains Tc is immediate. We next prove the equality. Let N (c) ⊂ Σ denote an open991

regular neighborhood of c in Σ; the inclusion992

Σ\N (c) ↪→ Σc993

is a homotopy-equivalence. If f ∈ Homeo(Σ) fixes Σ\N (c) pointwise, then f projects994

to an element of the twist subgroup Tc. It follows that ker(π) = Tc.995

To prove surjectivity of π, we note that each element of996

a ∈ PMap(Σc) ∼= PMap(Σ\N (c))997

can be represented by a homeomorphism ha of Σ\N (c) fixing the boundary of this998

subsurface pointwise. We then extend ha to each annular component of N (c) by999

an iterated Dehn twist. The result is a homeomorphism h̃a of Σ preserving c, and1000

projecting to an element ã ∈ PMapc(Σ) such that π(ã) = a. ⊓21001

6.5 Structure of infinite abelian subgroups and their normalizers. The1002

structure of infinite abelian subgroups A < Map(Σ) is described in [BLM83] and1003

[Iva92, chapter 8]. Below is a brief review of this description, where we limit ourselves1004

to the setting of pure subgroups of mapping class groups. The intersection AP :=1005

A ∩ PMap(Σ) is a finite index subgroup of A; this subgroup is either cyclic pseudo-1006

Anosov, or AP contains nontrivial reducible elements. We consider the latter case.1007

For any nontrivial reducible elements a1, a2 ∈ AP , the multiloops ca1
, ca2

are disjoint1008

up to an isotopy, but some of the components of these multiloops could be isotopic1009

to each other. We pick an auxiliary complete hyperbolic metric on Σ and let cA1010

denote the union of closed geodesics in Σ representing all the loops in ca, where1011

a ∈ AP are nontrivial reducible elements. In order to simplify the notation, in what1012

follows we will denote cA by c. Then c is an essential multiloop in Σ invariant under1013

AP . Due to the canonical nature of c, this multiloop is invariant (up to isotopy)1014

under the normalizer of A in Map(Σ). Restricting to PMap(Σ), we conclude that1015

the normalizer NPMap(Σ)(AP ) of AP in PMap(Σ) is a subgroup of Mapc(Σ). Since1016

all the elements of PMap(Σ) are pure, they have to preserve each component of c1017

and its orientation. We obtain1018

Tc < ZPMap(Σ)(AP ) < NPMap(Σ)(AP ) < PMapc(Σ).1019

By restricting the homomorphism π defined in the previous section to the subgroup1020

NPMap(Σ)(AP ), we obtain the homomorphism1021

NPMap(Σ)(AP )
π

−→ PMap(Σc)1022

and the exact sequence1023

1 → Tc → NPMap(Σ)(AP )
π

−→ PMap(Σc).1024

0 3 9 0 3 6 4
Jour. No Ms. No.

B
Dispatch: 29/2/2016
Total pages: 42
Disk Received
Disk Used

Journal: GAFA
Not Used
Corrupted
Mismatch

A
u

th
o

r 
P

ro
o

f



un
co

rr
ec

te
d 

pr
oo

f

K. FUJIWARA AND M. KAPOVICH GAFA

We next partition the surface Σ\c = Σc as1025

Σc = Σ+
c 2 Σ−

c ,1026

where each Σ±
c is a union of components of Σc, as follows. The subsurface Σ−

c is the1027

union of those components Σi of Σc such that the restriction map1028

AP → Map(Σi)1029

is the trivial homomorphism. In other words, a component Σj of Σc is contained in1030

Σ+
c iff there exists a ∈ AP which restricts to a pseudo-Anosov element of Map(Σj).1031

This partition of Σc is preserved by NPMap(Σ)(AP ) and we obtain1032

π = (π+, π−) : NPMap(Σ)(AP )−→PMap(Σ+
c ) × PMap(Σ−

c ) < PMap(Σc).1033

Clearly, the images π±(NPMap(Σ)(AP )) < PMap(Σ±
c ) are contained in the normal-1034

izer1035

NPMap(Σ±
c

)(A
±
P ), where A±

P = π±(AP ).1036

By Corollary 6.3, the group ZPMap(Σ+
c
)(A

+
P ) is free abelian. Since A−

P is trivial ,1037

ZPMap(Σ−
c

)(A
−
P ) = PMap(Σ−

c ). We summarize these observations as1038

Lemma 6.6. For the groups A±
P = π±(AP ), we have: ZPMap(Σ+

c
)(A

+
P ) ∼= Zr and1039

ZPMap(Σ−
c

)(A
−
P ) = PMap(Σ−

c ). Here r = b0(Σ+
c ).1040

7 Quasihomomorphisms to Mapping Class Groups

In this section we will extend the rigidity results from CAT (0) and hyperbolic target1041

groups to mapping class groups. The main result of this section, a rigidity theorem1042

for quasihomomorphisms to mapping class groups is similar to Theorem 5.5, except1043

that the centralizers in mapping class groups do not (virtually) split.1044

Theorem 7.1. Suppose that Σ is an oriented connected surface of finite type and1045

f : G → Map(Σ) is a quasihomomorphism. Then there exists a finite index subgroup1046

Go < G, a quasihomomorphism fo : Go → Map(Σ), fo ∼ f , such that:1047

1. fo(Go) ⊂ PMapc(Σ) for some (possibly empty) essential multiloop c ⊂ Σ.1048

2. The surface Σc = Σ\c admits a partition into subsurfaces Σc = Σ+
c 2 Σ−

c , for1049

which we have the exact sequence1050

1 → Tc → PMapc(Σ)
(π+,π−)
−→ PMap(Σ+

c ) × PMap(Σ−
c ) → 1,1051

as in Section 6.5.1052

3. The maps f± = π± ◦ fo satisfy:1053

(a) f+ is a quasihomomorphism with free abelian target.1054

(b) f− is a homomorphism.1055
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Proof. In what follows, we consider a quasihomomorphism f : G → Map(Σ) with1056

infinite image. In view of Theorem 1.2, there exists a finite index subgroup Go < G1057

and a quasihomomorphism fo : Go → Map(Σ), fo ∼ f , such that:1058

∆fo
< Map(Σ)1059

is an abelian subgroup central in ⟨fo(Go)⟩. Consider the sequence1060

1 → PMap(Σ) → Map(Σ) → Aut(H1(Σ, Z/3)) → 1.1061

Applying Proposition 3.9 to fo and this sequence, we replace Go with its finite index1062

subgroup Go := G′
o and replace fo with a quasihomomorphism fo = f ′

o : Go →1063

PMap(Σ), fo ∼ fo, such that1064

A := ∆fo < ∆fo
1065

and fo(Go) still centralizes A:1066

fo : Go → ZPMap(Σ)(A).1067

Since the image of fo is contained in the pure mapping class group, the group1068

A = AP is free abelian (of finite rank). If A is trivial, fo is a homomorphism and we1069

are done. Therefore, we will assume from now on that the group A is nontrivial.1070

So far, the proof is analogous to the one for CAT(0) groups. However, unlike in1071

the CAT (0) setting, centralizers in the mapping class group do not virtually split.1072

There are the following possibilities for the infinite group A (see Section 6.5):1073

1. Pseudo-Anosov case. There exists a pseudo-Anosov element a ∈ A. Then, the1074

group ZPMap(Σ)(A) is infinite cyclic. It then follows that the quasihomomorphism1075

fo : Go → PMap(Σ) has infinite cyclic image, which concludes the proof in this case.1076

2. Reducible case. A contains nontrivial reducible elements. As in Section 6.5, we1077

have an A-invariant essential multiloop c = cA ⊂ Σ, split the surface Σc := Σ\c as1078

Σ+
c 2 Σ−

c and obtain homomorphisms1079

ZPMap(Σ)(A) < PMapc(Σ)
π

−→ PMap(Σc) = PMap(Σ+
c ) × PMap(Σ−

c ),1080

1081

π = (π+, π−), π± : PMap(Σ; c) → PMap(Σ±
c ).1082

As we observed in Lemma 6.6, π+(ZPMap(Σ)(A)) ∼= Zr, where r is the number of1083

components of Σ+
c . Therefore, for A+ = π+(A), we obtain the quasihomomorphism1084

f+ = π+ ◦ fo : Go → ZPMap(Σ+
c
)(A

+) ∼= Z
r.1085

As for Σ−
c , the projection π−(A) is trivial and, since A contains the defect subgroup1086

of fo, the composition1087

f− = π− ◦ fo : Go → ZPMap(Σ−
c

)(A
−) = PMap(Σ−

c )1088

is a homomorphism. ⊓21089
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Corollary 7.2. Suppose that Γ is an irreducible lattice in a connected semisimple1090

Lie group of rank ≥ 2, without compact factors. Then every quasihomomorphism of1091

Γ to a mapping class group Map(Σ) has finite image.1092

Proof. Suppose to the contrary that f : Γ → Map(Σ) is an unbounded quasihomo-1093

morphism. As in Theorem 7.1, we replace Γ with its finite index subgroup Γo (which1094

is still an irreducible lattice of rank ≥ 2) and replace f with fo ∼ f, fo : Γo →1095

PMap(Σ). The compositions1096

f± = π± ◦ fo : Γo → PMap(Σ±
c ),1097

satisfy the property that f+ is a quasihomomorphism to a free abelian group A1 and1098

f− is a homomorphism. The homomorphism f− has to have finite image (see [BF02,1099

FM98,KM96]); actually, in our setting, the image of f− is trivial since PMap(Σ−
c ) is1100

torsion-free. Therefore, the image of the map fo is contained in the abelian subgroup1101

B < PMap(Σ), the preimage (π+)−1(A1). Therefore, fo is bounded in view of1102

[BM99]. A contradiction. ⊓21103

8 Quasihomomorphisms to Groups Acting Trees

Suppose T is a simplicial tree and H = Aut(T ) is the group of automorphisms of T1104

acting on T without inversions.1105

Definition 8.1. Suppose that T ′ ⊂ T is a nonempty simplicial subtree and that1106

f : G → Aut(T ) is a quasihomomorphism whose image preserves T ′. Let H ′ =1107

AutT ′(T ) denote the subgroup of Aut(T ) preserving T ′. We have the restriction ho-1108

momorphism r : H ′ → Aut(T ′). The composition f ′ := r◦f is a quasihomomorphism1109

f ′ : G → Aut(T ′). In this situation we will say that the quasihomomorphism f is a1110

lift of the quasihomomorphism f ′.1111

We now proceed with the analysis of quasihomomorphisms f : G → H = Aut(T ).1112

Using Theorem 3.6, we find fo : Go → Ho = ⟨fo(Go)⟩, such that ∆ = ∆fo
is central1113

in Ho.1114

Case 1. Axial case. Suppose that ∆ contains an axial isometry δ of T , i.e., an1115

isometry which preserves a complete geodesic T ′ in T and acts on T ′ as a nontrivial1116

translation, i.e., T ′ is the axis of δ. Since each axial isometry has unique axis, the axis1117

T ′ of δ is invariant under Ho and Ho acts on L by integer translations. (Centrality1118

of ∆ implies that every element of Ho preserves the orientation on T ′.) Let1119

Aut+T ′(T ) < AutT ′(T )1120

denote the subgroup of Aut(T ) preserving T ′ and its orientation. We have a natural1121

homomorphism1122

τ : Aut+T ′(T ) → Z,1123
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sending each h ∈ Aut+T ′(T ) to the translation number for its action on T ′. Composing1124

fo with τ we obtain a quasimorphism1125

f ′
o = τ ◦ fo : Go → Z.1126

Thus, in this setting, fo is a lift of a quasihomomorphism to Z.1127

Case 2. Elliptic case. Suppose that ∆ contains only elliptic isometries, i.e., each1128

element of ∆ has a fixed point in T . Recall that the defect group ∆ is finitely1129

generated abelian.1130

Lemma 8.2. Let A be a finitely generated abelian group acting isometrically on a1131

tree T such that every element of A is elliptic. Then the fixed-point set of the action1132

of A on T is nonempty.1133

Proof. We let A1, . . . , An denote cyclic factors of A. The fixed subtree Ti of each Ai1134

is nonempty. We claim that the tree1135

T ′ = T1 ∩ · · · ∩ Tn1136

is nonempty. The proof is by induction on n. The claim is clear for n = 1. Assume1137

that it holds for n − 1. The subgroup A′ < A1 × · · · × An−1 < A preserves the tree1138

Tn and each element of A′ acts on Tn as an elliptic isometry. Thus, the claim follows1139

from the induction hypothesis. ⊓21140

Applying this lemma to the group A = ∆fo
, we conclude that its fixed-point set1141

in T is a nonempty subtree T ′ ⊂ T . By the normalization property, this subtree has1142

to be invariant under Ho and, as above, we obtain the homomorphism1143

f ′
o = r ◦ fo : Go → H ′ = Aut(T ′).1144

Hence, the quasihomomorphism fo is a lift of the homomorphism f ′
o.1145

This proves:1146

Lemma 8.3. If f : G → H = Aut(T ) is a quasihomomorphism then, there exists a1147

quasihomomorphism fo : Go → H, fo ∼ f , such that:1148

1. Either fo is a lift of a quasimorphism f ′
o : Go → Z < H, or1149

2. fo is a lift of a homomorphism f ′
o : Go → H ′ = Aut(T ′) where T ′ ⊂ T is a1150

nonempty subtree.1151

Corollary 8.4. Suppose that Go has no unbounded quasimorphisms and satisfies1152

the property FA (e.g., G is an irreducible lattice in a connected semisimple Lie1153

group of rank ≥ 2). Then there exists a subgroup Go < Go of finite index and a1154

quasihomomorphism fo : Go → Aut(T ), fo ∼ fo, such that fo(Go) fixes a vertex in1155

T .1156
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Proof. Since Go satisfies the property FA, fo(G) has a fixed vertex in T ′ in the1157

elliptic case. Hence, in this situation, we can take Go = Go, fo = fo. Consider now1158

the axial case. By the assumptions, the quasimorphism f ′
o : Go → Z has finite image.1159

Therefore, we apply Proposition 3.9 to the exact sequence1160

1 → K → Aut+T ′(T )
τ

−→ Z → 11161

and conclude that there exists a finite index subgroup Go < Go and a quasiho-1162

momorphism fo : Go → K with fo ∼ fo. The image of fo fixes each vertex of1163

T ′. ⊓21164

Corollary 8.5. Suppose that H is the fundamental group of a graph of groups1165

where every vertex group is hyperbolic. Then for every group G satisfying the hy-1166

pothesis of Corollary 8.4, each quasihomomorphism f : G → H has finite image.1167

9 Other Generalizations of Homomorphisms

In this section we compare the notion of quasihomomorphisms used in this paper1168

and going back to Ulam, with several other notions. In order to avoid the nota-1169

tion confusion, we will refer to quasihomomorphisms used earlier as Ulam-quasi-1170

homomorphisms. The other notions discussed in this section are equivalent to the1171

one of Ulam-quasihomomorphism when the target is Z, but differ in general.1172

9.1 Algebraic and geometric quasihomomorphisms. Let G and H be1173

groups and d is a left-invariant metric on H. A map f : G → H is an algebraic qua-1174

sihomomorphism if there exists a bounded subset S ⊂ H such that for all x, y ∈ G1175

we have:1176

f(xy) = s1f(x)s2f(y)s3, si ∈ S, i = 1, 2, 3.1177

The true novelty in this definition (comparing to the one of Ulam-quasihomomor-1178

phisms) is presence of the element s2. This class of maps is preserved by the following1179

bi-bounded perturbation procedure: pick a bounded subset B ⊂ (H, d) and consider1180

a map f ′ : G → H such that for each x ∈ G, f ′(x) ∈ Bf(x)B. Then f ′ is again an1181

algebraic quasihomomorphism.1182

Alternatively, one can require the more restrictive condition1183

f(xy) = f(x)s2f(y)s3, si ∈ S, i = 2, 3,1184

where S is a bounded subset of (H, d). We refer to such maps as geometric qua-1185

sihomomorphisms. Geometric and algebraic quasihomomorphisms are stable under1186

bounded perturbations. This presents a sharp contrast with Ulam’s quasihomomor-1187

phisms (cf. Theorem 4.4).1188

We let AQHom(G, (H, d)) and GQHom(G, (H, d)) denote the sets of algebraic1189

and geometric quasihomomorphisms, and denote by UQHom(G, (H, d)) the set of1190

Ulam-quasihomomorphisms.1191
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Example 9.1. 1. Each map f : H → H such that dist(f, id) < ∞, is a geometric1192

quasihomomorphism.1193

2. Compositions of algebraic (respectively, geometric) quasihomomorphisms are1194

again (respectively, geometric) quasihomomorphisms.1195

We will give more interesting examples of geometric quasihomomorphisms in the1196

next section.1197

A situation when geometric quasihomomorphisms appear naturally is the one of1198

Margulis-type superrigidity: suppose that Γ < G is a uniform lattice in a connected1199

Lie group (equipped with a left-invariant Riemannian metric) and φ : Γ → (H, d) is a1200

homomorphism. Then for a nearest-point projection ρ : G → Γ (which is a geometric1201

quasihomomorphism), the composition1202

f = φ ◦ ρ : G → (H, d)1203

is again a geometric quasihomomorphism. If G is a simple noncompact group of1204

rank ≥ 2, then the Margulis Superrigidity Theorem implies that such geometric1205

quasihomomorphism f is within finite distance from a homomorphism G → H,1206

provided that H is another connected Lie group (and d is induced by a left-invariant1207

Riemannian metric on H). This leads to:1208

Question 9.2. Suppose that G is a connected simple Lie group of real rank ≥ 21209

and (H, d) is a connected Lie group with trivial center, equipped with a metric d1210

induced by a left-invariant Riemannian metric on H. Is it true that every geometric1211

quasihomomorphism f : G → (H, d) is within finite distance from a homomorphism?1212

Note that the answer is clearly negative for all rank 1 Lie groups G, for instance,1213

because these groups contain uniform lattices admitting unbounded quasimorphisms1214

to Z.1215

Problem 9.3. Describe AQHom(G, H) for simple connected Lie groups G, H of1216

rank ≥ 2. Is it true that each f ∈ AQHom(G, G) is a bi-bounded perturbation of a1217

homomorphism?1218

9.2 Middle-quasihomomorphisms. The following definition is inspired by a1219

correspondence from Narutaka Ozawa.1220

Definition 9.4. A map f : G → H of two groups is a middle-quasihomomorphism1221

if there exists a finite subset S ⊂ H such that for all x, y ∈ G, there is s ∈ S1222

satisfying1223

f(xy) = f(x)sf(y).1224

We let MQHom(G, H) denote the set of all middle-quasihomomorphisms G → H.1225

By the definition, each middle-quasihomomorphism is geometric. As with other1226

quasihomomorphisms, composition preserves middle-quasihomomorphisms.1227
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Below is an interesting construction of middle-quasihomomorphisms f : F2 →1228

F2 which is a generalization of the Brooks’ construction of quasimorphisms of free1229

groups. Let a, b be free generators of the free group F2. We say that two subwords1230

q, q′ of a reduced word w in the alphabet a±1, b±1 intersect if they contain a common1231

nonempty subword, i.e. q = q1q2q3, q′ = q′
1q

′
2q

′
3 with q2 nonempty and q2 = q′

2. The1232

subwords which do not intersect are called disjoint.1233

We say that two reduced words u, v in the alphabet a±1, b±1 are totally nonover-1234

lapping if for every reduced word w in the alphabet a±1, b±1 any two subwords which1235

are copies of distinct elements of1236

{u, u−1, v, v−1},1237

are disjoint. For instance, the words1238

u = ambam, v = bmabm, m ≥ 2, (14)1239

satisfy this condition.1240

We now fix two two nonempty cyclically reduced totally nonoverlapping words1241

u, v and set1242

T := {u, u−1, v, v−1}.1243

Let L denote the maximum of lengths of u and v. Since u and v are cyclically1244

reduced, the biinfinite paths1245

. . . uuu . . . , . . . vvv . . .1246

are invariant geodesics for u and v respectively in the Cayley graph of F2 with1247

respect to the generating set {a, b}. Since the words u, v are totally nonoverlapping,1248

these invariant geodesics have finite intersection. In particular, the subgroup H ≤ F21249

generated by u and v is free of rank 2 (with the generators u, v), since H cannot be1250

cyclic.1251

Given a reduced word w in the alphabet a±1, b±1, consider all the subwords1252

t1, . . . , tn (listed in the order of their appearance in w) which belong to the set T .1253

Define the map1254

f : F2 → H,1255

1256

f(w) = fu,v(w) := t1 . . . tn ∈ F2.1257

If n = 0, we set f(w) = 1. Let α : H → Z denote the homomorphism sending v to1258

0 ∈ Z and u to 1 ∈ Z. Then the composition β = α ◦ f is the Brooks quasimorphism1259

F2 → Z, associated with the word u, see [Bro81]. It is clear from the construction1260

that f(w−1) = (f(w))−1 for each w ∈ F2.1261
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Example 9.5. Let u = aaba2, v = b2ab2. Then for1262

w = aabaabaabbabbaa1263

we have1264

fu,v(w) = uuv.1265

Theorem 9.6. Assume that u, v are cyclically reduced totally nonoverlapping1266

words u, v, such that, regarded as elements of F2, u and v do not belong to the1267

cyclic subgroups ⟨a⟩ and ⟨b⟩. (For instance, we can take u and v as in (14).) Then:1268

1. f is a middle-quasihomomorphism.1269

2. The image of f is infinite and is not contained in the R-neighborhood of an1270

infinite cyclic subgroup of F2 for any R < ∞.1271

3. The map f is not within finite distance from a homomorphism.1272

Proof. 1. We first check that f is a middle-quasihomomorphism. Consider two re-1273

duced words w1, w2, which are (reduced) products1274

w1 = w′
1w

′′
1 , w2 = w′

2w
′′
2 ,1275

where w′′
1 , w′

2 are maximal with the property that in the group F2,1276

w′′
1w′

2 = 1.1277

We let J(wi) denote the ordered set (listed in the order of their appearance in wi)1278

of subwords in wi which are copies of elements of T intersecting both w′
i, w

′′
i .1279

Remark 9.7. Note that J(wi) need not be a singleton as copies of, say, u, appearing1280

in wi can overlap. For instance, for u = a2ba2 and w′
1 = aaba, w′′

1 = abaa, we have1281

J(w1) = (u, u).1282

However, due to the “totally nonoverlapping” condition, each J(wi) consists only of1283

copies of u, or of u−1, or of v or of v−1.1284

Then the ordered product Yi of the elements of J(wi) has length ≤ L2. Further-1285

more,1286

f(w1) = X1Y1Z1, f(w2) = Z−1
1 Y2Z2,1287

and for the element w3 ∈ F2 represented by w1w2 we have1288

f(w3) = X1Y3Z2,1289

where |Y3| ≤ L2. Set1290

s2 = Y −1
1 Y3Y

−1
2 .1291
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Then1292

f(w3) = f(w1)s2f(w2),1293

where s2 has length ≤ 3L2. This proves the first claim.1294

2. It is clear that f(un) = un and f(vn) = vn for each n. Since the cyclic1295

subgroups of F2 generated by u and by v are not Hausdorff-close, the second claim1296

of the theorem follows.1297

3. Since both u and v (regarded as elements of F2) do not belong to the cyclic1298

subgroups ⟨a⟩, ⟨b⟩, the words am, bn, m, n ∈ Z, contain no subwords from T . There-1299

fore, the map f sends both cyclic subgroups ⟨a⟩ and ⟨b⟩ to {1}. It follows that for1300

each map f ′ : F2 → F2 within finite distance from f , the images of ⟨a⟩ and ⟨b⟩ are1301

bounded. Hence, f ′ can be a homomorphism only if it is the constant map F2 → {1}.1302

Since f is unbounded, we conclude that it cannot be within finite distance from a1303

homomorphism. ⊓21304

9.3 Quasimorphisms of Hartnick and Schweitzer. In their paper [HS14],1305

which appeared shortly after the initial version of our paper was posted, Hartnick1306

and Schweitzer introduce the following notion, which we will refer to as an HS-1307

quasimorphism:1308

Definition 9.8. A map f : G → H of two groups is an HS-quasimorphism if for1309

each quasimorphism ϕ : H → R, the composition ϕ ◦ f : G → R is a quasimor-1310

phism. (Note that H need not be equipped with a metric.) We will use the notation1311

HSQMor(G, H) for the set of HS-quasimorphisms.1312

In other words, Hartnick and Schweitzer take the concept of quasimorphisms1313

(quasihomomorphisms to R) as central, and then define HS-quasimorphisms in a cat-1314

egorical fashion. It is immediate that composition preserves HS-1315

quasihomomorphisms. If we equip the target group H with a discrete proper left-1316

invariant metric (whose choice is irrelevant and will be suppressed), then, clearly,1317

UQHom(G, H) ⊂ GQHom(G, H) ⊂ AQHom(G, H) ⊂ HSQMor(G, H),1318

MQHom(G, H) ⊂ GQHom(G, H) ⊂ AQHom(G, H) ⊂ HSQMor(G, H).1319

In particular, as with algebraic quasihomomorphisms, if f1 : G → H is an HS-1320

quasihomomorphism and dist(f1, f2) < ∞, then f2 : G → H is again an HS-1321

quasihomomorphism. Hartnick and Schweitzer prove, among other interesting re-1322

sults, that free groups Fn of finite rank n ≥ 2 have abundant supply of HS-1323

automorphisms. More precisely, let QAut(Fn) denote the space of HS-1324

quasiautomorphism Fn → Fn, Hom(Fn, R) is the space usual homomorphisms and1325

H(Fn) the space of homogeneous quasimorphisms Fn → R. Then, according to The-1326

orem 1 of [HS14], the closure of the linear span of the QAut(Fn)-orbit of Hom(Fn, R)1327

is the entire space H(Fn).1328

A drawback of Definition 9.8 is that it is only meaningful for maps to groups H1329

which admit abundant supply of quasimorphisms, e.g., hyperbolic groups. If H is1330
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an irreducible lattice of rank ≥ 2, then every map G → H is an HS-quasimorphism,1331

as H has only bounded quasimorphisms. In contrast, Theorem 5.8 shows that if1332

Γ < G is an irreducible lattice in a connected semisimple Lie group G of rank ≥ 2,1333

without nontrivial compact normal subgroups, then each Ulam-quasihomomorphism1334

f : Γ → Γ has finite image or is an automorphism.1335
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