On actions of discrete groups on

nonp ositiv ely curv ed spaces

Mic hael Kap o vic h and Bernhard Leeb

Λ

F ebruary 18, 1995

Abstract. This note con tains sev eral observ ations concerning discrete groups

of non-parab olic isometries of spaces of nonp ositiv e curv ature. W e pro v e that

(almost all) surface mapping class groups do not admit suc h actions; in par-

ticular, they do not act co compactly

. A new obstruction to the existence of

a nonp ositiv ely curv ed metric on closed manifolds is presen ted. W e giv e ex-

amples of 4-manifolds fib ered o v er surfaces and of graph 3-manifolds fib ered

o v er the circle whic h do not admit metrics of nonp ositiv e curv ature.

1

Con ten ts

1 In tro duction 2

2 Hadamard groups 4

2.1 Commensurabilit y in v ariance : : : : : : : : : : : : : : : : : : : 4

2.2 3-manifold subgroups and obstructions : : : : : : : : : : : : : 6

3 Nonp ositiv ely curv ed metrics on Hak en 3-manifolds 8

3.1 Existence : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 8

3.2 Non-existence : : : : : : : : : : : : : : : : : : : : : : : : : : : 10

Λ

This researc h w as partially supp orted b y the NSF gran t DMS-9022140 at MSRI (Leeb)

and the NSF gran t DMS-9306140 (Kap o vic h).

1

1991 Mathematics Subje ct Classific ation. 20F32, 51K10, 53C15, 57M50.

4 Examples of non-Hadamard groups 12

4.1 Mapping Class Groups : : : : : : : : : : : : : : : : : : : : : : 12

4.2 4-manifolds fib ered o v er surfaces : : : : : : : : : : : : : : : : : 14

Bibliograph y 15

1 In tro duction

W e are in terested in prop erties of groups whic h admit sufficien tly nice actions

b y isometries on spaces of nonp ositiv e curv ature. Let us call a group Hada-

mar d if it admits discrete actions b y non-parab olic isometries on Hadamard

spaces. These are syn thetic analogues of Hadamard manifolds, they are com-

plete geo desic metric spaces whic h are nonp ositiv ely curv ed in the sense of

distance comparison. T ypical examples of Hadamard groups are subgroups of

fundamen tal groups of closed Riemannian manifolds of nonp ositiv e sectional

curv ature. V arious algebraic and geometric prop erties of Hadamard groups

are w ell-kno wn, suc h as: Solv able subgroups are virtually ab elian [GW, L Y]

and cen tralizers virtually split [E, BH]. If G is a finitely generated Hada-

mard group then the stable norm (translation n um b er) kg k := lim

n!1 jg n

j

n of

a non-p erio dic elemen t g 2 G is alw a ys non-zero. This excludes for instance

Baumslag-Solitar subgroups.

The class of semisimple (i.e. non-parab olic) actions on Hadamard spaces

has b etter functorial prop erties than the sub class of co compact actions. Note

ho w ev er that there are groups whic h admit semisimple, but no co compact

discrete actions, e.g. certain infinitely generated groups or finitely generated

groups with infinite-dimensional cohomology

. Examples of suc h groups can

b e found in direct pro ducts of free groups, th us they ha v e semisimple actions

on pro ducts of h yp erb olic planes.

The main goal of this note is to find new obstructions for the existence of

semisimple actions. In section 2, w e deriv e general prop erties of Hadamard

groups, in particular:

Theorem 2.3 Being Hadamar d is a c ommensur ability invariant for gr oups.

Of basic imp ortance for this pap er is the observ ation that a Hak en 3-manifold

group admits discrete semisimple actions if and only if it admits co compact

actions, cf. [L1].

Theorem 2.4 L et M b e a c omp act Haken 3-manifold whose b oundary has

zer o Euler char acteristic. If ß

1

(M ) is a Hadamar d gr oup, then M admits

a smo oth metric of nonp ositive se ctional curvatur e with total ly ge o desic flat

b oundary.

Corollary 2.7 L et N b e a close d manifold and M a gr aph-3-manifold with

no metric of nonp ositive curvatur e. If ß

1

(N ) c ontains ß

1

(M ) as a sub gr oup

then N do es not admit metrics of nonp ositive curvatur e.

F or Seifert manifolds M , Theorem 2.4 has b een pro v en b y Bridson.

In section 3, w e discuss the existence of nonp ositiv ely curv ed metrics on

Hak en 3-manifolds.

Theorem 3.2 Gr aph-manifolds c ontaining a non-orientable Seifert c omp o-

nent admit metrics of nonp ositive curvatur e.

This theorem w as indep enden tly pro v en in [BK1]. According to [L1, L2]

only graph-manifolds, i.e. Hak en manifolds glued from Seifert comp onen ts,

can yield non-existence examples.

Example (cf. The or em 3.7) Ther e ar e r e ducible diffe omorphisms of close d

hyp erb olic surfac es whose mapping tori do not admit metrics of nonp ositive

curvatur e.

Sp ecial examples of this kind are first giv en in [L1] and are also discussed in

[L2]. After this w ork w as done, the authors learn t that Buy alo and Kob elski

constructed a n umerical in v arian t whic h detects the existence of nonp ositiv ely

curv ed metrics on graph-manifolds in the general case, see [BK2].

In section 4 w e giv e new examples of non-Hadamard groups. W e discuss

the b orderline case of the mapping class group M od

S of a finite area h yp er-

b olic surface S whic h is v ery close to b e Hadamard: It admits a prop erly dis-

con tin uous action on a con v ex negativ ely curv ed space, namely T eic hm ¨ uller

space T ( S ) equipp ed with the W eil-P etersson metric dW ; ho wev er, T ( S ) is

not complete and Dehn t wists act b y parab olic isometries. The metric com-

pletion of (T (S ); dW ) is a Hadamard space but the extended action of M od

S

is not discrete b ecause it has infinite p oin t stabilizers. Nev ertheless:

Theorem 4.2 L et S b e a surfac e of finite typ e. If S is orientable we assume

that either the genus of S is at le ast 3 or the genus of S is two and S has at

le ast 1 punctur e. If S is nonorientable we assume that either the genus of S

is at le ast 4 or the genus of S is thr e e and S has at le ast 2 punctur es. Then

the mapping class gr oup M od

S is not Hadamar d.

W e conclude b y giving an example of a non-Hadamard group for whic h the

previously kno wn obstructions to b eing Hadamard v anish.

Example (cf. The or em 4.5) Ther e ar e close d 4-manifolds M which ar e fib er e d

over hyp erb olic surfac es with hyp erb olic fib er so that ß

1

(M ) is not Hadamar d.

Ac kno wledgemen ts. W e are grateful to Sergey Buy alo for comm unicating

to us the pap ers [BK1, BK2 ].

2 Hadamard groups

A Hadamar d sp ac e, or CA

T(0)-space, is a complete geo desic metric space

whic h has nonp ositiv e curv ature in the sense of distance comparison, cf.

[Ba1, Ba2, KlL]; it is not required to b e lo cally-compact. Hadamard spaces

are a syn thetic generalization of Hadamard manifolds, i.e. complete simply-

connected Riemannian manifolds of nonp ositiv e sectional curv ature.

An action æ of a group Γ b y isometries on a Hadamard space X is called

semisimple if the displacemen t function of eac h isometry æ(fl ) attains its

infim um. This means that eac h isometry æ( fl ) is either lo xo dromic (preserves

a geo desic and acts on it as a translation) or elliptic (has a fixed p oin t). The

action æ is called discr ete if eac h metric ball B in X in tersects only finitely

man y of its translates æ (fl )B .

Definition 2.1 We c al l a gr oup Γ a Hadamard group if it admits a discr ete

semisimple action on a Hadamar d sp ac e.

F undamen tal groups of closed nonp ositiv ely curv ed manifolds and their

subgroups are examples of Hadamard groups.

2.1 Commensurabilit y in v ariance

The Hadamard prop ert y is inherited b y subgroups. In this section w e sho w

that it also passes to finite index supgroups. Let H b e a finite index normal

subgroup in G and supp ose that æ is a semi-simple action of H on a Hadamard

space X . Consider the space of functions

V = ff : G ! X j f ( hg ) = æ (h )f (g ) for all h 2 H g

Analoguosly to the construction of the induced represen tation w e let the

group G act on V b y the rule

(g Δ f )(x) := f (xg ):

W e equip V with the metric

d(f

1

; f

2

)

2

=

X

¯ g 2H nG d(f

1

(g ); f

2

(g ))

2

A c hoice of represen tativ es for the cosets in H n G iden tifies V isometrically

with X jG:H j

. In particular, V is also a Hadamard space. The action of H on

V preserv es the pro duct decomp osition and eac h factor. The action on the

factor corresp onding to the coset H g is giv en b y

(h Δ f )(g ) = æ(g hg

Γ1

) Δ f (g ):

Therefore the action of H on V is discrete and semisimple. This implies im-

mediately that the action of G is discrete. T o c hec k that it is also semisimple

w e need the

Lemma 2.2 L et Y b e a Hadamar d sp ac e and ff an isometry. If ff k

is

semisimple for some k 6= 0 then ff is semisimple.

Pr o of: The set A of minimal displacemen t for the isometry ff k

is a Hadamard

space and it is preserv ed b y ff . If ff k

is elliptic then ff acts as an isometry of

finite order on A. If ff k

is lo xo dromic then A splits isometrically as a pro duct

A = B Θ R and ff acts as an elemen t of finite order on B . In b oth cases the

claim follo ws if w e can sho w that isometries of finite order on a Hadamard

space Z are elliptic, i.e. ha v e a fixed p oin t. This is true b ecause for an y

finite subset F of Z the function

P

z 2F d

2

(z ; Δ) is uniformly strictly con v ex

and therefore has a unique minim um. 2

This concludes the pro of that the action of G on V is discrete and semisim-

ple. Recall that t w o discrete groups are called c ommensur able if they con tain

isomorphic subgroups of finite index. Our discussion sho ws that b eing Ha-

damard is a commensurabilit y in v arian t:

Theorem 2.3 Supp ose that G and H ar e c ommensur able gr oups. If H is a

Hadamar d gr oup, then G is a Hadamar d gr oup as wel l.

Pr o of: G con tains a finite index normal subgroup whic h is isomorphic to a

subgroup of H . 2

F or finitely generated groups there is a natural geometric equiv alence re-

lation whic h is w eak er than the algebraic equiv alence relation of b eing com-

mensurable: Tw o groups are called quasi-isometric if their Ca yley graphs are

bilipsc hitz on the large scale, see [KL1] for a more precise definition. Ob-

serv e that the Hadamard prop ert y is not a quasi-isometry in v arian t: E.g.

fundamen tal groups of all closed Seifert 3-manifolds M with h yp erb olic base

orbifold are quasi-isometric to eac h other (as pro v en indep enden tly b y Ep-

stein, Gersten and Mess, see [Ge2]), but ß

1

(M ) is Hadamard if and only if

M is finitely co v ered b y a pro duct (Bridson). Other examples are pro vided

b y fundamen tal groups of graph manifolds, cf. [KL3].

2.2 3-manifold subgroups and obstructions

In general, it is a stronger prop ert y for a group to admit co compact discrete

actions on Hadamard spaces than to admit semisimple ones. In this section

w e pro v e that for Hak en 3-manifold groups b oth prop erties are equiv alen t.

This will imp ose restrictions on p ossible Hak en 3-manifold subgroups of Ha-

damard groups. F or a definition of Hak en manifolds and their canonical

(geometrical) decomp osition see [He, Sc].

Theorem 2.4 ([L1]) L et M b e a c omp act Haken 3-manifold whose b ound-

ary has zer o Euler char acteristic (@ M may b e empty). If ß

1

(M ) is a Hada-

mar d gr oup, then M admits a smo oth metric of nonp ositive se ctional curva-

tur e with total ly ge o desic flat b oundary.

Pr o of: If a h yp erb olic comp onen t o ccurs in the canonical decomp osition of

M , then M admits a smo oth metric of nonp ositiv e curv ature, see [L1]. Th us

w e can assume that M is a graph-manifold. Moreo v er, w e can exclude the

cases that M is a S ol -, N il - or Euclidean manifold and supp ose that all

Seifert comp onen ts of M ha v e a h yp erb olic base orbifold.

Let æ b e a discrete semisimple action of ß

1

(M ) on the Hadamard space

X . Let S b e a splitting surface in the canonical decomp osition of M , i.e. a

torus or Klein b ottle. Because the action of ß

1

(S ) on X is discrete and lo xo-

dromic, there exist ß

1

(S )-in v arian t 2-flats, i.e. totally-geo desically em b edded

The prescrib ed flat metric h on @ Z assigns lengths to the b oundary curv es of

the pair of pan ts whic h can b e realized b y a unique h yp erb olic metric. Non-

p ositiv ely curv ed metrics on Z corresp ond to represen tations : ß

1

(Z ) !

I som(R). h determines the translations (c) and (t) and do es not restrict

the reflections (a) and (b). W e can c ho ose the reflections (a) and (b)

so that their pro duct equals ( c

Γ1

). The argumen t in the cases that O is an

ann ulus with one cone p oin t and/or Z is orien table are similar. By gluing

suc h building blo c ks w e finish the pro of of the lemma in the general case. 2

Lemma 3.5 L et N b e a nonorientable Seifert manifold. Then any flat met-

ric on @ N so that Seifert fib ers have e qual length c an b e extende d to a non-

p ositively curve d metric on N .

Pr o of: W e need only consider the case that the base orbifold O of N is

h yp erb olic. Pic k a maximal family of disjoin t simple one-sided lo ops in O

and consider the in v erse images Σ of these lo ops and the b oundary reflectors

under the natural pro jection N ! O . The surfaces Σ are one-sided tori and

Klein b ottles. W e see that N arises from gluing Euclidean Seifert manifolds

with one b oundary comp onen t and a Seifert manifold N

0

with orien table

h yp erb olic base. At least one of these pieces m ust b e nonorien table. The

claim follo ws from the previous t w o lemmas. 2

Pr o of of The or em 3.2: The theorem is implied by the previous lemma and

the Addendum to Theorem 3.1. 2

3.2 Non-existence

It is w ell-kno wn that an aspherical Seifert manifold admits a metric of non-

p ositiv e curv ature if and only if it is finitely co v ered b y a pro duct of surface

and circle [E]. W e no w giv e a few examples of closed graph-manifolds whic h

do not admit metrics of nonp ositiv e curv ature. Note that in graph manifold

groups all solv able subgroups are virtually ab elian and all cen tralizers split.

W e start with the simplest example of closed graph-manifolds. T ak e a

pair of compact orien table surfaces S

j with single incompressible b oundary

comp onen t fl

j

. W e consider the pro ducts Z

j

= S

j

Θ S

1

as fib er bundles with

base S

j and fib er S

1

. There is a canonical pair of “base-fib er” subgroups hb

j i

and hf

j i in ß

1

(@ Z

j

). f

j is represen ted b y the fib er of the Seifert fibration.

Theorem 3.6 L et h : @ Z

1

! @ Z

2 b e a home omorphism. Then the manifold

M obtaine d by gluing Z

j along h admits a metric of nonp ositive curvatur e

if and only if the induc e d isomorphism h

Λ pr eserves the p air of “b ase-fib er”

sub gr oups:

fhh

Λ b

1 i; hh

Λ f

1 ig = fh b

2 i; hf

2 ig

(h may switch b ase and fib er).

Pr o of: Eac h nonp ositiv ely curv ed metric on M induces a flat metric on the

separating torus T = @ Z

j

. In our situation only sp ecial metrics can b e

induced, namely suc h metrics whic h are rectangular with resp ect to the ca-

nonical bases fb

j

; f

j g. T o see this, consider as in the pro of of Theorem 2.4

the set C

j of minimal displacemen t of the dec k transformation f

j on the

univ ersal co v er

~

M . As ab o v e, there is a ß

1

(Z

j

)-in v arian t isometric splitting

C

j

= Y

j

Θ R. Since b

j is homologically trivial in Z

j

, the action of b

j on the

R-factor m ust b e trivial. The claim follo ws, b ecause a rectangular basis for

a lattice in Euclidean plane is unique (up to c hange of signs). 2

T o construct another example, supp ose that S is a closed orien ted h y-

p erb olic surface. The orien tation on S allo ws to distinguish “righ t” and

“left” Dehn t wists along simple closed geo desics. Cho ose a decomp osition

of S b y disjoin t simple closed geo desics L = ffl

1

; : : : ; fl

q g with the w eigh ts

n

j

2 Z Γ f0 g. In what follo ws w e shall denote b y D

fl the righ t Dehn t wist

along fl .

Theorem 3.7 Supp ose that f is a home omorphism of S which is a c omp o-

sition of iter ates of Dehn twists D n

j

fl

j along fl

j

, n

j

2 Z Γ f0g; 1 ˇ j ˇ q . If al l

the numb ers n

j have the same sign (i.e. al l the Dehn twists ar e either left or

right) then the mapping torus M = S Θ

f

[0; 1] do es not admit a metric of

nonp ositive curvatur e.

Pr o of: The mapping tori T

j of f

jfl

j decomp ose M in to Seifert pieces. The

fibration of M giv es us tw o bases f f

j

; b

j g and f f

0

j

; b

0

j g of H

1

(T

j

; Z). Here

the elemen ts f

j

; f

0

j corresp ond to the Seifert fib ers of the Seifert comp onen ts

adjacen t to T

j

. The elemen ts b

j

; b

0

j are defined b y the fibration of M o v er S

1

and the orien tation of S . These bases are related b y:

b

0

j

= Γb

j and f

0

j

= f

j

+ n

j

Δ b

j

:

Supp ose that all the n um b ers n

j ha v e the same sign, sa y p ositive. Assume

that M carries a metric of nonp ositiv e curv ature. Then the flat metrics on

the b oundary tori of a Seifert comp onen t Z satisfy the condition

X

T

j

`@ Z hf

j

; b

j i = 0 :

Summing this equation o v er all Seifert comp onen ts yields

X

j

(hf

j

; b

j i + hf

0

j

; b

0

j i) = 0 :

On the other hand, the p ositivit y of the n

j implies

X

j

(hf

j

; b

j i + hf

0

j

; b

0

j i) =

X

j

Γn

j kb

j k

2

¡ 0;

a con tradiction. 2

W e ha v e a com binatorial criterion for the existence of a nonp ositiv ely

curv ed metric on a closed graph-manifold M when the dual graph to the

canonical decomp osition of M is a tree. Lo osely sp eaking, the more Seifert

comp onen ts M has, the more lik ely it admits a metric of nonp ositiv e curv a-

ture. The criterion extends the sp ecial case of a linear dual graph whic h is

discussed in [L1, L2].

4 Examples of non-Hadamard groups

4.1 Mapping Class Groups

If Σ is a closed connected h yp erb olic surface and P æ Σ is a finite set of

p oin ts then the genus of the surface S = Σ Γ P is either the gen us of Σ (if it

is orien table) or the n um b er of pro jectiv e planes in the prime decomp osition

of Σ (if Σ is not orien table). The surface S = Σ Γ P is called a surface of

finite typ e. W e denote b y U T (S ) the unit tangen t bundle and b y M od

S the

mapping class group.

The follo wing argumen t is essen tially due to Birman [Bi]. F or a unit

tangen t v ector v 2 U T (Σ), D if f (Σ; v ) will b e the group of diffeomorphisms

of Σ whic h fix the v ector v . The ev aluation map

ffl : D if f (Σ) ! U T (Σ); ffl(f ) = f ( v )

is a lo cally trivial fibration with fib er D if f (Σ ; v ), see [Bi]. W e ha v e the long

exact homotop y sequence of a fibration

: : : ! ß

1

(D if f (Σ)) ! ß

1

(U T (Σ)) ! ß

0

(D if f (Σ; v )) ! ß

0

(D if f (Σ)) !

! ß

0

(U T (Σ)) = 1

where w e use the natural group structures on the mapping class group

ß

0

(D if f (Σ)) and the relativ e mapping class group ß

0

(D if f (Σ; v )). Since

Σ is h yp erb olic, comp onen ts of D if f (Σ) are contractible, see [EE ], and w e

get the short exact sequence

1 ! ß

1

(U T (Σ)) ! ß

0

(D if f (Σ; v )) ! ß

0

(D if f (Σ)) ! 1

Supp ose no w that fl is a simple homotopically non trivial lo op on S whic h

splits S in t w o comp onen ts S

+

and S

Γ

so that:

ffl all the punctures of S are con tained in S

Γ

,

ffl the gen us of S

+

is at least 2 (in the orien table case) or at least 3 (in

the nonorien table case),

ffl ß

1

(S

Γ

) is not ab elian.

Under these assumptions the surface F obtained b y attac hing a disc D to the

b oundary of S

+

is h yp erb olic. Pic k a unit tangen t v ector v 2 U T (D ). Then

the group ß

0

(D if f (F ; v )) is naturally isomorphic to ß

0

(D if f (S

+

; @ S

+

)) where

D if f (S

+

; @ S

+

) consists of diffeomorphisms whic h fix @ S

+

p oin t wise. There-

fore ß

0

(D if f (F ; v )) em b eds in the mapping class group M od

S

= ß

0

D if f (S )

(w e extend eac h diffeomorphism in D if f (S

+

; @ S

+

) in to S

Γ

b y the iden tit y).

Th us w e pro v e the follo wing fact whic h is due to Mess [Me] in the case of

closed orien table surfaces (our pro of is essen tially the same):

Prop osition 4.1 L et S b e a surfac e of finite typ e. If S is orientable we

assume that either the genus of S is at le ast 3 or the genus of S is two

and S has at le ast 2 punctur es. If S is nonorientable we assume that either

the genus of S is at le ast 4 or the genus of S is thr e e and S has at le ast 2

punctur es.

Then the mapping class gr oup M od

S c ontains as a sub gr oup ß

1

(U T (F ))

wher e F is a close d hyp erb olic surfac e.

Theorem 4.2 Under the c onditions ab ove or if S is an orientable surfac e

of genus 2 with one punctur e, the gr oup M od

S is not a Hadamar d gr oup.

In p articular, ther e ar e no effe ctive c o c omp act discr ete actions of M od

S on

Hadamar d sp ac es.

Pr o of: Assume first that S satisfies the assumptions of Prop osition 4.1. Then

the closed manifold U T ( F ) is mo delled on the S L(2; R) geometry

. Th us

U T (F ) do es not admit a metric of nonp ositiv e curv ature. Corollary 2.6

implies that M od

S is not a Hadamard group.

This argumen t cannot b e applied if S is an orien table surface of gen us 2

with one puncture. Here is another w a y to construct 3-manifold subgroups

inside the mapping class group of a once punctured orien table h yp erb olic

surface S : There are natural isomorphisms M od

S

¸

=

Aut(ß

1

(Σ)) and M od

Σ

¸

=

O ut(ß

1

(Σ)), and therefore the short exact sequence

1 ! ß

1

(Σ) ! M od

S

! M od

Σ

! 1:

Let D

fl b e a Dehn t wist along a simple closed lo op in Σ. Denote b y [D

fl

]

the corresp onding elemen t in M od

Σ

. The in v erse image in M od

S of the

cyclic group generated b y [D

fl

] is isomorphic to the fundamen tal group of the

mapping torus M of D

fl

. M is a closed graph manifold whic h do es not admit

a metric of nonp ositiv e curv ature b y Theorem 3.6 or 3.7. Hence, M od

S is

not a Hadamard group. 2

Remark 4.3 A ny solvable sub gr oup of M od

S is almost ab elian [BLM].

W e do not kno w whether the mapping class groups of surfaces whic h are

not co v ered b y Theorem 4.1 are Hadamard (for example the braid group

M od

S

2

ΓP

). It is clear that w e m ust exclude almost free groups M od

T

2

Γfpg

and M od

S

2

ΓP for #(P ) ˇ 4. Gersten [Ge1] pro v ed that O ut (F

r

) is not a

Hadamard group for free groups of rank r ˘ 4.

4.2 4-manifolds fib ered o v er surfaces

In this section w e consider closed 4-manifolds M whic h are total spaces of

surface bundles o v er surfaces. W e require the base B and the fib er F to

b e h yp erb olic. M yields a represen tation r : ß

1

(B ) ! M od

F

. Not m uc h

is kno wn ab out the existence of metrics of nonp ositiv e (negativ e) curv ature

on suc h manifolds. First of all, there are trivial examples whic h are finitely

co v ered b y pro ducts of h yp erb olic surfaces. They ha v e geometric rank 2 and

admit lo cally symmetric metrics. Next, there are Ko daira-t yp e examples

of geometric rank 1 whic h are ramified co v ers of pro ducts branc hed along

totally-geo desic surfaces, see [Ko]. These manifolds carry singular metrics of

nonp ositiv e curv ature but it is unkno wn whether they admit smo oth metrics

of nonp ositiv e curv ature. This problem has already b een p osed as Exercise

1 on page 2 in [BGS]. In all kno wn examples, the represen tation r either has

a non-trivial k ernel or the image con tains reducible elemen ts of the mapping

class group.

Problem 4.4 Find a bund le M = B Θ

r

F so that the r epr esentation r is

inje ctive and the image c onsists of pseudo-A nosov elements only. Give exam-

ples wher e the fundamental gr oups ar e wor d-hyp erb olic. Give examples wher e

M admits a metric of (c onstant) ne gative curvatur e.

W e apply the obstruction criterion 2.7 to construct surface bundles with-

out metrics of nonp ositiv e curv ature.

Theorem 4.5 Ther e ar e close d 4-manifolds M which ar e fib er e d over hyp er-

b olic surfac es with hyp erb olic fib er so that ß

1

(M ) is not a Hadamar d gr oup.

In p articular M do esn ’t c arry a metric of nonp ositive curvatur e.

Pr o of: W e consider a homomorphism r obtained b y comp osing an epimor-

phism Œ : ß

1

(B ) ! Z = hz i and an action of z on F b y a Dehn t wist

D . Then ß

1

(M ) con tains the fundamen tal group of the mapping torus N

of D . According to Theorem 3.6 or 3.7, the manifold N admits no metric

of nonp ositiv e curv ature. Hence b y Corollary 2.6 the group ß

1

(M ) is not a

Hadamard group. 2

Remark 4.6 A ny solvable sub gr oup of ß

1

(M ) is ab elian. A l l c entr alizers in

ß

1

(M ) split as pr o ducts.

References

[Ba1] W. Ballmann, L e ctur es on sp ac es of nonp ositive curvatur e, notes

from a DMV seminar in spring 1994, preprin t 1995.

[Ba2] W. Ballmann, Singular sp ac es of nonp ositive curvatur e , In: E. Gh ys

and P

. de la Harp e, Sur les gr oup es hyp erb oliques d’apr ` es Mikhael

Gr omov, Birkh¨ auser 1990., pp. 189-201.

[BGS] W. Ballmann, M. Gromo v and V. Sc hro eder, Manifolds of nonp osi-

tive curvatur e, Birkh¨ auser 1985.

[Bi] J. Birman, Br aids, links and mapping class gr oups, Annals of Math.

Stud. 82, Princeton Univ ersit y Press, 1974.

[BLM] J. Birman, A. Lub otzky and J. McCarth y , A b elian and solvable sub-

gr oups of the mapping class gr oups, Duk e Math. Journal, 50 (1983)

1107– 1120.

[BH] M. Bridson and A. Haefliger, C AT (0) -sp ac es, in preparation.

[BK1] S. Buy alo and V. Kob elski, Ge ometrization of gr aphmanifolds: c on-

formal states, POMI Preprin t no. 7, July 1994.

[BK2] S. Buy alo and V. Kob elski, Ge ometrization of gr aphmanifolds: iso-

metric states, POMI Preprin t no. 8, Octob er 1994.

[EE] J. Earle and J. Eells, The diffe omorphism gr oup of a c omp act R ie-

mann surfac e, Bull. of AMS, 73 (1967) 557– 559.

[E] P

. Eb erlein, A c anonic al form for c omp act nonp ositively curve d ma-

nifolds whose fundamental gr oups have nontrivial c enter, Math. Ann.

260, (1982), v ol. 1, 23-29.

[Ge1] S. Gersten, The automorphism gr oup of fr e e gr oup is not a C AT (0) -

gr oup, Univ ersit y of Utah, Preprin t.

[Ge2] S. Gersten. Bounde d c o cycles and c ombings of gr oups , In t. J. of Al-

gebra and Computation, v ol. 2, no. 3 (1992), 307-326.

[GW] D. Gromoll and J. W olf, Some r elations b etwe en the metric structur e

and the algebr aic structur e of the fundamental gr oup in manifolds of

nonp ositive curvatur e, Bull. Amer. Math. So c. 77, v ol. 4 (1971), 545-

552.