On the deformation theory of representations of fundamental groups of compact hyperbolic 3-manifolds

Michael Kapovich and John J. Millson^� January 5, 1996

Abstract. We construct compact hyperbolic 3-manifolds M_1, M_2 and an irreducible representation ρ_1 : π_1(M_1) → SO(3) so that the singularity of the representation variety of π_1(M_1) into SO(3) at ρ_1 is not quadratic. We prove that for any semisimple Lie group G the singularity of the representation variety of π_1(M_2) into G at the trivial representation is not quadratic.^1

Contents

1 Introduction 2 2 Varieties with nonquadratic singularities 3 3 Computation of H^2(Γ, g) 4 4 The Massey triple product 7 5 Nonquadratic singularities for representations of subgroups of finite index 11 6 Singularities near the trivial representation 13 7 Construction of lattices 13 8 Construction of linkages 17 9 Deformations of mechanical linkages 17 10 Representation varieties with nonquadratic singularities 20 11 Deformation theory near the identity representation 22

�The first author was partially supported by NSF grant DMS-93-06140, the second author by NSF grant DMS-92-05154.

11991 Mathematics Subject Classification. 57M50, 22E40, 70E15, 53A17

12 Remarks on mechanical linkages 23

1 Introduction

In this paper we continue the discussion of the deformation theory of representations in relation to the deformation theory of mechanical linkages that we began in [KM1]. W.Goldman and J.Millson in [GM2] prove that for the fundamental group of any compact Kähler manifold M and a compact Lie group G the only singularities of the representation variety Hom(π_1(M), G) are quadratic. In this paper we study the possible singularities of representation varieties of uniform lattices in the group SO(3, 1). Note that according to J.Carlson and D.Toledo [CT] lattices in SO(n, 1) (n > 2) can’t be isomorphic to fundamental groups of compact Kähler manifolds. Thus the results of [GM2] are not applicable in our case. We construct cocompact reflection groups Γ_j ⊂ SO(3, 1) and irreducible representations ρ_j : Γ_j → SO(3) so that ρ_1(Γ_1) is Zariski dense and ρ_2(Γ_2) is finite, such that the singularities of the varieties Hom(Γ_j, SO(3)) at ρ_j and V (Γ_j, SO(3)) = Hom(Γ_j, SO(3))/SO(3) at [ρ_j] are strongly nonquadratic (see Section 2 for definitions).

We prove this by finding nonzero classes ζ ∈ H^1(Γ_j, so(3)) such that the first obstructions [ζ, ζ] ∈ H^2(Γ_j, so(3)) to the “integrability” of ζ are trivial, but the vectors ζ are not tangent to any curve in V (Γ_j, SO(3)) since the second obstructions to the integrability of ζ are nonzero.

In Section 5 we prove that strongly nonquadratic singularities are inherited by normal subgroups of finite index. Thus by taking finite-index subgroups we prove the following

Theorem 10.7. There exists a compact hyperbolic 3-manifold M_1 and an irreducible infinite representation ρ : π_1(M_1) → SO(3) such that the singularities of the varieties Hom(π_1(M_1), SO(3)) at ρ_1 and V (π_1(M_1), SO(3)) at [ρ_1] are not quadratic.

In Section 6 we prove that for a group Γ strongly nonquadratic singularity at the trivial representation into SO(3) implies that for any semi-simple Lie group G the variety Hom(Γ, G) again has a nonquadratic singularity at the trivial representation. Thus,

Theorem 10.8. There exists a compact hyperbolic 3-manifold M_2 such that for any semi-simple Lie group G the varieties Hom(π_1(M_2), G) and V (π_1(M_2), G) have nonquadratic singularities at the trivial representation.

To the best of our knowledge these are the first examples of this sort. Our examples are based on constructions of mechanical linkages in S^2, which are not rigid at the 1-st and 2-nd order, but some of the 1-st order deformations can’t be extended to deformations of the order 3.

These examples contrast sharply with the result of [Ka]: for any cocompact reflection group Γ ⊂ SO(3, 1) the variety Hom(Γ, SO(4, 1)) is smooth at the point id : Γ → SO(4, 1). We discuss vanishing of the cup-product H^1(Γ, so(4, 1)_{Ad}) × H^1(Γ, so(4, 1)_{Ad}) → H^2(Γ, so(4, 1)_{Ad}) in Section 11.

2 Varieties with nonquadratic singularities

In this section we prove a simple but useful criterion for detection of higher order singularities.

Suppose that x = (x_1, ..., x_n) and f_1(x), ..., f_m(x) are homogeneous quadratic polynomials with coefficients in a field k and R = k [x_1, ..., x_n] (f_1, ..., f_m) (1) Let ψ_0 : R → k be the evaluation at zero.

Lemma 2.1 Suppose that ψ_1 : R → k[t]/(t^2) is a homomorphism lifting ψ_0 and ψ_2 : R → k[t]/(t^3) is a homomorphism lifting ψ_1. Then there exists

ψ_∞ : R → k [t] (2)

lifting ψ_1.

Proof: Let ψ_1(x_i) = a_it, ψ_2(x_i) = a_it + b_it^2. Then

f_j(a_1t + b_1t^2, ..., a_nt + b_nt^2) ≡ 0( mod t^3), j = 1, ..., m (3)

Since all polynomials f_j are quadratic we conclude:

f_j(a_1t, ..., a_nt) = 0 (4)

Therefore we take ψ_∞ = ψ_1. 2

Let V be a variety defined over k, o ∈ V be a point and Ô_{V,o} the complete local ring. We denote by J^m_o (V ) = Homk_{−alg}(Ô_{V,o} , k[t]/t^{m+1}) (5) the m-th order jet space at o ∈ V and by π : J^m_o → T_o(V ) the natural projection to the Zariski tangent space.

We say that V has a nonquadratic singularity at o if the complete local ring of V at o is not formally isomorphic to the complete local ring of zero in an affine variety W given by homogeneous quadratic equations.

Lemma 2.2 Suppose that ξ ∈ J^2_o (V ) has the property that π(ξ) is not tangent to any formal curve in V . Then V has a nonquadratic singularity at o.

Proof: Suppose to the contrary that V has a quadratic singularity and W is the corresponding variety given by the quadratic equations

f_1 = 0, ..., f_m = 0 (6)

Let ζ ∈ J^2_0 (W ) be the image of ξ under this isomorphism. Then ζ corresponds to a pair (ψ_1, ψ_2) as in Lemma 2.1. It follows that the homomorphism ψ_∞ given by Lemma 2.1 will define a curve tangent to π(ζ). This contradiction proves that V has a nonquadratic singularity. 2

Suppose V is a variety such that there exists ξ ∈ J^2_o (V ) with the property that π(ξ) /∈ π(J^3_o (V )). In this case we say that the variety V has a strongly nonquadratic singularity at the point o. The tangent vector π(ξ) is said to be obstructed at the 3-rd order but not at the 2-nd order.

It follows from Lemma 2.2 that the existence of a strongly nonquadratic singularity of V at a point o implies the nonquadratic singularity of V at o.

3 Computation of H^2(Γ; g)

Let Γ be a finitely-presented group and ρ : Γ → G be a representation into the group G of real points of a linear algebraic group defined over R. Denote by g the Lie algebra of G. There exists a smooth compact 4-manifold M such that Γ = π_1(M) (see [ST], p. 180). We let p : X → M be the universal cover , hence Γ acts freely and properly on X. We consider g as Γ-modulus via the adjoint representation Ad ∘ ρ. In this section we show how to compute H^i(Γ, g), i = 0, 1, 2 in terms of differential forms on M. Proposition 3.2 may be of independent interest.

Let P be the principal G-bundle with flat connection ω_0 associated to ρ and adP the associated flat bundle of Lie algebras (with the fiber isomorphic to g). Let A^•(M, adP ) (resp. A^•(X, p^∗adP )) be the differential graded Lie algebra of smooth adP -valued forms on M (resp. smooth p^∗adP -valued forms on X). Let U_1, ..., U_N be a cover of M by contractible open sets such that all the intersections of the U_i’s are contractible. We let U = {U_1, ..., U_N }. The inverse image p^{−1}(U_i) is a countable disjoint union of contractible sets permuted simply-transitively by Γ. We choose an indexing of the components by Γ such that U_{i,μγ} = μU_{i,γ}. Thus

p^{−1}(U_i) = ∪_{γ∈Γ}U_{i,γ} (7)

We let Ũ = {U_{i,γ}, i = 1, ..., N, γ ∈ Γ} be the resulting cover of X. Then all the intersections of the U_{i,γ}’s are also contractible.

Let S_q (resp. S̃_q ) denote the q simplices in Nerve(U) (resp. Nerve(Ũ)). If σ ∈ S_q (resp. σ ∈ S̃_q ) we let U_σ (resp. U_{σ̃}) denote the corresponding q-fold intersection. Now U_{i0,γ0} ∩ ... ∩ U_{iq ,γq} ≠ ∅ (8) implies U_{i0} ∩ ... ∩ U_{iq} ≠ ∅ Hence each q-simplex of Nerve(Ũ) corresponds to a unique q-simplex π(σ) on Nerve(U) and we obtain a simplicial map π : Nerve(Ũ) → Nerve(U) (9) Now let σ = (i_0, i_1, ..., i_q) be a q-simplex of Nerve(U). The inverse image p^{−1}(U_σ) is a countable union of components permuted simply-transitively by Γ. Each of these components corresponds to a unique simplex in π^{−1}(σ). Thus Γ acts simplytransitively on π^{−1}(σ). Therefore we may choose a Γ-equivariant bijection F : S̃_q → S_q × Γ. We write U_{σ̃} = U_{σ,γ} with F (σ̃) = (σ, γ). Hence μU_{σ,γ} = U_{σ,μγ} , μ ∈ Γ.

Let A^q_M (resp. A^q_X ) denote the sheaves associated to the q-forms on M with values in adP (resp. q-forms on X with values in p^∗adP ). We let p_{σ,γ} denote the restriction p|_{Uσ,γ} . We have an induced isomorphism of sections

p^∗_{σ,γ} : Γ(U_σ, A^q_M ) → Γ(U_{σ,γ} , A^q_X ) (10)

Let C^p(U, A^q_M ) and C^p(Ũ, A^q_X) be the corresponding Čech cochain groups. Hence

C^p(U, A^q_M ) = ∏ σ∈Sp Γ(U_σ, A^q_M ) (11)

C^p(Ũ, A^q_X) = ∏ σ̃∈S̃p Γ(U_{σ̃}, A^q_X) (12)

The group Γ acts on C^p(Ũ, A^q_X) by (μ · ω)_{σ,γ} = (μ^{−1})^∗ω_{σ,μ}�1_γ (13) Let G, H be groups and V be an H-module. Then we will define the induced Gmodule Ind^G_H V with the underlying vector space HomR_{(H)}(R(G), V ) = {T : G → V : T (gh) = hT (g)} (14) equipped with the G-action g_0T (g) = T (g^{−1}_0 g) (15) We recall Shapiro’s Lemma [B], Ch. 3, Proposition 6.2: H^p(G, Ind^G_HV ) = H^p(H, V ) (16) Lemma 3.1 The Γ-modules C^p(Ũ, A^q_X ) satisfy H^i(Γ, C^p(Ũ, A^q_X)) = 0, all p, q and i > 0 Proof: Denote by e the trivial subgroup of Γ. We claim that there is an isomorphism of Γ-modules φ : Ind^Γ_e C^p(U, A^q_M ) → C^p(Ũ, A^q_X ) (17) Indeed, we define φ(T ) for T ∈ Hom(R(Γ), C^p (U, A^q_M )) by φ(T )_{σ,γ} = p^∗_{σ,γ}T (γ)_σ (18) We claim that φ is a Γ-module isomorphism. Indeed we have φ(μT )_{σ,γ} = p^∗_{σ,γ} (μT )(γ)_σ = p^∗_{σ,γ} T (μ^{−1}γ)_σ (19) and (μφ(T ))_{σ,γ} = (μ^{−1})^∗φ(T )_{σ,μ}�1_γ = (μ^{−1})^∗p^∗_{σ,μ}�1_γ T (μ^{−1}γ)_σ (20) But p_{σ,μ}�1_γ ∘ μ^{−1} = p_{σ,γ} and the claim follows.

The Lemma follows from Shapiro’s Lemma (taking H = e). 2 Proposition 3.2 H^p(Γ, A^j(X, p^∗adP )) = 0, p > 0 Proof: We consider the Eilenberg-MacLane, Čech double complex C^{.,.} with C^{p,q} = C^p(Γ, C^q(Ũ, A^j_X )). Let T^.C^{.,.} be the total complex. We claim H^i(T C^{.,.}) = 0, i > 0. To see this we filter T^.C^{.,.} by q. Then F^iT^.C^{.,.} is the subcomplex such that (F^iT^.C^{.,.})^n = ⊕_{q≥i}C^{n−q,q} (21) The E_1-term of the resulting spectral sequence is given by E^{p,q}_1 = H^p(Γ, C^q(Ũ, A^j_X )) (22)

By Lemma 3.1 E^{p,q}_1 = 0, p > 0. Also E^{0,q}_1 = H^0(Γ, C^q(Ũ, A^j_X )) = C^q(U, A^j_M ) (23) Since A^j_M is a fine sheaf the E_2-term of the spectral sequence has only one non-zero term and E^{0,0}_2 = A^j(M, adP ) The claim follows by the basic theorem on the spectral sequences associated to a double complex, [McC], Theorem 3.10.

We now filter C^{.,.} by p and find that the E_1-term is given by E^{p,q}_1 = C^p(Γ, H^q(Ũ, A^j_X )) (24) Hence the E_1-term is concentrated on the p-axis with E^{p,0}_1 = C^p(Γ, A^j(X, p^∗adP )) (25) Hence the E_2-term is concentrated on the the p-axis with E^{p,0}_2 = H^p(Γ, A^j(X, p^∗adP )) (26) But by the fundamental theorem on the spectral sequences associated to a double complex we have H^p(Γ, A^j(X, p^∗adP )) = H^p(T C^{.,.}) = 0, p > 0 (27) 2 Remark 3.3 In the case p = 1 and dim(M) = 2 Proposition 3.2 was proven by I.Kra in [Kra].

We can now prove the result we need. Proposition 3.4 There are canonical morphisms φ^p : H^p(Γ, g) → H^p(M, adP ) such that

(i) φ^1 is an isomorphism;

(ii) φ^2 is a monomorphism onto the kernel of p^∗ : H^2(M, adP ) → H^2(X, p^∗adP ) Proof: We consider the Eilenberg-MacLane de Rham double complex C^{.,.} with C^{p,q} = C^p(Γ, A^q(X, p^∗adP )). Here C^{p,q} is the group of inhomogeneous cochains on Γ with values in the Γ-module A^q(X, p^∗adP ) – see [MacL], Ch. 4, §5. We let (T^.C^{.,.}, D) be the associated total complex. We first claim that H^.(T^.C^{.,.}) = H^.(M, adP ) To see this filter T^.C^{.,.} by q. Then the resulting spectral sequence has E^{p,q}_1 = H^p(Γ, A^q(X, p^∗adP )). Hence by Proposition 3.2 we have E^{p,q}_1 = 0, p > 0. Since we have E^{0,q}_1 = A^q(M, adP ) the claim follows.

We will need to make explicit how the isomorphism ψ : H^2(M, adP ) → H^2(T^.C^{.,.}) is obtained. A class in H^2(T^.C^{.,.}) is represented by a cocycle (for the double complex) (a, b, c) ∈ C^0(Γ, A^2(X, p^∗adP )) ⊕ C^1(Γ, A^1(X, p^∗adP ))⊕ ⊕C^2(Γ, A^0(X, p^∗adP )) = T^2C^{.,.} (28)

The cocycle condition is equivalent to da = 0, δa = db, δb = dc, δc = 0 (29) The isomorphism ψ is induced by the map of cochains ψ : A^2(M, p^∗adP ) → T^2C^{.,.} given by ψ(ω) = (p^∗ω, 0, 0). The content of the previous argument is that given a cocycle (a, b, c) ∈ T^2C^{.,.} we can find a cochain (e, f) ∈ C^0(Γ, A^1(X, p^∗adP )) ⊕ C^1(Γ, A^0(X, p^∗adP )) = T^1C^{.,.} such that (a, b, c) − D(e, f) = (a^′, 0, 0) for some a^′ ∈ C^0(Γ, A^1(X, p^∗adP )). Since (a^′, 0, 0) is a cocycle in the total complex da^′ = 0 and δa^′ = 0 whence a^′ = p^∗ω with ω a closed adP -valued 1-form on M.

We now filter T^.C^{.,.} by p. We find that E^{p,0}_1 = C^p(Γ, g) and consequently E^{p,0}_2 = H^p(Γ, g). We define φ^p to be the composition

E^{p,0}_2 → E^{p,0}_∞ = F^pH^p(T C^{.,.}) ⊂ H^p(M, adP ) (30)

Since H^1(X)⊗g = 0, it is immediate that φ^1 is an isomorphism and φ^2 is a monomorphism. It remains to identify the image of φ^2.

By general results on the spectral sequences associated to a double complex [McC], Theorem 2.1, the image of φ^2 is the subspace of H^2(M, adP ) consisting of classes of filtration level 2 for the filtration induced via the isomorphism ψ from the filtration T^2C^{.,.} by p. Hence ω ∈ Im(φ^2) if and only if ψ(ω) is cohomologous to a cocycle in T^2C^{.,.} of the form (0, 0, c). We now prove that ψ(ω) is cohomologous to a cocycle of the form (0, 0, c) if and only if p^∗ω is exact in A^2(X, p^∗adP ). Suppose first that ψ(ω) is cohomologous to such a cocycle. Then there exists (e, f) ∈ T^1C^{.,.} such that de = p^∗ω, δe = df, δf = 0. Now e ∈ A^1(X, p^∗adP ) so p^∗ω is exact.

Now suppose that p^∗ω is exact. Then there exists e ∈ A^1(X, p^∗adP ) such that de = p^∗ω. For each γ ∈ Γ, δe(γ) is a closed p^∗adP -valued 1-form on X. Since X is simply-connected there exists f(γ), a smooth section of p^∗adP , such that df(γ) = δe(γ). Put c = δf. Then c(μ, γ) is a parallel section of p^∗adP for μ, γ ∈ Γ and defines an element of Z^2(Γ, g). The cochain (e, f) gives a cohomology from ψ(ω) = (p^∗ω, 0, 0) to (0, 0, c) and the proposition follows. 2 4 The Massey triple product

Let Γ be a finitely-presented group. We assume that Γ = π_1(M) where M is a smooth compact 4-manifold as in the previous section so that M = X/Γ.

We recall that the 1-st cohomology group H^1(Γ, g) is isomorphic to the Zariski tangent space of the representation variety V (Γ, G) at the point [ρ].

In this section we show that a nonzero tangent vector ζ ∈ H^1(Γ, g) is obstructed at 3-rd order, but not at 2-nd order if and only if the cup-product [ζ, ζ] ∈ H^2(Γ, g) (31) vanishes but the Massey triple product ⟨ζ|ζ|ζ⟩ ∈ H^2(Γ, g)/I (32) is nonzero. Here I ⊂ H^2(Γ, g) is the subspace I = {[η, ζ] : η ∈ H^1(Γ, g)} (33) It will be crucial for us that we can compute H^i(Γ, g), i = 1, 2 and the deformation space of ρ in terms of differential forms.

Choose a point x_0 ∈ M and define an augmentation ϵ : A^•(M, adP ) → g (34) as follows. For ξ ∈ A^0(M, adP ) define ϵ(ξ) = ξ(x_0). For η ∈ A^i(M, adP ), i > 0 we define ϵ(η) = 0. We let A^•(M, adP )_0 denote the kernel of ϵ. We abbreviate A^•(M, adP )_0 to L^•. We have an isomorphism H^1(L^•)^τ−→Z^1(Γ, g) (35) Here Z^1(Γ, g) is the space of Eilenberg-MacLane 1-cocycles. The map τ is induced by the period map τ : A^1(M, adP ) → C^1(Γ, g) (36) (here C^1(Γ, g) is the space of Eilenberg-MacLane 1-cochains), which is defined as follows. Let p : X → M be the universal cover. Choose a base-point x̃_0 ∈ X over x_0. Let η ∈ A^1(M, adP ). Define τ(η) ∈ C^1(Γ, g) by τ(η)(γ) = ∫ γx̃_0 x̃0 p^∗η (37)

Here we identify p^∗η with an g-valued 1-form on X by parallel translation from x̃_0.

We will need another description of the period map τ. We define w : H^1(L^•) → Z^1(Γ, g) (38) as follows. Given [η] ∈ H^1(L^•) choose a representing closed 1-form η ∈ L^•. Let η̃ = p^∗η. Let f : X → g be the unique function satisfying

(i) f(x̃_0) = 0; (ii) df = η̃.

Define w([η]) ∈ Z^1(Γ, g) by w([η])(γ) = f(x) − Adρ(γ)f(γ^{−1}x) We observe that w is well-defined. Indeed, if [η] is exact in L^• then w([η]) = 0.

Lemma 4.1 w = τ.

Proof: We have f(x) = ∫ x x̃0 η̃ whence

w([η])(γ) = ∫ x x̃0 η̃ − ρ(γ) ∫ γ�1_x x̃0 η̃ = ∫ x x̃0 η̃ − ∫ γ�1_x x̃0 ρ(γ)η̃ = ∫ x x̃0 η̃ − ∫ γ�1_x x̃0 γ^∗η̃ = ∫ x x̃0 η̃ − ∫ γx̃_0 x η̃ = ∫ γx̃_0 x̃0 η̃ 2_{Let [ζ], [η] ∈ H1(Γ,}

g), choose differential forms ζ, η ∈ L^1 representing these

classes. Define [ζ, η] to be the wedge product of these forms where we use the Lie bracket in g to multiply the coefficients of these forms. The corresponding class M_2([ζ]) := [ζ, ζ] ∈ H^2(Γ, g) is called the cup-product of ζ with itself.

Now let Q ⊂ Z^1(Γ, g) be the quadratic cone consisting of those cocycles ζ such that [ζ, ζ] = 0 in H^2(Γ, g). Let Q̃ ⊂ H^1(L^•) be the quadratic cone consisting of those classes η such that [η, η] = 0 in H^2(L^•). The next lemma is a consequence of [GM1], Lemma 4.1.

Lemma 4.2 The period map τ carries the cone Q̃ onto the cone Q.

We now define the Massey triple product ⟨ζ|ζ|ζ⟩ as follows. Choose a closed form η_1 ∈ L^1 representing ζ. Since ζ ∈ Q there exists η_2 ∈ L^1 such that dη_2 = [η_1, η_1]. Lemma 4.3 [η_1, η_2] ∈ H^2(Γ, g).

Proof: By Proposition 3.4 it suffices to prove that p^∗[η_1, η_2] is exact. Since X is simply-connected there exists ν_1 ∈ A^0(X, p^∗adP ) such that dν_1 = p^∗η_1. We will abbreviate p^∗η_j to η̃_j henceforth. The graded Jacobi identity [GM2], §1.1, implies [ν_1, [η̃_1, η̃_1]] = 2[η̃_1, [ν_1, η̃_1]] (39) and hence d[ν_1, [ν_1, η̃_1]] = 3 2 [ν_1, [η̃_1, η̃_1]] (40) To conclude we have only to observe that d[ν_1, η̃_2] = [η̃_1, η̃_2] + [ν_1, [η̃_1, η̃_1]] (41)

2_{Define M3(ζ) = ⟨ζ|ζ|ζ⟩ to be the class of [η1, η2] in H2(Γ,}

g)/I. We recall that

I = {[η, ζ] : η ∈ H^1(Γ, g)} (42) is the ideal generated by [ζ]. Lemma 4.4 ⟨ζ|ζ|ζ⟩ is well-defined.

Proof: We check that [η_1, η_2] is closed. Indeed

d[η_1, η_2] = [η_1, dη_2] = [η_1, [η_1, η_1]] = 0 (43)

The last equality follows from the graded Jacobi identity in L^•. The reader will check that ⟨ζ|ζ|ζ⟩ is independent of choices of the forms η, η_2. 2

One defines the higher Massey n-fold product operations M_n similarly (see [GM3]), we will need them only for n = 2, 3.

We now relate the the operations M_n to infinitesimal deformations of representations. Let A_n denote the truncated polynomial ring R[t]/(t^{n+1} ). If m < n we have a surjection Π_{m,n} : A_n → A_m We abbreviate Π_{m−1,m} to Π_m. Observe that the set Hom(Γ, G)(A_n) of A_n-points of the affine variety Hom(Γ, g) is the set of “curves”

ρ_t = ρ_0 + ρ_1t + ... + ρ_nt^n (44)

such that ρ_t(xy) ≡ ρ_t(x)ρ_t(y)(mod t^{n+1}) (45)

We let Hom(Γ, G)_ρ(A_n) denote the subset of the above set such that ρ_0 = ρ where ρ : Γ → G is a fixed representation. We have the induced maps

Π_n : Hom(Γ, G)_ρ(A_n) → Hom(Γ, G)_ρ(A_{n−1}) (46)

obtained by dropping the last term. We use Π_{1,n} to project Hom(Γ, G)_ρ(A_n) into Hom(Γ, G)_ρ(A_1). We will denote the image of Hom(Γ, G)_ρ(A_n) by Hom^1(Γ, G)_ρ(A_n), it consists of infinitesimal deformations of the representation ρ which are “integrable up to order n”. By [GM1], §4.4 we have natural bijections of sets:

Hom(Γ, G)_ρ(A_1) ∼= Z^1(Γ, g) (47)

Hom^1(Γ, G)_ρ(A_2) ∼= Q (48)

The bijections in (47) and (48) are obtained as follows. Let ρ_t = ρ + ρ_1t ∈ Hom(Γ, G)_ρ(A_1). Define c ∈ Z^1(Γ, g) by

c(γ) = ρ_1(γ)ρ(γ)^{−1}

The reader will verify that c satisfies the cocycle identity

c(γ_1γ_2) = c(γ_1) + Ad ρ(γ_1)c(γ_2)

If there exists ρ_2 : Γ → G such that ρ + ρ_1t + ρ_2t^2 ∈ Hom(Γ, G)(A_2) then it is easily checked [GM2], §4.4, that [c, c] is exact, whence c ∈ Q. The map Π_2 is just the correspondence ρ_t → c.

We now wish to identify Hom^1(Γ, G)(A_3) as well as the map Π_3. Define C ⊂ Q by C = {ζ ∈ Q : ⟨ζ|ζ|ζ⟩ = 0} (49) Lemma 4.5 There is a canonical bijection Hom^1(Γ, G)(A_3) ∼= C corresponding to the map Π_3.

Proof: We replace the infinitesimal deformation theory of ρ with the equivariant deformation theory of the flat connection ω_0. Precisely, we replace the groupoid R^′_{An} (ρ) of [GM2], §6.4, with the equivalent groupoid F^′_{An} (ω_0) of [GM2], §6.4. The objects of F^′_{An} (ω_0) are infinitesimal deformations (parameterized by Spec(A_n)) of ω_0 and the morphisms are infinitesimal deformations of the identity in the group of gauge transformations. By Corollary 6.4 of [GM2] the holonomy map induces a canonical bijection hol from the set of isomorphism classes IsoF^′_{An} (ω_0) to the set Hom(Γ, G)(A_n). For n = 1 we obtain the bijection w. For n = 2 we obtain the bijection τ between Q̃ and Q of Lemma 4.2. Thus to prove the lemma we have to solve the following problem.

Let η_1 ∈ Q̃ with hol(η_1) = τ(η_1) = ζ. Hence there exists η_2 ∈ L^1 such that ω_2 = η_1t + η_2t^2 satisfies dω_2 + 1 2 [ω_2, ω_2] ≡ 0(mod t^3) (50)

Find necessary and sufficient conditions that there exist ν_2, ν_3 ∈ L^1 such that ω_3 = η_1t + ν_2t^2 + ν_3t^3 satisfies

dω_3 + 1 2 [ω_3, ω_3] ≡ 0 (mod t^4) (51)

For any choice of ν_2, ν_3 satisfying (51) we have:

dν_2 = [η_1, η_1] , dν_3 = [η_1, ν_2] (52)

Hence there exists a closed form α such that ν_2 = η_2 + α. We find that ν_2, ν_3 exist as above if and only if there is a closed 1-form α ∈ L^1 and a 1-form η_3 ∈ L^1 such that

dη_3 = [η_1, η_2] + [η_1, α] (53)

The latter equation holds if and only if the cohomolgy class of [η_1, η_2] belongs to I.

2_{Thus we obtain the main result of this section.}

Theorem 4.6 Let Γ be a finitely-presented group as above and ρ : Γ → G be a representation. Then the varieties Hom(Γ, G) and V (Γ, G) have strongly nonquadratic singularities at the points ρ and [ρ] if and only if there exists ζ ∈ H^1(Γ, g) such that:

[ζ, ζ] = 0 in H^2(Γ, g) ⟨ζ|ζ|ζ⟩ ≠ 0 in H^2(Γ, g)/I 5 Nonquadratic singularities for representations of subgroups of finite index

In this section we will prove that strongly nonquadratic singularities of representation varieties are inherited by normal subgroups of finite index.

Theorem 5.1 Suppose that Γ is a finitely presented group as in §4, Γ^′ is a torsionfree normal subgroup in Γ of finite index. Let G be a semisimple Lie group such that the representation variety Hom(Γ, G) has strongly nonquadratic singularity at a point ρ. Then the varieties Hom(Γ^′, G) and V (Γ^′, G) also have strongly nonquadratic singularities at the points ρ^′ = ρ|_Γ0 and [ρ^′] respectively.

Proof: According to Theorem 4.6 there exists a class ζ ∈ H^1(Γ, g) such that M_2(ζ) = 0 but M_3(ζ) ≠ 0 in H^2(Γ, g)/I. Let ζ^′ be the image of ζ under the inclusion H^1(Γ, g) → H^1(Γ^′, g) Let I^′ ⊂ H^2(Γ^′, g) be defined by I^′ = {[η^′, ζ^′] : η^′ ∈ H^1(Γ^′, g)} (54) Our goal is to prove that ⟨ζ^′|ζ^′|ζ^′⟩ ≠ 0 in H^2(Γ^′, g)/I^′ (in this case Theorem 4.6 would imply that we have a strongly nonquadratic singularity). Let Δ = Γ/Γ^′ and M = X/Γ^′. Denote by A^•(M, adP )^Δ the subalgebra of invariants in A^•(M, adP ).

We let η_1, η_2 be Δ-invariant 1-forms on M so that [η_1, η_1] = dη_2 and [η_1] = ζ. Since M_3(ζ) ≠ 0 for each η_3, ξ ∈ A^1(M, adP )^Δ with dξ = 0 we have the property: [η_2, η_1] ≠ [ξ, η_1] + dη_3 (55) We now define the Reynolds operator R : A^1(M, adP ) → A^1(M, adP )^Δ (56) by the formula: R(η) = 1 |Δ| ∑ γ∈Δ γ^∗η (57)

Then R is a morphism of complexes, R(μ) = μ for μ ∈ A^1(M, adP )^Δ and R satisfies the Reynolds identity R([μ, ν]) = [μ, R(ν)], μ ∈ A^1(M, adP )^Δ, ν ∈ A^1(M, adP ) (58) Suppose now that M_3(ζ^′) = 0 in H^2(Γ^′, g)/I^′. Then there exists ξ^′ ∈ A^1(M, adP ) with dξ^′ = 0 and η^′_3 ∈ A^1(M, adP ) such that [η_2, η_1] = [ξ^′, η_1] + dη^′_3 (59) We apply the operator R to this formula and use the fact that η_2, η_1 are Δ-invariants to obtain [η_2, η_1] = [R(ξ^′), η_1] + dR(η^′_3) (60) Since R(ξ^′) and R(η^′_3) are Δ-invariants this contradicts the property (55). 2 Remark 5.2 In the proof we used heavily the fact that the singularity is strongly nonquadratic which means that it suffice to consider only 2 and 3-fold Massey products. In the case of higher-order singularities one may need more complicated calculations.

6 Singularities near the trivial representation

In this section we will prove that if Hom(Γ, SO(3)) has a strongly nonquadratic singularity at the trivial representation 1 then (Hom(Γ, G), 1) also has a strongly nonquadratic singularity at 1 for all semi-simple Lie group G.

To begin with we may replace SO(3) by SU(2) since 1 has the same (local) deformation theory in the two groups (both deformation problems are controlled by A^•(M) ⊗ so_3 where π_1(M) = Γ).

Let g be the Lie algebra of a semi-simple group G. It must contain so(3) and this

inclusion induces a monomorphism of the controlling differential graded Lie algebras for the trivial representation A^•(M) ⊗ so(3) → A^•(M) ⊗ g. We will identify A^•(M) ⊗ so(3) with the image of this embedding. Since so(3) is semi-simple we may find an so(3)-invariant complement m to so(3) in g. We have [so(3), m] ⊂ m.

Now we can prove

Theorem 6.1 Suppose that the (Hom(Γ, SO(3)), 1) has a strongly nonquadratic singularity. Then for any semi-simple Lie group G the germ (Hom(Γ, G), 1) also has a strongly nonquadratic singularity.

Proof: According to Theorem 4.6 there exists a class [ζ] ∈ H^1(Γ, so(3)) such that [ζ, ζ] = dη_1 in H^2(Γ, so(3)) and ⟨ζ|ζ|ζ⟩ ≠ 0 in H^2(Γ, so(3))/I_{so(3)} (61) Here I_{so(3)} denotes the ideal {[ζ, ω] : ω ∈ H^1(Γ, so(3))}. Assume that ⟨ζ|ζ|ζ⟩ = 0 in H^2(Γ, g)/I_g. Then there exists a closed form β ∈ A^1(M)⊗g such that [ζ, η_1]+[ζ, β] is trivial in H^2(Γ, g). We write β = β^′+β^{′′} with β^′ ∈ A^1(M)⊗so(3) and β^{′′} ∈ A^1(M)⊗m. We obtain [ζ, η_1 + β^′] + [ζ, β^{′′}]

is trivial in H^2(Γ, g). However the first summand belongs to A^2(M) ⊗ so(3) and the second one to A^2(M)⊗m since [so(3), m] ⊂ m. We also have the splitting of complexes

A^•(M) ⊗ g = A^•(M) ⊗ so(3) ⊕ A^•(M) ⊗ m

Thus the sum of the closed forms [ζ, η_1 + β^′], [ζ, β^{′′}] is exact if and only if the both forms are exact. This means [ζ, η_1 + β^′] = 0 in H^2(Γ, so(3)). This contradicts our assumption that M_3(ζ) ≠ 0 in H^2(Γ, so(3)). 2

7 Construction of lattices

In this and following two sections we will construct lattices in SO(3, 1) and their representations which give representation varieties with strongly nonquadratic singularities.

Start with a graph Λ in S^2 which is drawn on Figure 1. We assign numbers n_j ∈ Z to edges of Λ as on Figure 1; we shall omit the number 2 using the standard convention for Dynkin diagrams. If the label m = 4 then we denote the labelled graph by Λ_2, if m = 7 then we denote the labelled graph by Λ_1. (Instead of the number 7 here one can choose any prime number m ≥ 7.)

Then we add extra edges and vertices Q, F_1, F_2 to Λ to triangulate the complementary regions of S^2 − Λ. Denote the result by Λ^# (Figure 2). Finally we add 14 extra vertices Z_1, ..., Z_{14} to the graph Λ^# as on Figure 3 (we omit the labels Z_j). All the edges added to the graph Λ^# have the label 2. The result is a labelled planar graph Π = Π_j, j = 1, 2.

Consider the graph Π^∗ dual to Π. We assign integers to the edges of Π^∗ as follows. If the edge e^∗ of Π^∗ intersects an edge e of Π then we assign to e^∗ the same number which is assigned to e.

Lemma 7.1 There exists a compact finitely-sided convex polyhedron Φ = Φ_j in H^3 (j = 1, 2) whose faces correspond to complementary regions of the graph Π^∗_j and the dihedral angle at each edge e of Π^∗ is equal to π/n if the number n is assigned to e.

Proof: All vertices of Π^∗ have valency 3 since Π was the 1-skeleton of a triangulation. Then, by examining the graphs Λ, Λ^# and Π, we conclude that for each simple closed loop ℓ ⊂ Π:

(a) either the number of edges in ℓ is 3 and ℓ bounds a triangle in S^2 − Π or the edges of ℓ are labelled as (4, 4, k) with k = 4, 7;

(b) or the number of edges in ℓ is 4 and a label on at least one edge of ℓ is > 3; (c) or the number of edges in ℓ is 4 and one of components of S^2 − ℓ contains exactly one edge;

(d) or the number of edges in ℓ is at least 5.

Then the existence of Φ follows from the Andreev’s theorem (see [T], Theorem 13.6.1). 2

We label faces of Φ by the letters A, B_j, C... which denote corresponding vertices of the dual graph Π. According to Poincare’s theorem on fundamental polyhedra [Mk], the group Γ = Γ_j generated by reflections τ_S in faces of the polyhedron Φ_j is discrete and Φ_j is the fundamental polyhedron of Γ. Hence Γ is a uniform lattice. The system of relations in Γ can be described as follows. Suppose that S, Q are two faces of S^2 − Π^∗ which have a common edge e with the label q. Then the product of reflections τ_S · τ_Q in the faces S, Q has order q.

8 Construction of linkages

We construct geodesic maps ϕ_i : Λ → Σ^2, i = 1, 2 as follows. Consider the unit sphere Σ^2 in R^3 with center at zero. Choose the following points on Σ^2:

D = C = (0, 1, 0), B_j = (0, 1/ √ 2, (−1)^j/ √ 2), j = 1, 2,

A = (sin t, cos t, 0), E = (sin 2t, cos 2t, 0),

where t = π/m, t /∈ Zπ/2, m = 4, 7. Hence the vectors D, E are linearly independent. Note that the number m here is the same as the label of the segments [A, C], [A, E], [E, D] in the graphs Λ_i, i = 1, 2. (See Figure 4.)

Figure 4

If two vertices of Λ are connected by an edge then connect the corresponding points of ϕ_i(Λ) by the shortest geodesic segment on Σ^2. We introduce a path metric on Λ by pull–back of the spherical metric via ϕ_i. Λ^{(0)} shall denote by the set of vertices of Λ. The graph Λ is an abstract mechanical linkage and ϕ_i(Λ) ⊂ Σ^2 is its realization in 2-sphere.

9 Deformations of mechanical linkages

In this section we drop the index i for the linkage Λ_i and the map ϕ_i since the arguments will be independent on the choice of m = 4, 7. Consider the deformation variety Def(Λ) of the linkage Λ in the sphere Σ^2 which is the space of all geodesic maps h : Λ → Σ^2 which are isometries on all edges (we do not divide out by the group SO(3)).

The space Def(Λ) has a natural structure of an algebraic variety which can be described as follows. We shall regard points of the unit sphere Σ^2 as unit vectors in R^3 . Denote by ν the number of vertices in Λ and by ϵ the number of edges.

Define the polynomial map

R : R^{3ν} × R^{3ν} → R^{ν+ϵ} (62)

by the formula R(p, q) = (..., p_i · q_j, ...) (63) where q = (q_1, ..., q_ν), p = (p_1, ..., p_ν) ∈ R^{3ν} and the dot product appears if either the vertices v_i, v_j of Λ are connected by an edge or i = j.

Now let p = (p^0_1, ..., p^0_ν) be the collection of unit vectors corresponding to the configuration ϕ(Λ^{(0)}) and r^0 = R(p, p) ∈ R^{ϵ+ν} . Then the identification Def(Λ) = R^{−1}(r^0) gives the deformation space a structure of the algebraic variety.

Thus the Zariski tangent space T_p(Def(Λ)) to Def(Λ) is given by the kernel of the map R(p, •) : R^{3ν} → R^{ν+ϵ} . Elements of T_p(Def(Λ)) are called infinitesimal deformations of ψ(Λ). An infinitesimal deformation q^′ is called trivial if it belongs to the kernel of the projection T (Def(Λ)) → T (Def(Λ)/SO(3)). This means that there exists an element of the Lie algebra ζ ∈ so(3) = R^3 such that q^′_j = ζ × p_j, where • × • is the vector product in R^3 .

The second order jet space J^2_p (Def(Λ)) of the variety Def(Λ) is described as follows. Let q^′ ∈ T_p(Def(Λ)), q^{′′} ∈ R^ν . Then (q^′, q^{′′}) ∈ J^2_p (Def(Λ)) iff

R(q^′, q^′) + R(p, q^{′′}) = 0 (64)

The elements (q^′, q^{′′}) are called second order deformations of the configuration p; in such case q^{′′} is called the acceleration of the deformation (q^′, q^{′′}). An element q^′ ∈ T_p(Def(Λ)) is called second order integrable if there exists q^{′′} such that (q^′, q^{′′}) ∈ J^2_p (Def(Λ)). Similarly we can define higher order deformations. Suppose that p : [0, 1] → Σ^2 is a smooth curve such that p(0) = p so that d^m dt^m p(t)|_{t=0} = q^{(m)}

and the identities p_j(t) · p_i(t) = p_j(0) · p_i(0) are satisfied up to the order m of t → 0 for each v_i, v_j ∈ Λ connected by an edge. Then the vector −→q = (q^′ = q^{(1)}, q^{′′} = q^{(2)}, q^{′′′} = q^{(3)}, ..., q^{(m)}) is an infinitesimal deformation of order m. These deformations belong to the m-th order jet space J^m_p (Def(Λ)) of the variety Def(Λ) at p. An infinitesimal deformation q^′ ∈ T_p(Def(Λ)) is called m-th order integrable if there exists −→q ∈ J^m_p (Def(Λ)) such that q^{(1)} = q^′.

Theorem 9.1 There exists a nontrivial infinitesimal deformation q^′ ∈ T_ϕ(Def(Λ)) which is 2-nd order integrable but is not 3-rd order integrable.

Proof: The infinitesimal deformation q^′ is given by the following velocities:

D^′ = C^′ = E^′ = 0, B^′_j = (1, 0, 0) ( j = 1, 2), A^′ = (0, 0, 1)

We choose the acceleration vectors in p^{′′} as follows:

D^{′′} = E^{′′} = 0, B^{′′}_j = (0, 0, (−1)^{j+1}/ √ 2), ( j = 1, 2),

C^{′′} = (2 − 1/ sin^2 t, 0, 0), A^{′′} = (1/ sin t − 2 sin t, −2 cos t, 0) Then direct calculations show that: B_j · B^{′′}_j = −1, A · A^{′′} = −1, A^{′′} · E = 0, A^{′′} · C + C^{′′} · A = 0, B^{′′}_j · C = B^{′′}_j · D = B_j · C^{′′} = 0 Thus (q^′, p^{′′}) ∈ J^2_ϕ(Def(Λ)).

Now we will prove that there is no 3-jet (q^′, q^{′′}, q^{′′′}) in J^3_ϕ(Def(Λ)). Suppose that such jet exists. We will retain notations A^{′′}, B^{′′} etc for its components.

Proposition 9.2 The deformations (q^{′′}, q^{′′′}) can be chosen so that E^{′′} = 0.

Proof: Recall that E · E = 1, E · E^{′′} = 0 since (q^′, q^{′′}) ∈ J^2_ϕ(Def(Λ)). Hence a direct calculation shows that there exists a skew-symmetric matrix S with the property: E^{′′} = −SE. We define a 1-parameter family of orthogonal transformations by

Q_t = exp(t^2S)

The curve p(t) = p(0) + q^′t + q^{′′}t^2/2 + q^{′′′}t^3/6 is order 3 tangent to the variety Def(Λ) at the point p(0) = ϕ. The same is true for the curve q(t) = Q_t(p(t)). The curve q(t) has the same 1-st derivative as p(t) but the restriction of the deformation q(t) to the vertex E has zero second derivative SE + E^{′′}. Thus instead of (p, q^{′′}, q^{′′′}) we can take the 3-jet (p^′, p^{′′}, p^{′′′}) of the curve p(t). 2

In what follows we shall assume that E^{′′} = 0 which will simplify our calculations. Let Δ^{′′} = C^{′′} − D^{′′}, Δ^{′′′} = C^{′′′} − D^{′′′}. The scalar products B_j · C and B_j · D must be preserved up to the 3-rd order, thus

C^{′′′} · B_j + 3C^{′′} · B^′_j + C · B^{′′′}_j = 0 (65)

D^{′′′} · B_j + 3D^{′′} · B^′_j + D · B^{′′′}_j = 0 (66) This implies that Δ^{′′′} ·B_j = Δ^{′′} ·B^′_j. The vectors B_j , j = 1, 2 are linearly independent, B^′_1 = B^′_2 and Δ^{′′′} · C = 0, thus we conclude Δ^{′′′} · B_j = 0, j = 1, 2. It follows that Δ^{′′} · B^′_j = 0. However Δ^{′′} · C = 0 and the vectors B^′_j, C are linearly independent. Hence Δ^{′′} = (0, 0, λ). The scalar product D · E must be preserved up to the second order, therefore D^{′′} · E = 0, E · (0, 0, λ) = 0 which implies C^{′′} · E = 0. The vectors C, E are linearly independent, thus the equality C^{′′} ·C = 0 implies that C^{′′} = (0, 0, γ). We have 0 = A · C^{′′} + A^{′′} · C, thus A^{′′} · C = 0 and on the other hand A^{′′} · E = 0. It follows that A^{′′} · A = 0 since the vector A is a linear combination of C, E. Recall however that the scalar product A·A must be preserved up to the second order, hence A · A^{′′} + A^′ · A^′ = 0. We conclude that A^′ · A^′ = 0 which contradict the assumption that A^′ is the unit vector (0, 0, 1). 2

Note that the infinitesimal deformation q^′ is nontrivial since it is not extendable to a 3-rd order deformation of the linkage.

10 Representation varieties with nonquadratic singularities

Let Γ = Γ_i be one of two reflection groups constructed in Section 7. We define a representation ρ : Γ → SO(3) as follows. Suppose that a face of the fundamental polyhedron Φ is labelled by a letter S which is the label of a vertex S in the graph Λ. Then we let ρ(τ_S) be the rotation of order two around the vector ϕ(S) ⊂ Σ^2. Otherwise (if S ∈ Π is not a vertex of Λ) we let ϕ(τ_S) = 1. It follows from the list of relations of the group Γ and the geometry of Λ that ρ is a homomorphism (see the proof of Lemma 10.4). (For instance, the rotations ρ(τ_A)ρ(τ_E), ρ(τ_D)ρ(τ_E), ρ(τ_A)ρ(τ_D) have orders dividing m).

Lemma 10.1 If t = π/m = π/4 then the group ρ_i(Γ_i) is finite. If m = 7 then the group ρ_i(Γ_i) is infinite. Moreover in the latter case the group ρ_i(Γ_i) is Zariski dense in SO(3).

Proof: We first assume that t = π/m = π/4. It is easy to see that the finite collection of vectors {(ϵ_1, ϵ_2, ϵ_3), ϵ_j ∈ {0, 1, −1}} is invariant under the generators of the group ρ_2(Γ_2). These vectors span R^3 , thus the group ρ_2(Γ_2) is finite. Suppose now that m ≥ 7 is a prime number. Then the group ρ_1(Γ_1) contains the rotation ρ_1(Q) = ρ_1(τ_C ∘ τ_A) of order m around the axis z. The rotation ρ_1(τ_BQτ_B) has axis different from z and the same order m. On the other hand, if K ⊂ SO(3) is a finite subgroup which contains an element of prime order m ≥ 7 then this is a dihedral group and axes of all such elements in K must coincide. We conclude that ρ_1(Γ_1) is infinite. The representation ρ is irreducible, thus ρ_1(Γ_1) contains two elements of infinite order with different axes, thus ρ_1(Γ_1) is Zariski dense in SO(3). 2

Remark 10.2 It follows that for m ≥ 7 the group ρ_1(Γ_1) is dense in SO(3) in the classical topology.

Theorem 10.3 For each i = 1, 2 the representation variety Hom(Γ_i, SO(3)) has a strongly nonquadratic singularity at the point ρ_i and the quotient variety V (Γ_i, SO(3)) has a strongly nonquadratic singularity at the point [ρ_i].

Proof: We again drop the index i for the groups Γ_i and representations ρ_i. Denote by Δ ⊂ Γ the reflection group generated by τ_S , S ∈ Λ. Theorem 3.2 of [KM1] implies that there exists an isomorphism Ψ between the germ of the variety Hom(Δ, SO(3)) near ρ and the germ of the variety Def(Λ) near ϕ(Λ). The last variety has nontrivial elements of T_ϕ(Def(Λ)) which can be extended to second order jets, but are not extendable to 3-rd order jets. Hence, the same holds for the variety Hom(Δ, SO(3)) at ρ. Since Ψ is SO(3)-invariant it induces an isomorphism of quotient germs. Consequently the germ of V (Δ, SO(3)) at [ρ] also has an infinitesimal deformation with the above properties.

Lemma 10.4 The restriction map Res : Hom(Γ, SO(3)) → Hom(Δ, SO(3)) (67) is an isomorphism of germs of these varieties near the representation ρ.

Proof: Let N be the normal subgroup of Γ generated by the set Ω of reflections in the faces of the polyhedron Φ corresponding to the vertices Q, F_i, Z_j that were erased in passing from Π to Λ. The composition φ : Δ → Γ → Γ/N is clearly a surjection. We claim that it is also an injection. Let Ξ be the set of reflections in the faces of Φ not included in the set Ω above (the “rest of generators of Γ”). Then Γ has a presentation of the form:

Γ = ⟨Ξ, Ω : ξ^2, ω^2, (ξ_iξ_j)^{2mij} , (ω_kω_l)^{2nkl} , (ξ_sω_r)^{2psr} ⟩ (68)

Here ξ runs through Ξ, ω through Ω and the numbers n_{kl}, m_{ij}, p_{sr} are determined by the labels of edges of the graph Γ.

The above presentation for Γ induces a presentation for Γ/N by adding the extra relation ω = 1 for all ω ∈ Ω. We can then eliminate the relations (ω_kω_l)^{2nkl} , (ξ_sω_r)^{2psr} since the generators ξ have order 2. We obtain the following presentation for Γ/N:

Γ/N = ⟨Ξ : ξ^2, (ξ_iξ_j)^{2mij} ⟩ (69)

Now it is clear that φ is an isomorphism since Δ has the same presentation and φ(ξ_j) = ξ_j. The isomorphism φ : Δ → Γ/N induces an isomorphism of varieties Hom(Γ/N, SO(3)) → Hom(Δ, SO(3)) (see Remark below).

We now prove that the quotient map Γ → Γ/N induces an isomorphism of germs (Hom(Γ/N, SO(3)), ρ) → (Hom(Γ, SO(3)), ρ). Indeed Hom(Γ/N, SO(3)) is the inverse image of the trivial representation under the restriction map Hom(Γ, SO(3)) → Hom(⟨Ω⟩, SO(3)) where ⟨Ω⟩ is the subgroup generated by elements in Ω. Since ρ|_{⟨Ω⟩} is the trivial representation 1, we obtain an induced fiber square of germs (Hom(Γ/N, SO(3)), ρ) −→ (Hom(Γ, SO(3)), ρ) ↓ ↓ {1} −→ (Hom(⟨Ω⟩, SO(3)), 1) We claim that the trivial representation is an isolated point of Hom(⟨Ω⟩, SO(3)). Indeed, T_1(Hom(⟨Ω⟩, SO(3))) is the space of 1-cocycles Z^1(⟨Ω⟩, so(3)). But since ⟨Ω⟩ is generated by elements of order 2 and acts trivially on so(3) we have Z^1(⟨Ω⟩, so(3)) = 0. Hence T_1(Hom(⟨Ω⟩, SO(3))) = {0} and the claim follows. Hence the bottom arrow of the above square is an isomorphism and consequently the top one is also. 2

Corollary 10.5 The map Res induces a map

Res : V (Γ, SO(3)) → V (Δ, SO(3)) (70)

which is an isomorphism of germs near [ρ].

Proof: Follows from SO(3)-invariance of the map Res. 2

Remark 10.6 In the above proof we have used the fact that the isomorphism of groups φ : Δ → Γ/N induces an isomorphism of representation varieties. Since the description of a representation variety Hom(Γ, H) depends on a presentation of the abstract group Γ this is not obvious. We prove that now. The coordinate ring R of a representation variety represents the functor of points A → Hom(Γ, H)(A) where A is an affine k-algebra. But since Hom(Γ, H)(A) = Hom(Γ, H(A)), a homomorphism of abstract groups induces a natural transformation of the above functors. Hence an isomorphism of abstract groups induces a natural isomorphism of functors and so the representing objects (the two coordinate rings) are isomorphic.

This discussion concludes the proof of Theorem 10.3. 2

Now we can prove two main theorems of this paper.

Theorem 10.7 There exists a cocompact torsion-free lattice Γ^′_1 in SO(3, 1) and an irreducible representation ρ_1 : Γ^′_1 → SO(3) such that the varieties Hom(Γ^′_1, SO(3)) and V (Γ^′_1, SO(3)) have nonquadratic singularities at ρ_1 and [ρ_1] respectively.

Proof: Take any torsion-free normal subgroup of finite index Γ^′_1 ⊂ Γ_1 where Γ_1 is as in Theorem 10.3. Then the assertion follows from Theorems 10.3, 4.6, 5.1. 2

Theorem 10.8 There exists a cocompact torsion-free lattice Γ^′_2 in SO(3, 1) such that for any semi-simple Lie group G the varieties Hom(Γ^′_2, G) and V (Γ^′_2, G) have nonquadratic singularities at the trivial representation 1 and its conjugacy class [1] respectively.

Proof: We have constructed a lattice Γ_2 ⊂ SO(3, 1) and a finite representation ρ_2 : Γ_2 → SO(3) with a strongly nonquadratic singularity of the germ (Hom(Γ_2, SO(3)), ρ_2). Take any torsion-free normal subgroup of finite index Γ^′_2 ⊂ Γ_2 such that ρ_2(Γ^′_2) = 1. Then the assertion follows from Theorems 4.6, 5.1, 6.1. 2

11 Deformation theory near the identity representation

Suppose that Γ ⊂ SO(3, 1) is a cocompact lattice, ρ is the identity representation Γ → SO(3, 1). We are interested in the germ (V (Γ, SO(4, 1)), [ρ]). Recall that the embedding SO(3, 1) → SO(4, 1) corresponds to the totally-geodesic embedding H^3 → H^4 . Denote by τ the reflection in H^4 which fixes H^3 pointwise. Then the Lie algebra so(4, 1) splits as so(3, 1) ⊕ m so that τ acts as 1 on so(3, 1) and −1 on m. This splitting is orthogonal with respect to the Killing form on so(4, 1), thus it is invariant under the adjoint action of so(3, 1). It follows that for any ξ, η ∈ m,

[ξ, η] ∈ so(3, 1) (71)

We recall that the 1-st obstruction to the integrability of infinitesimal deformations ζ ∈ H^1(Γ, so(4, 1)) is the cup product [ζ, ζ]. The 1-st cohomology group H^1(Γ, so(4, 1)) splits as H^1(Γ, so(3, 1)) ⊕ H^1(Γ, m) and the 1-st summand is equal to zero according to Calabi-Weil rigidity theorem. Thus for any class ζ ∈ H^1(Γ, so(4, 1)) we can choose a representative ζ̃ ∈ Z^1(Γ, m).

We owe the following argument to Gregg Zuckerman.

Proposition 11.1 The cup-product

[ , ] : H^1(Γ, so(4, 1)) ⊗ H^1(Γ, so(4, 1)) → H^2(Γ, so(4, 1)) (72)

is identically zero.

Proof: For classes ξ_1, ξ_2 ∈ H^1(Γ, so(4, 1)) we choose representatives ξ̃_1, ξ̃_2 ∈ Z^1(Γ, m). The cup product [ξ_1, ξ_2] is represented by the 2-cocycle on Γ:

o(x, y) = [ξ̃_1(x), ad_xξ̃_2(y)] (73)

where [ , ] is the Lie bracket on so(4, 1). Then (71) implies that o(x, y) ∈ Z^2(Γ, so(3, 1)). However, according to the Calabi-Weil rigidity and Poincare duality we get

H^2(Γ, so(3, 1)) = 0

2_{Theorems 10.7, 10.8 imply that vanishing of the cup-product alone is not apriori}

enough to guarantee smoothness of the variety V (Γ, SO(4, 1)) near [ρ]. However we don’t know any examples when the identity representation [ρ] actually is a singular point. Results of [Ka] imply that such pathological examples do not exist in the class of reflection groups.

12 Remarks on mechanical linkages

Our examples of mechanical linkages were motivated by a construction due to R. Connelly [C] of a rigid mechanical linkage in R^2 , which is not rigid at 1-st and 2-nd order. Unfortunately the infinitesimal deformation of 2-nd order constructed by Connelly can be extended to a deformation of 3-rd order and we can’t use his construction to prove Theorem 10.7. More generally, for each positive integer n Connelly constructs a locally rigid mechanical linkage in R^2 which admits a nontrivial infinitesimal deformation of order n. This construction works for S^2 as well but to construct a representation of a Coxeter group one needs rationality conditions for lengths of edges which are difficult to arrange. Note that the books on mechanical engineering [ALC], [S] contain lots of examples of mechanical linkages which can draw quite complicated algebraic curves.

We recall the classical result of A.B.Kempe [Ke] that for any planar compact real algebraic curve C there exists a finite collection of mechanical linkages in R^2 which can draw C “piece-by-piece”. To apply this theorem to construction of Coxeter groups with arbitrarily complicated singularities of representation varieties one has to solve the same rationality problem.

Question 12.1 Suppose that V is an affine variety in R^n . Is it true that there exists a cocompact lattice Γ ⊂ SO(3, 1), compact Lie group G and a representation ρ : Γ → G such that the germ (Hom(Γ, G), ρ) is analytically isomorphic to the germ (V × R^m , 0) for some m?

We will address this problem in another paper [KM2].

References

[ALC] I. Artobolevskii, N. Levitskii, S. Cherkudinov, “Sintez ploskih mehanizmov”, Moscow, 1959.

[B] K. Brown, “Cohomologies of groups”, Springer-Verlag, 1982. [CT] J. Carlson, D. Toledo, Harmonic mappings of Kähler manifolds to locally symmetric spaces , Publ. Math. of IHES, vol. 69 (1989) 173– 201.

[C] R. Connelly, Cabled frameworks and convex surfaces, Adv. in Math., 37 (1980) 272– 299.

[GM1] W. Goldman, J. J. Millson, Local rigidity of discrete groups acting on complex hyperbolic space, Inv. Math. 88 (1987) 495–520.

[GM2] W. Goldman, J. J. Millson, The deformation theory of representations of fundamental groups of compact Kähler manifolds, Publ. Math. of IHES, vol. 67 (1988) 43– 96.

[GM3] W. Goldman, J. J. Millson, Deformations of flat bundles over Kähler manifolds, Lecture Notes in Pure and Applied Math. 105, New York- Basel (1987) 129– 145.

[Ka] M. Kapovich, Deformations of representations of discrete subgroups of SO(3,1), Math. Annalen, vol. 299 (1994) 341– 354.

[KM1] M. Kapovich, J. J. Millson, The relative deformation theory of representations and flat connections and deformations of linkages in constant curvature spaces, Compositio Math. (to appear) [KM2] M. Kapovich, J. J. Millson, in preparation.

[Ke] A. B. Kempe, On a general method of describing plane curves of the n-th degree by linkwork, Proc. London Math. Soc. 7, 213-216 (1875).

[Kra] I. Kra, “Automorphic forms and Kleinian groups”, Benjamin Reading, Massachusetts (1972).

[McC] J. McCleary, “User’s Guide to Spectral Sequences”, Mathematics Lecture Notes Series 12, Publish or Perish Inc., Wilmington, Delaware, 1985.

[MacL] S. MacLane, “Homology”, Die Grundlehren der Mathematischen Wissenschaften, 114, Springer, New York, 1967.

[Mk] B. Maskit, “Kleinian Groups,” Springer-Verlag, 1987.

[ST] H. Seifert, W. Threlfall, “A Textbook in Topology”, N.Y., Acad. Press, 1980. [S] A. Svoboda, “Computing mechanisms and linkages”, McGraw-Hill, 1948. [T] W. Thurston, “Geometry and Topology of 3-manifolds”, Princeton 1978– 81.

Michael Kapovich: Department of Mathematics, University of Utah, Salt Lake City, UT 84112, USA ; kapovich@math.utah.edu John J. Millson: Department of Mathematics, University of Maryland, College Park, MD 20742, USA ; jjm@math.umd.edu