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Nonpositively curved symmetric space X:

1. A simply-connected nonpositively curved Riemannian
manifold.

2. At each point x € X there exists an isometric involution
o, : X — X fixing z so that do,, : T, X — T, X Is —Id.

Key feature: X is homogeneous, i.e. G = Isom(X) IS
transitive.

Example 1: X = Sym,,,, the space of positive-definite
symmetric m x m matrices. Metricat 1 is (A, B) = tr(AB).
The isometry group is GL(m,R), stabilizer of 1 is K = O(m).
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DigFESSiOn: symmetric spaces and buildings

=

Nonpositively curved symmetric space X:

1. A simply-connected nonpositively curved Riemannian
manifold.

2. At each point x € X there exists an isometric involution
o, : X — X fixing z so that do,, : T, X — T, X Is —Id.

Key feature: X is homogeneous, i.e. G = Isom(X) IS
transitive.

Example 1: X = Sym,,,, the space of positive-definite
symmetric m x m matrices. Metricat 1 is (A, B) = tr(AB).
The isometry group is GL(m,R), stabilizer of 1 is K = O(m).

Example 2: X = H?, positive-definite symmetric 2 x 2
matrices of unit determinant.

-
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fInfinites;imal symmetric space: X' :=p =1T,X where o € X,
X Is a symmetric space.

The automorphism group of X’ is the Cartan motion group
K xp.
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Infinitesimal symmetric space

=

Infinitesimal symmetric space: X' :=p = T,X where o € X,
X Is a symmetric space.

The automorphism group of X’ is the Cartan motion group
K xp.

Example 1: X = sym,,, the space of symmetric m x m
matrices. The automorphism group is

K = O(m) x R™m+1)/2
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Infinitesimal symmetric space

o .

Infinitesimal symmetric space: X' :=p = T,X where o € X,
X Is a symmetric space.

The automorphism group of X’ is the Cartan motion group
K xp.

Example 1: X = sym,,, the space of symmetric m x m
matrices. The automorphism group is
K = O(m) x R™m+1)/2

Example 2: X = H?, X’ = R?, Aut(X’) = O(3) x R?.
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Euclidean buildings

=

Simplicial analogues X of symmetric spaces.
Automorphism group of X is a nonarchimedean Lie group,

e.g. GL(m,Q,).

Common features of infinitesimal symmetric spaces,
symmetric spaces, buildings:

1. Nonpositive curvature (in the sense of Alexandrov for
buildings).

2. Every two points belong to an apartment, an
iIsometrically embedded copy of the Euclidean m-space A.
The number m is called the rank of X.

3. The way the apartments are glued together is governed
by a finite reflection group W (Weyl group) operating on A
iIsometrically.

-
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Apartments

o .

Fundamental domain A of W is called a Weyl chamber.

AV
e

Example: X = H? or a tree. Apartments are lines.
Chambers are rays. W = 7Z/2

o -
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Buildings

o .

A lame attempt to draw a rank 2 Euclidean building.
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A-valued distance function

o .

Definition. Let x,y € A. Consider the vector zy with tail at
the origin=tip of A, then apply an element w € W to move
this vector to the chamber A.
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Definition. Let =,y € A. Consider the vector zy with tail at
the origin=tip of A, then apply an element w € W to move
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oy’ = da(z,y) = A-valued distance from z to y.
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Distance in a symmetric space/building

o .

If =,y are in a symmetric space or a building X, draw an
apartment A ¢ X through z,y and apply the above
definition.

Example 1. X has rank 1. Then da(z,y) = d(z, y)—nothing
new.
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If =,y are in a symmetric space or a building X, draw an
apartment A ¢ X through z,y and apply the above
definition.

Example 1. X has rank 1. Then da(z,y) = d(z, y)—nothing
new.

Example 2. X = sym,,, infinitesimal symmetric space. Then
d(o,x) is the set of eigenvalues of = arranged in the
descending order.
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Distance in a symmetric space/building

o .

If =,y are in a symmetric space or a building X, draw an
apartment A ¢ X through z,y and apply the above
definition.

Example 1. X has rank 1. Then da(z,y) = d(z, y)—nothing
new.

Example 2. X = sym,,, infinitesimal symmetric space. Then
d(o,x) is the set of eigenvalues of = arranged in the
descending order.

Example 3. X = Sym,,,, symmetric space. Then d(1,z) is
the set of singular values of = arranged in the descending
order.

o -
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Summary

=

Spaces : p="T,X X =G/K building
Automorphisms: px K G Gp
A-Distances: A A A
(04 o B
o B
Triangles: Y Y Y
n the case of symmetric and infinitesimal symmetric spaces,

LdA@, y) Is a complete congruence invariant of |z, y|. J
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Necessary conditions:
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Generalized Triangle Inequalities

Define D3(X) = {(«, 3,7) € A’: there exists a triangle in X
with the side-lengths «, 5, ~}.

Problem: Given X compute Ds(X).
In the rank 1 case the usual triangle inequalities define A.

Necessary conditions:
Let A* ={v:Vu e Aju-v >0} be the dual cone of A. Then:

1.a<a b+, 1.e. 6+~ —ae A%, and Ss-permutations of
this inequality. In rank 1 case this is (of course) enough.

More generaly:

2. wa <aAx w4y, Yw e W
- and permutations of a, 3,. In rank 2 case this is enough.
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Solution

=

Theorem (K.-Leeb—Millson). 1. D3(X) is a polyhedral convex
homogeneous cone in A3.
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Theorem (K.—Leeb-Millson). 1. D3(X) is a polyhedral convex T
homogeneous cone in A3.

2. D3(X) depends only on the (finite) Weyl group W and
nothing else.
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Solution

=

Theorem (K.-Leeb—Millson). 1. D3(X) is a polyhedral convex
homogeneous cone in A3.

2. D3(X) depends only on the (finite) Weyl group W and
nothing else.

3. (Also [Klyachko, Belkale, Berenstein—Sjamaar,
Kumar-Belkale]): The system of linear inequalities (GT]I)
defining D3(X) can be computed in terms of “Schubert
calculus” for generalized Grassmanians associated with the
complex semisimple Lie groups.
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Solution

=

Theorem (K.-Leeb—Millson). 1. D3(X) is a polyhedral convex
homogeneous cone in A3.

2. D3(X) depends only on the (finite) Weyl group W and
nothing else.

3. (Also [Klyachko, Belkale, Berenstein—Sjamaar,
Kumar-Belkale]): The system of linear inequalities (GT]I)
defining D3(X) can be computed in terms of “Schubert
calculus” for generalized Grassmanians associated with the
complex semisimple Lie groups.

Schubert calculus: computation of the cohomology rings
H*(G/P,7), where P is a maximal parabolic subgroup.

o -
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Fora,B,ve ACR™"={A: A1 > X > ... > A\ }:
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ALGEBRA
-

Fora,B,ve ACR™"={A: A1 > X > ... > A\ }:

P1. Eigenvalues of a sum. Give necessary and sufficient
conditions on «, 5 and ~ in order that there exist symmetric
matrices A, B and C such that the set of eigenvalues
(arranged in decreasing order) of A, B, C'is «, 3, ~y
respectively and

A+B+C=0.
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ALGEBRA
-

f Fora,B,ve ACR™"={A: A1 > X > ... > A\ }:

P1. Eigenvalues of a sum. Give necessary and sufficient
conditions on «, 5 and ~ in order that there exist symmetric
matrices A, B and C such that the set of eigenvalues
(arranged in decreasing order) of A, B, C'is «, 3, ~y
respectively and

A+B+C=0. <~ A+ B=-C.

P2. Singular values of a product. Give necessary and
sufficient conditions on «, ¢ and ~ in order that there exist
matrices A, B and C' in GL(m,R) the logarithms of whose
singular values are «, 5 and ~, respectively, so that

o ABC = 1. .
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Linear algebra digression
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Singular values: Compute eigenvalues \; > ... > A, of
v AA*. They are called singular values of A. Then

A=UDiag(\1, ..., A\pn)V

U,V € O(m) (singular value decomposition).

=
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Linear algebra digression

o .

Singular values: Compute eigenvalues \; > ... > A, of
v AA*. They are called singular values of A. Then

A=UDiag(\1, ..., A\pn)V

U,V € O(m) (singular value decomposition).

Smith normal form: given a matrix A € GL(m,Q,) multiply A
on the left and right by square integer matrices to get a
diagonal matrix Diag(p=*t,...,p~*») (Gauss-Jordan
elimination).

The matrix Diag(p=™t,...,p~*) is called Smith normal form
of A.

The integers A1 > ... > \,, are called invariant factors of A.

L(—logp of the diagonal entries.) J
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Representation theory

o .

m-tuples of integers a = (A > ... > \,;,) parameterize
irreducible representations V,, of GL(m,C); « Is the highest
weight of V.
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Representation theory

o .

m-tuples of integers a = (A > ... > \,;,) parameterize
irreducible representations V,, of GL(m,C); « Is the highest
weight of V.

We are now ready to state two other algebra problems.
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Representation theory

o .

m-tuples of integers a = (A > ... > \,;,) parameterize
irreducible representations V,, of GL(m,C); « Is the highest
weight of V.

We are now ready to state two other algebra problems.

Below «, 8,7 € AN Z™ are dominant weights of SL(m, C):

o -
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2 discrete problems

-

P3. Invariant factors of a product. Give necessary and T
sufficient conditions on the integer vectors «, 6 and ~ Iin
order that there exist matrices A, B and C in GL(m,Q,) with

iInvariant factors «, 3 and ~, respectively, so that
ABC = 1.
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-

P3. Invariant factors of a product. Give necessary and T
sufficient conditions on the integer vectors «, 6 and ~ Iin
order that there exist matrices A, B and C in GL(m,Q,) with

iInvariant factors «, 3 and ~, respectively, so that
ABC =1. <<= AB=C"1

P4. Decomposing tensor products. Give necessary and
sufficient conditions on «, § and ~ so that
(Vo @ Vg @ V) ELmE) oL,

— V, CVa® Vs
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(reductive) Lie groups G, like Sp(m),O(m). So we have
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Generalization to other groups

o .

The above algebra problems make sense for other
(reductive) Lie groups G, like Sp(m),O(m). So we have
problem P1, P2, P3, P4 for groups G(C), G(R), G(Q,) (e.g.

O(m,C), Sp(m,Qy)).

Instead of eigenvalues, singular values, invariant factors
one works with Cartan decompositions.

In place of Z™ in P3 one uses the cocharacter lattice L of a
maximal torus: in case of P4 this is the character lattice L.

Let Sol(Pi,G) denote the solution set of the problem P: for
the group G.

o -

.—p.18/3



o -

It turns out that there is an “obvious” condition that solutions
of P3, P4 have to satisfy:

d=a+3+7€Q(R"),QR),

the coroot and root lattices respectively.
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of P3, P4 have to satisfy:

d=a+3+7€Q(R"),QR),
the coroot and root lattices respectively.

For SL(m) it just means that the sum of coordinates of the
vector ¢ is zero.

Hence | will assume that o, 5, € L and that the “sum”
condition is satisfied whenever we discuss problems P3, P4.
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It turns out that there is an “obvious” condition that solutions
of P3, P4 have to satisfy:

d=a+3+7€Q(R"),QR),

the coroot and root lattices respectively.

For SL(m) it just means that the sum of coordinates of the
vector ¢ is zero.

Hence | will assume that o, 5, € L and that the “sum”
condition is satisfied whenever we discuss problems P3, P4.

So far we have discussed problems, it is time to talk about
the answers!

o -

.—p.19/3



Relation between algebra and geometry

o .

Associate with g1, g2, g3 € G the polygonal chain in X with
the (four) vertices

0, g1 (0)7 9192(0)7 919293(0)’



Relation between algebra and geometry

o .

Associate with g1, g2, g3 € G the polygonal chain in X with
the (four) vertices

0, g1 (0)7 9192(0)7 919293(0)’

Then gi1g293 = 1 corresponds to the triangle in X, with
A-side lengths a = da(0,91(0)), 3 = da(o, g2(0)), etc.



Relation between algebra and geometry

o .

Associate with g1, g2, g3 € G the polygonal chain in X with
the (four) vertices

0, g1 (0)7 9192(0)7 919293(0)’

Then gi1g293 = 1 corresponds to the triangle in X, with
A-side lengths a = da(0,91(0)), 3 = da(o, g2(0)), etc.
Therefore

D3(X) = Sol(P2,G), for a symmetric space X = G/K,

.- p.20/3



Relation between algebra and geometry

o .

Associate with g1, g2, g3 € G the polygonal chain in X with
the (four) vertices

0, g1 (0)7 9192(0)7 919293(0)’

Then gi1g293 = 1 corresponds to the triangle in X, with
A-side lengths a = da(0,91(0)), 3 = da(o, g2(0)), etc.
Therefore

D3(X) = Sol(P2,G), for a symmetric space X = G/K,

Dg( ) SOZ(PI G)
Lfor the infinitesimal symmetric space X' = T,X. J
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D3 (symm)

GL(m) case

Saturation theorem, Knutson and Tao

-

H Klyachko

Sol(P1, GL(m,C))
-+

Klyachko
Sol(P2, GL(m,C))

X

Sol(P4, GL(m,C))

Hall H Klein

Sol(P3, GL(m,Qp})

X
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GL(m) case

-

Saturation theorem, Knutson and Tao
D,(sym ) Sol(P4, GL(m,C)) ®
H Klyachko Hall H Klein
Klyachko
Sol(P1, GL(m,C)) Sol(P2, GL(m,()) Sol(P3, GL(m,Q ))
+ X <

Recall that Sol(P3), Sol(P4) are contained in certain
lattices. Namely:

a,B,v€ Lia+ B+~ €Q(RY).
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D3 (sym m)

GL(m) case

Saturation theorem, Knutson and Tao

KLM H Klyachko

Sol(P1, GL(m,C)) N

Klyachko

KIM

X

Sol(P2, GL(m,C))

KILM

Sol(P4, GL(m,C)) ®

-

Hall H Klein, KIM

Sol(P3, GL(m,Q p))

X
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D, (sym )

KLM H Klyachko

GL(m) case

Saturation theorem, Knutson and Tao

=

Klyachko

Sol(P1, GL(m,C)) N

KIM

X

Sol(P2, GL(m,C))

KILM

Sol(P4, GL(m,C)) ®

Hall H Klein, KIM

Sol(P3, GL(m,Q )

X

Knutson—Tao, Hall and Klein— combinatorics.
KLM P4 C P3— Satake correspondence (a kind of Fourier

transform).

P2 = P3— geometry.

- p.22/3



D,(X)

H KLM

Sol(P1, G(R))

General case

KIM

Sol(P2, G(R))

Alexeev—Meinreeken—Woodward

Evens—Lu

KILM

Sol(P4, G (C))

ﬂ KIM, Haines, KM

Sol(P3, G(Q )

-
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D,(X)

|

Sol(P1, G(R))

General case

Saturation theorem (KM)
lattice points x k

-

KIM

Sol(P2, G(R)) j

Alexeev—Meinreeken—Woodward

Evens—Lu

KIM

Sol(P4, G (C))

ﬂ KIM, Haines, KM

Sol(P3, G(Q ))
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General case

Saturation theorem (KM)

lattice points x k
D,(X) ( Sol(P4, G (C))
H KILM ﬂ KIM, Haines, KM
Sol(P1, G(R KM 1(P2, G(R = 1(P3, G
ol(P1, G(R)) Sol(P2, G(R)) ) Sol(P3, (Qp))

Alexeev—Meinreeken—Woodward
Evens—Lu

'he number & is the saturation constant, depends only on
the group G. For GL(m), k = 1!
"he current values of k are described on the next slide.
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D,(X)

|

Sol(P1, G(R))

Saturation theorem (KM)
lattice points x k

General case

=

KILM

Sol(P2, G(R)) j

Alexeev—Meinreeken—Woodward

f

Evens—Lu

KIM

Sol(P4, G (C))

ﬂ KIM, Haines, KM

Sol(P3, G(Q ))

he number k is the saturation constant, depends only on
ne group G. For GL(m), k = 1!
"'he current values of k are described on the next slide.

Multiplication by 2 is needed for all non-simply laced

groups.
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D,(X)

|

Sol(P1, G(R))

General case

Saturation theorem (KM)
lattice points x k

=

KILM

Alexeev—Meinreeken—Woodward

Evens—Lu

KIM

Sol(P2, G(R)) j

Sol(P4, G (C))

ﬂ KIM, Haines, KM

Sol(P3, G(Q ))

he number k is the saturation constant, depends only on
the group G. For GL(m), k = 1!
"'he current values of k are described on the next slide.

Multiplication by 2 is needed for all non-simply laced

groups.

LConjecture: One can take k£ = 1 in the simply laced and k = QJ
in the non-simply laced case.
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Picture of Sol(P4)
- o

G can be explicitely estimated

[
O notin Sol(P4) ‘/ Py
> & o o
® in Sol(P4) ’/ o o o
’ D.X)+ o
o 6 o o o 3( )
e o o o o
o -0 -0 -0
9 9 ? 9 9
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Current saturation factors %:

Root system R Group G k
A SL(m+1),GL(m + 1) 1
B SO(2m+1),Spin(2m +1) | 2
Cm Sp(2m), PSp(2m) 2
Dy, Spin(2m), SO(2m) 2
G2 G 2
Fy G 12
Fs G 6
b G 12
g G 60




Gauss map

§37 m3

Gauss: Triangles — weighted configurations at infinity.
21,12, 23] — ((§1,m1), (§2,m2), (€3, m3))

o -
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Gauss map

§37 m3

Gauss: Triangles — weighted configurations at infinity.
21,12, 23] — ((§1,m1), (§2,m2), (€3, m3))

LWe would like to invert this map. J
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Fixed point problem

-

A fixed point problem for the map ¢ : 1 — z4. Existence
< the weighted configuration at infinity is nice
semistable.

.- p.28/3



Proof that [); depends on |11 only

o .

How to transport triangles from one symmetric space
(building) to another.



Proof that [); depends on |11 only

fHow to transport triangles from one symmetric space T
(building) to another.

Suppose that X is a nonpositively curved symmetric space,
O~ X IS the ideal boundary of X.
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Proof that [); depends on |11 only
-

How to transport triangles from one symmetric space
(building) to another.

Suppose that X is a nonpositively curved symmetric space,
O~ X IS the ideal boundary of X.

Cone(X) is a Euclidean building attached to X (e.g. the
asymptotic cone or cone over infinity).
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Proof that [); depends on |11 only
-

How to transport triangles from one symmetric space
(building) to another.

Suppose that X is a nonpositively curved symmetric space,
O~ X IS the ideal boundary of X.

Cone(X) is a Euclidean building attached to X (e.g. the
asymptotic cone or cone over infinity).

Let X and X’ have the same (finite) Weyl group.

.~ p.29/3



Proof that [); depends on |11 only
- -

Triangles in X «—— | Triangles in X’

| Gauss | Gauss
Semistable configura- Semistable configura-
tions IN 0o X tions in 0, X’

| Gauss | Gauss
Triangles in Cone(X) | "X [Triangles in Cone(X)
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