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A BRIEF SUMMARY OF MULTIPLE INTEGRATION
AND COORDINATE SYSTEMS
Math 21D Koubo,

I. Double Integrals

A. Rectangular Coordinates : dA = dy dz
B. Polar Coordinates : dA = (r df) dr = r dr df

IL. Triple Integrals
A. Rectangular Coordinates : dV = dz dy dz
B. Cylindrical Coordinates : dV =dz dr (r df) = r dz dr d8
C. Spherical Coordinates : dV = dp (pd¢) (p sin ¢ d8) = p*sin ¢ dp d¢ d6

IIL. Relationships Between Coordinate Systems dx ?\T 4 V
A. Two-Dimensional— rectangular (z,y) , polar {r,8) ?‘*h 1/ } — d
Z " -
z=rcosf ,y=rsind i T iY‘.""lYk
and 2_ 2,2 y X it
ri=gzt+y tanf =2 Xedx Lo . A V4

B. Three-Dimensional— rectangular (z,y, z) , cylindrical (r, 8, z), spher-

ical (p, 0, 4)
r=p sing
and
z =(p sing) cosd =p cosd sing,
y = (p sing) sin@ =p sind sing ,
z2=p cosg
and

pr=z 4yt + 22
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Math 21D

Kouba
. Applications of Triple Integrals

Let R be a solid region in three-dimensional space and let § (P) be the density of the region

at point P = (z,y,z2) .

1.) VOLUME : / 1dV  represents the volume of region R.
R

2.) AVERAGE VALUE: m%—o-f-,—R /1; flz,y,2)dV represent.s the average value

of function w = f(z,y, z) over region R.

3.) MASS: [ 6(P)dV  represents the mass of region R.
R

4) MOMENT :

a.) / (z — a)d(P)dV represents the
R

b.) f (y —b)6(P)dV  represents the
R

c.) f (2 — c)d(P)dV represents the
R

5) CENTER OF MASS, (z,7,%) :
Jrzé(P)dV
[ 5(Pyav

fR yd(P)dV
Jpd(P)aVv

1]
Il

a.)

s
|

b.)

) [p286(P)dV
[Py av

i
i

6.) CENTROID, (,7,%) :

dav
a) I= Jr2
[ 1dV
1’4
[, 1dV

represents the

represents the

represents the

moment of region R about the plane z = a.
moment of region R about the plane y = b.

moment of region R about the plane z = c.

z-coordinate of the center of mass of region

y-coordinate of the center of mass of region

z-coordinate of the center of mass of region

represents the z-coordinate of the centroid of region R.

represents the y-coordinate of the centroid of region R.



represents the z-coordinate of the center of mass of region R.

NOTE : The formulas for centroid follow immediately from the formulas for center of mass
by letting density 6{P) = 1.

7.) MOMENT OF INERTIA : f (distance)*6(P)dV represents the moment of inertia

R .
of region R, where distance refers to the distance from point P = (z,¥, 2) in region R to
either a point or axis (line) of rotation.



