
Final solutions :

la) A inv e⇒ det A to

det ( AK ) = ( def A )
"

to IT

(lb )

lb) A inv - ⇒ At inv e = > deff
"

) to

I = det ( AKCAKI
'
'

) = deflate ) det ( Ak )
- '

= ( det A)
"

det ( A
"

)
-
'

⇒ det ( Ak )
- '

=

( det Al
" II

le) see practice final II

Id det( A ) -
- det (p Jp

-
'

I §
Pis invertible

= detcp )detJ detects
-
'

I

= detpdetp det J = def J g



* You can also use
2) Find ( g bg ) diagonalization!

C : :X : ) -

- C : )
⇒ a t 2b = I

C t 2 d = 2

c : :X
-it.

- a t 2b = 2

- C t 2 d = - 4

I 2 O O l

r:÷÷÷l



Ru - RatRz

Rz = Rztr , I 2 O O l

- I:÷ : :
÷÷÷:c:÷÷÷:÷:D
R
,

= R
,
- 2.Rz

Rz = Rz - 2kg
l O O O - 112

- ⇐÷:i÷:L
so a -

- f 's" -

Y:)
#a



3A) we require
£ + y

'
=o x.ZtyZ=o

2- -

- o Z -- o ✓ ⇒
⇒

7C t Z = O 7C = O

y2t Z 3=0 ( YZ = o

So kerf = { ( o ,
o
,
o) } II

3b) f-(x.yet ) = ( 4,13 ,
8

,
s)

= ( kZty2 , Z ,
at Z , y2tZ3 )

⇒ B -
- Z

, d=x2tyZ
-

x. = for - y
'

⇒ ✓ = Va-yTt B

⇒ G = d - 22 +133



K =Va-yT = Z - B

R2 = 22-22,3+132
So 3 = 2 - 22+2813+132 +133
So

Rngf = { (dip ,
8
,
b) EIR'll

z - 2 to
'

- 22ps -p
' -133=0 }

a



3C) f is not l - l ,

f- ( O , I , 0,0) = ( I , 0,0 ,
I )

f- ( o , - I , 0,0 ) = ( 1,010,1 )

not onto since C - 1. 0,010 ) not

in range . Kha



4) We look at how

c÷÷÷÷:÷
behaves

a u
= - l

,
a iz

= I
,

- . .

⇒ - l l l l - I

← a- ( Iii "

o )O l - l l - l

l l l l - I



RREF

~ I

so sank A --5 I by rank - nullity ,
dim ( neat) -

- o . Es



Sa) we look for functions such that

dozy = Xy which is solved by
XTC

y -

- Ce

so the eigenvalues are XEIR ,
since

for any
XEIR

,
e
""
is a solution ,

hence

an eigenvector - II

Sb) we have only seen transforms on
finite dimensional spaces , which will have

finitely many eigenvalues .

We have here infinitely many eigenvalues
where as normally we have seen

finitely many. IN



6) since Rtaib] a v.s . ,
the subspace theorem

says it is sufficient to prove closed

under t
'

g x :

① : f
, g have zero mean

fab f- (x) t g (x ) doc = fab floc) da
+ fabgcxldx

= 0 to = o ✓

④ "

fab ( af)(a) de = af! f- Cao) da
= do = o

✓

⑤



Fa) No such f exists since the dimension of

the domain is smaller than dim of

range . I

7-b) No such f exists since the dimension of

the domain is larger than dim of

range . I

⇒ Not possible , Isle dimMzxz II

Fd) Not possible ,

1st > dim Maez II

7-e) This can happen . Rank - Nullity says
rank At dim ( NCA)) = m

II

at most

d
,

so if m 320 this is

possible II



Ff) Not possible . To be similar to a

diagonal matrix ,
must have

Egg
alg mutt = geo mutt.



8A) Since c' Cir) is a vector space, we must

show the set of solutions is closed

under t and x
.
Then the subspace Thm

allows us to conclude set of solo is

itself a v. s .

⑤ Let u , w solve #Ut u -- o , ¥Wtw=o

then #( u tw ) t ( utw )
= # u tu t #W t w = O

⑦ Let their

# ( tu ) t Cau )
= ⇐U tu ) =o

So the set of sols is a v. s . I



8b) since E
"
is a solution

, the space

of solutions must be at least

dimension 1
,
since yet e-

"

> solves

ODE .

84 I
doc Y

= - y

⇒ - fly doc = etc

⇒ - log ly I = acte
- 7C

y = Coe ← All solutions look
-

like this
,
i.e.

a span
-x

since set of sols is ee > and

hence has dimension l . #



9a) Property l :

co:X: :X : : ) -
- C : :)

: :S .

- c: :S
⇒ a = I

property 2 :

c : :X : :X::S -

- C : :S

I:X: : ) -

- C: :b )
⇒ cb = d

property 3 :

cc : :X: :D:c : :X: :b)
cc : : ) Ie: : ,



= ( j g ) ⇒ b - o

property 4 :

u : :X::b: c : :)

ik. :b
'

.

- C : :S
⇒ C -

-o

So A=At=(
9b) This property does not actually

hold in general! I



9C) ( At )
t

= A

follows from properties 2 I I , Let

At -- B
,
then by '

B. (Bt ) B = B

and by 2

At A At = BAB = B

⇒ A = Bt = ( At Jt
pg

9d ) If A is invertible
,
all four properties

are satisfied
,
since At is unique ,

At = A
'! Eh



①a) we know A- ( 'o ) -

- ( 'o ) . Af ; ) -

- ( t )
SO

ye -
A is

So this is a shear w/ a
slight vertical stretch .

'Ob)
( Aa - 2µA)w= - MZW

⇒ ( AZ - 2µA tri I )w - o

⇒ ( A - µI)2w -

- o

det((A -MI5 ) = ( det CA -UI ))Z=o
SO det ( A -µI ) =o

⇒ ( l - µ ) ( 2 - m ) =O ⇒ re
-
- I

,
2



ca - It:c: :X: : ) -

- C: : )

( g : K : ) -
- C : ) ⇒ b-- o

choose a = '
, then

w = ( ! ) solves for µ -
- l

( any multiple of w also works)

( A - ZI)
'

-

- ( I d) ("o .
' ) -

- f ! I)

c : :X :S .

- c :S
⇒ a -

- b

w -

- ( ! ) (or any multiple) form -

- 2

I



3C) These are the eigenvectors ( eigenvalues
of A = ( IL) since they satisfy
the same char polynomial ,

and

the same eigenvector eggs . D

3d)
A ( AZ t 3µZ I)w -µ (3A

'

tu
'
I)w

=( A
}
- 3µA't 3µZA - u3I ) w

= ( A-MI)3w

So true for
µ

-

- 1,2 and

w -

- ( j ) , ( ! ) ( scalar molt )

by Cal
,
lb )

& HB
( All eggs are the same)

S




