
22A Lecture 2 : 06/24/20

• Closure :

→ Mmm ( Q ) under addition

Def : A set E is closed under the operation
⑤ if for every a.b EE ,

a b EE .

Ex 42 is closed under t

a ,b EIR Atb E 112

Than:( Closure of Ilmen (Q) under addition is
scalar multiplication )
Let A ,B Ellman (e )

,
then for every

RE Q
, 4 A C- Mm en Ce) and

At B Ellman ( Q) .

Recall A = ( ai ; )men = ( ee . . )
& A = ( Lai ; ) men , At B = (aijtbij)men
& scalar multiplication



Pf : we have A- = Cai;) man ,
B -- (bij)men

where aij ,bij E Cl ,
lEi±m

,

and

lEj±n . We know that Q is closed

under addition
,
and multiplication .

Therefore daij and aijtbij
are in ¢ for all i ,g . Therefore

2 A = ( da; ; )m→ and

At Bz (aijtbij) men are

men matrices w/ complex

entries
. I therefore 2A & ATB

are in Ummc . HG

• same proof w/ minor tweak giver
closure for Ilmen ( IR) .

LEID



tf = for every
=

• A digression on fields

Idea is to generalize 112 and Q .

Mathematicians like generality

*Don't memorize , look up on test .

Def : A field is a set F
, together w/ two

operations ⑤ ,
⑦ such that I

a
,
b
,
C E IF

① : closure under ⑦ : a① b EF

② : commutivity a
. a⑦b = b.① a

③ ' associativity : a⑦ (b①c)
+

= Cato b) ① C
w f
E gd s ④ : Zero : There is a O C- IF such that
d

} e t a E IF
,
O ⑦ a = a

+ I
v ri ⑤ : negatives : H a E F Z C- a) C- IF

at
such that a① C- a) -

- O



SB : a⑤ b = a tb
,

ab = a b

⑥ : closure under ④ a
.
Ha

,
b C- IF

a b E IF

⑦ : associativity : a (b④c)
= (a b) ⑤ C

@I : commutative : aQb = b a

f. unit element or identity
⑨ : one g z I C- IF such That

it a c- If a# I = 9

⑤ : Reoipricols : ht a c- IF
,
a ¥0

,

F a
-
'

c- IF such that a a
- '

= I .

④ : Distribution over addition :

a (b⑦c) = (a b)⑦ (a c)



Ex IR and I ① = t
,
€ = x

to Field of two elements :

{ o ,
i 3

,

O too = o

l ⑦ I = 0 , 1+01=0

O ⑦ I = I = I ⑤ 0

I① 0 = 0
,
0×00 = 0

C- = is a member
of I ① I = 1

.

at E

or CCIR) is the space of continuous
functions

almost a field

but { f ECT IR) / ethier f so ,
f -03

and {f- = 03

I = I
,
f = o is zero f

-
'

= If .

A- = Identity element , one w/

two bars



• solving linear Egs
→ Some geometry

n Y

s÷ .

y = - x t 3
N

E x - y = O{ a t- y =3

goal : find Ca , b )

E x Ly t a tug = 3

Zz x = 3 ⇒

x=2K
t y = 3

Z t y = 3
⇒ y = ,



So ( a
,
b ) = ( 2

,
l)

ill :L .
- c :S

& as of yet undefined

µ some manipulation

c : :X :S .
- c : )

{ a -
- a

y = b



• Equivalent systems of eqs .

A
, i Az are men matrices Mmm ( IR)

a- ( ÷:) b.=/ ?÷;)
be = ( by:S!)

we define equivalence as

Apc = b
,
n Aza = bz

if the same x solves both eggs

⇐

⇐¥
.

'

.
.
-→ c. i :X :3 -

- K)
Solution : x = - I

, y = 2



{ 'Iz ⇒ f, :X:).
Solution : a = - I

, y
-
- 2

Says that multiplication of a line
doesn't change solution

{ " toy
= - i

07C t y = 2

c : :X:) -- cis
← (%) ( x ) -

- CI )
y



• Geometry y

① a ②

:*. # .

woe

Transform ✓

-

7C = a

y = b

① and ② are equivalent , but ②
is much nicer

• Two tasks :

(a) Find operations which preserve
intersection point

(b) Find a nice transformation



• The 3 row operations

① Interchange two rows

② Multiplying a cow by a scalar¥30 Adding two rows

④ Adding a multiple of one row
to another

E: ::

C. till :L -

- fi )



① : Interchanging rows

I
ti : K;) .- fi )

② : Multiplication by a scalar ( that isn't

# →µ
zero)

"""

I '÷÷.
Gill: ) l

- H



* Most interesting
③ : Adding two rows

Add blue to red

^ {
- K t y =

- I

y = Ot÷ ⇐ in :'

Given two lines

y = M ,
I t b

, c y = Mzk t bz

Intersect at ( 2,13 )

B = m
,
d tb

,
= Mz Q t bz

Add lines

y = mix +b ,

+
y = Max tbz
-

Zy = (m, tmz)x + (b, tbz)

⇒ y = Iz cm , tmz) x t Iz ( b , t bz)



= I ( mix t b, ) t { (mzrktbz )

x =L f
{ (m,

2 tb,
) t Iz (mzdtbz)

= I B t IB = B
q
-

* Adding lines preserver intersection .

• Takeaway : solving linear equations
amounts to figuring out what
order to do the row operations .



(Reduced)
• Row Echelon Form

A matrix A is in REF if

( 1a) non -Zero rows on top

(b) leading column number increases
Cc ) leading entries are I

(d) A column w/ a leading I had
only zero entries otherwise

O l x O O X O⇐ § ! ! I § ) fusser)
O O O O O O O

c:÷gagc*:⇐ ,



Ex: O l o 3 0

(g g j g '

o) G- Moses Cir )

II identitymatrix
' '

= (÷ !! !
( : :)
I O OC: : ;)

I 2 O O( go.io, )



Quiz solution :

( A) l O O O⇐%)
"

I:&
""

(go.EE#yoieadco" }yO O O O

q r p
increase

.



lb) ⑤ Associative means

a①(b. ⑦ c) = (a b)⑦ c
A-

a④( b.⑦ c) =

÷

⇐= ( a① b)① C

o
-

Say A
,B. C C- Muley ( IR)
g


