
Lectures : 07/01/20

• Vectors ( fancy way to think about 112
"

)

in kotorciiemfignnitudei
we can represent
as coordinator

=magnitude
( a ,b ) length by Pyt . Thm . is

-

✓ a' tho"

↳ ( a , b )
V9Ztb2

y
y

R ZU
,

K
.

Scalar mutt .



y

÷: Iii: ". ..

= (a.tae ,

b
,
+be)

a-a 4
since t on 112

is commutative

vector t is too

V , tvz = Vz tu,

a
Y V

,
-

- Ca , ,b , )

¥'s .

"" """" '

- v
, V



• Once we have addition and multiplication
by - l c we get subtraction .
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Pf : Generalize to higher dimensions

Recall that 112M€ Mien ( IR)

treat v
, , vz as row vectors
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ht = for all

F = there exists
- F . = such that g.t. coach

• Big idea : Vector Spaces

Def: A vector space is a non-empty set V
over a field IF with two operations

• Addition : closed tf u , w EV

U t W E V when we say
"

over

IF
"

we mean molt .

• Scalar Mutt : -V/⇒IF, u EV
Lu E V

Furthermore
,
V must satisfy the following :

① Associativity : tf u
,
w

,
z EV

( u t w) t Z = Ut (w t z )

② Zero : F O E V o F - tf u C- ✓

U to = O tu = U

③ Negatives : tf u EV , F C- u ) EV . 7 .

U t C- u ) = O



④ Commutative : ht u
,
w EV

U t w = W tu

⑤ Scalar
.
Mutt . Distributes over

Addition
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L (ut w) = du t 2W

⑥ f 2,13 C- IF
,
ht u EV

(atB) u = du t Pu

⑦ tf 2.BE IF , ht u EV

( 2ps)u =L Cpu)
Question : does Cdp)u=(Ba)u ?

Why or why not ?

⑧ Identity : F 1=1 Elf at - f u EV
Iv = ( u = U



Think :
"

112M over 113
' '

Vector space has four components

• Nonempty set V ← we call there
vector

• A field if ← we call these
scalars

• An operation t

• An operation t

claim: The inverse element is unique .

Take away : we do not know

what V is
,

-It is
,
t is

,
X

is .

Pf : Let u t a = O
,
Vtb =o

WTS : a -

- b

U t a = o = ut b

a +(u t a) = at@ + b )

associativity(a tu ) ta = (at u ) t b
①



O ta = o t b by②

a=b_

Inverse element in THIS context is C- u)

Pw : civ
the negative..

• Ex
.

Of vector spaces :

Ilmen (IR) over 112 is a vector

space

t is normal addition
,
Mutt is

normal scalar matrix multi-
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ht AE Ilmen CIR)

It A = (Ot ai;) men = ( aij to )mxn

= A- to = ( aij to ) men
= ( ai-g)men = A



• R(Ea ,b3) : the space of Riemann integrablefunction on [a ,b3 .

f E R( ta ,b)) if fab f da e D

-

has to make sense

Defined via a limit of
partial sums
- I

f ! f da = n'if II. f "

ta)
•

f- tag is as expected
and over IR LEIR ⇒ af

• closure under t
,
ft g ER

( ab ft g da = f ab f da t fab y doc
a
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-
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• mutt fbadfdzc = a fab f da



• Homogeneous System of Egs
Are = b is homogeneous if b -- o

⑥& the form Ax -- o

A- Ellman ( k27 ,
K C-Mnt , ( H2)

Thing to note : if a , y C-Nne , ( 112)

solve Ax -

- o
.

that is Aa -- o
'

g

Ay -
- o ,

then xty also solver

A- (x ty) = Axt Ay = 0 to = 0

If Aa -- o
,
then ht delk

A- ( Loc) = 2Ax = d( Ax) - Lo -

- O

00 27C also solves our system .

-8 Makes us think we have a vector

space .



Indeed the space of all solutions to
a homogeneous of . is a V - S .

• Subspace

Def .. given a v.s . V . A non -empty subset

W
, (W C V ) is a subspace if

W is itself a vector space .

← over 112

Ex IRC 1122 "

IR is a subspace of 42
"
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we know 422 is a vector space

112 is a vector space .
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2C v ,
EV

Af
.

Hey - v
, HV

✓ so not closed under
scalar molt

- Vi V ⇒ not a v.s .

Question 2 : what def of t , x
maker a quadrant into a

v. s . ?

Thm: Let V be a v. s . and let W be a

non - empty subset of V . Then W
is a subspace if and only if W

is closed under addition I scalar
Mutt .

Pf : W subspace ⇒ closed under add .
mutt .

follows from def . of a subspace

W closed under add I molt ⇒ subspace



② Zero :

- f.
and knew

WTS : O EW
,

Otw = W

what we know
a

WWK : tf u EV
,
U to = U

W is closed under scalar Mutt .

So
. . .

tf WEN
,
ow -

- I
,
⇒ JEW

since f UEV
,
Uto -

- U

w to = W E W .

③ Negatives
WTS: tf WEW

,
F C- w) EW - 2 .

Wt C - w ) = -0

WWK : f UEV
, F C - u ) EV - F -

U t C - u ) = -0

because WE WCV , F C- w) C-V.7 .

W t C -w ) =J

We also know C- 1)w =@ WD



and because W closed under molt .

-WE W . ⑤

pw : july- 4



Quiz 2 :
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A B

Asso citive

(A①B) ⑦ C = A ⑦ (B④C)

let c -

- ( E;)

A⑦ B = ( III:; )

f.
"

-
- c : *

A⑦ (Bto c) =(I;:bgt



"÷: ⇒

(; I :} ) m-
-zur . ( : :*! )
want k - F -

Z tk = o

K = - Z

( I 2 !?) ⇒ no sol .
O O S

c : : : ;DO O k t Be
=

W
O



CE :3
-
'

= CET )
determinant

A Eminem ( le)

det A .

f
some #

If def A -- O
,
then there is

no solution

Rule : tells how to get # for
A-EM
, +3

( 112)

k ta = def A = O


