
Lecture7 : 07/08/20

Def : Let V be a v.s .
,
X a family of

vector
,
X CV . X is a basis of V

if and only if

① ex > -- V

② X is linearly indepent (L. I .)
"
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Ex : X = { ( i ,
o )

,
( o ,
1) 3 C IR

Le Lz 2

Y = { ( i
,
I )

,
( I

,

- 1) 3 C IR

Rep . under x
( a ,

b ) = ax
,
t b >ez £

Rep .
under

Feria"%Fh:[ = atzby , + a-zty.es Y

key takeaway is that we can write

vectors as linear combinations .

(7-Q1 : Pw : base
← ✓ is a v. s .

Thin: Given any set SCV , where es> = V ,

we can find a subset of S which

is a basis of V.

Pf : sketch : Remove vectors from S
,
until

S is L- l
.

Notation ACB means V a EA
,
a C-B

A -
- B ⇒ AaB iz BCA



• Dimension of a v.s .

Def : V is finite dimensional if and only if
there is a finite family of vector

spanning V .

Thm: Let U be a v. s. and be finite dimensional
( f.d . ) ,

then

① There is a finite basis for V

② All bases of u are the same

size
.

Pf ① is a consequence of the Theorem
above .

ITB {
② basically : given two bare-

X I Y ,
we take advantage

of the fact that

x c EY )
, Yc ex>



I Al = # of elements in A

IX I '- n e
( Y l -

- m

X c E Y > ⇒ n em
,
since otherwise
X wouldn't be

a barge

Y c e x > ⇒ ME n

⇒ m -
- n

1×1 = 1 Y l
#

Def : The dimension of a v. s . V
,
denoted

dim V
,
is the size of any of its

bases
.



Egle?e'37=423
base b.c

.

→ (a.b.c) = a e'tbe'tce
's

C.to ⇒ base

Ex : 423 has dim 1123=3
,
since L

Z

e
' e e
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{ ( Ico ,
o )

,
( o

,
1,0 )

,
( 0,0 ,

I ) }

is a basis of 1123

Ex : Pn Isis : space of n - th degree polynomials
anger
"

tan
. ,
an
- '

t -i - tape tape

dimpntx] = htt

since

{ I ex , x

"

,
- - -

,
x
"

} is a basis .

Prop : Let V be a v. s .
w/ dim V '- n > o

① Every lol. family of vectors has
utmost n members .

② Every family spanning V has

at least n members .
-

• pf in book



→ Gives a nice way to check Lal .

Ex { ( 1,0 ,
o ) , ( I ,

I
,
o )

, ( I 10 , t ) , m

€

( o , I , 1) 3 C 1123 of
re

Not Lola be 4 vector
,
433

So not lol.

• L7Q2 pw : dim

• LFQ 3 pw : dim 2



✓ a v. s .

6
Prop : Let WCV be a subspace , then

dimW E dimV . M if w a subspace ,
then dimwrdimv

Proof Technique , contradiction :
•
if P

,
then Q

P Q P ⇒Q p Q 7 Q ⇒ > P
I -
O O l T

O O

o

. :/ : e

: :/ :
l l l l l l

proof by cont . say 7 Q ⇒ 7 P
9
not

WTP : W a subspace ⇒ dimW dimV

#Same as y

dimw > dim v ⇒ W not a
subspace



Given WCV

Given W a subspace ⇒ W is a v.s .

Pf : suppose dimV e- dimW
,
since W a

V
- S-
F x c w ez . I X I = dim W

} f × > =Wt X is a base of W
x is L. I .
•

but wcv ⇒ ex > c V

⇒ 1×1 I dim V

IX l -- dim W E dim V

E {dim v e dim w ←
' Q

contradiction

⇒ dimW e- dim V Q Hhs

Take away: Giver a way to rule out

w being a subspace .



• Four Fundamental subspaces

Given a matrix A- Ellman ( IR)

① Row space C ( AT )

② Column space C ( A)

③ Null space NCA )

④ Left null space N ( AT )
-

③ Nullspace : NCA) consists of

the solution to Ax -
- o

N ( A) CIR
"
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.
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K t 2g = O
K = - 2cg

L
- 2 = -Bci)

Z = o

( - I
,
-2

,
I
,
O ) solves

Aa -- o

A- (La) -- o

= 2 (Aa) -
- o

-

O

{ { C - 2 ,
I
, -1,0137 = N ( A)

ID null space IN ( All =D

f- dim NCA)



3×4 4×1 = 3×1

- b

Coo : : e : )
SW or z

w t Z IO W = - Z ← Two

K
tag to go = -y

← parameter
f)

Aoc or y
( 1,0 ,

o
,

- l ) , ( 0,1 , -1,0 )

{ { ( 1,0 ,
o
,
- l)

, ( o ,
I

, -1,0) } >

= NCA)

choose ( I , I , - I , - i )
& Not bare

I { Ci ,
I

,
- I

,
-113 ) f- NCA)

( 1,0 , Oc - l ) ¥ L ( 1,1 ,

- I
,
-1 )



(7Q4 pw : test

3

* 112 no

S = { (K, ckz , Ks)( 22cL t 37oz - 57cg }
- -

( I ,
I , O
) C- 1123 Z t 3 to

-

Q1 : - and T
is C ' co④ ,

( I , I ,
o) ,
( o

, 1,1)

a Blas is far 1123 9
*

•

yes : K.to.

c: : : : :S
.
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R , = RetRz
R Rz - Rs ( I ) V

→ this means
base
=

←

( do I { ) ⇒ not a bae



Q2: what is the dimension of the
p of dlztz

Subspace spanned by
a- { ( I :o) , C : :B

&
basedimes> I 2

n : :) .es : : )
4--0

So 2 . lo 2 E dimes>Is> es H→ 1st ± dim VGiven a L- l. set to> c es?

⇒ dimes> = z
Isle dimes>

2

( { Cleo coco ) , (Oclc 40 ) , Coco , 1,0 )}>

3 dimensional subspace of
424



{Co : ) , Coo : )
,
( 9:13 -

- s

1st =3 V = EST

Es> = es) so s spans es>

⇒

Is> = V ⇒ Ist s, dimV

1st =3 is
, dimes> ←

3
,

Lala lol I dim V = dimes)

⇒ 3. ± dimes> ←

3. E dimes> E 3

⇒ dimes> =3 .
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Q3% { ( o , 1,0 ,
t ) , ( 1,0 , 1,0 ) ,

( 1,010,0)}

( l l C 1124

d te t
✓ ( 110,0 co ) = (Bid , 13,2)

B -

- I
,
doesn't work

dip r -

- o ⇒ Lol .
-

Dim 2

t

{ ( 1,0 ) , (o , I ) , Cl , ) ) } CM ,×z4r)
I 1122

332 ⇒ Laba

de't Be't Je
's
=o

, Lep , 8=10

( 8+13 , 2,13 ,
L ) = ( 0,010,0 )

q P 9 F p p q
O O O O O ⑧

8+0=0
⇒ 8=0 2=13--8--0

is only solution .



⇒ Lo lo

Ator. Is:". . iii.÷ . )
⇐ ( ④ ④

c. ④ ④ )
& ① ④

,
C = A¥p3

(A-④BAD = C ① D
= A①(B⑦ D)
notte

. % . . "i'÷:D
= ( all

- bis - da aizbzzdzz

92 , tb ,z - 3 t diz - 3 Oz , - bz , t azztl)
A-① B = AS +By C #⑦B)

f-⑦ B)⑦ C
( AttB) ④ C =D⑦C = DT t c
- b

= ( At +B)
T

+ C
= AT TB



= At BT t C

PMT l) S= { ( x , ixz.kz) ( x , 1- Boca - 58×3--0}

x
,

-

- ( 3
,

- I
,
O)

xz = ( 5 ,
O

,
I ) I all

"
z

= ( O , I
, ¥ )

£3 solve

⇒ 2,7C ,
t 227C z t 23×3

32
,
- 32

,
t 522 - 522 t 323 - 323=0
f d

, adz , 23

f{ ( 3
,
- yo ) , ( 5 , oil) , ( o c 1,3 's ) })

CSS



orbit
b

Loc
,
t par t 8×3 = ( a ,b ,

c)

32 t 5ps = a

- L t t = b

B t Zzz = c

t÷÷÷÷ :S
to
RREF

Sc Eq . . - 37
-

⇒ s -
- Eq . . - 37

to


