
Lecture 8 : 07/10/20

• We've solved systems of equations
of the form Ax -

- b
,

where A Ellman , K E Mnet

b E Mmx )

→ look at v. s . interpretation

A-x -
- b

,
a = xp t kn

f M solution from
particular null space
solution

A-xp
-

- b
, Ann -

- o

IA(xp tan ) = Axp + Axn -- b to
= b

A
C-

• Given a matrix Mmm the rank of A

(
denoted Rank A

,
is the number of

pivots in RREF .



2 pivots£
Ex : ( ①oo①) ⇒ rank 2

( ① 200) ⇒ rank 2
O O l

①
←
not a pivot

(① of ) ⇒ rank i
O O

l O Z O

(0888,8 ) ⇒ rank 3

• The column space : subset of 112M which

is spanned by the columns of A
.

Def : Given A- Ellman (H2) ,
A -

- ( a
,
az . - - an )

where each aj E Mme , ( IR) , the

column space of A
,
denoted CCA)

is the span of the columns ; i
- e .

C. ( A) = f { a , .az . . . .

,
an37



(CA) contains all vectors Ax for

any 7C C- Mm ,
( IR ) . This means

Aoc --b is solvable when BECCA) .

Ex : A -

- ( to ? ) Aa -- b

is solvable for
any

b-
- ( f:)

{I :3;D bnbeeir

feel ! ) ,
(9) 37=1122

T { ( 1,0 ) ,
( o ,
1) 33 = 1122

E- : A = ( to ? ! ) ,
K C- Mz× , ( IR)

what b C- Mz e. ( IR)
has a solution

EE ( i.o ) ,
( o

,
I )

,
( 1,173 > = 1122
⇒ f b C-Mz+ , ( IR) F a

solution



= A
Mase , E M

,
FIR

's

EX ( § ! ) xEMz×
,
( "Z)

b C- Most '

TEC 1,0 ,
I )

,
( oil , 1) 37 =/ 1123
- g
q dimension is

dim 1123=3
4.

at most 2

b is a solution to Ax -
- b if

and only if

b=a(&)tp
2=1

, 13=1
b. = ( ! ) has a solution
but be ( ! ) doesn't



Denoted NCA)
• Nullspace : f-

•

Given A Ellman ( IR) , the subspace

of 112
"

of solutions to

Axe = O
-

so I always in NCA) ,
the trivial

nullspace is only E
,
the trinal

null space has dimension O.

• If men
,
then the dimension of the

hullspace is non - zero

a
, ,

a
iz 9,3 ⑧ M = 2 E n =3(

az , an a.3) o
O'"

c :O. :) .
TD

Free variable



• Correspondence between non - pivot
columns

,
I free variables

• Terminology : we say a non -pivot
column is a free column

.

Dimension of nullspace is the # of
free columns

Ex - (④ 9 {
'

o) so dim NCH -

- 2
O

q
q q p x -

-
-② 32

pivots 2 free column
'd = -⑤

a g z w
,

NCA) CRM

( l O O O l O )
O l Z O l

,

O

x -

- O

y =
-Zz a second free

0W so ~q
One free

TG



Tum (Rank - Nullity Theorem) : Given Atman

dim NCA) + Rank A = n

q
number of columns

9 f ¥
. . unknown.

# of free variables
# fixed by A

0 Rank A = 2Et:

2g = A n -- 3

⇒ dim NCA) =①
→
One free
variable

dim T { ( o , 0,0 ,
- - - co 337 = O

T . - o) I { Co ,
o
,
. . .

.

o ) 3£ single point



O

£ =
O

S = { ( x , , Kz , Ks) I 7C , t 37oz - 5×33
A
,
car , as 79 f

°
O

Bose f o

( O , I ,

"5) , ( 5, o , i )

( 3 ,
- l

l
o ) Tf

o F
O

l
~ RRE F- giver

31g rank

4 3--4 matrix

3 ( '
o

"

- og)O l

C o o c

Rank 2
,
⇒ N CA) -- Z

2 free parameter



Ranka - r

Def : Full column rank means
f

-

- n

⇒ dim NCA) -- 0

Full row rank r -- m ⇒ Asc -- b

always solvable i.e
.
CCA) -- 113M .

• Four possibilities depending on rank

A- Ellman CIR)

→
r = m and r -

- n square and

ht BEN
,m× ,

there is

a unique solution

r=m and re en Aa -
-b has b

many solution for
each b

r em and r - n Arab has either
→ I or O solution

for each b

r em and r en Aa -
- b has either

a O or b solutions



rem E r -- n

I 0 2

( l l ) rank z
O O O

w b ask has a

spanned
by columns unique Sol
⇒ if Aac -

- b has a solution

it is not unique

Iq ( logo) , ( o ,
i co) }) .

• Row space CC AT ) CIR
"

• Left null space N ( AT ) E IRM

dim CCA = or

dim NCA ) = n - r

dim CCA ) = r

dim NCAT ) = m - r



°

a

"

Rm f
f dim

m - r

dim
n -
r

• Fundamental theorem of linear algebra
dim CCAT ) -

- dim CCA) = r = Rank A

dim NCA) = n - r

din N CAT ) = m - F



S -

- { ( Kc .kz i'4) / ( 'g ! ! )(÷!) -- b }
I 8 = { ( x, .kz , Ks) / 70

,
t 37oz - 5×3=0 }

Note that { ( 10,0) ,
( 011,07

,
( 010,1)}

doesn't work ↳ pees
A

1=0 3=0 - 5=0 L
not true 3

SCIR

X ,
t 37oz - 5×3 -

-o

O I 315

5 O l 10 O Z

- 3 I 0

M= { ( o ,
I

, 315 ) , ( 5,0 ,
l ) ,

( - 3
,
1,07}

EM> & SS because linear combos

are still solutions

pg
& ( O l

l
, 315) tfs ( 5,0 , c) t H - 3. 1,0)

= O

= ⇒ em> es

a-



KM> = S
,
em> CS and see my

J -

- { ( - 3 , ' co ) }

I 57 Cs
,
TJ > Is

Given a t3b - 5C =o

(a ,
b

, c) ES ,
want to show

( acb ,c) E EM )

⇒ SC EM>
unknown

£ is ( 4ps , r)

02 t 5ps - 32 = a

L top t I = b

3152 t p t of = C

"
s. i :S



b
ni

:÷÷÷: :* ):b
O
f
2 pivots

Rr.im
-"

f : § .
'

"

: : :c 's:* .!
4

--n
=3

c - Zsa - 25=0
⇒ a free

variable

at3b-5c=#✓
was

this { ; ⇒ w%¥÷one
freebie q
jar

. 9 8=1
,
fixes choice of
£

, 13



infinitely many
so d = a - r § ways to

13 = by t ¥2 form
(a ,b , c
)

⇒ seem>
TI

S = EM)
,
M a spanning

2- set of S

A- C B B CA ⇒ A = B

a E b b E a ⇒ a = b

of S
b

Def : M a spanning set if and onlyif-

T M> = S A

-

E M> = s if and only if

EM > as I seem>
p to

we proved



so

A-- (£
- ebb )

in IR there is only one zero
and ht de 42 Lto =L

=
O

L t Oa =L

&

Lt C - L) =

A-⑤ C- A)
←
note

DEZ
,
V M Ellman ( H2)

DM -

- MD

D= ( ATB)

( At B) C
= AC +Bc ←

bc ABEE



= CA t CB ←

= C CA +B)
⇒ (At B ) C- Z

Za Sina f- Loose for
any dfg

if L to
,
Choo re x -

- o

Sino -
- o f d -

- cos o

E
.

. ÷ : ::::



£ f.
scalar mutt

( V
,
IF

,
⑦

, )
q
this operation is matrix mutt .


