
Lecture Il : 07/17

• The kinds of things linear trans .

do ( focus on 422 )
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• The kernel is the range .

Let T -

- V -7W
, kernel of T

Ker T = { VE V I Tv -

- o } C V

Ex Tx = IZ - 3 T : IR → 112

Tx -

- O = KZ - 3 ⇒ 2C = III

Ker T -

- { VT
,

- IT }

E: f.'z ,

I
, ) = A find kernel

c.÷:X :L .- c :S
( lo Zo ) at 2b -

- o

Ker A = { ( E ) ) at 2b -

- o }



Thm: Ker T of a linear trans . is a

subspace of V .

Pf : Recall subspace theorem . which says
it suffices to show kart is

closed under t E x .

+ Let u
, W E Ker T ⇒ Tu -

- o
,
Tw -

- o

C- ( ut w ) = Tu t Tw = 0 to = O ✓

× LE IR 1- (Lv) = LTU = do = o ✓

domain DM

06
codomain

Def : let T-
- V -7W be a L.

T
. ringT CW

ing T = { WEW / F VE V - 7. w -- Tv }

-

①- A→ rngt

-



ring T = TV

1- ( E . - - 5) = { a . .}

rngt = ImgT

Timm : ringT is a subspace of W

pf : same theorem

U ,
WE rng T ,

F Uv , Wv
• 7 .

Tur = U , Twu = w

we want to show ut WE ring
due ring

btw = Tuv + Twu

= T( out Wv ) by tin .

Uutwv EV

since V is

a V - S .
⇒ ut w Erny

du =LTou = T( Luv)
✓ a v. s . ⑤



- Relation to matrices

Ker A e ⇒ NCA) null space

ringA 2=7 CCA) column space

Not proved
Thm:(General Rank - Nullity)

T : V →W a lot.

dim ( Ker T ) t dim ( ring T ) = dim ( V )
""Tintin

=
We lose

dim (Vert ) dimensions



• Composition of linear transformation

Let V
,
W ,X be us .

T -

- V -7W
,
S : W → ×

then we define for ve V

-
- Esv : (Tv)

ST : V → x



f - g : IR
-7112

f : 112-7112 g : 112-7112
-

Ex f- Csc) = K2 , gca) = K t 2

fog ( x ) = fcgc.cl) = x

-

t 4kt 4

30--2 E -⑧

Ex A : 422-7
,
B : → 1126

BA : 1122 → RG
T: V -7W

• We say a transformation is i - I
,
if

it WEW there is a unique VEV

a F- TV = W

• We say T is onto if rngt
-

- W .

T a L . T * .

T '
- V -7W

Thm: Ker -1--203 if and only if T is I - I .

Pf : Wert = { o} ⇒ µ - X .

Suppose not F u ,w , 7 . Tu -- TW



Tu = Tw

Tu t C- Tw) = Tw t C- Tw) Feig? .

Tu t C - Tw) = o

(et Ty = ( - Tw ) ,
Q EV

(
• Tc - w ) £8259

'

.

Tu t Tce to
g linearity yke

T -- lo }

T ( ut ee ) = o ⇒ Ut 4=0

= - W

U - W -
- o

U - W t w = W

U to = w

4=2
I - I ⇒ Ker T -

- { o }

Let 4 E Ker T ⇒ Tae -

- o

since T is l - l
,
then only one



ouch Cl . Since T is linear
,

9--0 . He

No proof
Thm: Let T '

- V -7W be a linear transformed .

V
,
w both finite dimensional

,
then

① If T is I - l : dimvedimw

② If T is onto : dim V > dim W

③ If T is I - I { onto
,
dimV -

- dimw

(88) = A
,

'R'→ { o> CIRZ

A : 1122-71122

is onto for { 03 .

• Inverses . If T.V -7W is l - l and onto

we define T
- '

'

- W→V by
T

-
'

w = V where Tv = W .



• Linear transformations as matrices.

T : V → W
,

dim V -
- m

,
dimWan

f. Needs to be{ V , . Vz , . . . , Um } a base

← Ew
column vector of length n

TV , , Tvz i
. -

-

c Tvm

A = ( Tv , Tve -
r - Tum )

A- EMn×m ( 'R)
.

•
A : 112

"

→ in
"

I I↳
T .

.
v → w

A representation of T by A



A -- fi ! )
V
,

AV ,

(
'

o) → ( t ) a
E.
go! , → CITE
q

Av
.
-

- ( L ) , Ava -

- C?)
-

END OF LEC
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Solve for X if AX (Dt Bx)
- t

-

- C

AB ( x + c) (Dt A-
'

* )
- '

= B
- '

( X t c) ( Dt A-
'

e 5
'
- B-

'
A
-
'

B
- '

X t c = (B-
'

A
- '

B
-
' ) (DTA- 'x )

= B-
'
A'
'

B
- '

D t B-
'

A-
'

B
- '

x

( I - B
- '

A
-

'

B
-
'

) x = B-
'

A-
'

B-
'

D - c

X = (I- B-
'

A-
'

B-
'

)
-
'

B
- '

A-
'

B-
'

D

for - (I - B-
'

A-
'

B-
'

)
- '

c

X - 30C

X = BX
= ( I - 3)x

X - BX = O} (x ty) 30=3 Cxty)
&( I - B) X = Ix - BX =/



AB -
- c

B -
- A

-
'

c f ca
-

'

A
, AL Aas

g
matrix add .

det ( Act Azt Az )
= def A

,
+ det Az t det Az

& addition on 42


