
Practice Final solutions :
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det (LA)
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Za) I = det (I)
= det (AA

' ' )
= det (A) detca

- '

)
= def (A) det CAT )
= (det CA))

'

⇒ detca) = It

3b) Elements of Slm are
"

volume preserving
"

since their determinant has detA=c

For example any rotation is in Slm .

also volume preserving shears .
We can't have reflections since in
this case the determinant is

negative .

No stretching since non unity def .

3C) Product of eigenvalues must be l . ⑤



4) AB = - BA

OETCAB) = det C - BA)

= C- I)mdet(BA)
= - det (B) det CA) m odd

= - det (AB)

so det ( AB) -- O and either

detca) -
- o or det CB) -- o

( or both) hence
,
at least

one isn't inv . Eh



7) Given

A
,,
- X a

,z
. - -

O Azz - X - . -l : I
0 .

- - o . . - Umm - X

cofactor expansion along first
column shows

on

:c::÷i÷:÷÷
upper triangular



Repeat doing cofactor expansions to
reach

M

det ( A - XI) = IT ( amm - x )
b- =L

q
eigenvalues

So e. u .
are a

" ,Azz ,
- . -

, 9mm He
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8b) we have A -
- PDP

- I

and ( prop-112
=PVD-p-tpvpp-t-PVDIVD.pt'
=pVIVID

"

= PDP
-
'
= A

so PVTJP
"
is a sq . root of A . II



84 Diagonalization ( as in class ) gives

⇐ i.Hi :X: :*.
"

D

⇒ ve -
-⇐ so )

SO by (b)

Ci -sic : :X:: s
= 's E. is )

is a square
root of A II



8D) No ,
consider

A- = ("o g ) , then ( I g) is
a square root , but so is

C- : -5) ⑤



9. Put JT into JNF to get

g-
T
= S

-
'

MS

we must show M = J
,
since

J = I JI

is in JNF .

We know J
,
JT have same eigenvalues

w/ same algebraic multiplicities .(HN s)
we must show that each Xu has the
same geometric multiplicity .

The geometric multiplicity is the dimensionof the null space of J - Xu
.

I

Note that ( J - X⇐IIT = JT - XieI

(check this)

So J - Xie't and JT - XieI have
the same rank

,
and hence by

rank - nullity they have the samedimension nullspace ⇒ same geometric
Mutt .

Same eigenvalues t same geo . mutt
⑤⇒ same JNF



10) As in 9
,
must show A j At have

same eigenvalues w/ same alg I

geo mutt .

Recall that detca) -- det CAT ) and

note that ( A - XI)
T
= AT - XI k
check this!

So that det ( A -XI)
= det ( ( A -XII )
= det ( at - XI)

So A
,
AT have same eigenvalues w/

same alg mutt.

Recall that dim ( N ( A - XI)) = geo mutt ,

By row -column rank equiv (s-B : pg 151)

Rankl A) = RankCAT ) and by rank nullity
dim ( NCA - Xu't) ) -- dim ( NC AT -EI))
and hence he has same geo mutt
for A j AT .



Finally . same eigenvalues w/ same

alg I geo mutt ⇒ same JNF Iq

Note that 9 is a special
case of 10

.



11) Only true for 2--2 , your classmate
Allie Baily presented the following
counter - example for 3×3

O l O

a-- f : : :)
A
'
= ( § § !) ,

A
's

= 0

For 2--2
,
either A is diagonalizeable

or it isn't . If diagonalizeable ,
then

A =p
-
'

( I ' 1) p

a
'
=p

- '

( IP P = o

⇒ X
,
= Xz = O

⇒ A =o

If not
,
we get a Jordan Block

A =p
-
'

(I j) p



and

A
'

=p
-
'

( Io 2,3 ) p = o

⇒ X = O

⇒ As -- o
Hh


