
22A Review : 07/29

Topic Review

• Matrices

/ { → Represent systems of tin . eq .

→ Add . I Scalar mutt .
4 { → Transpose

→ Inverse
3 E - Matrix mutt

z { → Row operations and row equiv . matrices
Row equiv . matrices correspond to

q equiv . Sys . of eggs .
3 { . → Gaussian elimination and RREF

• Vector spaces
→ vectors in IRD

,
add . I scalar mutt.

→ Def
.
of a v. s .

and some properties
s ! - as:p: 'II ' in

.

know when
,
how

,
and why to apply

)
→ Linear combonations
→ Span / spanning sets of a v. s .

•
/ as set is automatically a

→ L . I . j L - D .

Know how to prove L . I
. j L .

D.
,I ¥::#an e.%: III:

f
→ Bases ( Basis : A L -l . spanning set



/ . :*:÷÷:÷÷÷÷÷: : aunts

7- - → size of a L .
I
. set a dim

→ Size of a spanning set 3 dim
→ Dim of subspace

→ Four fundamental subspaces
r
•
→ Columnspace/ r : Ee .sn#wnh::paEimeaen:::
→ Left Nullspace range

→ Solutions of a linear set of eggs . forms
a vector space

{ 52%7:p:& amatbreifween dim NCA) ,
O free columns j free variables° ft → Rank - Nullity theorem| → Four possibilities for # of sols

-

→ Fundamental Thin. of L . A .

• The Determinant
→ Volume function

{ ? → Properties of the determinant→ permutations

of
→ Transpositions I inversions
→ Size of Sm and symmetric groupI - Erin notion :P÷÷t÷i÷.:*..

→ Practical evaluation for 2×2 j 3×3 .



→ Minors
→ Cofactors

'of , I. Teeth: fbefowteaentoIIIII.sioinnvertibility
HW / Book → Various properties

deff AB) -- det (A) det (B )
det ( AT ) = det CA)

• Linear Transformations
→ Mappingsto { F → Linearity

y
→ WYoaotksiyff.ee linear transformations

•
→ kernel and range

: They are subspaces
→ kernel = NCA)

II
→ range = CCA)

→ Composition of linear transformations| . → I - i and onto Tnm: relghjingandgimoennsoion to
It → Linear transformations as matrices.

• Eigenvalues I Eigenvectors
R
•
→ Eigenvectors have fixed direction under

a linear trans . : Av = Xv

/ :÷:÷÷÷÷÷÷÷÷÷÷÷i:*
.
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| ? - Fin Scone; ! ve char . pay . for

eigenvalues
µ

② Plug in and look for eigenvectors
•
→ Complex eigenvalues may occur for
real matrices . And correspond to rotation .

→ Eigenspaces| → Atafebraioegafioeometric multiplicity I
→ Algebraic : # of times X is a root"

/ iron indie:&.ge?IeaEoicgenspace
( → some theorems

• Diagonalization
'

g JNF
*
→ Diagonal matrices : diag ( x , . . . . , Xm)

{ → sgimjfazjtm.gov matrices have same
y eigenvalues .

•
→

"

Diagonalization Than
"

: A is similar to

13 A (diag) if I only if A is nondefective
→ How to compute

| I auto alive

→ Generalized eigenvectors
→ Def of JNF
→ How to find JNF
→ Cycles of GEV( F → Observations about JNF



I
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F → Every matrix has a JNF/ 59¥. :
→ Elementary matrices
→ Connoting LV

• Inner Product Spaces
→ orthogonality ex , y>

-

- o

| If:} Ieuan "Ymo product
→ Def . of an '

s- p . s .*

I
-

orthogonal :
→ Projections
-
-

You've got thisP



* Prove set spans IR
"

*when to do JNF and why
* How to calculate span c

'

e.1.
,
bare

* when is something a bare
& Cofactor
X. kernel }range
*why iff is very powerful

!
* finding eigenuec
*Vertical vs horizontal for Lal .
Koob from MT
• 11 KNIWG
* 3A
x.7
KS



A - XI

WING '

- H - I - I O

l : : :) .-

c :÷÷:÷ ,
def ( A- XI ) -

-

C- I - x ) ( ( a - x ) C - x)) ti f - 9x + k)
= X( it x ) (G - x) - 9Xtk

= ( X t 5) ( co - x) - Ext k
= 6×-72+6×2 - 73 - 9 × the

- 3.X t 5×2 - X
's

t k = o

- X ( XZ - 54 t 3) t k = O

s±Vz -
- Et.



# ta
ft

- " x - ⇒ + ,>
¥¥T

-

exists, - xu. . .#tMEE÷÷÷÷÷
.

¥H ÷:* .



X = - 2
,
X =

- 3

- x( +2 - 5×+3)

2 (4+10+3) = 34

3/9+15+3)
3 ( 27 ) = 81

- 81 T K e - 34

IF"



4 d
, 13,8 ,

s ⇒ G eggs

µ unique Sol . for

I O O O Lpg
O l O G

l :: : it. .
& no longer I
lol .

a-- o ( %)
⇒ ii. : : :

s -

-o

red 89)
O = O O = O

O = O O = o

0=0



dim⇐ AaB ,c ,D) 1=4

7) { Ac Bec , D }

E = ( Ibd ) -
-
a AtpB tht 3D

a = da
, ,
+Bb " t No , ,

t Gd . ,

÷

d = Lazztfbbzz TIC zz t 3rd 22
I chose

16 o Fo

A -I

am by C
n die I

U

l÷÷÷÷: :
A

g

ft = (Ig)) DOF

e

Ag =L a- must show has

at least one Sol



Ag -- l has a unique solution

g -- A-
'
l ⇒ span I L . I . had

• 8b from MT :
R Ca , b , cod 1--0

( Atl
"

= deft f : I )
iff def ( At ) to

def CAT ) -
- detc A) = ad - be

AT invertible iff A invertible
-

so if A inv ⇒ AT inv

&
3A) A-too = A

,

#
o A FFA
T -

A-⑦ B =/ B① A



tis It- si : I - H 's
-

It
• Cofactor Expansion det (A) =

T
b

-102# ti¥÷¥÷td#t- y÷÷:L
+ - t -i÷8

.
.

Scv

• When is something a bare? his S a base

* maxima's
.

Tossing III. E' s ¥
.A bare is c. I. and spans V

So given S,
must check

① to> = V

② S is L- l.



S-- Ev
, ,

. . .

, Vn}
✓ a v. s . SCV

• How to calculate L-l .
, span vector zero

S is L- I . ? =o0if and onlyif
Lu -

- o H K

depending on v ,
this generates

some Sys . of eggs .

A- ( a = o
a EEE
⇒ invertible

if@Aisinvertibk.tten
S is L. I .

RREF also show,

( j!
" ) = A-

'to = o ←
unique"- A

'
'

det ( A) to ⇐ or is Lol.

⇒
deter) - o ¥ Sis c.D .

For span
,
we take arbitrary WE V

n

and ¥""
stem of Eos→ generate a say



Bla! ) -

- b

if B is invertible
,
then

( ÷" ) has a unique solution

⇒ spanning set

infinitely many solutions ⇒ spanning set

must show Bf !!) -- b Ye:{ oat
solution

in

For IR

n

k k

(w , .
. . .

, Wm ) = I die (V , i
- - - i Vm )

K -

- c ÷

W
,
=L

,
V

,

'
t - - - 2mV ,m

'

: : £
Nj = 2

, Vj
'
t - - - tnnvjm

i

Wm = a

"

. Vm
"
t - - at 2mV mm



" %
.

if has at least one sol , spans 112M .

• kernel } Range "

-
ring. { went Eff!Eg

Ker A -
- { v EV ( Av -

- o e w }
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• When to do JNF and why?

Pell : Prove there is no matrix A - 7 .

AZ # o but A-3=00 .

A
.

- ( Edb ) : p
-

'

a phd
=p

-
'

( Iii ) p
A
's

=p
-'

( ×? E) P = O

⇒xf=o,x3z=o#
pasp -

'

= ( "I ) -
- O

A-
'

=p
- '

( X? ×! )P= o
÷

not diag .

A =p
- " ( I !) p
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( I 'Il : : )

As =p -
' ( j ! )

'

p

z
k

p
-
' ( Mo ji ) p -

- o

⇒ x -- o

a' =L ! ) -

- C : :)
No such matrix exists .

• Why if and only if is powerful
short answer -

- is iff means equivalent

W a sub
. sp . iff W is a subset closed

under t and e

W a sub- sp ⇒ W is a subset closed
under t and x

⇐

A inv .
E = ? det (A) ¥0
-

⇒



want to know easy ,
if A inv

.

given A , all we do , is check def A

⇒ ⇒
"

A e=> B
⇒
⇐

→
A ⇒ B

B ⇒ A

q
,

g

• EVE EV

A ( t , 233) want to find v. x
- F -

Av -

- XV

⇐ Av - Xu -- o

⇐ (A -XI) v -

- O

-

det ( A - XI) =o V= ( A - XI)
-

'

o

⇒ U =o

=

( i - 7) ( 3 - Xt t 2

3 - 4×+72+2
I - 4kt 5



4±Jl6=2T
2-

= 2 Ii

Xt -

- 2. Ii

Av -

- ith f- ( ab )
n ( god )

Av - 7+1-0 ← t

( ' ti ' Ican,)( : ) -- fo )
( l - ( 2. ti ) ) a = - 2b

a=
- i¥=i¥=I

'

= b( I - i )
a = b. ( i - i ) , choose b -- I

vi. =( ' ii )
( ' 'Ii's :c . . .tl : ) :c :)



a f - I ti ) = - 2b

a = If ⇐ Zbf,
= b ( i ti)

again b -- i

v
.

-

- City
0a

X
l l
X
z

o V
l l

V 2

¢ at bi

X
,
= atbi X

+
= atbi

X
z
= a - bi X

-

= a - bb




