
PRELIMINARY EXAM IN ALGEBRA, SPRING 2019

All problems are worth the same amount. You should give full proofs or explanations of your

solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. Let G =C4 be the cyclic group of order 4. Give an example of a real representation M of G

that is irreducible but such that M⌦R M is a reducible representation of G. (In other words,

M is a simple R[G]-module with M⌦R M not simple.)

2. Suppose that M is a Q[x]-module such that dimQ(M)< •. Show M is not projective .

3. Let R be a unital ring, M a left R-module. Is it true HomR(R,M)' M as left R-modules? If

so, prove it; if not explain why or give a counter example.

4. For which values of n is the ring Mat2,2(Z/nZ) isomorphic to a product of matrix rings over

fields? Prove your answer.

5. Consider the additive group Q and its quotient group G =Q/Z. Prove that for every natural

number n the group G contains a unique subgroup H of order n.

6. Determine if the group G given by the presentation

hx,y|xy = y
2020

xi

is nilpotent.



PRELIMINARY EXAM IN ALGEBRA
SPRING 2018

All problems are worth the same amount. You should give full proofs or explanations of your
solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. What is the splitting field of the polynomial x3 + x+1 2 F5[x]?

2. Prove that if G is a nontrivial nilpotent group, then its center Z(G) is also nontrivial.

3. Let G be a group of order 50 and let n be the number of elements of order 5 in G. Find all
possible values of n (and prove that the list is correct).

4. Consider the algebra A =C⌦RC. Give a basis for A as a vector space over R, and write out
the product of every pair of basis vectors.

5. Give an example of a field F and a polynomial f (x) 2 F [x] which is irreducible but not
separable. (Recall that a polynomial is separable if its has distinct roots in its splitting field.)

6. Calculate the character table (i.e., the table of the traces of complex irreducible representa-
tions) of the dihedral group D4, by definition the finite group of order 8 with generators x,y
and relations

x4 = y2 = 1 yxyx = 1.



PRELIMINARY EXAM IN ALGEBRA

FALL 2018

All problems are worth the same amount. You should give full proofs or explanations of your

solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. Prove that Z is a principal ideal domain.

2. Let H be the real quaternions. Then C⌦RH is isomorphic to which of the following rings?

Prove your answer

(a) C⇥C

(b) C⇥C⇥C⇥C

(c) M2(C)

(d) M2(R)

(e) M2(H)

(f) M2(R)⇥M2(R)

3. Let f = x
4 �14x

2 +9 2Q[x]. Compute the Galois group of f .

4. Solve the following:

(a) Prove that R/I ⌦R R/J ⇠= R/(I + J) for R a commutative ring, and I,J ⇢ R are ideals.

(b) Find the dimension of Q[x,y]/(x2 + y
2)⌦Q[x,y]Q[x,y]/(x+ y

3) as a vector space over

Q, or explain why it is infinite.

5. Solve the following questions:

(a) If F is a field, prove that F [x]/( f (x)) is a field if and only if f (x) is irreducible over F .

(b) Show that f (x) = x
2 + 2x+ 2 is irreducible in Q[x], and find the inverse of 1+ x in

Q[x]/( f (x)).

6. Let V be the subspace of C
3

spanned by v1,v2 = (1,�1,0),(0,1,�1), which is an invariant

subspace under the permutation action of S3, and so gives a two-dimensional representation

r : S3 ! GL(V ).

(a) Write down the matrices of r(s) in this basis.

(b) Describe a Hermitian inner product h,i on V in the basis v1,v2, which is G-invariant,

i.e. hr(g)u,r(g)vi= hu,vi.
(c) Describe the tensor product V ⌦R V , as an R-module where R = C[H] and H ⇢ S3 is

the subgroup {1,(123),(132)}.



Preliminary Exam in Algebra
Spring, 2017

Instructions:

(1) All problems are worth 10 points. Explain your answers clearly. Unclear

answers will not receive credit. State results and theorems you are using.

(2) Use separate sheets for the solution of each problem.

Problem 1. Let G be a finite group and H ✓ G a subgroup such that [G : H] = p

where p is the smallest prime dividing |G|. Show that H is a normal subgroup of G.

Problem 2. Let k be a field, and let f 2 k[x] be of degree = n � 1. Let K be the

splitting field of f (over k, embedded in some fixed algebraic closure of k). Prove

that [K : k]  n!.

Problem 3. Show that the free group of rank 2 is not solvable.

Problem 4. Give an example of a projective R-module that is not free for R =

R[x]/(x4
+ x

2
).

Problem 5. Let G be the nonabelian group of order 57.

(a) How many 1-dimensional characters does G have ?

(b) What are the dimensions (aka degrees) of the other irreducible characters of

G ?

Problem 6.
Let F be a finite field.

(a) Show that |F| = p
r
for some prime p.

(b) Show that the multiplicative group F\{0} is a cyclic group.

1



PRELIMINARY EXAM IN ALGEBRA
FALL 2017

All problems are worth the same amount. You should give full proofs or explanations of your
solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. Suppose that F ✓ K is an inclusion of fields and let a,b 2 K be two elements which are
algebraic over F . Show that a +b is also algebraic over F .

2. Let f 2 Q[x] be the minimal polynomial of 1+ 3p2+ 3p4 over Q, and let K be the splitting
field for f over Q. What is [K : Q] and what is Gal(K/Q)? (Note that you are not required
to find f .)

3. Let Mn(R) denote the ring of n⇥ n matrices over R, and consider a (possibly non-unital)
ring homomorphism f : Mn+1(R)! Mn(R). Can f be non-zero?

4. Find all maximal ideals of the ring F7[x]/(x2 +1) and the ring F7[x]/(x3 +1).

5. Let F be a field and let p,q 2 F [x] be polynomials over F . Show that

F [x]/(p)⌦F [x] F [x]/(q)⇠= F [x]/(gcd(p,q))

as F [x]-modules.

6. Prove that if p is a prime number, then every group G with p2 elements is abelian.



Preliminary Exam in Algebra
Spring, 2016

Instructions:
(1) All problems are worth 10 points. Explain your answers clearly. Unclear

answers will not receive credit. State results and theorems you are using.
(2) Use separate sheets for the solution of each problem.

Problem 1. Let k be a field and let R = Matn,n(k) be the ring of n⇥n matrices
with entries from k. Let f : R ! S be any ring homomorphism. Show that f is
either injective or zero.

Problem 2. Let R be a ring with the identity, consisting of p2 elements. Show
that R is commutative.

Problem 3. Let G be a group generated by elements a, b each of which has order
2. Prove that G contains a subgroup of index 2.

Problem 4. Prove that every finite group G of order > 2 has a nontrivial auto-
morphism.

Problem 5. Find all possible Jordan canonical forms for a matrix A = T ((123))
if T is a two dimensional complex linear representation of the symmetric group S3.

Problem 6. Find the smallest nonnegative integer C � 0 for which Rc =
Z[x]/(c, x2 � 2) is

(a) a domain
(b) a field.

1



PRELIMINARY EXAM IN ALGEBRA
FALL, 2016

All problems are worth the same amount. You should give full proofs or explanations of your
solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. Let Fn be the free group on n generators with n � 2. Prove that the center Z(F) of F is trivial.

2. Let G be a finite group that acts transitively on a set X of cardinality � 2. Show that there
exists an element g 2 G which acts on X without any fixed points. Is the same true if G is
infinite?

3. Show that every linear map A : R3 ! R3 has both a 1-dimensional invariant subspace and a
2-dimensional invariant subspace.

4. Let I,J ✓ R be ideals in a principal ideal domain R. Prove that I + J = R if and only if
IJ = I \ J.

5. Let F be a finite field and let L be the subfield of F generated by elements of the form x3 for
all x 2 F . Prove that if L 6= F , then F has exactly 4 elements.

6. Show that the R-modules L = C⌦RC and M = C⌦CC are not isomorphic.



Algebra Prelim Problems
Spring, 2015

Instructions:
1. All problems are worth 10 points. Explain your answers clearly.

Unclear answers will not receive credit. State results and theorems you are
using.

2. Use separate sheets for the solution of each problem.

Problem 1.
Show that if M is a nondiagonalizable complex matrix and Mn is diago-

nalizable then det(M) = 0.

Problem 2.
Find the degree of the field extension Q(

p
2, 3
p
2) over Q.

Problem 3.
Show that if G is an infinite simple group then every proper subgroup

has infinitely many conjugates. Use this to conclude that G has an infinite
automorphism group.

Problem 4.
Find a quotient ring of Z[x] which is a principal ideal domain but not a

field.

Problem 5.
Let R = Q[X]/(X3 � 2).
(a) Is R a field? Explain.
(b) Run the extended Euclidean algorithm on X3 � 2 and X2 �X +1 to

find polynomials A(x) and B(x) with

A(X)(X3 � 2) + B(X)(X2 �X + 1) = gcd(X3 � 2, X2 �X + 1).

(c) Does [X2 �X + 1] have a multiplicative inverse in R? If yes, find it.

Problem 6.
Let G be a finite group and ⇢ : G ! GLn(C) a representation.
(a) Show: � : G ! C, g 7! det(⇢(g)) is a linear character of G (i.e. a

group homomorphism to the multiplicative group).



(b) Show: If �(g) = �1 for some g 2 G, then G has a normal subgroup
of index 2.

(c) Show: If G has order 2k, k odd, then G has a normal subgroup of
index 2.

(d) Let �(g) = tr(⇢(r)) and g 2 G an involution. Show: (i) �(g) is an
integer; (ii) �(g) ⌘ �(1) mod 2; (iii) if G has no normal subgroup of index
2, then �(g) ⌘ �(1) mod 4.



Preliminary Exam in Algebra
Fall, 2015

Instructions:

1. All problems are worth 10 points. Explain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you
are using.

2. Use separate sheets for the solution of each problem.

Problem 1.
Let G be a finite group such that all Sylow subgroups of G are normal

and abelian. Show that G is abelian.

Problem 2.
For a finite group G define the subset G2 = {g2 : g 2 G} ⇢ G. Is it true

that G2 is always a subgroup?

Problem 3.
What is the smallest possible n for which there is an n by n real matrix

M which has both:
(a) the rank of M2 is smaller than the rank of M,
(b) M leaves infinitely many length one vectors fixed.

Problem 4.
Let I denote the ideal in the ring Z[x] generated by 5 and x3 + x+ 1. Is

I a prime ideal?

Problem 5.
Show that two free groups are isomorphic if and only if they have equal

ranks.

Problem 6.
Find the Q-dimension of the splitting field over Q of x5 � 3.



Spring 2014: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. Explain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
using.

2. Use separate sheets for the solution of each problem.

Problem 1: Find the smallest order of a group which is not cyclic and not
isomorphic to a subgroup of S5 (the symmetric group on five objects).

Problem 2: Consider the four dimensional real vector space

V = {f : Z/4Z ! R}

with the R[x]-module structure given by shifting so that (xf)(r) = f(r+ 1).
Find a direct sum decomposition of V into irreducible R[x]-modules.

Problem 3: Let p, q be prime numbers with p < q such that p is not a
divisor of q � 1. Let G be a group of order qp. Which of the following is
true: (a) G is always simple. (b) G is never simple. (c) G could be simple
or non-simple.

Problem 4: Give an example of a ring R and an R-module M which is
projective but not free.

Problem 5: Let V be a linear representation of a group G over the field
Q(

p
2), and let � : G ! Q(

p
2) be its character. Then V is also a vector

space VQ over Q, and is again a linear representation of G. Express its
character �Q in terms of the original character �.

Problem 6: Let C(x) be the field of complex rational functions, i.e., the
fraction field of the polynomial ring C[x]. Let C(y) be another copy of the
same field in the variable y. This field is an algebra over C, hence C(x)⌦CC(y)
is another algebra over C. Is it also a field?

1



Algebra Prelim Problems
Fall, 2014

Instructions:
1. All problems are worth 10 points. Explain your answers clearly.

Unclear answers will not receive credit. State results and theorems you are
using.

2. Use separate sheets for the solution of each problem.

Problem 1.
Let G1, G2 be finite index subgroups of a group G. Show that the inter-

section G1 \G2 also has finite index in G.

Problem 2.
Let G be a finite group and N ✓ G be a subgroup of index p, where p is

the smallest prime dividing |G|. Prove N is a normal subgroup of G (NCG).

Problem 3.
Does the additive group Q admit an epimorphism to a nontrivial finite

group? Justify your answer.

Problem 4.
List all ideals of Fp[x]/(x2 + x� 6) when
(a) p = 7
(b) p = 5.

Problem 5.
Let ⇢ be a representation of a finite group G on a vector space V and let

v 2 V .
(a) Show that averaging ⇢g(v) over G gives a vector v 2 V which is fixed

by G.
(b) What can you say about this vector when ⇢ is an irreducible repre-

sentation?

Problem 6.
If R is a commutative ring with identity, and S a multiplicative subset,

then every ideal J of S�1R is of the form S�1I for some ideal I of R. Is I
uniquely determined by J? Why or why not?



Spring 2013: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. Explain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
using.

2. Use separate sheets for the solution of each problem.

Problem 1: Let A be a Boolean ring, i.e., a2 = a for all a 2 A. Show that
the ring A is commutative.

Problem 2: Let R be a commutative ring with identity 1R 6= 0. Let I ⇢ R
be an ideal so that R/I is a division ring. Show that I is a maximal ideal in
R.

Problem 3: Suppose that n and m are natural numbers. Show that the
free group of rank n is isomorphic to the free group of rank m if and only if
n = m.

Problem 4: Let E/K be a field extension of degree [E : K] = 2k for some
k � 1. Let f 2 K[X] be a monic polynomial of degree 3 that has a root
in E. Must f have a root in K?

Problem 5: Consider the multiplicative group F⇥13 of the field F13. Which
elements generate the group, and which elements are squares in F⇥13?

Problem 6: Let G be a group. Prove or disprove the following statements.
(a) If G is abelian, then every finite-dimensional irreducible complex repre-
sentation of G is one-dimensional.
(b) If G is finite and every irreducible complex representation of G is one-
dimensional, then G is abelian.

1



Fall 2013: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. Explain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
using.

2. Use separate sheets for the solution of each problem.

Problem 1: Let G ⇢ Mn(C) be a group of complex n⇥ n matrices. Let V
be the linear span of G, and let V ⇥ be the set of invertible elements of V .
Show that V ⇥ is also a group.

Problem 2: Consider an attempt to make an R-linear map

f : C⌦C C ! C⌦R C or C⌦R C ! C⌦C C,

in either direction given by the formula

f(x⌦ y) = x⌦ y.

In which direction is this map well-defined? Is it then surjective? Is it
injective?

Problem 3: The dihedral group D4 acts as the symmetries of a square in the
plane R2 with coordinates x and y. Suppose that the corners of this square
are at (±1,±1). Then D4 acts linearly, and it therefore has an induced
action on the vector space Vn of homogeneous polynomials in x and y of
degree n. Find the character of Vn viewed as a representation of D4. (Note:
the character will depend on n.)

Problem 4: Let G be a group with an odd number of elements that has a
normal subgroup N with 17 elements. Show that N lies in the center of G.

Problem 5: Is it possible to have a field extension F ✓ K with [K : F ] = 2,
where both fields F and K are isomorphic to the field Q(x)?

Problem 6: Compute [Q(
p
2,
p
3) : Q] and find a basis for Q(

p
2,
p
3) over

Q.

1





Fall 2012: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. Explain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
using.

2. Use separate sheets for the solution of each problem.

Problem 1.
a) Can a vector space V over an infinite field be a finite union

V =
k[

i=1

Vi,

where for each i, Vi 6= V ?
b) Can the group Z2 = Z⇥Z be a union of finitely many proper subgroups?

Problem 2. Let G be an abelian group with n generators. Show that every
subgroup H ⇢ G has a generating set consisting of at most n elements.

Problem 3. Let F be a field and let P ⇢ F be the intersection of all
subfields in F . Show that:
a) If F has characteristic 0 then P ⇠= Q,
b) If F has characteristic p > 1 then P ⇠= Fp.

Problem 4. Let R be a commutative ring and I an ideal in R. Prove or
disprove: The set

p
I = { a 2 R : 9n 2 N, n > 0, a

n 2 I } is an ideal.

Problem 5. Find the number of field homomorphisms � : Q( 3
p

2) ! C.

Problem 6.
Consider the dihedral group D4 = h r, s : s

2 = r
4 = 1, rs = sr

�1 i of order 8.
a) Find the conjugacy classes of D4.
b) Find the character table of D4.

1



Spring 2011: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. Explain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
using.

2. Use separate sheets for the solution of each problem.

Problem 1:

Let N be an m ⇥ m square matrix of complex numbers. Prove that the
following conditions are equivalent:
(a) NN⇤ = N⇤N , i.e., N is normal.
(b) N can be expressed as N = A + iB, where A and B are self-adjoint
matrices of order m⇥m satisfying AB = BA (and i =

p
�1).

(c) N can be expressed as N = R⇥, where R and ⇥ are matrices of order
m⇥m satisfying R⇥ = ⇥R, ⇥ is unitary and R is self-adjoint.

Problem 2:

Prove that a finite group G is abelian if and only if all its irreducible repre-
sentations are 1-dimensional.

Problem 3:

Let

SL(2, Z) :=

⇢✓
a b
c d

◆
: a, b, c, d 2 Z, ad� bc = 1

�
,

and let PSL(2, Z) be the quotient group

PSL(2, Z) := SL(2, Z)/{±I},

where I is the 2 ⇥ 2 identity matrix. Prove that PSL(2, Z) is generated by

the cosets of the matrices

✓
1 1
0 1

◆
and

✓
0 �1
1 0

◆
.

Hint: Note that
✓

1 1
0 1

◆�k ✓
a b
c d

◆
=

✓
a� kc b� kd

c d

◆
and

✓
0 �1
1 0

◆ ✓
a b
c d

◆
=

✓
�c �d
a b

◆
.

1



Problem 4:

Consider the group G = Q/Z. Show that for every natural number n the
group G contains exactly one cyclic subgroup of the order n.

Problem 5:

Let R be a finite ring. Show that there exist n, m with n > m, so that

xn = xm

for all x 2 R.

Problem 6:

Let J denote the ideal in Z[x] generated by 5 and the polynomial p(x) =
x3 + x2 + 1. Determine if J is a maximal ideal.

2



Fall 2011: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. Explain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
using.

2. Use separate sheets for the solution of each problem.

Problem 1:
Show that there is no commutative ring with the identity whose additive

group is isomorphic to Q/Z.

Problem 2:
Let p 6= 2 be prime and Fp be the field of p elements.

(a) How many elements of Fp have square roots in Fp?

(b) How many have cube roots in Fp?

Problem 3:
Prove that every finite group is isomorphic to a certain group of permutations

(a subgroup of Sn for some n).

Problem 4:
Let G be the subgroup of S12 generated by a = (1 2 3 4 5 6)(7 8 9 10 11 12)

and b = (1 7 4 10)(2 12 5 9)(3 11 6 8). Find the order of G, the number of

conjugacy classes of G, and the character table of G.

Problem 5:
Prove or disprove: If the group G of order 55 acts on a set X of 39 elements

then there is a fixed point.

Problem 6:
Prove or disprove: (Z/35Z)

⇤ ⇠= (Z/39Z)
⇤ ⇠= (Z/45Z)

⇤ ⇠= (Z/70Z)
⇤ ⇠= (Z/78Z)

⇤ ⇠=
(Z/90Z)

⇤. Here (Z/nZ)
⇤

is the group of units in Z/nZ.

1



































Fall 2006: PhD Algebra Preliminary Exam

Instructions:

(1) Explain your answers clearly. Unclear answers will not receive credit. State results

and theorems you are using.

(2) Use separate sheets for the solution of each problem.

Problem 1. Let G be a matrix group, and let g ∈ G be an element with det(g) ≠ 1. Show
that g /∈ G′, the commutator group of G.

Problem 2. Let A : V → V be an operator on a finite-dimensional vector space V . Suppose
A has characteristic polynomial x2(x − 1)4 and minimal polynomial x(x − 1)2. What is the
dimension of V ? What are the possible Jordan forms of A?

Problem 3. Show that Z is a principal ideal domain.

Problem 4. Let G denote a finite abelian group. Let us consider the set G∗ of all homo-
morphisms of the group G into the multiplicative group C× of nonzero complex numbers.

(a) Check that G∗ can be considered as a group with respect to the operation of multipli-
cation of homomorphisms.

(b) Prove that the group G∗ is isomorphic to the group G.

Problem 5. Let us assign to every nonsingular complex 2 × 2 matrix A a transformation
φA of the vector space Mat2 of complex 2 × 2 matrices defined by the formula

φA(X) = AXA−1.

(a) Check that this formula specifies an action of the group GL2(C) of nonsingular complex
matrices on Mat2; moreover, it specifies a linear representation of this group.

(b) Prove that this representation is reducible.

(c) For every orbit of the above action, write down one element in that orbit, and find the
corresponding stabilizer.

Problem 6. Consider the dihedral group D9 (the group of isometries of regular 9-gons).

(a) Prove that D9 cannot be represented as a direct product of two non-trivial groups.

(b) Determine if D9 is solvable.



Fall 2006: PhD Analysis Preliminary Exam

Instructions:

(1) Explain your answers clearly. Unclear answers will not receive credit. State results
and theorems you are using.

(2) Use separate sheets for the solution of each problem.

Problem 1. Let C([0, 1]) be the Banach space of continuous real-valued functions on [0, 1],
with the norm ∥f∥∞ = supx |f(x)|. Let k : [0, 1]× [0, 1] → R be a given continuous function.
Let Tk : C([0, 1]) → C([0, 1]) be the linear operator given by Tk(f)(x) =

∫
1

0
k(x, y)f(y) dy.

(a) Show that Tk is a bounded operator.

(b) Find an expression for ∥Tk∥ in terms of k.

(c) What is ∥Tk∥ if k(x, y) = x2y3 ?

Problem 2. Let X be a metric space.

(a) Define X is sequentially compact.

(b) Define X is a complete metric space.

(c) Prove that a sequentially compact metric space X is complete.

(d) Let B = { x : ∥x∥2 ≤ 1 } be the unit ball in ℓ2(N). Show that B is not sequentially
compact.

Problem 3. Give an example of a Banach space X and a sequence (xn) of elements in X
such that

∑
∞

n=1
xn converges unconditionally (converges regardless of order), but does not

converge absolutely (
∑

∞

n=1
|xn| does not converge). Prove this.

Problem 4. Let f ∈ L2(T), and let (f̂n)n∈Z be the Fourier coefficient sequence of f ;
here, T := { z ∈ C : |z| = 1 }. If (f̂n) ∈ ℓ1(Z), does it follow that f is continuous? (In other
words, is there a continuous function that is equivalent to f in L2(T)?) Prove your assertion.

Problem 5. Find all solutions T of the equation x2006T = 0 in the space of tempered
distributions S∗(R1).

Problem 6. In which of the following cases is the operator A = i d

dx
acting on L2([0, 1])

symmetric, essentially self-adjoint, self-adjoint? Justify your answers.

(a) DA = C1[0, 1]
(the space of continuously differentiable complex-valued functions on [0, 1])

(b) DA = { f ∈ C1[0, 1] : f(0) = f(1) }

(c) DA = { f ∈ C1[0, 1] : f(0) = f(1) = 0 }






