PRELIMINARY EXAM IN ALGEBRA, SPRING 2019

All problems are worth the same amount. You should give full proofs or explanations of your
solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. Let G = C4 be the cyclic group of order 4. Give an example of a real representation M of G
that is irreducible but such that M @g M is a reducible representation of G. (In other words,
M is a simple R[G]-module with M ®@g M not simple.)

2. Suppose that M is a Q[x]-module such that dimg (M) < eo. Show M is not projective .

3. Let R be a unital ring, M a left R-module. Is it true Homg(R,M) ~ M as left R-modules? If
so, prove it; if not explain why or give a counter example.

4. For which values of 7 is the ring Mat, »(Z/nZ) isomorphic to a product of matrix rings over
fields? Prove your answer.

5. Consider the additive group Q and its quotient group G = Q/Z. Prove that for every natural
number n the group G contains a unique subgroup H of order n.

6. Determine if the group G given by the presentation

(x, y|xy = y**%%)

is nilpotent.



PRELIMINARY EXAM IN ALGEBRA
SPRING 2018

All problems are worth the same amount. You should give full proofs or explanations of your
solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. What is the splitting field of the polynomial x> +x+ 1 € Fs[x]?
2. Prove that if G is a nontrivial nilpotent group, then its center Z(G) is also nontrivial.

3. Let G be a group of order 50 and let n be the number of elements of order 5 in G. Find all
possible values of n (and prove that the list is correct).

4. Consider the algebra A = C ®p C. Give a basis for A as a vector space over R, and write out
the product of every pair of basis vectors.

5. Give an example of a field F and a polynomial f(x) € F[x] which is irreducible but not
separable. (Recall that a polynomial is separable if its has distinct roots in its splitting field.)

6. Calculate the character table (i.e., the table of the traces of complex irreducible representa-
tions) of the dihedral group Dy, by definition the finite group of order 8 with generators x,y
and relations

x4:y2:1 yxyx = 1.



PRELIMINARY EXAM IN ALGEBRA
FALL 2018

All problems are worth the same amount. You should give full proofs or explanations of your
solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. Prove that Z is a principal ideal domain.

2. Let H be the real quaternions. Then C ®g H is isomorphic to which of the following rings?
Prove your answer

(a) CxC
(b) CxCxCxC

3. Let f = x* — 14x* + 9 € Q[x]. Compute the Galois group of f.
4. Solve the following:

(a) Prove that R/I ®grR/J = R/(I+J) for R a commutative ring, and /,J C R are ideals.
(b) Find the dimension of Q[x,y]/(x* +y?) Ry QR y]/ (x + y?) as a vector space over
Q, or explain why it is infinite.

5. Solve the following questions:

(a) If F is a field, prove that F[x]/(f(x)) is a field if and only if f(x) is irreducible over F.
(b) Show that f(x) = x> 4 2x +2 is irreducible in Q[x], and find the inverse of 1+ x in

Ql/(f(x))-

6. Let V be the subspace of C? spanned by vi,v, = (1,—1,0),(0,1,—1), which is an invariant
subspace under the permutation action of S3, and so gives a two-dimensional representation
p:S3— GL(V).

(a) Write down the matrices of p (o) in this basis.
(b) Describe a Hermitian inner product (,) on V in the basis vi,v,, which is G-invariant,
ie. (p(g)u,p(g)v) = (u,v).

(c) Describe the tensor product V ®gV, as an R-module where R = C[H] and H C S3 is
the subgroup {1,(123),(132)}.



PRELIMINARY EXAM IN ALGEBRA
Spring, 2017
Instructions:
(1) All problems are worth 10 points. Explain your answers clearly. Unclear
answers will not receive credit. State results and theorems you are using.
(2) Use separate sheets for the solution of each problem.

Problem 1. Let G be a finite group and H C G a subgroup such that [G : H| = p
where p is the smallest prime dividing |G|. Show that H is a normal subgroup of G.

Problem 2. Let k be a field, and let f € k[z] be of degree = n > 1. Let K be the
splitting field of f (over k, embedded in some fixed algebraic closure of k). Prove
that [K : k| <nl.

Problem 3. Show that the free group of rank 2 is not solvable.

Problem 4. Give an example of a projective R-module that is not free for R =
R[z]/(z* + 2?).

Problem 5. Let GG be the nonabelian group of order 57.

(a) How many 1-dimensional characters does G have ?

(b) What are the dimensions (aka degrees) of the other irreducible characters of

G?

Problem 6.

Let F be a finite field.

(a) Show that |F| = p” for some prime p.

(b) Show that the multiplicative group F\{0} is a cyclic group.



PRELIMINARY EXAM IN ALGEBRA
FAaLL 2017

All problems are worth the same amount. You should give full proofs or explanations of your
solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. Suppose that F C K is an inclusion of fields and let o, 3 € K be two elements which are
algebraic over F. Show that & + f3 is also algebraic over F.

2. Let f € Q[x] be the minimal polynomial of 1+ v/2+ v/4 over Q, and let K be the splitting
field for f over Q. What is [K : Q] and what is Gal(K/Q)? (Note that you are not required
to find f.)

3. Let M, (R) denote the ring of n x n matrices over R, and consider a (possibly non-unital)
ring homomorphism f : M, (R) — M,(R). Can f be non-zero?

4. Find all maximal ideals of the ring F7[x] /(x> + 1) and the ring F7[x] /(x> 4 1).

5. Let F be a field and let p, g € F[x] be polynomials over F. Show that

FIxl/(p) @rp FIxl/(q) = Fx]/(ged(p,q))
as F [x]-modules.

6. Prove that if p is a prime number, then every group G with p? elements is abelian.



PRELIMINARY EXAM IN ALGEBRA
Spring, 2016
Instructions:
(1) All problems are worth 10 points. Explain your answers clearly. Unclear
answers will not receive credit. State results and theorems you are using.
(2) Use separate sheets for the solution of each problem.

Problem 1. Let k be a field and let R = Mat,, ,(k) be the ring of n x n matrices
with entries from k. Let f : R — S be any ring homomorphism. Show that f is
either injective or zero.

Problem 2. Let R be a ring with the identity, consisting of p? elements. Show
that R is commutative.

Problem 3. Let G be a group generated by elements a, b each of which has order
2. Prove that G contains a subgroup of index 2.

Problem 4. Prove that every finite group G of order > 2 has a nontrivial auto-
morphism.

Problem 5. Find all possible Jordan canonical forms for a matrix A = T'((123))
if T is a two dimensional complex linear representation of the symmetric group Ss.

Problem 6. Find the smallest nonnegative integer C' > 0 for which R. =
Zlz)/(c,2* —2) is

(a) a domain

(b) a field.



PRELIMINARY EXAM IN ALGEBRA
FALL, 2016

All problems are worth the same amount. You should give full proofs or explanations of your
solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. Let F, be the free group on n generators with n > 2. Prove that the center Z(F) of F is trivial.

2. Let G be a finite group that acts transitively on a set X of cardinality > 2. Show that there
exists an element g € G which acts on X without any fixed points. Is the same true if G is
infinite?

3. Show that every linear map A : R? — R3 has both a 1-dimensional invariant subspace and a
2-dimensional invariant subspace.

4. Let I,J C R be ideals in a principal ideal domain R. Prove that / +J = R if and only if
IJ=1INnJ.

5. Let F be a finite field and let L be the subfield of F generated by elements of the form x> for
all x € F. Prove that if L # F, then F has exactly 4 elements.

6. Show that the R-modules L = C®pr C and M = C ®¢ C are not isomorphic.



ALGEBRA PRELIM PROBLEMS
Spring, 2015

Instructions:

1. All problems are worth 10 points. Ezxplain your answers clearly.
Unclear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1.
Show that if M is a nondiagonalizable complex matrix and M™ is diago-
nalizable then det(M) = 0.

Problem 2.
Find the degree of the field extension Q(\/ﬁ, \‘75) over Q.

Problem 3.

Show that if G is an infinite simple group then every proper subgroup
has infinitely many conjugates. Use this to conclude that G has an infinite
automorphism group.

Problem 4.
Find a quotient ring of Z[z| which is a principal ideal domain but not a
field.

Problem 5.

Let R = Q[X]/(X? —2).

(a) Is R a field? Explain.

(b) Run the extended Euclidean algorithm on X3 —2 and X? — X +1 to
find polynomials A(z) and B(z) with

AX)(X? = 2) + B(X)(X2 = X + 1) = ged(X3 — 2, X2 — X +1).
(c) Does [X? — X + 1] have a multiplicative inverse in R? If yes, find it.

Problem 6.

Let G be a finite group and p: G — GL,(C) a representation.

(a) Show: §: G — C, g — det(p(g)) is a linear character of G (i.e. a
group homomorphism to the multiplicative group).



(b) Show: If 6(g) = —1 for some g € G, then G has a normal subgroup
of index 2.

(c) Show: If G has order 2k, k odd, then G has a normal subgroup of
index 2.

(d) Let x(g) = tr(p(r)) and g € G an involution. Show: (i) x(g) is an
integer; (ii) x(¢) = x(1) mod 2; (iii) if G has no normal subgroup of index
2, then x(g) = x(1) mod 4.



PRELIMINARY EXAM IN ALGEBRA
Fall, 2015
Instructions:

1. All problems are worth 10 points. Explain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you
are using.

2. Use separate sheets for the solution of each problem.

Problem 1.
Let GG be a finite group such that all Sylow subgroups of G are normal
and abelian. Show that G is abelian.

Problem 2.
For a finite group G define the subset G* = {¢? : g € G} C G. Is it true
that G? is always a subgroup?

Problem 3.
What is the smallest possible n for which there is an n by n real matrix
M which has both:
(a) the rank of M? is smaller than the rank of M,
(b) M leaves infinitely many length one vectors fixed.

Problem 4.
Let I denote the ideal in the ring Z[z] generated by 5 and 23 + z + 1. Is
I a prime ideal?

Problem 5.
Show that two free groups are isomorphic if and only if they have equal
ranks.

Problem 6.
Find the Q-dimension of the splitting field over Q of 2° — 3.



Spring 2014: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. FExplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1: Find the smallest order of a group which is not cyclic and not
isomorphic to a subgroup of S5 (the symmetric group on five objects).

Problem 2: Consider the four dimensional real vector space
V=A{f:2/4Z — R}

with the R[z]-module structure given by shifting so that (xf)(r) = f(r + 1).
Find a direct sum decomposition of V' into irreducible R[z]-modules.

Problem 3: Let p,q be prime numbers with p < ¢ such that p is not a
divisor of ¢ — 1. Let G be a group of order gp. Which of the following is
true: (a) G is always simple. (b) G is never simple. (¢) G could be simple
or non-simple.

Problem 4: Give an example of a ring R and an R-module M which is
projective but not free.

Problem 5: Let V be a linear representation of a group G over the field
Q(v/2), and let x : G — Q(v/2) be its character. Then V is also a vector
space Vg over QQ, and is again a linear representation of G. Express its
character xq in terms of the original character y.

Problem 6: Let C(x) be the field of complex rational functions, i.e., the
fraction field of the polynomial ring C[z]. Let C(y) be another copy of the
same field in the variable y. This field is an algebra over C, hence C(z)®cC(y)
is another algebra over C. Is it also a field?



ALGEBRA PRELIM PROBLEMS
Fall, 2014

Instructions:

1. All problems are worth 10 points. Ezxplain your answers clearly.
Unclear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1.
Let GG1, G5 be finite index subgroups of a group G. Show that the inter-
section G; N Gy also has finite index in G.

Problem 2.
Let G be a finite group and N C G be a subgroup of index p, where p is
the smallest prime dividing |G|. Prove N is a normal subgroup of G (N <G).

Problem 3.
Does the additive group Q admit an epimorphism to a nontrivial finite
group? Justify your answer.

Problem 4.
List all ideals of F,[z]/(2* + 2 — 6) when
(a) p=17
(b) p=5.

Problem 5.

Let p be a representation of a finite group GG on a vector space V' and let
veV.

(a) Show that averaging p,(v) over G gives a vector v € V' which is fixed
by G.

(b) What can you say about this vector when p is an irreducible repre-
sentation?

Problem 6.

If R is a commutative ring with identity, and S a multiplicative subset,
then every ideal J of S7!R is of the form S~!I for some ideal I of R. Is I
uniquely determined by J? Why or why not?



Spring 2013: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. FExplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1: Let A be a Boolean ring, i.e., a®> = a for all a € A. Show that
the ring A is commutative.

Problem 2: Let R be a commutative ring with identity 15 # 0. Let I C R
be an ideal so that R/I is a division ring. Show that / is a maximal ideal in
R.

Problem 3: Suppose that n and m are natural numbers. Show that the
free group of rank n is isomorphic to the free group of rank m if and only if
n=m.

Problem 4: Let E/K be a field extension of degree [E : K] = 2% for some
k > 1. Let f € K[X] be a monic polynomial of degree 3 that has a root
in . Must f have a root in K7

Problem 5: Consider the multiplicative group Fyy of the field Fy3. Which
elements generate the group, and which elements are squares in F57

Problem 6: Let G be a group. Prove or disprove the following statements.
(a) If G is abelian, then every finite-dimensional irreducible complex repre-
sentation of GG is one-dimensional.

(b) If G is finite and every irreducible complex representation of G is one-
dimensional, then G is abelian.



Fall 2013: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. FExplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1: Let G C M, (C) be a group of complex n x n matrices. Let V
be the linear span of GG, and let V* be the set of invertible elements of V.
Show that V' is also a group.

Problem 2: Consider an attempt to make an R-linear map
fCR®cC—->CrrC or CorC—C®cC,

in either direction given by the formula

faey) =2y

In which direction is this map well-defined? Is it then surjective? Is it
injective?

Problem 3: The dihedral group D, acts as the symmetries of a square in the
plane R? with coordinates x and y. Suppose that the corners of this square
are at (£1,%+1). Then D, acts linearly, and it therefore has an induced
action on the vector space V,, of homogeneous polynomials in z and y of
degree n. Find the character of V,, viewed as a representation of D,. (Note:
the character will depend on 7.)

Problem 4: Let GG be a group with an odd number of elements that has a
normal subgroup N with 17 elements. Show that N lies in the center of G.

Problem 5: Is it possible to have a field extension F' C K with [K : F| = 2,
where both fields F' and K are isomorphic to the field Q(z)?

Problem 6: Compute [Q(v/2,v/3) : Q] and find a basis for Q(v/2,v/3) over
Q.



Spring 2012: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. Ezxplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USING.

2. Use separate sheets for the solution of each problem.

Problem 1. Let A be a real n x n upper triangular matrix so that A
commutes with its transpose A7. Show that A is diagonal.

Problem 2. Suppose that G is a group which contains no index 2 subgroups.
Show that every index 3 subgroup in G is normal.

Problem 3. Let F be a field and F* be the multiplicative group of nonzero
elements of F. Show that every finite subgroup of F* is cyclic.

Problem 4.
Prove that R[X]/(X? — DR[X] ~ R&R, but R[X]/(X? - 1)’R[X] # R&R.

Problem 5. Show that 9 and 6 + 34/—5 do not have a greatest common
divisor in Z[v/-5].

Problem 6. Let F be a field, X an indeterminate, and let F{[X]] denote
the ring of formal power series with coefficients in F', where multiplication is
defined as it is for polynomials. Prove that an element s = ag +a; X +--- €
F[[X]] is a it in F[[X]] if and only if ag # 0. Show that every ideal of
F[[X]] is of the form X"F[[X]] for some n > 0.



Fall 2012: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. FExplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1.
a) Can a vector space V over an infinite field be a finite union

where for each ¢, V; # V7
b) Can the group Z? = Z x Z be a union of finitely many proper subgroups?

Problem 2. Let GG be an abelian group with n generators. Show that every
subgroup H C G has a generating set consisting of at most n elements.

Problem 3. Let F be a field and let P C F be the intersection of all
subfields in F'. Show that:

a) If F has characteristic 0 then P = Q,

b) If F" has characteristic p > 1 then P = F,,.

Problem 4. Let R be a commutative ring and / an ideal in R. Prove or
disprove: The set VI = {a€R:In €N, n>0,a" €1} is an ideal.

Problem 5. Find the number of field homomorphisms ¢: Q(v/2) — C.

Problem 6.

Consider the dihedral group Dy = (r,s: s
a) Find the conjugacy classes of Dj.

b) Find the character table of Dy.

2=rt=1, rs =sr7!) of order 8.



Spring 2011: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. Ezxplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USING.

2. Use separate sheets for the solution of each problem.

Problem 1:

Let N be an m x m square matrix of complex numbers. Prove that the
following conditions are equivalent:

(a) NN* = N*N, ie., N is normal.

(b) N can be expressed as N = A+ iB, where A and B are self-adjoint
matrices of order m x m satisfying AB = BA (and i = v/—1).

(¢) N can be expressed as N = RO, where R and © are matrices of order
m x m satisfying RO = ©OR, © is unitary and R is self-adjoint.

Problem 2:
Prove that a finite group G is abelian if and only if all its irreducible repre-
sentations are 1-dimensional.

Problem 3:
Let

SL(2,Z) := {( j Z ) ca,b,c,d € Z, ad — be = 1},
and let PSL(2,7Z) be the quotient group
PSL(2,Z) := SL(2,Z) {1},
where [ is the 2 x 2 identity matrix. Prove that PSL(2,7Z) is generated by

} 11 0 —1
the cosets of the matrices ( 01 > and < 10 >
Hint: Note that

(o1) (a)=( i) o
(r) ()= )



Problem 4:
Consider the group G = Q/Z. Show that for every natural number n the
group G contains exactly one cyclic subgroup of the order n.

Problem 5:

Let R be a finite ring. Show that there exist n, m with n > m, so that
"t =™

for all x € R.

Problem 6:

Let J denote the ideal in Z[x] generated by 5 and the polynomial p(z) =
23 + 2% + 1. Determine if J is a maximal ideal.



Fall 2011: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. FExplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1:
Show that there is no commutative ring with the identity whose additive
group is isomorphic to Q/Z.

Problem 2:

Let p # 2 be prime and F}, be the field of p elements.
(a) How many elements of F,, have square roots in F},?
(b) How many have cube roots in F),?

Problem 3:
Prove that every finite group is isomorphic to a certain group of permutations
(a subgroup of S, for some n).

Problem 4:

Let G be the subgroup of Sis generated by a =(123456)(789 10 11 12)
and b= (17410)(21259)(3 11 6 8). Find the order of G, the number of
conjugacy classes of G, and the character table of G.

Problem 5:
Prove or disprove: If the group G of order 55 acts on a set X of 39 elements
then there is a fixed point.

Problem 6:
Prove or disprove: (Z/35Z)* = (Z/39Z)* = (Z/45Z)* = (Z]70Z2)* = (7] T8Z)* =
(Z/90Z)*. Here (Z/nZ)* is the group of units in Z/nZ.



Spring 2010: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. Ezplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USING.

2. Use separate sheets for the solution of each problem.

Problem 1:

1. Let R be a commutative ring with identity. Recall that an ideal I of R
is said to be radical if for every € R such that z™ € I for some n, we have
z € I. Prove that I is radical if and only if I is equal to the intersection
of the prime ideals containing it. Hint for one direction: if I is radical and
= ¢ I (equivalently, no power of z is in I), by Zorn’s lemma there is a largest
ideal J such that no power of z is in J (this means that no ideal with the
same property strictly contains J, not that J contains every ideal with this
property). Show that J is a prime ideal.

Problem 2:

Recall the definition of a projective module M over a ring R: Whenever A
and B are two other R-modules, and whenever f : M — Aand g: B— A
where g is surjective, are module homomorphisms, then f factors as f = goh.
For instance, M = R is a module over the polynomial ring R{z], where z acts
by multiplication by 0. Is this a projective module?

Problem 3:
Prove that the group (z,y : z2 = y®) is not trivial.

Problem 4: Prove that every finite group of order greater than 2 has a non-
trivial automorphism.

Problem 5: Prove that if R is an integral domain with a finite group of
units R, then the group of units is cyclic.

Problem 6: Give an example of an irreducible polynomial of degree n (for
some n) over Q whose Galois group does not have n! elements.




PRELIMINARY EXAMINATION FALL 2010

ALGEBRA

Problem 1. Let G be a group which admits a finite set of generators. Show that
G is countable.

Problem 2. Let G be a finite group. Show that G embeds in GL(n,Z) for some n.

Problem 3. Show that the (multiplicative) group of n xn upper-triangular matrices
(with real entries), having diagonal elements that are non-zero, is solvable.

Problem 4. Consider the ring R = Z[z]. Give an example, with a proof, of an
ideal in R which is not principal and of an ideal that is not prime.

Problem 5. Let R be a ring with identity. Recall that x € R is called nilpotent if
2™ = 0 for some n. Prove that if z is nilpotent, then 1 + z is invertible.

Problem 6. Let F' be a nontrivial finite extension field of R. Prove that F' is
isomorphic to C. You may use the fundamental theorem of algebra.




Winter 2009: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. Ezplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
Uusing.

2. Use separate sheets for the solution of each problem.
Problem 1:
(a) Find a complex matrix M with
-3

M? = 5
9

O O
O W

(b) Note that —M is another solution. How many such matrices are there?
Problem 2:
Show that there are at least two nonisomorphic, nonAbelian groups of each
of the orders 24 and 30.
Problem 3:
Show that if a finite group has exactly three conjugacy classes (noting that
the identity forms one of the three) then the group has at most six elements.
(Hint: Consider showing that in a finite group the number of elements in any
conjugacy class divides the number of elements in the group.)
Problem 4: Let P be some set of prime numbers in the usual integers.
Find a commutative ring R containing the integers such that the primes (irre-
ducible elements) in R are precisely the elements of P up to multiplication by
units. (Hint: What are all primes in the ring Z[}] = {Z|a € Z,0 < r € Z}7)
Problem 5: Let A be the group of rational numbers under addition, and let
M be the group of positive rational numbers under multiplication. Determine
all homomorphisms from A to M.
Problem 6: An element of the ring of n-adic integers Z, is an infinite (to
the left) string of base n digits written ... a3090109. With 0 < q; < n — 1.
Addition and multiplication are defined as usual for the integers written in
base n, except that one must carry indefinitely. (Note for example that in
Zjo the element ...99999. is -1.)

Prove that Zg is isomorphic to Z, @ Zs.




Fall 2009: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. Ezplain your answers clearly. Unclear answers will
not receive credit. State results and theorems you are using.

2. Use separate sheets for the solution of each problem.

Problem 1. Recall that an integral domain R is said to be a unique factorization domain if
every element z € R can be written as a product of irreducible elements 1=, pi, and if the
p; are uniquely determined up to reordering and multiplication by units. Show that if Ris
a unique factorization domain, then every irreducible element generates a prime ideal.

Problem 2. The field extensions Q(v/2)/Q and Q(V V2)/Q(~+/2) are both Galois (you do

not need to prove this). Show that Q(v/ v/2)/Q is not Galois. For concreteness, assume the
square roots are positive.

Problem 3. Let A and B be linear transformations on a finite dimensional vector space V.
Prove that the dimension of kernel(AB) is less than or equal to the dimension of kernel(A)
plus the dimension of kernel(B).

Problem 4. Let G be a group and H and K subgroups such that H has finite index in G.
Prove that the intersection of K and H has finite index in K.

Problem 5. Prove that the algebra C ®g C is isomorphic to the algebra CeC.

Problem 6. If V is a finite-dimensional linear representation of a group G, then by definition
the character function x (g) is the trace of the action of g. This is usually studied when V' is
a complex vector space, but it is well-defined over any field. Find an example of a non-trivial
representation V of a group G over some field F, such that x(g) = 0 for all g. (Non-trivial
means that not all of the elements of G act by the identity.)




Winter 2008: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. Explain your answers clearly. Unclear answers will
not receive credit. State results and theorems you are using.

2. Use separate sheets for the solution of each problem.

Problem 1. Suppose that G is a finitely-generated group and n € N. Show that G contains
only finitely many subgroups of index < n.

Problem 2. Let A be an n x n complex matrix. Prove of disprove:
a. A is similar to its transpose.

b. If the sum of the elements of each column of A is 1, then 1 is an eigenvalue of A.

Problem 3. Recall that if R is a ring, an R-module M is projective means: If f: A — Bis
a homomorphism between two other R-modules, andif g : M — Bisa homomorphism, then
there is always a solution h : M — A to the equation g = fh. Prove that among Z-modules,
the only cyclic module Z/n which is projective is Z/0 = Z.

Problem 4. 2. Prove that M,(C), the algebra of n x n complex matrices, has no non-trivial
two-sided ideals.

Problem 5. Let A and B be two abelian groups with 25 elements. There is more than
one possibility for A up to isomorphism, and likewise for B. Since all abelian groups are
Z-modules, we may tensor A and B as Z-modules. What are the possibilities for the number
of elements of A ® B?

Problem 6. Prove or disprove: The field C(z) of rational functions with complex coefficients,
is a transcendental (i.e., non-algebraic) extension of the field C.




Winter 2008: PhD Analysis Preliminary Exam

Instructions:
1. All problems are worth 10 points. Ezplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are

usIng.

2. Use separate sheets for the solution of each problem.

Problem 1: Define f, : [0,1] — R by
folz) = (=1)"2"(1 — ).

(a) Show that an converges uniformly on [0, 1].

n=0
o]

(b) Show that Z\ fn| converges pointwise on [0, 1} but not uniformly.

n=0

Problem 2: Consider X = R? equipped with the Euclidean metric,

e(w,y) = [(21 —y1)® + (@2 — y2)%] "%,

where = = (71, 72) € R%, y = (y1,32) € R% Defined: X x X — R by

d(z,y) = e(z,y) if o, y lie on the same ray through the origin,
Y= e(z,0) +e(0,y) otherwise.

Here, we say that z, y lie on the same ray through the origin if + = Ay for
some positive real number A > 0.

(a) Prove that (X, d) is a metric space.

(b) Give an example of a set that is open in (X, d) but not open in (X, e).



Problem 3: Suppose that M is a (nonzero) closed linear subspace of a
Hilbert space H and ¢ : M — C is a bounded linear functional on M. Prove
that there is a unique extension of ¢ to a bounded linear function on H with
the same norm.

Problem 4: Suppose that A : H — H is a bounded linear operator on
a (complex) Hilbert space H with spectrum o(A) C C and resolvent set
p(A) =C\ o(A). For p € p(A), let

R, A) = (ul — A)™!
denote the resolvent operator of A.

(a) It p € p(A) and X
= < R AT

prove that v € p(A) and
R, 4) = [T~ (1 — ) R(w, A)) ™ R, A).

(b) If p € p(A), prove that

1
1 R(p, Al = 0o (A)

where

d(p,o(A) = inf |y A

Ao (A)

is the distance of ;i from the spectrum of A.

Problem 5: Let 1 < p < oo and let I = (—1,1) denote the open interval
in R. Find the values of « as a function of p for which the function |z|* €
WhP(T).

Problem 6: Let Q = {z € R®* : |z| < 1} denote the unit ball in R?.
Suppose that the sequences {f;} in WH4(Q) and that {g.} in W4(Q; R?).
Suppose also that there exist functions f € W14(Q) and § in W4(Q; R?),
such that we have the weak convergence

fi — fin WH(Q),
Gi — § in WHH(Q; R?).




Show that there are subsequences {fi,} and {g,} such that we have the
weak convergence

Dfy, -curlgy, — Df -cwrlg in H™HQ).

Notation for Problem 6. Here f is a scalar function and ¢ = (g1, g2, g3) are
three-dimensional vector-valued function. D denotes the three-dimensional
gradient (0,,,0s,,0.,) and curl § = (0, Ory, Oz ) X §

As customary, we use H1(Q) to denote the dual space of the Hilbert
space H{(2) consisting of those functions in H'(2) which vanish on the
boundary (in the sense of trace). Two useful identities are that

curl (ﬁf) =0 for any scalar function f,

div (curlw) = 0 for any vector function w,

where div F = Oy F'1 + 0y Fy + 0., F3 denotes the usual divergence of a vector
field F = (Fy, Fy, F3).

Hint for Problem 6. Test D fr, - curl g, with a function ¢ € Hg(Q) and
use integration by parts to argue the weak convergence. .




Fall 2008: September 23

Preliminary Examination in Algebra for the PhilosophizDoctor degree from
the University of California at Davis
Instructions:

1. Each problem is worth 10 points.
2. Ezplain your answers clearly to receive credit.

3. Use a seperate sheet for each problem.
Problems:
1. (a) Show that if f(z) € Q[z] is an irreducible (nonconstant) polynomial
then Q[z,y]/(f(x)) is a principal ideal domain.
(b) Find a generator for the ideal (z,y).
(c) Show that 22 —y3 € Qlz,y] is irreducible and (z,y) C Q[z,v)/(f(z))
is not principal.

2. Assume that p is prime, D and P are subgroups of a finite group F with D
normal and having index ([F : D]) relatively prime to p and P a p-group.
Show that P C D.

3. Let M be a 3 by 3 matrix of complex numbers with characteristic poly-
nomial z3 + 522 + 3z + (9 — ).

(a) Find the determinant of M?2.
(b) Find the trace of M?2.
(¢) Find the characteristic polynomial of M?2.

4. Assume that R is an integral domain (a commutative ring with no zero
divisors) and J is a nonzero ideal of R viewed as an R-module.

Is J always, sometimes, or never a direct sum of two nontrivial R-submodules?

5. If H is a subgroup of a group G, then a subgroup K C G is called a
complement of H if K has exactly one element in every left coset of H.

(a) Show that if H is normal, then all complements of H are isomorphic
to each other.

(b) Show that the inclusion of symmetric groups S5 C S; has two com-
plements which are not isomorphic.

6. Show that every sequence of finite abelian groups ..., A, A1, Ag is the
homology of some chain complex

e == Cy —C; — Cy — 0

of free abelian groups (that is if d; : C; — C,_, are the maps above then
d;+1d; = 0 and A; is isomorphic to ker(d;)/im(di41)).




Fall 2008: PhD Analysis Preliminary Exam

Instructions:

1. All problems are worth 10 points. Explain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1: Prove that the dual space of ¢, is £}, where
¢ = {z = (z,)such thatlimz,, = 0}.

Problem 2: Let {f,} be a sequence of differentiable functions on a finite
interval [a,b] such that the functions themselves and their derivatives are
uniformly bounded on [a,b]. Prove that {f,} has a uniformly converging
subsequence.

Problem 3: Let f € L'(R) and V; be the closed subspace generated by the
translates of f: {f(-—y)|Vy € R}. Suppose f(go) = 0 for some &. Show that
h(&) = 0 for all h € V. Show that if V; = L(R), then f never vanishes.
Problem 4: (a) State the Stone-Weierstrass theorem for a compact Haus-
dorff space X.

(b) Prove that the algebra generated by functions of the form f(z,y) =
g(z)h(y) where g,h € C(X) is dense in C(X x X).

Problem 5: For r > 0, define the dilation d,.f : R — R of a function f :
R — R by d, f(z) = f(rz), and the dilation d,T of a distribution T € D'(R)
by

1
(d, T, ¢) = ;(T, di/r ) for all test functions ¢ € D(R).

(a) Show that the dilation of a regular distribution T, given by

(Ty, 6) = / f(@)o(z) d,

agrees with the dilation of the corresponding function f.

(b) A distribution is homogeneous of degree n if d,T = r"T. Show that the
d-distribution is homogeneous of degree —1.



(c) If T is a homogeneous distribution of degree n, prove that the derivative
T’ is a homogeneous distribution of degree n — 1.

Problem 6: Let ¢*(N) be the space of square-summable, real sequences
t = (@1, T2, 3,... ) with norm

~ 1/2
]l = (Z wi) -

Define F : *(N) — R by

Flz) = i {%zi - xi}

n==1

(a) Prove that F is differentiable at 2 = 0, with derivative F’(0) : £2(N) — R
equal to zero.

(b) Show that the second derivative of F at z = 0,
F"(0) : ¢*(N) x £#(N) - R,
is positive-definite, meaning that
F"(0)(h,h) >0

for every nonzero h € £3(N).

(c) Show that F' does not attain a local minimum at z = 0.



Winter 2007: PhD Algebra Preliminary Exam

Instructions:

(1) Ezplain your answers clearly. Unclear answers will not receive credit. State results
and theorems you are using.

(2) Use separate sheets for the solution of each problem.

Problem 1. Let R be a commutative ring with identity, and let I be an ideal of R. Under
what conditions on [ is R/I a field? An integral domain? A commutative ring with identity?

Problem 2. Let V' be a vector space, and let A and B be a pair of commuting operators

on V. Show that if W is an invariant subspace for A, then so are the spaces BW and
B'W:={veV : Bve W}

Problem 3. Suppose the group G has character table

1 1 1 1 1
3 -1 0 G+E+1 G+¢+1
3 -1 0 G+¢G+1 B&+¢E+1
4 0 1 -1 -1
5 1 -1 0 0,

where (5 is a primitive 5-th root of unity (so {§ + G+ 2+ ¢ +1=0).

(a) Prove that G is a simple group of order 60, and determine the sizes of its conjugacy
classes.

(b) How does the tensor product of the two 3-dimensional irreps decompose into irre-
ducibles?

Problem 4. Suppose that the group G is generated by elements z and y that satisfy
2%y3 = 28y® = 1. Is G the trivial group?

Problem 5. Let R be a principal ideal domain and I C R an ideal. Prove that every ideal
in the quotient ring R/I is a principal ideal. Show that R/I is not necessarily a principal
ideal domain.

Problem 6.

(a) Give an example of a 4 x 4 complex matrix having only one eigenvalue, equal to 3,
with the space of eigenvectors having dimension 2.

(b) Let us consider the set K of all matrices obeying the conditions of (a). The group
GL4(C) acts on K by means of the transformations ¢4(X) = AXA~!. How many
orbits does this action have?




Wmter 2007 PhD Analyszs Prellmmary Exam

Instructlons

(1) Explam your answers clearly. Unclear an‘éweﬁ will not receive credit. 'Sta'te"ms#lté
and theorems you are using. : | S v

(2) Use separate sheets for the solutzon of each pmblcm

Problem 1. Let C(fo, 1]) be the Ba.nach space af eontinnous real-valued ﬁmctlons on {0 1],
with the norm ||flle = sup, |f(z)|. Let S : C([0,1]) — C({0,1]) be a bounded. linear
operator. Suppose that ||S(p) " < 2 for all polynonnals r. Show that S is the zero aperator

| ‘Problem 2. F‘or p21, let lP(N) be the set of sequences (x,.) such that
Lo
I @allp = (Z 'l%i?’) <o
(a) Show that if 1 < p < ¢ < oo then IP(N) C I9(N).
(b) ;,Show that if 1 < p < g < oo then IP(N) # lq(N)k.f : |

Problem 3. Suppose that for some function f R” - R

hm hm f (z, y) = hm hm f (31» ) H

in. partxcula.ra both limits exist. Does it follow that

fe ,y)

(zm)-*(ﬁ,ﬂ)
exists?
Problem 4. Let X be a metric space. A function f:X — X is said to be a conttaction' if
~ there exists a C < 1 such that d(f(z), f(y)) < Cd(z,y) for all z # y. The function f is said
to be a weak contraction if d(f(z), f(y)) < d(z,y) for all = # y, without the constant C.

The contraction mapping theorem says that if f is a contraction, then it has a fixed pomt
Show that the theorem also holds when f is a weak contractmn a.nd X is compact

Problem 5. Construct the Green’s functlon for the Dirichlet baundary—value problem
‘ —u" 4+ 4u = f, u(O) u(2) ‘

, Prob}em 6. Let U be a umtary operator on a Hxlbert spa.ce Prove that the spectrum of U
lies on the umt cxrcle




Fall 2007: PhD Algebra Preliminary Exam

Instructions:

1. All problems are worth 10 points. Ezplain your answers clearly. Unclear answers will
not receive credit. State results and theorems you are using.

2. Use separate sheets for the solution of each problem.

Problem 1. Suppose that p is a complex matrix representation of a finite group G. Show
that every matrix p(g) is diagonalizable.

Problem 2. Consider the ring R[[z]] of formal power series in x with real coefficients.
Namely, this is the set of all infinite series ay + a;z + asz? + ... with no conditions on
convergence. What are the units (invertible elements) in this ring? What are the ideals?

Problem 3. If H is a subgroup of a group G, then the normalizer N(H) of H is defined as
the set of g in G such that gHg™! = H. It is the largest subgroup of G that contains H as
a normal subgroup. Let G be the symmetric group S7; let H C G be the cyclic subgroup
generated by a 7-cycle.

Find the number of elements of the normalizer N(H) of H in G.

Problem 4. Compute the number of groups of order < 1029 each of which contains exactly
three elements of order 3.

Problem 5. Show that the group Q of rational numbers (with respect to the addition
operation) is not finitely generated.

Problem 6. Show that
det(exp(A)) = "

for every complex n x n matrix A, where exp(A) is defined as

A2 AF
eXp(A):1+A+—2—+...+W+...




University of California. Davis Winter, 2006

PhD Algebra Preliminary Exam for 2005-06

Instructions: All problems are worth 10 points. FEzplain your answers clearly. Unclear
answers will not receive credit. State results and theorems you are using.

Problem 1. Let field FE be a finite extension of a field F', and let R be a subring of £ that
contains F'. Prove that R is a field.

Problem 2. Let R be a commutative ring with a unit. Prove that the following two
properties of R are equivalent:

(a) If a,b € R and a + b is invertible, then either a or b is invertible.

(b) R is local, that is, R has a unique maximal ideal.
Problem 3. Describe all possible Jordan forms of an n x n matrix X obeying X" = 0.
Problem 4. Show that Q (the additive group of rational numbers) is not finitely generated.

Problem 5. Determine all finitely generated abelian groups which have finite group of
automorphisms.

Problem 6. Suppose that H C G is a subgroup which is contained in every nontrivial
subgroup of GG. Show that H is contained in the center of G.




University of California. Davis Winter, 2006

Analysis Preliminary Exam for 2005-06

Instructions: Ezplain your answers clearly. Unclear answers will not receive credit. State
results and theorems you are using.

Problem 1. (a) Prove that there is no continuous map from the closed interval [0, 1] onto
the open interval (0, 1).

(b) Construct a continuous map from the interval (0,1) onto the interval [0,1].

Problem 2. Define the Fibonacci sequence (2p) of integers by z; = 1, 25 = 1 and
Tpt1l = Tp + Tp-1, n=23,....

Let 7, = T, 41/, be the ratio of successive terms. Prove that r, converges to ¢ as n — oo,
where ¢ is the “golden ratio”
1++5

=

Problem 3. Suppose that X is a complete metric space with metric d. Let (FR), be a
decreasing (i.e. Fny; C F, for all n) sequence of nonempty, closed subsets of X such that
diam F;, — 0 as n — oo. Here,

diam F' = sup{d(z,y) | z,y € F}
denotes the diameter of F". Prove that the intersection N | F,, consists of a single point.

Problem 4. Let f,g € L%(T), where T is the circle, identified with the quotient of R by the
subgroup 27Z. Let * denote the convolution on L?(T). Show that the identity

1
frg=5(f*f+gxg)
holds if and only if f = g.
Problem 5. Let {u; | £ € N} be an orthonormal set in a Hilbert space M. Find (i.e.

characterize) all sequences of scalars {ay | k € N} such that the set {arur | k € N} is
compact in H.

Problem 6. Suppose that T : H — H is a compact linear operator on a complex Hilbert
space H. If A € C is nonzero, prove that the range of \] — T is closed.




Fall 2006: PhD Algebra Preliminary Exam

Instructions:

(1) Ezplain your answers clearly. Unclear answers will not receive credit. State results
and theorems you are using.

(2) Use separate sheets for the solution of each problem.

Problem 1. Let G be a matrix group, and let g € G be an element with det(g) # 1. Show
that g ¢ G’, the commutator group of G.

Problem 2. Let A: V — V be an operator on a finite-dimensional vector space V. Suppose
A has characteristic polynomial z?(x — 1)* and minimal polynomial z(z — 1)2. What is the
dimension of V7 What are the possible Jordan forms of A?

Problem 3. Show that Z is a principal ideal domain.

Problem 4. Let G denote a finite abelian group. Let us consider the set G* of all homo-
morphisms of the group G into the multiplicative group C* of nonzero complex numbers.

(a) Check that G* can be considered as a group with respect to the operation of multipli-
cation of homomorphisms.

(b) Prove that the group G* is isomorphic to the group G.

Problem 5. Let us assign to every nonsingular complex 2 x 2 matrix A a transformation
¢4 of the vector space Maty of complex 2 x 2 matrices defined by the formula

pa(X) =AXAT

(a) Check that this formula specifies an action of the group G Ly(C) of nonsingular complex
matrices on Maty; moreover, it specifies a linear representation of this group.

(b) Prove that this representation is reducible.

(c) For every orbit of the above action, write down one element in that orbit, and find the
corresponding stabilizer.

Problem 6. Consider the dihedral group Dy (the group of isometries of regular 9-gons).
(a) Prove that Dy cannot be represented as a direct product of two non-trivial groups.

(b) Determine if Dy is solvable.



Fall 2006: PhD Analysis Preliminary Exam

Instructions:

(1) Explain your answers clearly. Unclear answers will not receive credit. State results
and theorems you are using.

(2) Use separate sheets for the solution of each problem.

Problem 1. Let C(]0, 1]) be the Banach space of continuous real-valued functions on [0, 1],
with the norm || f||cc = sup, |f(x)]. Let & : [0,1] x[0,1] — R be a given continuous function.
Let T : C([0,1]) — C([0, 1]) be the linear operator given by Ty (f)(x) = fol k(x,y)f(y)dy.

(a) Show that T}, is a bounded operator.
(b) Find an expression for ||7}|| in terms of k.

(c) What is ||Ty|| if k(z,y) = 2?3 ?

Problem 2. Let X be a metric space.
(a) Define X is sequentially compact.
(b) Define X is a complete metric space.
(c) Prove that a sequentially compact metric space X is complete.
)

(d) Let B={x : ||z|l2 <1} be the unit ball in /*(N). Show that B is not sequentially
compact.

Problem 3. Give an example of a Banach space X and a sequence (x,) of elements in X
such that Y > | z, converges unconditionally (converges regardless of order), but does not
converge absolutely (3>, |z,| does not converge). Prove this.

Problem 4. Let f € L?*(T), and let ( fn)nez be the Fourier coefficient sequence of f;
here, T:={ze€ C : |z| =1}. If (f,) € (1(Z), does it follow that f is continuous? (In other
words, is there a continuous function that is equivalent to f in L?*(T)?) Prove your assertion.

Problem 5. Find all solutions T of the equation z?°°°T" = 0 in the space of tempered
distributions S*(R*').

Problem 6. In which of the following cases is the operator A = i< acting on L*([0,1])

symmetric, essentially self-adjoint, self-adjoint? Justify your answers.

(a) Dy = CH0,1]
(the space of continuously differentiable complex-valued functions on [0, 1])

(b) Da={feC0,1] : f(0)=f(1)}
() Da={feC0,1] : f(0)=f(1)=0}



University of California, Davis Fall, 2004

Algebra Prelim Exam for 2004-05

Instructions: explain your answers clearly. Unclear answers will not receive credit. State
results and theorems you are using.

Problem 1. Let V be a nonzero finite-dimensional complex vector space, and let f, g:V — V
be two linear maps. Prove that there exists a non-zero vector v € V such that the vectors
f(v), g(v) are collinear (that is, dim(Span(f(v), g(v))) < 1).

Warning: neither of f, g is assumed to be non-singular.

Problem 2. Prove that an infinite simple (not having proper normal subgroups) group does
not have proper subgroups of finite index.

Problem 3. Let (G be a finitely generated abelian group. Prove that there are no non-zero
homomorphisms Q — G (here Q is the additive group of rational numbers).

Problem 4. Prove of disprove: C[z,y] is a PID (Principal Ideal Domain).

Problem 5. Give examples of each of the following
a) a finite nonabelian group

b) an infinite nonabelian group

c) a group that is not finitely generated

d) a group that is not solvable

Problem 6.
a) Construct infinitely many non-isomorphic quadratic extensions of Q.

b) Use (a) to show that the Galois group Gal(Q/Q) does not have finitely generated abelian-
1zation.

Here Q is the field of rational numbers.



e

University of California, Davis Fall. 2004

Analysis Prelim Exam for 2004-05

Instructions: explain your answers clearly. Unclear answers will not receive credit. State
results and theorems you are using.

Problem 1. Let f:(—1,1) — R be a differentiable function such that there exists a limit

limi(—g—):LE]R.

z—0

Does it follow that the second derivative f”(0) exist and equals L? Give a proof or a
counter-example.

Problem 2. For functions from [0, 1] to R do the following:
a) Define what it means for a sequence of functions to converge uniformly.
b) Explain what it means for a sequence of functions to be equicontinuous.

c) Does every equicontinuous sequence of functions converge uniformly to a continuous
function? Is the converse true? Give examples or prove.

Problem 3. Define two sequences of functions, (f,,) and (g, ), on the interval [0, 1] as follows:
folz) = (1+cos2mz)/™, n>1
1
gn(z) = (1+ 50082%3:)1/”, n>1

a) What are the pointwise limits, f and g, of the sequences (f,) and (g,) respectively?

b) For each sequence, determine whether the convergence is uniform. Explain your answer.

Problem 4. Let X and Y be a topological spaces. Prove that if f : X — Y is continuous
and X is compact, then f(X) is also compact.

Problem 5. Let X be a normed linear space and let X* be its topological dual. Suppose
that for .y € X are such that for all p € X*, p(x) = ¢(y). Prove that z = y.

Problem 6. Consider the following equation for an unknown function f : [0,1] — R:

f@) = ofe) 4 A [ (o= 9 f@)dy + 5sin(F(e) (1)

Prove that there exists a number Ay > 0 such that for all A € [0, )¢), and all continuous
functions ¢ on [0, 1], the equation (1) has a unique continuous solution.



