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Abstract: In this paper we propose a methodology to sta-
bilize systems with control bifurcations by introducing “The
Controlled Center System”. This system is a reduced-order
controlled dynamics consisting of the linearly uncontrollable
dynamics with the first variable of the linearly controllable
dynamics as input. The controller of the full order system
is then constructed. We apply this methodology to systems
with a transcontrollable, a Hopf, and a double-zero, control
bifurcation.

I. INTRODUCTION

Center manifold theory plays an important role in the study
of the stability of nonlinear systems when the equilibrium
point is not hyperbolic. The center manifold is an invariant
manifold of the differential (difference) equation which is
tangent at the equilibrium point to the eigenspace of the
neutrally stable eigenvalues. After determining the reduced
dynamics on the center manifold, we study its stability and
then conclude about the stability of the full order system [6].
This theory can be viewed as a model reduction technique
for nonlinear dynamical systems with non-hyberbolic equi-
librium points. Indeed, the stability properties of a dynamical
system around an equilibrium where one or more eigenvalues
of its linear part are on the imaginary axis are characterized
by the local asymptotic stability of the dynamics on the
center manifold. Thus, this leads to a reduction of the
dimension of the dynamics that needs to be analyzed to
determine local asymptotic stability of the equilibrium.

For a nonlinear control system around an equilibrium, the
local asymptotic stability of the linear controllable directions
can be easily achieved by linear feedback. Therefore the
stabilizability of the whole system should depend on a
reduced order model that corresponds to the stabilizability
of the linearly uncontrollable directions. The Controlled
Center Dynamics introduced in [9] formalizes this intuition.
By assuming that the stabilizing feedback has a certain
structure and is characterized by certain parameters, the
controlled center dynamics is a reduced order dynamical
system characterized by the parameters of the feedback. By
finding the conditions under which this dynamical system
is stable, we deduce conditions on the parameters of the
feedback, and thus deduce a stabilizing controller for the
full order system.

In this paper, we present a slightly different approach.
Instead of assuming that the feedback has a certain structure
and is characterized by certain parameters, we synthesize a

controller on a reduced-order control system called the Con-
trolled Center System. This system is a controlled dynamical
system consisting of the linearly uncontrollable dynamics
with the first variable of the linearly controllable dynamics
playing the role of the input. By constructing a stabilizing
controller, that satsifies certain conditions, for this reduced
order control system, we are able to deduce a stabilizing
controller for the full order system.

The paper is organized as follows. In section 2, we review
the controlled center dynamics approach. Then, in section 3,
we introduce the quadratic controlled center systems and
propose a methodology to stabilize systems with control
bifurcations. We apply this approach to systems with a
trancontrollable and Hopf control bifurcation. Finally, in
section 4, we introduce the cubic controlled center systems,
and then apply this technique to systems with a double-zero
control bifurcation.

II. REVIEW OF THE CONTROLLED CENTER DYNAMICS

Consider the following nonlinear system

(= f(¢v) (1)

the variable ¢ € R" is the state, v € R is the input
variable. The vectorfield f(¢) is assumed to be C* for some
sufficiently large k.

Assume f(0,0) = 0, and suppose that the linearization of the
system at the origin is uncontrollable with the uncontrollable
modes being on the imaginary axis. Thus

rank([B AB A’B --- A" 'B]) =n —r, )

with A = g—fg(o, 0),B = %(0,0), and r > 0. Let us denote
by X, the system (1) under the above assumptions.

The system 3, is not linearly controllable at the origin, and
a change of some control properties may occur around this
equilibrium point, this is called a control bifurcation if it is
linearly controllable at other equilibria [16].

From linear control theory [11], we know that there exist
a linear change of coordinates and a linear feedback trans-
forming the system X, to

j;‘l :A1$1+f1(x17x27u)7

. 3
&y = Agxa + Bou+ fo(x1,22,u), )

withzy € R", 29 e R" ", u € R, A; € R™™" is in the real
Jordan form and its eigenvalues are on the imaginary axis,



Ay € RP=X(=1) "By R(=*1 gre in the Brunovsky
form, i.e.

0 1 0 0 0

0 0 1 0 0
Ay = Do i Be=

000 --- 1 0

000 --- 0 1

and fi(x1,22,u) = O(xy,z2,u)?, for k =1,2.
Now, consider the feedback given by

u(z1, x2) = K(21) + Koo, (4)
with k is a piecewize smooth function and K, =
[ k2,1 k2,n—r ]

Because (As, B2) is controllable, the eigenvalues in the
closed-loop system associated with the equation of x5 can
be placed at arbitrary given points in the complex plane
by selecting values for K,. If one of these controllable
eigenvalues is placed in the right-half plane, the closed-loop
system is unstable around the origin. Therefore, we assume
that K, has the following property.

Property P : The matrix Ay = Ay + By K> is Hurwitz.

Let us denote by F the feedback (4) with the property P.
Now consider the closed loop system (3)-(4), given by

i1 = Arwy + fi(wy, @2, k(21) + Kowy),

By = Agxoy + Bo(k(x1) + Koxa) + fo(x1, 22, k(21) + Kaxa).

(5)
This system possesses r eigenvalues on the imaginary axis,
and n — r eigenvalues in the open left half plane. Thus, a
center manifold exists [6]. It is represented locally around
the origin as

The center manifold theorem ensures that this equation has a
local solution for any smooth x(z1). The reduced dynamics
of the closed loop system (5) on the center manifold is given
by

1 = fi(z1;K) ©)]
where
fi(wy; k) = Az + fi(we, 1(z1), 5(21) + KoIl(21))

According to the center manifold theorem, we know that if
the dynamics (9) is locally asymptotically stable then the
closed loop system (3)-(4) is locally asymptotically stable
(see [6], for example).

The part of the feedback F given by k(z1) determines the
controlled center manifold x5 = II(x1) which in turn deter-
mines the dynamics (9). Hence the problem of stabilization
of the system (3) reduces the problem to stabilizing the
system (9) after solving the PDE (8), i.e. finding (1) such
that the origin of the dynamics (9) is asymptotically stable.
Thus we can view #(z1) as a pseudo control.

Let Jfl(xl) = {111‘1 + fl(l‘l,H(Il),lﬁ(ﬂh) + KQH(xl)),
and fgﬂ‘(l‘l) = fg,i(xhl'[(:cl),n(:cl) + KQH(.%‘l)), for ¢ =

1,---,n —r. By expliciting (8), we obtain
R o1l .
ipq(21) + fo,i(21) = 3 (z1) f1(z1),
X1
fori=1,---,n—7r—1, and
n—r . aanr R
Z kz,z‘Hi(ﬂh) + /<6(£C1) + f2,nfr(x1) = Oy (xl)fl(xl)'

i=1

(10)
Instead of viewing the feedback x(x1) as determining the
center manifold II(x1), we can view the first coordinate

W = {(z1,22) € R"XR""|xy = I(21), [21] < 6,11(0) = O}fynction of the center manifold IT,(z1) as determining the

(6)
for ¢ sufficiently small.
For any point (z1, z2) in W€ we have
xe = I(z1),
hence ST
by = a(xl);tl. @)
T1

Since the points in W€ obeys the dynamics generated by the
closed-loop system (5), and since in W€ the feedback law
4) is
(w1, 22)|py=11(2y) = K(71) + KoIl(z1).
Then, substituting
o1 = Aim —&—fl(xl,H(xl),m(xl) +K2H(331)),
Ty = 1421—[(.%1) + BQ(K(1‘1) + KQH(J:I))
+f2(@1, (1), £(21) + K2Il(21)),
into (7) gives the PDE satisfied by 1I and
AQH(.Tl) + Bgﬁ(xl) + f2($1, H({El), H($1) + KQH(I‘l))

%($1) (Al.%‘l + f1(.%‘171_[(3;1)7 k(wy) + KQH(xl))) .

®

other coordinate functions Ilg(xy), --- II,_.(z1) and the
feedback k(z1). Thus we can view II; as a pseudo control
and write the dynamics as

i = Ay + fi(2;10). (11)

We will call this dynamics the Controlled Center Dynamics.

ITI. THE QUADRATIC CONTROLLED CENTER SYSTEMS

We know from [12], [16] that there exist a quadratic change
of coordinates and feedback which brings ¥, to its quadratic
normal form ¥+ given by

r n—r4+1
2 = Az —|—'R,[2](z1) +T21201 + Z Z (55 zijei,
i=1 =1
n—rn—r+1 )
22 = A222+B2U+ Z Z 05 Z%J 612,
i=1 j—it2
o (12)
with 67,607 € R, T € R"™", 29,41 = u, and €} (resp. €})

is the i*" — unit vector in the z; —space (z,—space); RI?(21)
are the quadratic resonant terms.



Definition 3.1: Consider a nonlinear system with a control
bifurcation in its normal form X . We define the quadratic
controlled center system as

zZ1 = Alzl + R[Q] (21) + 1—‘212271 + Azg’l, (13)

with A =37 6l e} € R™*,

This system can be viewed as a control system where z ;
plays the role of the input.

Our goal in this section is to find a mapping m; : 21 — 22,1
which locally asymptotically stabilizes the controlled center
system and which allows at the same time to find a con-
troller u(z1, 22) = k(21) + K225 that locally asymptotically
stabilizes the full order system (12).

Let V be a continuously differentiable, positive definite,
function; then the derivative of V' along the trajectories of
(13) is given by

V—alzl

Pi(21) 4 Pa(21)221 + Ps(21)23 4,

with P1(21> = Tzl . (Alzl +R[2](Zl>), PQ(ZI) = % -T2y,
and P3(z1) = % - A. If we find a mapping m : 21 — 221
such that V is negative definite in some neighborhood of the
origin z; = 0, then the origin, z; = 0, for the controlled
center system is locally asymtptotically stable.

When z; is such that Ps(z1) < 0, it is sufficient to choose
291 = mi(z1) sufficiently large in order to have V < 0.
But when 2; is such that P3(z1) > 0, then then we have
to find 7, such that V' < 0. In this case, by viewing V as
a polynomial of degree two in 23 j, it is necessary that the
discriminant of V satisfies

P§ (1) — 4Py (21)Ps(z1) > 0,

This will allow V to change its sign when viewed as a
funchn of z91.
Let V be defined as

V =V(21) + 23 Pz, (15)

with A7 P + PAy = —Q, with Q > 0. Then the derivative
of V along the trajectories of (12) is

for every z; € R". (14)

= 0V
V: 6721+231P22+25P22,
z21

oV

r n—r+1

=1 j=1
23 (AT P + PAy)zy + (BY P2y + 21 PBy)k(21)
—28'Qzy + (B P2y + 21 PBy)k(21)

r n—r+1

(Alzl +R[ ](21) + F2122 1+ Z Z (W 22]61)

=1 j=1

LoV
921

Let us denote by 2] = 27", - - - 21", such that v1+- - -+v, = v,
and assume that 71(z1) is chosen such that

ov

71[Alzl + RE(21) + Daymi(21) + A(m1(21))%] = O(24)

(16)

(Alzl + R[ ](Zl) + lezg 1+ Z Z (;J 22]61)

is negative definite and
r n—r+1
8212 Z 67 (mj(21))%€h + 2mn_p(21)K(21) = O(28),

an
with d < d’. Then,

V< —21'Qz

+§7‘i[AlZl + R[2]<221) + F217T1(21) + A(ﬂ'l(zl))Q} + O(Z

which is negative definite around the origin. Thus locally
asymptotically stabilizing the controlled center system with a
“feedback” 71 (21) satisfying conditions (16) and (17) allows
finding a feedback u(z1,22) = k(z1) + Kazo that locally
asymptotically stabilizes the full order system (12), since
k(z1) and 71(z;1) are directly related through (10).
Now, let us apply this approach to systems with a transcon-
trollable bifurcation or a Hopf control bifurcations. For
systems with a transcontrollable bifurcation, we have A; =
0 € R. In this csae, the system has the normal form

n—1
2 = 521—1—721221—1—25122],

e (18)
Zog = A222+BQU+Z Z szgde’g

i=1 j=i+2

This system exhibits a transcontrollable bifurcation if 72 —
4367 > 0 (see [12] and [16]). The controlled center system
is

z21 = 5Z% +vz122,1 + 5% Z%,r

Consider V(1) = 327, then

V= ﬁzi’ + 72%221 + 6121231.
If we consider a mapping of the form 7 (21) = «z1, then

V= (8 +ya+010®)2 = (B+ya+ 610%)sgn(z1)]z1 |1

Thus we have to choose « such that (8 4+ vya +
§1a2)sgn(z1) < 0, i.e. when z; > 0, we choose a = a;
with 3 + ya; + 6103 < 0; and when z; < 0, we choose
a = ag with 3 + yag + 613 > 0. This choice is always
possible since the function 3 +~vX + d; X? changes its sign
because ’yz — 4661 > 0. From [9], we know that when
a feedback of the form w(z1,22) = Kiz1 + Kaze, with

Ky=[ Ka1-- Ky pn_1 |, is used to stabilize systems with
a transcontrollable bifurcation, and 7(z;) = 71z, then
ml = & and 7! = 0, for i = 2,---,n — 1. Thus,

an asymptot2ibally stabilizing feedback for (18) is

U(Zl,ZQ) = 7K27104|Zl| + KQZQ.

For systems with a Hopf control bifurcation, ie. A; =
0

w
—w 0

, and w # 0, the quadratic normal form of this

’
0,



system is
2 n—1
7;’1 = Alzl +F21221+ZZ(SJ 22j61,
i=1 j=1
n—2 n—1
Z9 = Ang—‘ngU-FZ Z 93 Zg’j eé,
i=1 j=i+2

and the controlled center system is given by

2
21 =A121 + F212271 + AZ2,1.

We assume that I' = [ M1 M2 ] is such that v1; # 0 or
Y12 Y22

Y22 # 0 or 12 # 0, and we define 'y =T +T'7.
Let V be a positive definite function given by V'(21) = 2{ 21,
then

V= Z{FS z1 291+ QZfAZ%,l.

The condition (14) reduces to (21 I's z1)? > 0 for every z; €
R2. This condition is satisfied since 711 # 0 or Y22 # 0 or

")/12750.
If we consider the mapping 227 = m(x1) =

ay/|2{ Tsz1|2TT 21, with a > 0, then
V = —a|zITez |2 + O(2])

which is negative in a sufficiently small neighborhood of
the origin. Hence, the controlled center system is locally
asymptotically stable. Moreover, the mapping 7 is such that
mi(21) = O(2]), for i = 2,---,n — 2. Thus, conditions (16)
and (17) are satisfied. Using equation (10), we deduce that
the feedback

u(z1,22) = —Ka 104/ |leFszl|szSzl 4+ Koz

locally asymptotically stabilizes the full order system.

IV. THE CUBIC CONTROLLED CENTER SYSTEMS

There are some cases where it is preferable to use cubic
normal forms, and this leads to introducing cubic controlled
center systems. For instance, in the case of the double-zero
bifurcation it is known that the system is unstable when the
quadratic terms in the Poincaré normal form are non-zero
(see [4] and [15] and references therein), and that conditions
of the stability of these systems are expressed in terms
of the cubic and quartic terms. Thus we expect using the
cubic normal form in the case of systems with a double-zero
control bifurcations.

(From [16], we know that there exist a cubic change of
coordinates and feedback which brings ¥, to its cubic

normal form given by

r n—r+l1

Az —|—R[3](2’1) + FZlZQ 1+ Z Z 5j 2’2]61

=1 j=1

n—r+1
¢ [ (St ),

i=1 +j=1
n—r+ln—r+1

ik 2 i
+ E E 2 Z2,j22,k} €1,
j=1  k=j
n—rn—r+1

A222—|—B2u+z Z 67]22]62,
=1 j=i4+2

Z21 =

2y =

(19)
with (5j 9]777 75]k fk eR, T € R™, 205r41 = u,
and e} (resp. eb) is the i*"— unit vector in the z;—space
(z9—space); R[3](z1) are the quadratic and cubic resonant
terms.
Definition 4.1: Consider a nonlinear system with a control
bifurcation in its normal form (19). We define the cubic

controlled center system as

21 ="(z1) = A121 + R (21) + Tz1201 + Az%ﬁl

+ Z {Z Z (’Yszl,k + 55122,1) 217]'2271} el + @2:2371,
i=1 Lj=1k=j
(20

with A =37 el e RV, & =" pltel.
As in the case of the quadratic controlled center system, this
system can be viewed as a control system where 2o ; plays
the role of the input.
Moreover, similarly to the precedent section, the goal is to
find a mapping 7 : 21 — 221 which locally asymptotically
stabilizes the system (20) and allows to construct a feed-
back u(z1,22) = k(z1) + Kazs that locally asymptotically
stabilizes (19).
Let V be a continuously differentiable, positive definite,
function, and let V be defined as

V =V(z)+ 23 Pz, (21)

with AT P + PAy = —Q, with Q > 0. Following similar
steps as before, if we assume that 71 (21) is chosen such that

52 Y = 0G) (22)
is negative definite and
n—r+1 ron—rel
821;[ jz; &7 (mj(21) 2+; kz_; 57 (i (21)) 221

n—r+ln—r+1

£ X At m(zn?]ei+2wn_r<zl>n<zl>0<zf’>,
Jj=2 k=j

(23)
with d < d’. Then,
= oV /
V< —ZQTQZQ + P U(z1) + O(zf ),
1

which is negative definite around the origin. Thus locally
asymptotically stabilizing the controlled center system with a
“feedback” 71 (21) satisfying conditions (22) and (23) allows



finding a feedback u(z1,22) = k(z1) + Kazo that locally
asymptotically stabilizes the full order system (12), since
k(z1) and 71 (21) are directly related through (10).

Let us apply this approach to a system with a double-zero
0 1

0 0
not all the quadratic and cubic terms are resonant [4]. A

possible normal form is given by (19) with

|\

and b, ¢, d are real numbers such that dc # 0. Let us assume
that d < 0, and 721 # 0 or 799 # 0.
The cubic controlled center system is given by

01

o 23]

2 2 2

+ Y DO A ez + 6] 28 )z el + D23 ).

i=1j=1 k=j

control bifurcation, i.e. when A; = . In this case

22, (b+ c211)

R (z1) = { d=3

22, (b+cz11)

dZ:fl :| + 1—‘2122’1 + Az%ﬁl

Let V be a positive definite function given by

d 4

1
+ fzfQ.

V(z) = 4211 B

Then, along the trajectories of the controlled center system,
V' is given by

V= —dbz}, — cdzb,

+ {212(721211 + Y22212 + ’72112% + ’7212Z11Z12 + 7%22%2)

3 11,2 12 22 2
—dzyy (1211 + V12212 + 1 211 12212 212)} 221

[1]

[2]

[6]
[7]

[8]

[10]

[11]
[12]

[13]

[14]
[15]
[16]

(17]

+ [(52 + 05 211 + 031 212) 212 — (011 + 011211 + 5%1212)(12?1} )

11 3
+ @g" 212) 251 -

+(=depy' 2},
Let us consider the mapping m; defined by mi(z1) =
— (21211212 + Y22212), then

V = —(re1211212 + Y22212)* + O(211, 212)°, (24)
which is negative semidefinite in some neighborhood of the
origin since 21 # 0 or 99 # 0. Moreover, since dc #0, we
can check that the set for which V' = 0 reduces to the origin.
Thus according to LaSalle’s theorem [14], the origin for the
controlled center system is locally asymptotically stable.
The mapping 29 mi(z1) = —(yz11212 + Y222%0)
satisfies conditions (16) and (17). Using (10), we deduce
that

u(z1,22) = Ko1(y21211212 + ’7222’%2) + Kz,

01
0 0

J

locally asymptotically stabilizes (19) when A; = [
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