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Abstract

The controllability of viscoelastic fields is a fundamental concept that defines some essential capabilities and limitations of the resulting
materials. In this paper, we study the controllability of different homogeneous flow fields of viscoelastic fluids governed by the upper convected
Maxwell model. The approach is largely based on the nonlinear geometric control theory. Through the analysis of the control Lie algebra, we
find the submanifolds in the state space on which the homogeneous flow fields are weakly controllable. Our approach can be generalized to more
complicated systems.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The controllability of viscoelastic fluids has important applications in the design of desired materials. An important issue of
controllability is the question whether it is possible to steer a system to a desirable state with a given set of control inputs.

In [5] the controllability of flows of linear viscoelastic fluids was investigated by Renardy using multi-mode Maxwell models.
The state of the system is characterized by the velocities and the viscoelastic stresses; the control input is in the form of the body
force. It was found that the system is uncontrollable, unless the initial conditions for the stresses satisfy a set of constraints. For the
degenerate case of creeping flow where the density is zero in the equation of motion, there is no controllability unless the control
input is distributed along the entire interval in the physical domain. In the presence of inertia, crucial difference occurs between
the cases of one or more relaxation modes: For a single relaxation mode (i.e. a Maxwell fluid), exact controllability holds provided
the time interval satisfies certain inequality; for multiple relaxation modes, exact controllability holds under modified regularity
assumptions. Another piece of work by Renardy [6] was focused on the homogeneous shear flow of viscoelastic fluids with several
different constitutive models. For those equations, the state of the system consists of viscoelastic stresses whereas the shear rate is
regarded as a control input. For the upper convected Maxwell (UCM) model, it was revealed in [6] that the reachable set, i.e. the
states in stress space which are accessible from a given initial condition, is specified by a positive definiteness inequality of the stress
tensor. Very recently the result was extended to the control of nonhomogeneous shear flow of an upper convected Maxwell fluid [7]
where the state of the system and the available control are the same as those in [5].

The goal of this paper is to extend the work in [6] to a variety of homogeneous flow fields on the control of viscoelastic fluids. Our
work differs from [6] in several aspects. First, we include in this study the effect of different homogeneous flow fields in addition to
the shear flow addressed in [6]. Secondly, due to its nonlinear nature, our approach is largely based on nonlinear geometric control
theory, which is different from the analysis and tools used in [6] for the UCM model under shear flow. The third difference lies in the
definition of controllability. Rather than the general concept of controllability, in this paper we adopt a local version of the concept,
namely weak controllability. This definition has been widely used in nonlinear control theory as well as in engineering applications.
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In many real life applications of complicated nonlinear systems, engineers prefer to reach a distance target by scheduling a sequence
of local movements for the reasons of model uncertainties, system perturbations, and sensor noise. From a theoretical viewpoint,
Lie brackets of vector fields provide an efficient tool to prove weak controllability. We note that Lie brackets have been exploited in
[6] for a nonlinear model and the Renardy model. But the systems addressed in this paper are different. Among the various types
of flows addressed in this paper, the special case of shear flow was also addressed in [6]; and the results are consistent except that
we address the concept of weak controllability, not the reachable set derived in [6]. However, for the case of extensional flow, we
derive the constraints of the reachable set in Section 4.

Similar to [6], we mostly limit our study to the two-dimensional upper convected Maxwell fluid except for Section 5, in which we
introduce some remarks and discussions on three-dimensional flows. However, similar analysis developed in this paper is applicable
to higher dimensions (even though more advanced mathematical tools are needed) and other constitutive models.

We organize our paper as follows. First we give a brief discussion on the controllability of control systems. Then we introduce
the upper convected Maxwell fluid. After that, we analyze the effect of various homogeneous flow fields on the controllability of
Maxwell materials. More precisely, extensional flow, shear flow and general planar linear flow are considered where the submanifold
of controllability is characterized for each case. Then we provide a brief discussion on 3D models. Finally, we conclude the paper
with a summary of the main results.

2. The controllability of control systems

Consider a general nonlinear control system that is affine in control [4]:

=)+ giou, M

i=1

where x is the state variable, u; e R,i = 1, ..., m, are the control variables. In general, the state variable takes value in a manifold
of dimension n, denoted by M. An important concept for systems defined by (1) is its controllability, which characterizes the ability
to maneuver the system from one state to other by proper choice of control. There exists a huge literature on the controllability of
control systems. In this paper, we adopt the definition and follow the geometric approach from [2].

Let xo be a point in M, the manifold of state variables. A point x1 in M is said to be reachable from x if there exist piecewise
continuous input functions, u; = «;(¢), so that the trajectory, x(¢), of (1) with initial state xo reaches x1 in finite time, i.e. x; = x(T)
for some T > 0. For nonlinear control systems, the global reachability is usually very difficult to prove. Instead, a practical solution
is to study weak controllability.

Definition 1. A control system is said to be weakly controllable in an open subset D C M if, for any xo € D, there exists an open
neighborhood Uy of xq so that the set of points reachable from x( along trajectories inside Uy contains at least an open subset of M.

If a system is weakly controllable, it implies that the locally reachable states form a “solid” region. More restrictive than weak
controllability, the concept of controllability requires that any two points in M are reachable from each other. For linear, time invariant
control systems, controllable and weakly controllable are equivalent. However, for nonlinear control systems like those studied in
this paper, the determination of controllability requires the global geometric properties of the vector fields in control systems. The
description of the set of points reachable from a given point is still an open problem for most control systems. On the other hand,
weak controllability can be determined by using the dimension of the control Lie algebra and a distribution generated by the vector
fields associated with the control system; nevertheless, weak controllability implies some important properties of a control system.

In (1), f(x) and g;(x) are vector fields on the manifold M. Under the Lie bracket operation, [ f, g], the space of smooth vector
fields on M forms a Lie algebra. This Lie algebra, the smallest subalgebra containing the vector fields f, g1, ..., gm, is called the
control Lie algebra, denoted by C. At each point x € M, the vectors in C span a vector space. It is denoted by Ac(x), i.e.:

Ac(x) = span{X(x)|X is a vector field in C}.

This mapping from M to the tangent bundle of M is called a distribution. The following is a useful sufficient condition on the weak
controllability of a nonlinear control system.

Definition 2. A control system satisfies the controllability rank condition (CRC) on an open set D C M if
dim(Ac(x)) =n 2
for all x € D, where n is the dimension of the manifold M.

Theorem 1 (Isidori [2]). A control system of the form (1) is weakly controllable on an open set D if it satisfies the controllability
rank condition on D.



106 H. Zhou et al. / J. Non-Newtonian Fluid Mech. 150 (2008) 104-115

3. The upper convected Maxwell (UCM) model

The upper convected Maxwell (UCM) model was proposed by J.C. Maxwell over a century ago. It has been widely used in
polymer rheology for the description of a viscoelastic fluid under large deformations [1,3]. The UCM model gives a viscoelastic
constitutive equation and can be written in the form:

T — (VV)T — T(VV)T + AT = 2uD, 3)

where T is the stress tensor, v the velocity, Vv the velocity gradient tensor, A the relaxation rate, u the elastic modulus and D is the
rate-of-deformation tensor (i.e. the symmetric part of the velocity gradient).
We consider 2D homogeneous viscoelastic fluids and denote the stress tensor by

T T
r— | T ’ @
T, Tx

where 771 is the first normal stress difference, 75, the second normal stress difference and 775 is the shear stress. Suppose the control
input is denoted y and it is which is closely related to the velocity. Then the general dynamic problem of (3) becomes

T =F@), 1), T(0) = To, T(tfina)) = T, &)

where T and T are the given initial and final states, respectively. The state of the system (5) is characterized by viscoelastic stress
T with three components 711, 75> and T1;.

4. Flow field effect on the controllability of Maxwell materials

Our primary purpose in this section is to study the effect of flow fields on the controllability of Maxwell materials for various
types of flows. A weak controllability condition is presented for each case.

4.1. Extensional flow

For a fluid in a homogeneous extensional flow with rate y(z), the velocity is

(703 —v03) ©)
V= -, —y(=
)4 7 14 7))
so the velocity gradient is
v (t
Vv = . . 7
v 0 (N
2
The rate-of-strain tensor becomes
1 yr) |1 O
D=_[Vv+(Vv)]="" : 8
S Vv + (V)] 2[0 1 @®)

In component form, (3) becomes
T — (p(1) = VT = up(), Tio 4+ ATin =0, Toy + (1) + M T2 = —puyp(2). ©))

Note that 77, can be solved exactly:
T12 = T12(0) exp(—A1). (10)

Since the behavior of 77, is unaffected by the control, the UCM model (3) is not weakly controllable and hence does not satisfy the
CRC anywhere. However, the state space has a stable and control invariant subspace 772 = 0. All trajectories of the system under
any control input asymptotically approach this subspace. Therefore, the ultimate behavior of the control system is represented by
the reduced system on the stable subspace:

i1 — (9(1) — VT = uy(o), T + (7(t) + Mo = —pi(2). (11)
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For mathematical convenience, we introduce

. X1 Ty,
= = . 12
= [a)- 1] &

Then the system (11) can be rewritten as

-

dx

= (), 13
ar S&X) + gu (13)
where
. T —Ax] o H =+ x1
u =y, fx) = l ] , g(x) = (14)
—Ax2 -1 — X2
The Lie bracket is
-5 . L - . A
[f,gl=Vg-f=-V[f-g= : (15)
—Ap
Then we have
S o= S n+ x1 AL
det[g, [ f, g]] = det = Auxz — x1). (16)
—H—=x2 _)"v M

It follows that the subsystem (11) of the UCM model under extensional flow satisfies the CRC and hence is weakly controllable
on the set of all states where the two normal stress differences are not equal, i.e. xo # x1 (or T11 # T22).

For extensional flows, it is possible to characterize the set of reachable states for the subsystem defined by (11) which is equivalent
to

Ti =~ — yO) i1 + pp(o), Ty = (O + p(O) T2 — uy(@). a7

Our approach below is inspired by Renardy’s work [6].
Introducing new unknown functions:

x=T11+pu, y="Tn+u,
the ODE system (17) becomes

b=—-Q—yO)x+Ap, y=—G+y®)y+ripn. (18)
If we rescale all the variables as follows:
~ v (t
=2 522 iz Bp="9,
jz jz A
then after dropping all tildes for simplicity, (18) has the form
d=—-(1-p0)x+1, y=—1+B1)y+1. 19)

We shall prove the following theorem.

Theorem 2. Let x(t) and y(t) be solutions of the system (19) with initial conditions x(0) and y(0). If x(0) > 0, then x(t) > 0 for
t > 0; similarly, if y(0) > 0, then y(t) > 0 for t > 0.

Proof. We argue by contradiction. Suppose x(7) = 0 for some 7 > 0. Let
t; = inf{r|x(r) =0, T > 0}.

Since we assume that there exists T > 0 such that x(t) = 0, it follows that #; is well defined and is finite. Because x(¢) is a continuous
function of 7, we have x(¢1) = 0. Using the assumption x(0) > 0 and using the definition of 71, we get x(f) > 0 for 0 < ¢ < #;. Now
we evaluate the derivative of x(¢) at #; from the first equation of (19) to obtain:

dx

ol =-a=pexm =150,

1=t
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Thus, we have x(t; — ¢) < 0 for ¢ positive and small enough. This contradicts with the result obtained earlier that x(¢) > 0 for
0 < t < t1. Therefore, we must have x(#) > O for # > 0. Similar arguments lead to the conclusion that y(¢) remains positive for t > 0
if its initial value is positive.

It is worthwhile to point out that the zero stresses 771 = 752 = 0 correspond to x = y = 1.

From now on, we shall confine our attention to the case where x(0) > 0 and y(0) > 0. To find the reachable set, we start with
two lemmas. [

Lemma 1. The solutions x(t) and y(t) of the system (19) satisfy

d
(;Cty) =x+y—2xy. (20)

Proof. The proof is straightforward. Using (19), we have

d d d
(dxty) Zdi;y xd% =—-(1-pOxy+y—A+pO)xy+x=x+y—2xy. U

Lemma 2. The solutions x(t) and y(t) of the system (19) satisfy

d In(y/x) — 2800+ 1 1 @1
dr y X

Proof. Applying the chain rule and (19), we find

dlnx Idx o ﬂ(t)]+1 dlny Idy [1+ﬂ(t)]+1
dt xdr x’ d ydr y
It follows immediately that
d In(y/x d(lny —Inx 1 1
O/x) _ d(ny )=—2/3(t)+——7.
dt dt y X

Let us introduce two new unknown functions:

&= /xy, n=1In X. (22)

X

Using Egs. (20) and (21), we find

d¢x_y_ I dxy) 1 B _l x AN
i agmoda o agm Y 2xy)_2(\/;+\/;> V.

diny/x _ ldn(y/x) Lot 1y b1 y X
a2 At ﬂ(r)+2(y x>_ p) Jx_y2(\/; \/;>

In terms of &€ and 7, the above ODE system becomes

g dp L
pri coshn — &, i B(t) £ sinh . (23)

Note that the system (23) is nonlinear. Furthermore, the evolution of £ is completely determined by (&, ) whereas the evolution of
n depends on the control parameter S(¢). Of course, & is controlled by () viaits effecton n. [

Theorem 3. Fort > 0, the solution &(t) of (23) satisfies
£t — 1> e '[£(0) — 1]
with equality possible only if n(s) = O throughout the interval 0 < s < ¢.

Proof. From the first equation of (23), we obtain

di -1
(gdt ) 4+ (E—-1)=coshnp—1
which gives
dle’(§ — D]

=e'(coshn — 1).
" e'(coshn )
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Integration from O to ¢ yields

t

E(1)— 1 =e "[E(0) — 1]+ ¢ / e’[cosh n(s) — 1]ds.
0

Since cosh 7n(s) > 1, it follows that
£t)—1>e"[E(0)—1] fort> 0.

The equality holds only when cosh n(s) = 1 for 0 < s < ¢, which is equivalent to n(s) = 0 for 0 < s < ¢. This completes the proof
of Theorem 3.

Let (&0, no) = (6(0), n(0)) denote the initial condition and let (§ ¢, 1) denote the state we would like to reach at time #;. The
reachable set at time 7 will be described by the following theorem.  [J

Theorem 4.

(1) Ifgr — 1 < e (& — 1), then (§ 7, ny) is not reachable at time t .
Q) Ifér—1= e (& — 1), then (&, ny) is reachable at time t ¢ if and only if no = ny = 0.
Q) Ifér—1> e (& — 1), then (&, ny) is reachable at time t 7.

Proof.

(1) The proof follows directly from Theorem 2.
(2) If (¢, ny)isreachable attime rr and &y — 1 = e~/ (§y — 1), then Theorem 2 implies that 5(s) = 0 for 0 < s < r. Consequently,
we have 7(0) = n(ty) = 0. Thatis, no = ny = 0.
On the other hand, if no = ny = 0, we select B() = 0 to keep n(r) = 0. This leads to &(r) — 1 = e (& — 1) and thereby
&(ty) = &r. Thus, (57, ) is reachable at time 7.
(3) The proof of (3) needs a lemma. [J

Lemma 3. Consider solving the ODE system (23) forward in time. Let us select B(t) to change n linearly in time from n = q1 at
t =0ton = qpatt = At. Specifically, we enforce dn/dt = (q» — q1)/ At by selecting

_ L. @2 —q
B(t) = P sinh 7(¢) AT

For this choice of S(¢), it is true that

e ME0) — 1]+ (1 — e™4)(cosh gmin — 1) < E(AD) — 1 < e A [£(0) — 1] + (cosh gmax — DAL,
where

gmin = inf{|g||q is between g and g2}, gmax = sup{lql||gis between gy and g>}.

For the proof of this lemma, we integrate the first equation of (23) to obtain

At
EAN—1=e"2EO)—1]+e 2 / e’[cosh n(s) — 1]ds.
0

Since gmin < |7(#)] < gmax for 0 <t < At, we get cosh gpin < cosh 1(s) < cosh gmax. Thus, it follows that

e ME0) — 11+ (1 — e™2)(cosh gmin — 1) < &(AD) — 1 < e A[£(0) — 1] + (cosh gmax — DAL

Now we turn our attention to the proof of part (3). We first select 8(¢) to change 7 linearly in time fromn = ngatt =0ton = g at
t = At. Then we choose B(r) to keep n at n = g fromt = Artot =ty — At. Finally, we select B() to change 7 linearly in time from
n=gqatt =ty — Atton =nyatt = ty. However, the condition (¢ s) = & will not be automatically satisfied. Let us consider how
to choose At and g to make &(tf) = &.

For the special case of g = 0, we look at the upper bound on &(7 ). Applying Lemma 3 for each of the three time sub-intervals
[0, At], [At, ty — At] and [ty — At, tf], we have

E(A) — 1 <e ®(g — 1)+ (coshng — DA, &ty — A — 1 =e 2A0[5(Ar) — 1],
E(ty) — 1 < e ™[y — Ar) — 1]+ (coshn s — DAL
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Combining these results, we obtain

E(ty) — 1 < e M[E(ty — Af) — 1]+ (cosh s — DAr < e A0 [g(Ar) — 1]+ (coshny — 1)Ar < e (& — 1)
+ (coshng — 1)At + (coshny — 1)At.

Recall that in part (3) we assume &7 — 1 > e (& — 1). So we can select At small enough such that
Etp)—1<&p—1 forg=0. 24)

Once such a At is found, we fix it. For the general case, we look at the lower bound on &(7 7). Applying Lemma 3 for each of the
three time sub-intervals [0, At], [Az, ty — At] and [ty — At, tf], we get

E(AD) — 1> e (g — 1), £ty — A — 1> e U2 [E(A) — 1]+ [1 — e 722D](cosh g — 1),
Eitp)— 1= e & — A —1].
Putting all these results together yields
Etp)—1 = e MEWy — A —11= e U A[EAD — 114+ e 21 —e™ @24 (coshg — 1)
>e (g — 1)+ e A1 —e 22D (coshg — 1).
Let us select g large enough such that
&(ty)—1>E&r—1 forgsufficiently large. (25)

Since &(tf) is continuous in g, it follows from (24) and (25) that we can find a value of g such that £(zy) = & . This concludes the
proof of Theorem 4.
In summary, the reachable set is R + Ry where R and Ry in the (&, n) plane are

R={Gp.nples—1>e (& — D}, Ro={Gr.nplér —1=e"(5 — 1) andny = no = 0}.
In the (x, y) plane, R and Ry are given by

_ _ y Yo
R={(xsp, yplJ/xrys — 1> e " (Jxoyo — D}, Ro ={(xs, yply/xpys —1=e""(Yxoyo — 1) andx—f =— =1}

f X0

In terms of (771, T22) and the original time before scaling, R and Ry have the expressions:

\/(Tll(ff) ¥ 1) <T22(’f) + 1) s eMr [\/(T“(O) + 1) (T”(O) + 1) = 1] }
n 1 H H
\/(T“(‘f) + 1) (T22(tf) + 1) —1=eM N(T“(O) + 1) (Tzz(o) + 1) - 11
n 1 M H

and 711(0) = T22(0), T11(tf) = Ta(ty) } .

R = {(T“(tf), T22(tf))

Ry = {(Tn(tf), Ton(tf))

4.2. Shear flow

For a shear flow with rate y(z), the velocity is

v =(y()y,0). (26)
The rate-of-strain tensor becomes
1 p@) |0 1
D=-[V vl = 22 . 27
2[ v+ (Vv)'] > L 0 27

The UCM model (3) becomes

Ty =2y T2 + AT =0, T2 — y(OTan + ATi2 = py(t), Ty + AT = 0. (28)
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Then T2,(t) = T»2(0) exp(—At) so the system is not weakly controllable. We consider the subsystem where 7>, = 0:

T = 2y")Ta + ATy =0, T2 + ATio = up(d). (29)
The system (29) can be expressed as
ax - . ..
— = f(X) + g, 30
where 4/
R xl- T11 ) - . —AX] o 2x7
X = = , u =y, fx) = , g(x) = . (3D
X2 | T, —Ax2 2
The Lie bracket is
N
[f.gl= . 32)
Al
So -
det[g, [f, 311 = 2huxs. (33)

Therefore, the subsystem (29) of the UCM model under shear flow satisfies the CRC when the shear stress is nonzero, i.e. x3 % 0
(or T12 # 0) and hence is weakly controllable.

By manipulating the system (29), it was found that the set of reachable states of (29) is given precisely by the following inequality
[6]:

wTii(tp) — Tia(tp)* > e M7 [uT11(0) — T12(0)*]. (34

Note that the condition (34) is stronger than our result in this special case because it gives global reachable sets whereas ours is a
condition on local controllability only.

4.3. General planar linear flow

Now we consider a general planar linear flow with velocity

v =(p1(Ox + p2(1)y, p3(1)x — p1(D)y). (35)

This general case is different from the previous ones because an invariant subspace may not exist. As a result, we have to deal with
the full system model rather than a reduced control system. The rate-of-strain tensor is

p2(1) + p3()

1 T p1(®) 5
D=3IWHOVI=1 0+ ;) : (36)
PECED —po

Then the UCM model (3) becomes
i1 = 2(p1(OT11 + p2()Th2) + AT = 2upi(b), Ti2 — (p2() T2 + p3(OT11) + ATi2 = u(pa(t) + p3(1)),
Ty — 2(p3()T12 — p1()T2) + AToa = —2upi(1). 37

The system (37) can be cast into

-

dx - _ N - o o
— = f® + g1(Xu1 + g2(X)u2 + g3(X)us, (38)
where 4
X1 T —AX]
Y= |x|=|Tr|, w=p®, wu=p), u3=p3@), f®=|-rx |,
X T; —AX
3 22 3 (39)
21+ 2x1 2x7 0
g1(xX) = 0 , X)) = |u+x3|, 230 = | u+x;
=21 — 2x3 0 2x7

It is practical to consider the situations where only one p;(¢) is a control parameter and the other two are constants. Therefore, we
consider three cases.
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Case 1. pj(?) is the only control parameter and other parameters are constants.

&l &

t

The system (37) can be rewritten as

= A+ 21Gu, (40)

where X, g1, u are defined in (39) and

—Ax1 4+ 2x2p2

A = | —Axa+ (4 x3)p2 + (n +x1)ps | - (41)

—Ax3 + 2x2p3

After some calculations we obtain

21+ 2x; 4x2p2 + 20 8p2p3(i + x1) + 202
(g1, [f1. &1], L. LA &l = 0 —2p3(u + x1) + 2p2(pe + x3) 4ru(p2 — p3) , (42)
—2u —2x3 —4xyp3 — 20 —8pap3(n +x3) — 2271

and

det([g1, [ f1. 211, [}1, [f1, 81111 = 8A2u(x1 — x3)(x1 p3 — x3p2) + 8*u(p2 — p3)

X [Ap(xr = x3) = duxa(p2 — p3) +4xa(x1p3 — x3p2)] - 43)

If po» = p3, then the determinant (43) is not zero if x| # x3, which implies that the CRC is satisfied and the UCM system (37) is
weakly controllable there.
If po # p3, we set the determinant (43) to zero and solve for x; in terms of x; and x3. After some algebras, we find that

L — AMxr — x3)[(p2 — p3) + (x1p3 — x3p2)]
4(p2 — p3)u(p2 — p3) — (x1p3 — x3p2)]

(44)

provided that wu(p2 — p3) — (x1 p3 — x3p2) # 0. In other words, if py # p3 and u(p2 — p3) — (x1 p3 — x3p2) # 0, then the
determinant (43) does not vanish if x, does not lie on the surface described by (44). As a result, the system (37) satisfies the CRC
and is weakly controllable there.

If p2 # p3 and u(pa — p3) — (x1 p3 — x3p2) = 0, then the determinant (43) simplifies to

det([31, [f1, 811, L1, [f1, §111) = 162212 (pa — pa)(x1 — x3). (45)

So the system (37) satisfies the CRC and is weakly controllable if x| # x3.

To summarize, we consider the state-parameter space:

R® = {(x1, x2, %3, p2, p3)|xi, pj € R}.

Define some surfaces in R by

S1 = {(x1, x2, X3, p2, p3)|p2 = p3}, S = {(x1, x2, x3, p2, p3)Iu(p2 — p3) — (x1p3 — x3p2) = 0},

S3 = {(X1,X2, X3, p2, p3)lx2 =

Axr — x3)[n(p2 — p3) + (x1p3 — x3p2)]
4(p2 — p3)u(p2 — p3) — (x1p3 — x3p2)]

} ) S4 = {(x1, x2, x3, p2, p3)lx1 = x3}. (46)

Then in the state-parameter space, R>, the system is weakly controllable in R\ {S; U S> U S3}. In Sy, the system is weakly
controllable in S \ S4; In 7, the system is weakly controllable in Sy \ {S1 U S4}.

Case 2. p»(?) is the only control parameter.

=18

t

The system (37) can be rewritten as

= /@ + 2@ua, 47)
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where X, g;, u; are defined in (39) and

—Ax1 +2(u + x1)p1
LX) = —Ax2 + (U + x1)p3 . (48)
—Ax3 — 2(u + x3)p1 + 2x2p3

Then we have

2xa  2(x1 + m)p3 — 4xapi —4p1 p3(i + x1) + 2Apup3 + 8x2p?
(2. [ 2. &), Lf2. [f2. &2l = | w+2x3  —2pi(+x3) +Ap 4pH(u +x3) — 2p3(1 + x1) + A — 2p1) | (49)
0 —2p3(n + x3) 4p1p3(u + x3) — 4p3(x2p3 + Ap)
and
det([22, [f2, 821, [ 2, [ 2, B2l1) = 4hups | p3(u® — x3) + 2p3xi (i + x3) + Axa(xs — p) — 2p3x3 | . (50)

If we set the determinant (50) to be zero and solve x1 in terms of x> and x3, we find that

= p3(2x3 + x3 — u?) — Axa(xz — )
2p3( + x3)

(5D
provided that the denominator i + x3 # 0. From this, we have the following conclusions.

e If 1 + x3 # 0 and x does not lie on the surface given by (51), then the determinant (50) is not zero, the CRC holds and the system
(37) is weakly controllable.

o If u + x3 =0, 1i.e. x3 = —pu, then the determinant is reduced to
det([g2, [f2, 821, [f2, [f2, B211)) = —8Aup3xa(hpt + p3xa). (52)

Hence the determinant does not vanish if x, # 0 and x; # —Au/p3. In this case, the CRC holds and the system (37) is weakly
controllable.

Let us summarize our results geometrically. In R = {(x1, x2, x3, p1, p3)|xi, pj € R}, define three surfaces given by

p3(2x3 + x5 — p?) — dxa(xz — )
2p3(p + x3) ’

S5 = {(x1, x2, x3, p1, p3)lp + x3 = 0}, Se = {(XI,Xz,m, pL, p3)lxi =
S7 = {(x1, x2, x3, p1, p3)lx2 =0 oriu + p3x = O}. (53)
Then the system is weakly controllable at all points in R> \ {S5 U Sg}. In Ss, the system is weakly controllable at all points in Ss \ .

Case 3. p3(?) is the only control parameter.
The system (37) can be rewritten as

-

dx - . N
i f3(X) + g3(x)us, (54)

where X, g3, u3 are defined in (39) and
—ax1 +2(u + x1)p1 + 2x2p2
[ = —xx2 + (1 + x3)p2 . (55)
—Ax3 — 2(n + x3)p1

Then we have

0 —2(x1 + n)p2 —4p1p2(u + x1) — 4pa(xap2 + Ap)
(23, [f5. 830 [ 5. [f3 @31l = | n+x1 2pi(u+x)+in 4piu+x1) — 2p3(1 + x3) + Au(h +2p1) | (56)
2x2  2p2(p+x3) 4+ 4x2py 4p1pa(p + x3) + 8pixa + 2padp

and

det((83. [z, &31. L. L. &allD) = =442 [ pa(ue® = ) + 2paxs(i 4 x1) + dva(xr — ) = 2pid | (57)
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As before, we set the determinant (57) to be zero and solve x3 in terms of x; and x, and obtain

X3 = P2t — x3) 4+ Axa(x1 — p) — 2pax3
—2pa(p + x1)

) (58)
if u 4+ x1 # 0. Several observations immediately follow:

e 1+ x1 # 0 and x3 does not lie on the surface (58), then the determinant (57) is nonzero, the CRC holds and the system (37) is
weakly controllable.

o If u +x;1 =0,i.e. x; = —u, then the determinant (57) becomes
det((23. [f3. 831, [f3. [f3. 8311 = 8Auprxa(hpe + paxa), (59)

which is not zero when x» # 0 and x» # —Au/p2. Then the CRC holds and the system (37) is weakly controllable.
To summarize, consider three surfaces:

pa(it — x3) + Axa(x1 — 1) — 2pax3 }

Sg = {(x1, x2, x3, p1, p2)l +x1 =0}, So = 1 (x1, X2, X3, p1, p2)lx3 =
—2pa(u + x1)

S10 = {(x1, x2, X3, p1, p2)Ix2 =0 or A+ prxy =0} (60)

in the state-parameter space RS = {(x1, x2, x3, p1, p2)}. Then the system is weakly controllable at all points in RS \ {Sg U So}.In
Sg, the system is weakly controllable at all points in Sg \ So.

5. Some remarks on 3D models

It should be pointed out that we study the 2D fluids mainly due to their mathematical convenience. In fact, if we assume that the
stress tensor is of the following form

Ty T O
T=|Tp, T 0],
0 0O O

then the 3D UCM model is reduced to the 2D model considered in this paper. If one consider the full 3D UCM model coupled
with a three-dimensional flow, then the analysis will be much more complicated. As an example, consider the 3D UCM model in
the presence of a 3D elongational flow where the velocity field is described by v = (—y(¢)(x/2) — y(t)(y/2), y(¢)z) and the UCM
model (3) can be expressed as

dx - . ..
i S+ g(xXu, (61)
t
where
o _ _ M — X1
X T s
x2 T2 1
- x3 T13 , - - . 573
i= = L u=p0,  f@®=-i% =] 2 . (62)
X4 T — — X4
X5 T3 le
L X6 | 733 | 2
2u + 2x6

The Lie brackets are

—ap]
0

- . 0 . - .
[f.gl= = g1, [f.g1l=2rg=282,---. (63)
A

0
L 24 ]
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It is obvious that the determinant of the Lie brackets vanishes and one cannot conclude weak controllability in 3D case. However,
it is always possible to find control invariant submanifolds in the state space that are weakly controllable. The characterization of
such invariant submanifold needs geometric analysis [2] which is beyond the scope of this paper.

Generally speaking, for 3D models coupled with 3D flows, the controllability becomes more subtle and complicated. One needs
to use geometric approach to identify controllable submanifolds.

6. Concluding remarks

In this paper we have applied the controllability rank condition to the vector fields in the upper convected Maxwell model to
study the controllability of viscoelastic fluids driven by various homogeneous flow fields. In our control system, the state variable is
the stress and the available control is related to different flow rate. For the upper convected Maxwell model coupled with different
flow fields, we find that

e The UCM model under extensional flow is weakly controllable on a stable invariant submanifold when the first normal stress
difference 771 does not equal to the second normal stress difference 7>,. The reachable set is also derived.

e The UCM model under shear flow is weakly controllable on a stable invariant submanifold when the shear stress 7', is nonzero.

e The UCM model under general planar linear flow is weakly controllable in some subsets of the state space. The constraints that
define these subsets are characterized explicitly by equations of the stress components.
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