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Matching
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and Petar V. Kokotovi¢, Fellow, IEEE

Abstract— In this study of the nonlinear H°°-optimal con-
trol design for strict-feedback nonlinear systems our objec-
tive is to construct globally stabilizing control laws to match
the optimal control law up to any desired order, and to be
inverse optimal with respect to some computable cost func-
tional. Owur recursive construction of a cost functional and
the corresponding solution to the Hamilton-Jacobi-Isaacs
equation employs a new concept of nonlinear Cholesky fac-
torization. When the value function for the system has a
nonlinear Cholesky factorization, we show that the back-
stepping design procedure can be tuned to yield the optimal
control law.

Keywords— Nonlinear Cholesky factorization, backstep-
ping, local optimality, inverse optimality, disturbance atten-
uation.

I. INTRODUCTION

FTER a successful solution of the linear H°°-optimal
control problem, recent research attention has been
focused on the robust control design of nonlinear systems
[2], [3], [4], [5], [6]. The dynamic game approach [7] pro-
vides a natural setting for worst-case designs and requires
the solution of a Hamilton-Jacobi-Isaacs (HJI) equation.
Although a general solution method is not available for
HJI equations, a local solution exists when the nonlinear
system has a controllable Jacobi linearization and the cost
functional has a Taylor series expansion with quadratic
leading terms. Similar to the solution of the Hamilton-
Jacobi-Bellman equation [8], [9], the solution to the HJI
equation can be found by computing the coefficients of its
Taylor series expansion [10], [11], and [12]. This Taylor
series solution may provide an adequate approximation to
the optimal control law in a small neighborhood of the ori-
gin but it may be unsatisfactory, or even unstable, in a
larger region.
Among the recent advances in nonlinear feedback design
surveyed in [13], a systematic procedure, known as integra-
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tor backstepping [14], is applicable to nonlinear systems in
strict-feedback form. This procedure has been perfected in
a recent book [15]. The backstepping design offers a lot of
flexibility at each step of the control design, but it does not
clarify what choice will lead to a better overall design.

In this paper, we approach the H°°-optimal control prob-
lem for strict-feedback nonlinear systems by combining the
Taylor series approach with the backstepping design. Our
objective is to construct globally stabilizing control laws
which match the optimal control law up to any desired
order and are inverse optimal with respect to some com-
putable cost functional. Our recursive procedure employs
a new concept of nonlinear Cholesky factorization, such
that the given positive definite function is equal to the sum
of squares of the state variables when expressed in appro-
priate coordinates. We derive conditions under which a
given positive definite nonlinear function has a nonlinear
Cholesky factorization. When the optimal value function
has a nonlinear Cholesky factorization, we show that the
backstepping procedure can be tuned to yield the optimal
control design. We develop a recursive computation scheme
for an inverse optimal controller that matches the optimal
solution up to any desired order of Taylor series expan-
sion. Using this approximating function and its nonlinear
Cholesky factorization, we recursively construct the desired
matching controller by another backstepping procedure. A
simulation example illustrates the theoretical findings. A
detailed discussion of the first order matching design can
be found in [16].

Inverse optimal design for nonlinear systems has been in-
vestigated in earlier studies [17], [18]. In [17], robust control
problems for systems subject to bounded disturbances are
studied, for which robust inverse optimal controllers that
guarantee input-to-state stability of the closed-loop sys-
tems are obtained. In [18], it is shown that input-to-state
stability is both necessary and sufficient for inverse opti-
mality of nonlinear systems. The objective of this paper,
on the other hand, is to design inverse optimal controllers
which achieve a desired level of Lo disturbance attenuation
with any desired order of local optimality.

We formulate the problem in Section 2. In Section 3, we
present nonlinear Cholesky factorization, which is utilized
for the backstepping design in Section 4. A numerical ex-
ample in Section 5 illustrates the theory. We close with
concluding remarks in Section 6.
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II. PROBLEM FORMULATION

We consider the following strict-feedback nonlinear sys-
tem with disturbance inputs:

1 = zo+ fi(z1) + hi(z1)w

ty = w3+ fa(x1,22) + hy(21, 22)Ww

:tn = u+fn(x1a"'axn)—’_h{n(xlv"'vxn)w (1C)
where © = (21, ... ,x,)" is the state variable with 2(0) = 0;
u is the scalar control input; and w is the g-dimensional dis-
turbance input. We will denote the set of locally Lipschitz
feedback control laws u = p(z) by M,. We consider that
the disturbance w is generated by some adversary player
according to w(t) = v(¢,z), where v : [0,00) x R" — IR?
is piecewise continuous in ¢ and locally Lipschitz in . We
will denote the set of of disturbance strategies v(t,x) by
My,

This nonlinear system can be compactly written as
i = f(x) + Bu+ H(z)w, where B = [ 0 0 1 ]/.
Associated with it, we introduce a cost functional J =
IS Uz, w) dt, where [(z,u) = q(z) + r(z)u®.! The design
objective is to minimize the worst case disturbance attenu-
ation level inf,cn, sup,caq, JV/2/|lw|| = v*, where ||.||
denotes the L5 norm of a signal and ~* is the optimal
performance. The nonlinear H* optimal control problem
then comnsists of the evaluation of v* and finding a con-
troller 4 € M, that guarantees any desired disturbance
attenuation level v > ~*.

This nonlinear H> problem has been shown [7] to be
closely related to a class of zero-sum differential games with
the cost functional indexed by the desired attenuation level

Y
==l = [ Qe -rPuwd, @)
0

where the control is the minimizer and the disturbance is
the maximizer. We are particularly interested in the upper
value of the game: inf, e, sup, e, Jy- For any v > 4~
the upper value of this zero-sum game is zero when z(0) = 0
2. On the other hand, for any v < ~* the upper value is
strictly positive. Because of the above stated equivalence,
we will focus on the zero-sum differential game problem (2)
for a given value of ~.

The following two assumptions characterize the functions
in this study.

Assumption Al:  The nonlinear functions f;, h;, i =
1,...,n, g and r are C* (or simply smooth) in all of their
arguments. The open loop system of (1) has the origin as
an equilibrium, f;(x1,...,2;)|a=0 =0,i=1,... ,n. o

I'We assume that the weighting function is quadratic in u. For the
more general case I(z,u) = q(z) + p(z) u + r(z)u?, we can easily
remove the cross term by a simple redefinition of the control variable
i =u+7r"1p(x).

2In the case when (0) is not zero but fixed, we have the following
inequality if v > v*, fOT I(z,u)dt <+ fOT w’w dt + C, for some con-
stant C' > 0, which depends only on the 1nitial condition, and for any
terminal time 7" > 0.

Assumption A2: The weighting function I(x,u) is
positive definite and radially unbounded in = and u, and
[(0,0) = 0. Furthermore, the Hessian of ¢(x) evaluated
at 0 is a positive definite matrix @;. The function r(z) is
positive for any z. In particular r(0) = R; > 0. o

The solution to the nonlinear zero-sum differential game
problem satisfies the HJI equation:

Vo(2)f(z) + 4—;% (2)H () H' (2)V, (x)
V@) B @) BV + g(2) =0 3)

and, when the solution is available, the optimal control law
is given by

u=p(z) = —%r‘l(m)B'Vm’. (4)

While it is very difficult to obtain V'(x) in an explicit form,
it is relatively simple to compute the Taylor series expan-
sions of V' (z) and p*(z) around = = 0, see, for example, [8],
[9], [10], [2], [11], [12]. Truncated Taylor series expansions
yield near-optimal controllers when z is close to the origin,
but, when |z| is large, they may not guarantee stability for
the nonlinear system.

Our design objective is not only to match the optimal
control design up to any desired order, but also to guar-
antee global stability and inverse robust optimality of the
closed-loop system. This objective is made precise with the
following two definitions.

Definition 1: A smooth control law u(x) is locally op-
timal matching to the mth order, if the truncation of the
Taylor series expansion of p(z) up to the mth order is equal
to that of the worst-case optimal control law p*. o

Definition 2: A smooth control law p(z) is inversely ro-
bust optimal, if there exists a nonnegative function {(z,u) =
G(w) + 7(x)u? such that the zero-sum game with cost func-
tional

I = / (I, w) — 72 w]?) dt (5)

admits p(z) as its minimax control law. Furthermore, the
value function V,; associated with the cost functional J.;
and ¢ are radially unbounded, and the function 7 is positive
for any = € R". o

Throughout the paper, any function with an “over bar”
will denote a function defined in terms of the transformed
state variables, such as a denoting a(x) expressed in terms
of a new state variable z. Given any polynomial function
V', we will denote its mth order homogeneous terms by
Vim), and its homogeneous terms up to mth order by yiml
so that VI = > Vjij- For a smooth function V', Vi,
denotes the mth order homogeneous terms in the Taylor
series expansion of V around the origin, and V™! denotes
the homogeneous terms up to mth order in the Taylor se-
ries expansion. The variable z = (21, ..., 2z,) denotes the
transformed coordinates for the nonlinear system.
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Using this notation, we make the following basic assump-
tion.

Assumption A3: The Taylor series expansion of the
optimal value function is given up to (m + 1)st order
VimHl(z) = Vig(z) + Vigy(z) + -+ + Vi1 (z), and the
Taylor series expansion of the minimax control law p*(x)
is given up to mth order p*™(z) = [y (x)+-- ) (x) =
—3(r=Y(z)B'V})ml. o

III. A NONLINEAR CHOLESKY FACTORIZATION

In the earlier linear-quadratic matching backstepping de-
sign [16], the key step that prescribes all the backstepping
coefficients is the Cholesky factorization of the quadratic
value function. In this section, we study the nonlinear ver-
sion of the Cholesky factorization.

For any given positive definite and radially unbounded
nonlinear function V(z), we are interested in the neces-
sary and sufficient conditions under which there exists
global upper triangular diffeomorphism z = ®(z) such that
V(z) = ®'(x)®(x), where ® is called upper triangular if it
can be written as

7xn) X1
r=| (6)

21 ¢1(z1, - ..

Without loss of generality, we will limit our attention to
zero preserving transformations, that is, 0 = ®(0). While
a lower triangular transformation is important for the
backstepping control design, we pursue a upper triangu-
lar transformation just to parallel the well known Cholesky
factorization for positive definite matrices. The result ob-
tained below has a direct counterpart for lower triangular
transformations if we reverse the ordering of the state vari-
ables (z1,...,%y).
The Jacobian of the mapping ® is

9¢

a_mi 81 e *
or : :

00 g

where * denotes terms of no particular interest. Since the
mapping ® is a diffeomorphism, the Jacobian is always non-
singular and the diagonal partial derivatives are nonzero,
0¢;/0x; #£ 0, Yo € R". Therefore, these quantities are
sign definite. Without loss of generality, we consider only

® where the diagonal terms of — are positive.

Definition 8: An upper triangifﬂar diffeomorphism & :
R"™ — IR™ is said to be positive if the diagonal partial
0o
(%ci
z € R". S

derivatives are positive, > 0,7 =1,...,n for any

The Cholesky factorization of a nonlinear radially un-
bounded function V(x), where x € R", is defined as fol-
lows.

Definition 4: A radially unbounded C* function V (z) is
said to admit a nonlinear Cholesky factorization if V(z) =
@' (x)®(x) for some global positive upper triangular diffeo-
morphism with ®(0) = 0. o

It will be shown later that the nonlinear Cholesky fac-
torization is unique within the class of positive diffeomor-
phisms.

Given a positive upper triangular state transformation
z = ®(z), it is still quite difficult to obtain the inverse
transformation of ®. To simplify this, we introduced the
notion of the simple upper triangular diffeomorphism.

Definition 5: An upper triangular diffeomorphism & :
b

R" — IR" is said to be simple if 8@ =1, ¢ =
z;

1,...,n. Then, the individual coordinate map is given by

Oi(Tiy. o xn) =i — ;i (Tig1,... ,&n), ¢ =1,... ,n, where

a;,i=1,... ,n (we have set a,, = 0) are arbitrary smooth
functions such that a;(0) = 0. o

There exists an equivalence relationship between the pos-
itive upper triangular diffeomorphisms and simple ones in
terms of yet another factorization.

Proposition 1: An upper triangular diffeomorphism &
is positive if and only if it can be uniquely factored as
® = Ad,, where @, is a simple upper triangular diffeo-
morphism; and A is a diagonal matrix

A =diag {01(x1,... ,xn),02(z2, ... ;Zn)y... ,0n(zn)}
(7)
such that, for each i =1,... ,n,
(5i($i,... ,$n)>0 (8)
T5i(Tiy oo Tn) 1= 6i(Tiy ..., Tn)
+(z; — a;(x; x ))%(x ) >0 (9)
7 i\ Li4+1y--0 ydn (91'1 iy 3dn
| l}m (i — ai(Tit1,---,Tn))0i(Ti, ... ,zp)| = 00 (10)

for all z € R".

Proof: The sufficiency part is straightforward by ob-
serving the diagonal of the Jacobian of Ad, is exactly
diagonal{7s1,... ,Tsn}, which is nonsingular. Further-
more, the unboundedness condition (10) implies that the
diffeomorphism & is global.

For the necessity part, we observe that ¢;(x;,... ,z,) =
0, for any ¢ = 1,...,n, has a unique root z; =
;(Tit1y.+. ,Tn) when i =1,... ;n—1,0r &, = 0 =: ay.
The functions aq,...,a,, are smooth by the positiveness

0p; . . . .
of 8;% This uniquely defines a simple upper triangular

.

diffeorznorphism D,

x _Oél(an"' 7xn)
n= ‘I‘s(a?) =

Tn
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Then, the positive and smooth diagonal matrix A is defined
by

@-(xi, .

T — i(Tige, ..

7xn)

512(1‘1';--- 7xn),

,J?n)I: Z:1,,n

Evaluating §; + n; gi = gf > 0,7 =1,...,n, where
7 = x; — a1(®iy1,...,%,), proves that A satisﬁes (9).
The property (10) is satisfied since lim|,,|—oo [¢i] = o0.
This completes the proof.

To obtain the nonlinear Cholesky factorization of V(x)
we will go through n steps of a recursive construction. As
shown in the following lemma, the objective of each step is
to find one coordinate transformation.

Lemma 1: Consider a nonlinear function V(a,b), where
a is a scalar and b is a vector. Assume the following con-
ditions hold:

C1: V is C* in all of its arguments.

C2: There is a constant C > 0 such that, for each fized b,
V(a,b) > C, Va € R.

C3: For each fired b, V is radially unbounded in a, i.e.,
lim|g|~o V(a,b) = +00

Then, there exists a unique mapping ¢(a,b) such that

1. ¢ is C* in all of its the arqguments.

2. For each fized b, a—z(a,b) >0, Va.
3. For each fixed b, ¢ maps R

1im\a|—>oo |¢(a7 b)| =X
4. The function V can be decomposed as

V(b) + ¢*(a,b) (11)

for some C> function V, such that V(b) > C for any b.
if and only if the following condition holds:

E1: For each fized b,

onto R, 1i.e.,

V(a,b) =

=0 has a unique root a = a(b),

da
which is simple, 1. e.
oV o?V
—(a(b),b) = 0; ——(a(b), b b
(@), =0 S(alb)b) £0 Y
Proof:  To prove sufficiency, we let conditions E1,

C1-C3 hold. Conditions C2 and C3 imply that, for each
fixed b, the function V has at least a local minimum in
a. This, coupled with the smoothness assumption C1 and

uniqueness assumption E1, implies that the the minimum
2

is achieved at @ = «(b), so that gTZ(a(b), b) > 0, Vb. The
2

0V
?(a(b),b) guarantees that the root

function a(b) is C* by the implicit function theorem.
Let V and 7 be defined as

nonsingularity of

V(b) = V(a(b),b) (12)
(@ —a(b)r(a,b) = g—‘;(a,b). (13)

Then it follows from C2 that V(b) > C for any b. The
function 7 is well defined because a = a(b) is the root of the

C* function g—z. By E1 and the fact that a(b) achieves

the minimum, we have that 0V/da > 0, Va > «(b);
dV/da < 0, Ya < a(b). Therefore, 7(a,b) > 0, VY(a,b).
This allows the following definition of a C*° positive func-
tion m(a, b):

V(a,b) — V(a(b),b) = m(a,b)(a — a(b))? (14)
a
V(a,b) — V(a(b),b) = s —a(b))m(s,b)ds. 15
(a,b) (())A(b)( (b)) (s, b) (15)
The mapping ¢ is then defined by
¢(a,b) := (a — a(b))d(a,b); i(a,b) :=+/m(a,b) (16)

Statement 1 follows from the definition of ¢ and d. State-
ment 3 holds by the assumption C3 and the definition of
¢, while statement 4 holds by the definition of V and ®.

For statement 2, we evaluate the partial derivatives:

99 05

9 (avb) = é(avb)—i_(a_a(b))%(avb): 71'5(0,,1))
oV 0
P lab) = (F(ab)a— o))
— 2(a-a(b))s(a,b)(3(a,b)
o)
+a—a(b)) 52 (a.b))
— (a-a(®)(a,b)
oo 09 _ 7(a,b)
Hence, the identity: %(a,b) = %(ab) > 0, Y(a,b),

which proves statement 2.

Next, we show that the mapping ¢(a, b) is unique, which
further implies the function Vis unique. We will prove this
by contradiction. Suppose there exists another mapping
¢+, which corresponds to a function V*, that also satisfies
the statements 1-4, and d)(ao,bo) # ¢.(ag, by), for some
(ag,bp). Because V = V + @2 =V, + ¢2, we have either
(a) V(bo) # Vi(bo) or (b) ¢(ao,bo) = —¢.(ao,bo) # 0.

In case of (b), we observe the following equality:

ov

S (aosbo) = 26(a0,bo) 5o (a0, b)
= 2¢*(a05b0)%(a’05b0)

d
This is a contradiction because both a—ﬁ(ao,bo) and

0
i (ag, bp) are positive by statement 2.

In case of (a), we conclude that ¢(a, by) # d«(a,bg), V
In particular, 0 = ¢(a(bg), bg) # ¢ (a(bg), bg). This leads
to the contradiction:

0 = 26(a(bo), bo) 52 (@ (bo), bo) = S (a(bo), b
= 2. (albu),bo) S (a(bo), bo) £ 0

where the last inequality follows from statement 2. Conse-
quently, the hypothesis is not valid, and the mapping ¢ is
uniquely defined. This completes the sufficiency proof.
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To prove necessity, we assume that there exists a map-
ov
ping ¢ satisfying the statements 1-4. Then, —(a,b) =

Jda
2¢(a, b)g—i(a, b). It is concluded that g—‘;(a, b) vanishes if
and only if ¢(a,b) = 0, because of statement 2. Again
by statement 2, ¢ is strictly increasing in a. Coupled
with radially unboundedness statement 3, we conclude
that there is a unique root a = «a(b) for the equation
¢(a,b) = 0. Along with conditions C2 and C3, this implies

that, for each fixed b, the function V' has a unique mini-
2

mum in a. The result E1 follows from 8—‘g(oc(b),b) =
) da

2 (Ge(atb).b)
part of the lemma.

We observe that the construction of the mapping ¢ in
the above lemma involves the following steps. First, we
solve for the unique smooth root function a(b), which is
guaranteed to exist by the condition E1. Next, we can
define the function V by (12). Then, mapping ¢ is given
by (16).

Now, we are in the position to present the n step recur-
sive construction for the nonlinear Cholesky factorization
of a given radially unbounded and smooth function V.

Step 1: For notational consistency we let V(z) =: V4 (x).
Since V' (x) is C*° and radially unbounded, the conditions
C1-C3 of Lemma 1 are satisfied for V', with @ = z; and
b= (332, cen ,xn)’.

As delineated in Lemma 1, in order for a smooth trans-
formation ¢; () to exist we make the following assumption:

> 0, and consequently, the necessity

B1: For any fixed n — 1 dimensional vector (za,...,z,),
oV,

the algebraic equation 8—1 = 0 has a unique root z; =
T

aq(xa, ... ,xy,), which is simple,
0%V,
—(a1(za, ... ,Tpn), Tay... ,xy) #0.
oxr?

Under this assumption, there exists a smooth mapping

z1 = ¢1(x1,...,2,) and a smooth nonlinear function
Va(xa,... ,x,) such that
0
R1.1: For any fixed (z2,...,zy), a;m(a:l,... ,Tn) > 0,
€1
Vo1 € R.

R1.2: For each fixed (x2,...,x,)’, ¢1 maps R onto IR,
e, limp,|—oo [@1(21,. .. ,20)| = 00.
R1.3: The function Vi can be decomposed as
Vi(z,. .., 2n) = Va(za, ..., 2n) + ¢2(21,. .. ,2p).
We note here that the assumption B1 is also necessary for
the existence of the transformation ¢; as proved in Lemma
1. Because the zero vector is the global minimum of the
function V', we have:
R1.4: The mapping ¢; is zero preserving, ¢1(0) = 0.
Because V; is radially unbounded and smooth, we can
conclude that the nonlinear function V5 is also radially
unbounded (when restricted to the n — 1 dimensional

subspace (z2,...,%,)") and smooth, based on the equal-
ity: Vi(aa(za, ... ,@n), T2y . ,Zpn) = Va(xa,... ,x,). This
nonlinear function V5 is uniquely defined by Lemma 1 and,
hence, the construction in the subsequent steps is indepen-
dent of the construction at this step.

Step i, 2 < ¢ < n : We assume inductively that the
mappings ¢;(x;, ... ,Z,) are constructed from the previous
steps 1,...,7 — 1, and we are given a radially unbounded
and smooth nonlinear function V;(z;, ... , 2, ), that satisfies

The radially unboundedness and smoothness of V; im-
plies conditions C1-C3 of Lemma 1. We make the follow-
ing assumption, in order for a smooth mapping ¢;(z) to

exist,

!/

Bi: For any fixed n — i dimensional vector (z;41,...,zy,),

8xi

,Tp ), which is simple,

the algebraic equation = 0 has a unique root z; =

i(Tiy1s- -
9%V,

—5 (T
81‘12 ( z( i+1

,Tn) # 0.

,xn),le, .

Under this assumption, there exists a smooth transforma-

tion z; = ¢1(x4, ... ,x,) and a smooth nonlinear function

Vit1(@it1, ... ,xy) such that

Ri.1: For any fixed (zi41,... ! ¢
83%

Vx; € R.

Ri.2: For each fixed (z;,... ,x,)", ¢; maps R onto R, i.e.,

lim| g, —oo |Ps (i, . .., 20)| = 00.

Ri.3: The function V; can be decomposed as V;(x;, . ..

‘/;4_1(.131‘4_1, . ,J?n) —|— (b,%(l‘i, . ,J)n).

Again, the assumption Bi is necessary for the existence of

the transformation ¢; as shown in Lemma 1. The mapping

¢; is also zero preserving, since V; admits a global minimum

at (zi,...,zn) =(0,...,0).

Ri.4: The mapping ¢; is zero preserving, i.e., ¢;(0) = 0.

, L) (Tiy. o yxn) >0,

7xn)

The following equality holds, as prescribed by the con-
struction in Lemma 1:

‘/;(ai(xi+17 s 7xn)a Tit1y--- 7mn) = ‘/;+1(£L'i+1, s ,$n)
Therefore, from the fact that V; is radially unbounded and
smooth, we can conclude that the nonlinear function V;
is also radially unbounded and smooth. Furthermore, this
nonlinear function V;;1 is uniquely defined by Lemma 1
and, hence, the construction of the subsequent steps is in-
dependent of the construction at this step.

Furthermore, at the nth step, we have V,,;1 = 0, which
is equivalent to
V(z) =61+ + ¢} (17)
This completes the m-step recursive construction of the
nonlinear Cholesky factorization, which is summarized as
follows:
Theorem 1: A positive definite, radially unbounded and
smooth function V(z) with x € R™ has a unique nonlinear
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Cholesky factorization z = ®(x) if and only if the assump-
tions B1-Bn are satisfied. Furthermore, under the same
assumptions, V(z) can be factored as

V(x) = @ (z)A(2)A(2) Py () (18)
where ®s(z) a simple upper triangular diffeomorphism and
A is a diagonal matriz that satisfies (7)-(10).

Proof: To prove sufficiency let assumptions B1-Bn
hold. By the recursive construction in Lemma 1 there ex-
ists triangular mappings ® = (¢1,...,¢,)" such that the
conditions R1.1-R1.4, ..., Rn.1-Rn.4 are satisfied and
(17) holds. These conditions imply that ® is a positive
upper triangular diffeomorphism.

To prove the necessity part of the theorem, we assume
that V' admits a nonlinear Cholesky factorization. We first
consider the mapping ¢; and define Vo (z2, ... ,2,) = 22 +
...+ 22. Since V is radially unbounded and smooth, it
satisfies conditions C1-C3 of Lemma 1. The definition of
the nonlinear Cholesky factorization implies that ¢, and V3
satisfy the statements 1-4 of Lemma 1 so that E1 holds,
which is equivalent to B1. Therefore, B1 is necessary for
the existence of a nonlinear Cholesky factorization. When
B1 is satisfied, ¢; is uniquely defined, and so is V5.

Arguing inductively for ¢ = 2,... ,n, we determine for
each i, that the function V; is independent of the construc-
tion of the previous mapping. The function V; is radially
unbounded and smooth. Then, by Lemma 1, the unique
mapping ¢; exists only if assumption Bi holds. Therefore,
assumptions B1-Bn are necessary for the existence of a
nonlinear Cholesky factorization.

By the uniqueness of the mappings ¢;, at each step i =
1,...,n the diffeomorphism @ is uniquely defined whenever
it exists.

The second part of the theorem follows directly from the
Proposition 1.

The motivation for the introduction of the simple dif-
feomorphism (18) is that the computation of the inverse
mapping ®; ! involves only substitutions.

Next, we consider two illustrative examples. The first
example is for quadratic functions. The second example
involves a 4th order polynomial and shows that the order-
ing of the coordinate variables (z1, ... ,z,) in Definition 4
is critical for the existence of the factorization.

Ezample 1. For V = 2/ Pz, with positive definite P, the
nonlinear Cholesky factorization mapping ® is z = Uk,
where the upper triangular matrix U is the Cholesky factor
of the matrix P, P =U'U.

Ezxample 2. Smooth and radially unbounded function
V(x1,22) = (w1 + 23)? + 23 admits a nonlinear Cholesky
factorization in the ordering (x1,x2) with ® given by
[ z1 29 }/ = [ 1+ a3 X9 ]/. If we switch the order-
ing, we obtain the function W(xy,z2) = V(xe,z1) =
(ro + 22)% + 22. Applying our result, we observe that the
equation —— = 4a:i’ + 4x129 + 221 = 0 has three distinct

5‘x1

roots when zo = —1. By Theorem 4 the function W does
not admit a nonlinear Cholesky factorization.

A question of practical interest is whether assumptions
B1-Bn can be checked without actually carrying out the
recursive construction. It turns out that this is possible
when V is strictly convex. To prove this proposition, we
need the following corollary to Lemma 1.

Corollary 1: For a nonlinear function V(a,b) that sat-

isfies C1-C3 assume that )
C4: V is strictly convez so that 8(6:};7‘2)2(@ b) >0, V(a,b).
Then, E1 is satisfied and statements 1-4 of the Lemma
1 hold. Furthermore, the nonlinear function V(b) of the
decomposition (11) is strictly convez.

Proof: To show that E1 holds under the convexity
assumption, we note that C4 implies that V is strictly
convex in a, so that there is at most one root for the equa-

ov
tion 90 = 0. By C2 and C3, there exists at least one
a

root because V' admits a global minimum for any fixed b.
2

Therefore, this root is unique and simple because 90z > 0.
a
Hence, E1 holds.
0%V 27
To prove that W(b) > 0 Vb, we show that p o (b)p >
0, for any nonzero vector p and any fixed vector b. For
each b and nonzero p, there exists a scalar § such that p :=

(a(b),b)p = 0, where a = «(b)

¢
§ p' ] satisfies ——
[ D ] satisfies (a,b)
is the unique root of ¢(a,b) = 0. Thus, we have
0%V
—/ _
P gy (@(0).6)p
2V
/
—(b
Pz o

120 (500010 (5200010 5

2V
P'Wa’)ll
This proves the strict convexity of V (b).

For a strictly convex function V', a nonlinear Cholesky
factorization exists for any ordering of the coordinate vari-
ables (x1,...,x,). This is an consequence of the following
corollary to Theorem 1, obtained by a recursive application
of Corollary 1.

Corollary 2: Consider a positive definite, radially un-
bounded and smooth nonlinear function V(x), where x €
R™. The function V(z) admits a nonlinear Cholesky fac-
torization z = ®(x), as defined in Definition 4, if it is
strictly convex, 0*V/0x? > 0, Vo € R".

0 <

So far, we have presented a procedure to obtain a non-
linear Cholesky factorization for a given function. For
the nonlinear robust control problem formulated in Sec-
tion 2, the value function V' is known only approximately
via its Taylor series expansion. In the remainder of this
section the objective is to derive a factorizable function
W that matches the function V up to any given order
of accuracy. We assume that the quadratic approxima-
tion VI2(z) = 2/ Pz of V is positive definite. Our goal is
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to find, for any positive integer m, a radially unbounded
and smooth function W (x) which has a nonlinear Cholesky
factorization and such that WIm™l(z) = VIml(z). An ap-
proximate nonlinear Cholesky factorization can be easily
shown to exist by adding higher order terms VA to make
W = VI 4V, strictly convex. However, this simplis-
tic convexification approach would cause serious computa-
tional difficulties. Instead, we present an explicit construc-
tion for the approximate function W and the factor ®(x)
with milder nonlinear growth than the factor obtained via
convexification.

Our recursive construction consists of n steps. The fol-
lowing illustrates a typical step. Consider a polynomial
function V(a,b) of order m, where a is a scalar and b is
a vector. Assume that V2 (a,b)=[a b |P[a ¥ },
and P > 0. We partition the matrix P conformal with
(a,b),

P_[Pn

Pyo
P,

Pso

where Pj; is a positive scalar. Our goal is to find ¢(a, b)
which satisfies the statements 1-4 of Lemma 1, and V(b)
in (11) is such that VI2(b) = b’ Pb with P > 0.

First, we evaluate the root of — = 0 approximately.

0
ovim .
Let V,(a,b) := (a,b). Then, V, is an (m — 1)th or-

der polynomial and VLM = 2[ a b } [ P Pio ],. This

implies that the equation VLM (a,b) = 0 admits a unique

root a = ———Pj9b.

11
Although, there may be several roots to the equation

ovml
=0 19
5a (19)
. . 1
we are only interested in the root around a = —P—Plgb.

1
The Taylor series expansion of the root function a(b) up
to (m — 1)st order can be computed by equating homo-
geneous terms of the same order. Starting with al'l b) =

—P—Plgb, we obtain higher-order terms
11

)

1 .
o (b) = —55— | 2 V(eI ®),0) | (20)
=2 g
for i = 2,... ,m — 1. Therefore, we have
[m—1] [m—1]
(Ve 1),0)) " = 0 (21)

Next, by adding higher order correction terms we enforce
al™=11(b) to be the unique root of (19), and to satisfy C1-
C3 and E1. Toward this end, we let 1 := a — o™~ 1(b)
and define a function II(n, b) through

I (n,b) := V,(n + o™~ 1(b),b) — V, (o~ H(b),b) (22)

From (21), we get

_ m—1 [m]
((a— o= @)mia - a"=w).5)" " = 0 ap)
and
) ]
(/ (sTT(s, b))~ 1 ds )
0 n:afa[""*l](b)
= Vi@, b) = (V(a™ (), b)) (23)

Next, we proceed to modify the high order polynomial
terms of the function II to guarantee that it is larger than
a positive constant for all (a,b) so that C2, C3, and E1
are satisfied.

To modify the high-order terms of II in the (1, b) coordi-
nates we need a polynomial II,(n, b) of order (m — 2) such
that

(@) " T ve = amAmp)  (24)

for some constant C' > 0. From I1(0,0) = 2Py, for the root
function IT; to exist around the origin, we must choose C'

to be a fraction of P, say lPH. The substitution of I,
into (24), where I, is expanTglLed as
m—2
M(n,b) = Y T (n, b), (25)
i=0

and equating polynomials of the same order, results in

L = V2Pu-C
i—1
_ 1 _ _
M, E— | (R NS | P |
sl NI T 2 Mol i)
fori=1,...,m—2.

Therefore, by (23) and (24), we have

[m]
n=a—alm-1] (b))

(26)

Viml(a,b) = </ns(ﬁ§(s,b) +C)ds
0

[m]

+ (V(a[m*” (b), b))

For large values of m, I12(a, b) and a1 (b) involve high-
order polynomials that grow rapidly in magnitude as x de-
viates from the origin. We alleviate this difficulty with two
smooth scaling functions S(b) and T'(a, b), which satisfy

st=tp) = 1
Tm=2(a,b) = 1, T(a,b) >0 V(a,b).
Using these scaling functions in (26), we have the following
identity

[m]

vila,b) =

(V(a[m_l] (b), b)) (29)

> [m]

([ st + ot by

0
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where 7 = a — o™~ (b)S(b). We note that multiplier S
has been removed in the term (V (a™~!(b), b)) ] pecause

(V(alm=1(b), b)) ™ = (V(oﬂm*] (b)S(b), b))

Define 6(n, b \/ /

V(b) = (V (oz[m 1( . We note that ¢ is a smooth
positive function of (a, b), and V is an mth order polyno-
mial of b. Then, VI™(a,b) = W™l(a,b), where

[m]

(5,b) + C)T2(s,b)ds and

= [m]
W(av b) = (77252(777 b)|n=a—o{[”"*1](b)5(b)> + V(b)

(30)
Since 17 = 0 is the unique root of (II2(n, b) + C)T2(n, b) =
0, = _ _
0 and éﬁ(n(ﬂf(n,b)+-CWYQ(n7b)) = (I(0,b) +
n=0

C)T?(0,b) > 0, condition E1 is satisfied for the func-
tion W. By inspection, condition C2 is satisfied.
For condition C3 to hold, it is sufficient that T >
C _

(1 +7*)(C +112(n, b))
stant C.

With the scaling function S, we can shape the growth
rate of the function &(b) := ol™~!(b)S(b), which corre-
sponds to the virtual control law in the backstepping de-
sign. With the scaling function 7', we can indirectly shape
the growth rate of the function d(a,d), which further de-
termines the growth rate of the approximate value function
and the virtual control law in the backstepping design. For
induction purpose, we verify that the quadratic part of the
function V is VI2(b) = b’ Pb, where P = Pyy — P}y P;;' Piy
is positive definite due to the positive definiteness of P.

By repeated application of the above process, we can
prove the following theorem.

Theorem 2: Assume that a smooth function V(z) with
x € R" is locally quadratic, VI?'(z) = 2'Px, and P is
positive definite. Then, for any desired matching order
m > 2, there exists a radially unbounded and smooth func-
tion W (x) which admits a nonlinear Cholesky factorization
such that WIml(z) = VIMl(z) and W = &'® = ®LAAD,,
where ®g, a simple upper triangular diffeomorphism, and
A, a diagonal matriz, are recursively constructed by the
above procedure.

When V(z) is an analytic function and admits a
Cholesky factorization V = @1, Ay Ay Dy, then there ex-
ists an € > 0 such that, V|z| < €g, limy,—.0o W(z) = V(2),
where the function W is constructed as above under the ad-
ditional assumption that as m — oo the scaling functions S
and T, introduced at each step of the construction, converge
to 1 on the set {z: |z| <ep}.

Proof:  The first part follows from the construction
preceding the theorem. When V is positive definite and
analytic, the functions Ay and ®y 4 are analytic because
the elements of @y, are roots of n analytic equations. By
the analytic version of the implicit function theorem, they
are also analytic under the necessary and sufficient condi-
tions of Theorem 1.

, ¥Y(n,b), for some positive con-
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For the second part of the theorem, we first consider
the case when the scaling functions S and T are set to 1
at each step of recursive construction. Then, the simple
diffeomorphism @, is the truncated Taylor series approxi-
mation to @y, up to the order of m — 1. By the analyticity
of @y, it converges to 5 as m — oo within a radius of
convergence. The nonlinear function Il in (25) is also the
truncated Taylor series approximation for the function V.
It converges, again due to the analyticity of Ay, as m — oo
within a radius of convergence. This further implies that
Ay, converges to Ay as m — oo within the same radius
of convergence. Hence, the function W converges to V as
m — oo within the common radius of convergence.

For the general case, when the scaling factors S and T
converges to 1 as m — oo, we can conclude the same con-
vergence result because of the fact that a product converges
when all its factors converge.

In general, the function generated by the recursive pro-
cedure is not convex. Therefore the approximate function
W includes lower order polynomial terms as compared with
the approximation resulting from the simplistic convexifi-
cation approach.

Equipped with this high-order matching result we pro-
ceed to present our design procedure for an inverse optimal
control law that matches the optimal design up to any given
order.

IV. HIGHER ORDER MATCHING CONTROL DESIGN

Applying the nonlinear Cholesky factorization result to
the robust optimal control problem for system (1) and cost
functional (2), we can prove that a backstepping procedure
can produce the optimal solution as long as the value func-
tion solution is factorizable in the lower triangular fashion.

Theorem 3: Consider the nonlinear system (1) and cost
functional (2) under Assumptions Al and A2. Assume
that there exists a smooth value function V (z) satisfying the
HJI equation (8), which has a nonlinear Cholesky factoriza-
tion V.= ®LAAD, in the reverse order of state variables,
(Tny-..,x1). Then, the value function, minimaz control
law (4) and the corresponding worst-case disturbance can
be obtained by a backstepping procedure.

The proof is straightforward and can be found in [1].

Theorem 3 assumes the knowledge of the value function
V(z). Instead, we pursue the inverse optimal design with
locally optimal matching as prescribed in Definitions 1 and
2.

Let m > 1 be the desired matching order. By a result of
[8], we obtain the Taylor series expansion of V up to (m +
1)st order. Using Theorem 2, we can find a function Wi(x)
that matches V up to (m + 1)st order and can be factored
as Wi(z) = O5(x) Ax)A(z)Ps(x). Clearly, W; satisfies
the HJT equation (3) up to (m + 1)th order. Introducing
z1 = ®4(x), we further assume that the @5 and A are given
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by
T
D.(r) = re - antn) (31a)
T — Qin1 (T1, -+ Tnet)
A(z) = diag{on(z1),...,0m(z)} (31b)

where the subscript [ indicates that this nonlinear function
is to be matched in the backstepping design. System (1)

in the z; coordinate is
A ~/

Zn = zi2+ fulan) + by (z0)w

. - 7 ~/

Zin = u+ f(zin, .o zm) + by (zin, e 2w

oo
o= [ e - et
0

or, in compact form,
2 = fl(zl) + Bu + ﬁl(zl)w.

Then, the function W; can be expressed as Wi(z) =
S, 6727 and satisfies the HJI equation (3) up to (m +

1)th order:
Wi 1w, ., 1= = (oW
g~ prip - ) (2
(821 fi 4821( "1 2 WHy) 0z
+a)m =0 (32)
As a consequence of this construction, we have

. _ _ 90y
ﬁz(zl{{zl}}) = 5121' + zliélig—l > 0, for any z; and all ¢ =
Zli
1,...,n. Setting z;;41 = - ! = z1n = 0 yields the following
approximate HJI equation for Wy, for any i =1,... ,n—1,
OWy; i) L] OWyi g6 240} " oWy, '
iy JHIY T a2 4 iy T {1} {i}
821{1} 4y 821{1} 821{1}
. [m—+1]
i) =0 (33)
where zl{ﬁ} =[ 21 }/ and

W= Y
j=1

QI{{zl}} = (jl(le,... ,zli,O,... ,O)

22+ fu(2n)
-{i} .
fig = S

2l +7fli71(zl{{1}1})
flz(zl{{?})

i i ooy T
Hl{l} = hll(zll) hli(’zl{l}) :| X

We are now ready to present the backstepping procedure

for high-order optimal matching design with global inverse
optimality.
Step 1: Define 21 := z3; = =x1 and Wi(z)
62 (21)22. The virtual control law prescribed by the non-
linear Cholesky factorization of W; is 2o = ay1(21). Under
this control law, the value function Wi satisfies the HJI
equation (33), with i = 1. Therefore, the derivative of W,
is given by

Wy = —‘71{{11}} + 7 w'w —4*

+&1(21) + 22171 (21) 202

where £ is the remainder of the approximate HJI equality
(33),

_ OW, {1} 1 oWy =41y =13’ /oy’
§i(21) = o fl{1}+4_72—8zl i1y Higy <821>
{1
+ql{{1}}'

This suggests the following smooth virtual control law z;2 =

-—— ¢ hich i ivalent t
TR &1(z1), which is equivalent to
— an(n) - =———&(=)
x2 a1(21 27_“(21)21 1(%1
=: 0711(21) + 5&1(2’1) = 071(2:1). (34)
Because ﬂmﬂ] = 0 and m; > 0, we conclude that c:u[lm] =0,

and hence is higher-order than the desired matching order.
Under this control law, we have

W, = —q*l{ﬁ} + y2w'w — 42

+22171(21)(x2 — @1 (21)).

Step i, 1 < ¢ < n: From the preceding step we have
a value function W;,_; = 23;11 5%2']2 and a virtual control
law &;_1 for x;, which can be decomposed into a match-

ing part and a high-order part as follows: &i,l(zg;l}) =

dli,l(zg;l}) + &i,l(zggl}). The derivative of W;_; is
{i—1}

Wi = —ql{ff},l}(z{l} )+ w'w =4 jw - Difl(zgi)

22 171 (s — 541‘71(2‘3;1}))

where 7;_1 is the corresponding worst-case disturbance,

!/

B 1 /(-1  ={-1\' [ oW,y
Ui = 2—72(Hz{1} + Ny > 2011 (36)
{1}
Nl(zl)
= {i—1} .
Ngy =

_ 2
1 1}{1}, o\’
Yo un \ s

_ 2
1 ﬁ{i}’ o\’
Yot \ gy

2

(35)
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The dynamics of the state variable zﬁ} Y are
= ~/ =
2= 2+ fu(z) + by (z)w + Ma(z1)
+N(z1)w (37a)
Zic1 = x—&i-1(z ﬁ}l})
+fria(z H}l}) + 511—1('2%51})“1
M + N GO e (37b
TMi1(zgy 7))+ Nica(zgyy Dw (37b)
where M i(z {1}) and N; i(z i{ﬁ) j = 1,...,4— 1 are high-

order nonlinear (possibly vector-valued) functions.

By hypothesis, the transformation z; matches z;;, j =
1,...,i— 1, up to mth order. At the zth step, we define
the new coordinate z; (= x; — a;_ 1( {1} 1}). Because of
the matching between a;_1 and &;;_1, and the matching

{i—1} {i

between Zy and z, {1_}1}, the dynamics of z; is given by

where ]\74 p; and Kf are high-order nonlinear functions.

Again, based on the approximate factorization, we recur-
sively define the value function for this step as: W;(z {1})
Wi_i(z {i} 1})4—(5 (z {1}) Using the relationship (33), the
derivative of W; can be expressed as follows:

= a7 i
+2zz7rzzlz+1 +£z( {1})
where
é(%ﬁ) = ql{{l}} f?l{fl}}+72l7£17i—7217£7117i71
+22i7_Ti(fu + Mbi) + 22112 (38)
!
, _
T SO S - ) = {i} ow;
Vz(z{1}) 92 <Hl{1} N{l} P N (39)
#{1y
= {i} i} = l = i
{1}(2{1}) = [ Ni(21) Ni(z }1%) } :

By the approximate HJI equality (33), we conclude that
[m+1]
(fl( {1})) = 0. From the expressions (38), (39) and

(36), we also conclude that Ez(zf{{g) contains z; as a factor.
Hence the smooth virtual control law for z;;41 is 27541 =

— fz( {1})

Thls leads to the satisfaction of a dissipation inequality

for the x}l}} dynamics with supply rate, (jl{{il}} (zgi)—'wa’w.
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The equivalent virtual control law for z; 1 is

{i} {1})

ai(zq1y) = iz

Tit+1 =
= () +ai)).
Therefore, the matching property of the virtual control law
is verified. Under this control law, the derivative of W is
= i i ONE
Wi = —(71{{5} (Zf{{1}}) + 72w w =y fw — Vi(zf{{f]:)
{i}
()

This completes the ith design step, up to i =n — 1.
Step n: For the final nth step, we define z, = z, —
an—1(z gl} 1}). Now the actual control variable u appears
in the derivative of z,:

+22i7i(Tit1 — Qi(z

S = Fu(2) 4wt by, (2)w 4 Mo (2) + No(2)w

where M, and N,, are present due to the higher-order mis-
matches between z and z;.

The value function for this final step, which becomes
the value function for the complete system, is W, (z) :=
Wh—1(z HL} 1}) +07,(2)22 =:
imate HJI equality (32), the derivative of W is equal to
the following expression, after two “completion of squares”
arguments:

W (z). Because of the approx-

- 2
W= 17?n(z)zn
—? |w = 2 (2)]* = (F7(2) = 7 (2)) 72 (2) 27

+€n(z)

—q(2) = Y w T lu T

q — qj{fi;l} + 7217, Up — 721_/;;_1177171
+ Z 2225171

+2zn7_rn(fln + Mn) + 22»,1717_1'”,12”

R CLACE:

1 N oW
n(z) = 37 (Hl N) (E)
= / = !
[ SETE R e

Because the approximating value function W satisfies (32),
the function &, is higher-order such that &, elm 1) — 0, Fur-
thermore, from the definition of &,, we conclude that &,
contains z, as a factor, and &;(2) := &,(2)/zy, is a smooth
function such that & iml — .

As 7 we choose the locally Lipschitz continuous function

ri(z) if q@(2)/4 <&r(2)zn
7:1(2) if @(%)/2 - fl_l(z)ﬁ-%(z)zr% — €
<&p(2)zn < qQi(2)/4
¢ a2 ()
> Er(2)zn

’ Z]+1+flj+M)

N(z)
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where

0 = I

(@(2)/4 = €7(2)2n)?Tu(2) + 201(2)7
n(2) 1+ (@/2 -7 'x

il

2(2)z2

Pa(z) = non — €= &) Tzy),
and € is any positive constant.
Therefore, the control law,
i(z) = —F "Fn(2)2n (41)

is the desired inverse optimal matching control design, and
it is inverse robust optimal with respect to the cost function
g + 7u?, where
G=a(z)+ (F ' (z) = 7 ()T (R)zn = Eal2):
With this choice of 7, we note that, in a neighbor-
hood of the origin, §(2)/2 > c1|z]® > calz]® > £p(2)2n
for some positive constants ¢; and co, and € > q(2)/2 —
fl_l(z)w (2)22 — £4(2)2n. Therefore, in a neighborhood of
the origin, we have 7(z) = 7;(z). This implies that the
control law (41) satisfies the matching requirement. In the
case when q;(2)/2 — 7; ' (2)72(2)22 — € > &;(2) 2y, we have
4(z) > qi(2)/2 + €. In the case when §;(2)/2 < £¢(2)zn, we
have |z| > 0, which implies that g;(z)/2 > 0, and therefore
zn # 0. Then, 7(z) > 0 and

Fe) = i R ~ () + Sal2)

1 _zngf—ql(z)/42>0
a(z) B

= §ql(z) 1

This completes the control design. This result is sum-
marized in the following theorem.

Theorem 4: Consider the nonlinear system (1) and cost
functional (2) with Assumptions A1, A2, and A3. Let the
function Wi be any radially unbounded and smooth func-
tion that has the same Taylor series expansion as the value
function V. up to (m + 1)th order and admits a nonlinear
Cholesky factorization in the reverse order of state vari-
ables (xp,...,x1). Then, the control law (41) is locally
optimal matching up to mth order and is inverse robust
optimal with respect to the cost functional (5), where § is
a positive definite and radially unbounded function defined
by (42), and 7 is a positive function defined by (40).

Proof: We note that the constructed value function
W is positive definite and radially unbounded because W;
is assumed to be positive definite and radially unbounded,
and W(z) = W;(z). The function § is positive definite
and radially unbounded because it is larger than or equal
to q(z)/4. Furthermore, the function W satisfies the HJI
equation and the matching requirements by the recursive
construction.

In the above recursive construction, we can start from
any given factorizable function W; that approximates the
value function V. Clearly, for different W;’s, the construc-
tion leads to, in general, different controller designs, that
all satisfy the inverse robust optimality requirement and
the local matching property. A question that remains to
be answered is whether there is any criterion to distinguish
which W; is more appropriate for a particular problem.

(42)
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V. EXAMPLE

We consider a second order nonlinear system:
L2
rGE = x]+tretw

:f:g = u
with cost functional

Jy = / (z2 + 22 +u? — y*w?) dt
0

where we fix the desired disturbance attenuation level to
be v = V2.

The HJI equation associated with this zero-sum differ-
ential game is

V2 —Zv?

12V 4m+ﬁ+£=o

Vxl (l‘% + 1‘2) (43)
where V (z1,x2) is the value function for the game, if it ex-
ists. The Taylor series expansion of the function V(x1, z3)

around the origin up to 3rd order is given by [2]

VB2, 25) = 6.68022 + 9.657x 125 + 4.72423 + 89.924°
+189.42%xy + 134.7x 22 + 32.5025.

1st order matching

For m = 1 we are only concerned with the 2nd order
Taylor series expansion of the value function

e = [3]]

6.680 4.828 1
4.828 4.724

The controller design starts by first obtaining a factor-
izable function W that matches the value function V' up
to 2nd order. It turns out that the function W is exactly
V2. The nonlinear Cholesky factorization is equivalent to
the Cholesky factorization for positive definite matrices:

VPR, 25) = 1.323%2% + 2.1742 (2o + 1.02221)° .

Hence, the simple diffeomorphism is given by [ Zil 22 }/

= [ 1 2o +1.02224 ]/. In the z; = (211,212)" coordi-
nates, the original system is given by

—1.022z1 + 2121 + 212 +w
—1.045z;1 + 1.0222121 + 1.0222;9 + u + 1.022w,

in =

Zip =

and the cost functional is

(o)
J, = / (2.04527 — 2.044211 219 + 255 + u? — 2w?) dt.
0
Next, we proceed through the two steps of backstepping.
In the first step, we set z1 = z;1, and choose a value function

Vi(21) = 1.323%222 = 1.7512%, so that

i 3.50221 (219 — 1.02221 + 22 + w)
= —2.0452% +3.502z1 (22 + 27) + 2w?

—2(w — 0.875521).
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Hence, the desired virtual control law for zj5 is —2%. The
worst case disturbance for this step is 7] = 0.8755z;.

In the second step, which is also the last step, we define
the state variable zo = 29 + z% and obtain

u — 0.15022z1 + 1.02229 + 22129 — 0.2940,2%
+(1.022 4 221 ) (w — 0.8755z21).

Zy =

The value function for this step is Va(z1,22) = Vi +
2.174222, and, after some algebraic manipulations, we get

Vo = —2.04522 4 2.0442129 — 22 + 20>
—2(w — 0.875521 — 2.41525 — 4.72821 2)*
—Fu® + F(u+ 47267 ' 29)? — 22.3422(F 1 — 1)

+64.5821 25 + 44.7121 — 2.779232,.

Therefore, we have & = 64.582122 +44.712{ —2.77923 2, =:
€22, and define 7(21, 22) as in (40) with g (z) = 2.0452% —
2.0442120 + 23, 71(2) = 1, 73 = 2.174*, and € = 0.1. Then,
the inverse optimal control law with optimality matching
up to 1lst order is

u*t = —4.7267 1 (2) (w2 + 1.0222 + 27).

The worst case disturbance is 75 = 0.875521 + 2.41529 +
4.7282122.

2nd order matching

For m = 2, we are concerned with the 3rd order Taylor
series expansion of the value function V. Again, we start
by obtaining a factorizable function W that matches the
value function V' up to 3rd order. We follow the recursive
procedure of Section 3 to construct the function W that is
factorizable in the order (x2,x1). Let

oVl
81'2

Vy(z2,71) = = 9.657x; + 9.448z5 + 189.427

+269.421 29 + 97.5023.

Using (20), the root function for xo up to second order
is a(r;) = —1.022z; — 1.68422. In terms of 1 = x9 +
1.022x1 + 1.6842% and z1, the function II is obtained as
(n,z1) = 9.448 + 70.1121 + 97.50n — 328.423. Choosing
C = 0.448, we obtain II,(n,z;) = 3 + 11.69x; + 16.257.
Then, we have the following identity

VBl (21, xp) = 1.7452% + 2.35123
n B [3]
+ (/ 5((3 + 11.69z; + 16.255)% + 0.448) T2 ds>
0

where 1 = z2 + 1.02221 + 1.6842%, TZ(s,71) = m}ﬁ and
p1 > 0 is a design parameter.

Hence, the function to be matched at the second step of
the nonlinear Cholesky factorization is V() = 1.74522 +
2.351z3.

Let Vy(z1) = 9% = 3.490z; + 7.053z}. For this last
step, the root function is fixed to be xy = 0. Then, we
have I(z1) = 3.490 + 7.053x1. With C = 0.250, II; is

given by (1) = 1.8 + 1.9592;. Thus, V matches the
following function up to 3rd order.

(3]

A n —
V(z) = (/ 5((1.8 4 1.959s)2 + 0.250) T (s) ds)
0
= 5p; " ((0.349 — 0.384p; ") In(1 + poa?)
—1.41tan"* (p3Pz1)py *° 4+ 1.412; + 0.3843:%)[3]
where n = x1, T3 = m and ps > 0 is a design param-
eter. ~ ~
The scaling functions 77 and 75 are chosen to reduce
the control effort for the inverse optimal matching design.
Compared with a design using 71 = 1 and T3 = 1, the con-
trol effort is dramatically reduced. A choice for T? which
could further reduce the control effort, but which leads to
a more complicated control law, is 1

14+p1123+pr2z15+p13s”
This completes the construction of the matching function

Wy, 20) = W ‘ W1,
(xl 1:2) 1(77) n=wx1 + 2(331 77) n=z2+1.022z1+1.684x7
where
R n
W, = / 5((1.8 4 1.959s)% 4 0.250) T3 ds
0
R n
Wy = / 5((3 4 11.6921 + 16.255)2 + 0.448)T} ds
0
with the properties %12/11 (x1) = 2z171(x1), ag:;? (v1,n) =

nwa(x1,m), %‘;Vf (x1,m) = I(x1,n), and where

71(z1) = 0.5 ((1.8+1.95921)% +0.25) /(1 + p2a?) >0
#a(z1,m) = 0.5((3 + 11.6921 + 16.25n)% +0.448) /(1 + p1n®) > 0
I(z1,n) = =5.0 [—75.98577 4 75.985 tan "1 (p9-5n)p 0-°

—7.0141n(1 + p1n?) — 27.331n(1 +p1n2)zl] pfl.

This function W matches the value function V' up to the
3rd order.

The simple diffeomorphism ®; in the nonlinear Cholesky
factorization for the function W is

211
212

and, in the z; coordinates, the original system becomes

1

:| = q)s(xth) = To + 1.02221 + 1684%%

—1.022z;; — 0.68423 + 219 +w
—1.0442;; — 414127 — 2.3042) + 3.3682;1 212
+1.022219 + u + (1.022 + 3.3682;1 )w.

in =

Zip =

The approximate value function W can be expressed as
W = W1(Zl1) + Wz(zzh 212)
and the cost functional is
J, = / (2.04427 + 3.4422% + 2.8362), +
0

(—2.04421 — 3.368271 ) 212 + 25 + u® — 2w?) dt.
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With the function W available, we now proceed to the
two steps of backstepping for the construction of an in-
versely robust optimal controller that matches the optimal
control law up to 2nd order.

For the first step, we define z; = z;1, Vi(z1) = Wi (#1),
and get

Vi = 2w?—2(w—0.5721)% - 2.04422 — 3.44223

—2.83627 + 22171 (212 + a(21)),

where (a(z1))? = 0. Hence, the desired virtual control is
z12 = —a(z1), and the worst case disturbance for this step
is of = 0.571(21)21.

For the second step, we define a new state variable zo =
212 + @(z1) which satisfies
—1.04421 — 4.14127 + 3.3682122 + 1.02225 + u
+H.0.TB + (1.022 + 3.3682; + H.O.Tw

Zy =

where H.O.T! denotes the terms of ith order and above.
The value function for this step is

Va(z1,2) = Vi(z1) + Wa(21, 22),
and its derivative is given by
Vo = 204422 —3.44220 — 22 — 2.8362;

1
+2uw? —2 (w —0.5m21 — ZI(zl’ 29)

—_

2
—2(1.022 + 3.368z; + H.O.T[Q])WQZQ)

[\

+(2.0512;1 + 3.36827) 20 + 20& 4 (21, 22)

—ru® 4 7 (u + 7_‘717?22'2)2 — (7_‘71

— )73z
where 5;2] (z1,22) = 0. Now 7 can be chosen according to
(40). The inverse robust optimal control law is given by

-1

*

ut = =7 Tz, 22)2%

and the corresponding worst-case disturbance is

1
173< = 0.57_T1Z1+ZI(21,22)

1
+5(1.022 + 336821 + H.O.TH) Ty (21, 22) 2.

Simulations are used to illustrate the theoretical find-
ings. The design parameters p; = 2000 and p, = 4 are
chosen to reduce the control magnitude. For comparison,
the 2nd-order local controller has also been simulated with
the control law ujpcqr = —V,/2. The phase-portraits for
the disturbance-free closed-loop systems under the two con-
trollers are shown in Figure 1. While the manifold M5 is
the stability boundary for the local controller, the matching
controller guarantees global asymptotic stability. Starting
at point Ay, we have depicted the state trajectories in Fig-
ure 2 and the control trajectories in Figure 3. We observe
that initially the control magnitude for the matching con-
troller is somewhat larger than that for the local controller.
This is the price to be paid for global robustness with re-
spect to the disturbance input.

Fig. 1. Phase-portraits.

— - Local
— Global

0.5) S~ 1

-15 . . . . . . .
0 0.5 1 1.5 2 2.5 3 35 4

Time

Fig. 2. State trajectories.

VI. CONCLUSION

We have developed a design procedure which combines
the Taylor series expansion and integrator backstepping
to solve the problem of nonlinear H* optimal control for
strict-feedback nonlinear systems. The procedure recur-
sively constructs a cost functional and the corresponding
solution to the HJI equation for a strict-feedback nonlinear
system such that the optimal performance is matched up to
any desired order of the Taylor series expansion. Moreover,
this procedure is also applicable to the nonlinear regulator
problem. What lies at the heart of the recursive construc-
tion is the new concept of nonlinear Cholesky factorization.
The nonlinear Cholesky factorization for a given positive
definite function is defined as an upper triangular coordi-
nate transformation such that in the new coordinates the
given function is equal to the sum of squares. We have
obtained precise conditions under which a given nonlinear
function has a nonlinear Cholesky factorization.

When the value function for the optimal control problem
has a nonlinear Cholesky factorization, we have shown that
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Control

-120
-140¢

—-160

Local
— Global

0.05 0.1 0.15
Time

Fig. 3. Control efforts.

the backstepping procedure can be tuned to result in the
optimal control design, thus justifying backstepping as an
optimal design method. Making use of the Taylor series
expansion for the value function, we have developed ex-
plicit recursive computation schemes for a globally stable
and inversely optimal controller that matches the optimal
solution up to any desired order. A simulation example has
been included to illustrate the theoretical findings.
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