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NORMAL FORMS AND BIFURCATIONS OF
DISCRETE TIME NONLINEAR CONTROL SYSTEMS*

ARTHUR J. KRENER! AND LONG LIt

Abstract. The quadratic and cubic normal forms of discrete time nonlinear control systems
are presented. These are the normal forms with respect to the group of state coordinate changes
and invertible state feedbacks. We introduce the concept of a control bifurcation for such systems.
A control bifurcation takes place at an equilibrium where there is a loss of linear stabilizability in
contrast to a classical bifurcation, which typically takes place at an equilibrium where there is a
loss of linear stability. We present the analogous control bifurcations to the well-known classical
bifurcations; the fold, the transcritical, the flip, and the Neimark—Sacker bifurcations. When the
loop is closed, a control bifurcation can lead to a classical bifurcation.
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1. Introduction. The theory of normal forms and bifurcations of nonlinear dif-

ference equations is well known [1], [5], [9], [13]. Briefly, it is as follows. Consider two
smooth (C*) n dimensional difference equations with equilibrium points

(1.1) t = f(x),
0= f(0)

and

(1.2) 2t =yg(2),
0= g(0),

where () = z(¢t + 1). These are locally diffeomorphic if there exists a local diffeo-
morphism

(13) 2 = 6(a),

which carries (1.1) to (1.2),

Such a local diffeomorphism carries trajectories x(t) in its domain onto trajectories
z(t) in its range,
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hence the two dynamics are locally smoothly equivalent.

There is a weaker notion of equivalence; (1.1) is locally topologically conjugate
to (1.2) if there is a local homeomorphism (1.3) which carries trajectories z(s) in its
domain onto trajectories z(¢) in its range while preserving the orientation of time, but
not the exact time.

The linear approzimation of (1.1) around the fixed point z = 0 is

+_0f

(1.4) oxT = o

(0) bz,

and this is a hyperbolic fived point if %(0) has no eigenvalues on the unit circle. The
discrete time Grobman—Hartman theorem states that if the equilibrium z = 0 of (1.1)
is hyperbolic, then it is locally topologically conjugate to its linear approximation
(1.4). A related theorem is that two hyperbolic equilibria are locally topologically
conjugate if their linear approximations have the same number of eigenvalues strictly
inside the unit circle, the signs of their products are the same, and the same number
of eigenavalues strictly outside and the signs of their products are the same [9)].

A parametrized system

(1.5) at = f(a,p)

can have a locus of equilibria

Te = f(xeaue>'

It undergoes a local bifurcation at an equilibrium z., p. that is not locally topologically
conjugate to every nearby equilibrium. In light of the above, such a bifurcation can
happen only if one or more eigenvalues of the linearized system cross the unit circle,
or the sign of the product of the strictly stable eigenvalues changes, or the sign of the
product of the strictly unstable eigenvalues changes.

A standard approach to analyzing the behavior of the parametrized system (1.5)
around a bifurcation point is to add the parameter as an additional state with trivial
dynamics

(1.6) pw=n

and then compute the center manifold through the bifurcation point and the dynamics
restricted to this manifold [3], [9]. The center manifold is an invariant manifold of
the extended difference equation (1.5)—(1.6), which is tangent at the bifurcation point
to the eigenspace of the eigenvalues on the unit circle. In practice, one does not
compute the center manifold and its dynamics exactly; in most cases of interest, an
approximation of degree two or three suffices. If the other eigenvalues are off the unit
circle, then this part of the dynamics cannot affect the local topological conjugacy
around the bifurcation point. If at the bifurcation point all of the eigenvalues of the
linear approximation are inside or on the unit circle, then the bifurcation point will
be locally asymptotically stable for the complete dynamics iff the dynamics on the
center manifold is locally asymptotically stable. Of course, at some nearby equilibria
the dynamics may be unstable.

The next step is to compute the Poincaré normal form of the center manifold
dynamics. This is a normal form under smooth changes of coordinates

(L.7) ¢ =o(x) =To - ¢¥(2) - P (2) =+,
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where ¢4 (z) denotes a vector field that is a homogeneous polynomial of degree d in
x. The linear part of the change of coordinates T' puts the linear part of the center
manifold dynamics in Jordan form. The quadratic, cubic, and higher parts of the
change of coordinates ¢!?! and ¢[® simplify the quadratic, cubic, and higher parts of
the center manifold dynamics by putting them in Poincaré normal form. From its
normal form the bifurcation is recognized and understood. Examples are the fold (or
saddle-node), the flip, and the Neimark—Sacker bifurcations. The first depends on the
normal form of degree two, and the last two depend on the normal form of degree
three. These are the only ones that are generic and of codimension 1, i.e., depend on
a single parameter, so these are the most important.

Kang and Krener [6] developed a quadratic normal form for continuous time non-
linear systems whose linear part is controllable. This was extended to discrete time
systems by Barbot, Monaco, and Normand-Cyrot [2]. These authors considered a
larger group of transformations to bring the system to normal form, including invert-
ible state feedback as well as change of state coordinates. Kang [7], [8] also developed
a quadratic normal form for continuous time nonlinear systems whose linear part may
have uncontrollable modes. Krener, Kang, and Chang [10], [4] described the quadratic
and cubic normal forms of continuous time nonlinear control systems and also their
bifurcations.

In this paper, we will develop quadratic and cubic normal forms for discrete time
nonlinear control systems of the form

2t = f(x,u) = Az + Bu + f¥(z,u)
(1.8) + B2, ) + O(z,u)*,

where z,u are of dimensions n,1 and f [d] (z,u) denotes a vector field that is a homo-
geneous polynomial of degree d in x,u. We do not assume that the linear part of the
system is controllable. Moreover, our linear and quadratic normal forms differ from
that of [2] for linearly controllable systems.

We also describe some of the simplest bifurcations of discrete time nonlinear
control systems. A control system does not need a parameter to bifurcate; the control
can play the same role. The equilibria of a controlled difference equation,

(1.9) at = f(x,u),

are those values of z.,u. such that f(x.,u.) = z.. The equilibria are conveniently
parametrized by u or one of the state variables. Two key facts differentiate bifurcations
of a control system (1.8) from that of a parametrized system (1.5). The first is that
for the latter the structural stability of the equilibria is the crucial issue, but for the
former the stabilizability by state feedback is the crucial issue. A control system (1.8)
is linearly controllable (linearly stabilizable) at x., u. if the local linear approximation
Y g—i(xe,ue) ox + %(xe,ue) bu
is controllable (stabilizable). If the linear approximation is stabilizable, then the non-
linear system is locally stabilizable. If the linear approximation is not stabilizable,
then the nonlinear system may or may not be locally stabilizable, depending on higher
degree terms. A control bifurcation of (1.8) takes place at an equilibrium where the
linear approximation loses stabilizability. Notice that this is different from the bifur-
cation of a parametrized system (1.5), which takes place at an equilibrium where there



1700 ARTHUR J. KRENER AND LONG LI

is a loss of structural stability with respect to parameter variations. To emphasize
this distinction, we shall refer to the latter as a classical bifurcation.

The other difference between control and classical bifurcations is that when bring-
ing the control system into normal form, a different group of transformations is used.
For classical bifurcations, we use parameter dependent change of state coordinates
and change of parameter coordinates, but for control bifurcations we use change of
state coordinates and state dependent change of control coordinates (invertible state
feedback) to simplify the dynamics.

2. Quadratic normal form. Consider a smooth (C?3) system of the form (1.8)
under the action of linear and quadratic change of state coordinates and state feedback

(2.1) 2= ¢(x) =Tz — ¢ (),
(2.2) v=a(r,u) = Kz + Lu — ol (2, u),

where T, L are invertible.
It is well known that there exist a linear change of coordinates 7" and a linear
feedback K, L that transform the system into the linear normal form

- [p]
xy fa(z1, 72, u)
A 0 T 0
o 0 A2 To B Bg U
1[2] ($1,$2,U)

f2[2](x1,x2,u)

where x1, o are ny, no dimensional, ny + no = n, Ay is in Jordan form, and As, Bs
are in controller (Brunovsky) form:

(2.3) + O(z1, 22, u)37

o 1 ... 0 0
4y  By— :
o o0 ... 1 0
0 O 0 1

The following result generalizes [11].
THEOREM 2.1. Consider the system (2.3), where Ay is diagonal and Az, Bs are
in Brunovsky form. There exist a quadratic change of coordinates and a quadratic

feedback
[ Z1 ] _ { Ty ] . [12]@17932)
22 T2 [22](331,362) ’
v=u— oz[Q](xl,xz,u)

which transform the system (2.3) into the quadratic normal form

eo [£]-[% L][2]+[4 ]

+ f1[2;0](21;22,'0) + f1[1;1](21;22,”0) + Jil[o;g](zl;zmv)
0 + 0 + (25 2,0)

+O(Zl7 22, 0)37
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where fi[d“dz] (21; 22,v) 1is a polynomial vector field homogeneous of degree dy in z1 and

homogeneous of degree dy in z2,v. For notational convenience, we define z3 p,+1 = v.
7[2;0] . . . . ,
The vector field fl[ Iis in the quadratic normal form of Poincaré,

712;0 ik 4
(2.5) Y= 3" gt ez oz
/\i:)\j)\k
where A1, ..., Ay, are the eigenvalues of Ay, €' is the ith unit vector in z, space, and

zr; 18 the ith component of z.. The other vector fields are as follows:

na+1

(2.6) J;1[M] = Z Z Z %jk e?{ 21,5 22,k

Ai=0A;=0 k=1

+ Z Z 7' el 2 22,
AiF0 X #0
nao+1
(2.7) f1[0;2] = Z Z 6F el 2o 2o,
Xi#£0 k=1
—1 na+1
71052] _M S 1k i
(2.8) fa = Z Z € €y 221 22 k-

i=1 k=i42

The normal form is unique; that is, each system (2.3) can be transformed into
only one such normal form (2.4)—(2.8) by a quadratic change of coordinates (2.1) and
quadratic feedback (2.2). This follows from the fact that the numbers in the above,
ﬂgk,'ygk,éilk,e%k for the indicated indices, are moduli, i.e., continuous invariants of
the system (2.3) under a quadratic change of coordinates and quadratic feedback. Let
ojk =2 if j =k and oj, = 1 otherwise. The moduli are defined as follows:

gk 1 0% f1,i
(2.9) B; P T (0,0,0)
for1 <4, j,k <nq, and A\; = A\jAyg,

. 02 f1;
2.10 P —t
( ) K 8x17j8x27k
for1<i, j<n, 1<k<mny+1, and)\i:/\ij,

_ 2 N\ ¢ 24
J

— dx1,j0T2, 141

for1 <4, j <nq, and \jA; #0,
no—k+1

2 £
Z )\ZM(O,O,O)

— Y091 410T2 1l
for1<i<ng, 1<k<ng+1, and \; #0,

(0,0,0)

(2.12) o = —

02 fa,i41

2.13 Ik — —— 22 0,0,0

(213)  g'= > o (0.0,0)
for1<i<ng—1landi+2<k<ng+1.

Remarks. If some of the eigenvalues of A; are complex, then a linear complex
change of coordinates is required to bring it to Jordan form. In this case, some of
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the coordinates of z; are complex conjugate pairs, and some of the coefficients in the
normal form are complex. These complex coefficients occur in conjugate pairs so that
the real dimension of the coefficient space of the normal form is unchanged.

In the normal form of Poincaré (2.5), the eigenvalues satisfying A; = \j\; are
said to be in quadratic resonance.

We defer the proof to a later section as it is quite lengthy.

3. Cubic normal form. We present the cubic normal form of a system that is
already in linear and quadratic normal form.
THEOREM 3.1. Consider a smooth (C*) system

ERr)

vy | | foz1, w0, 0)
o Al 0 T 0
oo =[5 4 R]+ 5]
1[2;0](x1;x2,u) 1[1;1](331;932,10 f1[0;2]($1§3327u)
+ + + [0;2]
0 0 fo (x5 2,u)

f1[3] (xl;l‘z,u)

+ O(fL‘l, (EQ,’LL)LL,
@1 22,u)

+

where A1 is diagonal, As, By are in Brunovsky form, and the quadratic terms are in
the normal form of Theorem 2.1. There exist a cubic change of coordinates and a

cubic feedback
[ 21 ] _ { ) ] | P, 20)
2 T3 05 (e1,02) |

v=u—all(zy, 20, u)
which transform the system (3.1) into the cubic normal form
+
2 o Al 0 z1 0
EI RS I P

(32) + [ f1[2;0](26;z27v) | + |: fl[l;l](zé;z%v) :| +

f1[0;2] (Zl; z2, U) 1

£ (21 20, 0)

0 0

152 (13 20, 0)
L f21;2](21;2251]) i

+ [ f1[3;0}(21;227’0) | + |: fl[Q;l](Zl;227v) :|

~1[0;3] (217 22, U)

+ +O(zl,22,v)4.

The vector field f~1[3;0] 18 in the cubic normal form of Poincaré,

#13:0] Gkl i
(3.3) 1= E B el z1; zik 21
Ai:)\j)\k)\l

and the other vector fields are as follows:
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no+1

21] gkl 4
Vi €1 %215 A1k 22,1

Ai=0 Aj =0 I=1

K1 i
(3.4) + E g 7" el 215 21k 22,1,
A0 AjARA£D
na+1na+1

12] Z ZZZ&Jklel,ZlJngZgl

Xi=0 A\;=0 k=1 I=k
no+1
Ji
(35) + E E E 61 ezl 21,5 2,1 22,0,
A0 Aj#£0 [=1
na+1nz+1
(053] _ Lkl
(3.6) fi E E g €] 221 2ok 22,
A0 k=1 =k
no—1 no+1
1 2 11
(3.7) V= E E E Cj 92 21,5 22,1 22,1,
i=1 X\;7#01=i+2
no—1 na+1

(3.8) 03] Z Z ankl el 221 22,k 22,1-

=1 l=i14+2 k=1

The normal form is unique; that is, each system (3.1) can be transformed into
only one such normal form (3.2)—(3.8). This follows from the fact that the numbers
in the above, ﬂfkl,%jkl, S1RL eIkl Cgll KL for the indicated indices, are moduli of the
system (2.3) under a cubic change of coordmates and cubic feedback. Let o = 6 if
j=k=1and oji = ojkor05 otherwise. These moduli are defined as follows:

. 1 83f1 .
3.9 M = 2 (0,0,0
(3.9) b Okl 3$1,j3$1,k<9931,z( )

for 1 <4, g, k, 1 <nq, and Ay = A\jARA,
1 & fri
3.10 M =T (0,0,0
( ) i Ojk 8x1,j8x1)k6x2,l( )
for1<i<ng, 1<j<k<n;, 1<I<ny+1,

and )\z = AJAk = O,

no—k+1 ) r 3 )
(3.11) nglzi 3 ( Ai ) 0" fri (0,0,0)

Ojk —o )\j)\k 8w1,j8x1,k8xgw+1
for1<i<mng, 1<j<k<ng, and MAjA, # 0,
; 1 D3 f1,i
312) eM— L Ohi )

Okl 817171'8:1727]681’271
for1<i, j<my, 1<k<I<ng+1, and \; =\; =0,

no—I+1 l 3
. 1 . .
313)  &'=— > (A) O i (0,0,0)

011 —o )\j axl,jax2,1+rax2,l+r

for1 <4, j<ny, 1<k<na+1, and \iAjAp #0,

(3.14) = mflx O fr (0,0,0)
’ o1kl 021 4+0%2 kot r T2 v
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for1<i<ng, 1<k<I[, i+2<I<ns+1, and \; # 0,
no—I+1

. 3£
(3.15) V= 1 Z AT 0° fa,itr (0,0,0)

3
011 J 3$1,j3$2,1+r3$2,l+r

r=

for1<i<mng—1,1+2<1<ny+1, and A\; #0,

3
0 fo,itr
raxQ,k—&-raxll—&-r

2—Il+1
(316 =LY
r=0 8.%‘2,14,_

0,0,0
01kl ( )

for1<i<ng—1, 1<k<Il, andi+2<I[<ng+1.

Remarks. Once again, if some of the eigenvalues of A; are complex, then a linear
complex change of coordinates is required to bring it to Jordan form. In this case,
some of the coordinates of z; are complex conjugate pairs, and some of the coefficients
in the normal form are complex. These complex coefficients occur in conjugate pairs
so that the real dimension of the coefficient space of the normal form is unchanged.

In the normal form of Poincaré (3.3), the eigenvalues satisfying A\; = A\jA\x\; are
said to be in cubic resonance.

We defer the proof to a later section as it is quite lengthy.

4. Control bifurcations. In the above theorems, there are many more details
than are necessary to understand the types of bifurcations that are possible. Recall
that, in the bifurcation theory of a parametrized system of difference equations, the
interesting part of the dynamics is that restricted to the center manifold. This leads
to a great reduction in the dimension of space that must be explored. A similar
fact holds true when studying control bifurcations. In most applications, one will
ultimately use state feedback in an attempt to stabilize the system so the coordinates
that are linearly stabilizable can be ignored to a large extent. If there are modes
which are neutrally stable and are not linearly stabilizable, then the particular choice
of feedback will influence the shape of the center manifold of the closed loop system
and the dynamics thereon. It might be possible to achieve asymptotically stable
center manifold dynamics by the proper choice of feedback although it will not be
exponentially stable. We now discuss some important bifurcations of control systems.

4.1. Fold control bifurcation. Just as with classical bifurcations of discrete
time dynamical systems, the simplest control bifurcation is the fold. The uncon-
trollable part is one dimensional and unstable with A; > 1. Because the linearly
controllable part of the quadratic normal form (2.4) is in Brunovsky form, the equi-
libria z., v, are conveniently parametrized by u = v.. The equilibria z.(u), ve(p) are
given by

(4.1) s = B2(1 = A3) 15+ O(p)’,

(4.2) Zeai = p1+ O(p)?, i=1,...,n9,
(4.3) Ve = W,

where

no+1
5= &
k=1

The local linearization around z., v, is
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] rew) [ 2]
(4.4) + ([ “Blzl } + O(M)2) 3,

where Z = z — z.(u), ? = v — ve(p), and

A=[o+610 62 ... o™ ],

B1 = 6%’n2+1,
If the transversality condition
(4.5) 5+ 5}1 + Aléiz S A?zé%,n2+1 £0

is satisfied, then the system is linearly controllable and hence stabilizable about any
equilibrium except p = 0. Consider a parametrized family of feedbacks

v = (),
(4.6) 0= Ki(pn)z1 + Ka(p)za.

Ideally one would like to find a smooth family of feedbacks that makes the family
of equilibria asymptotically stable, i.e., for each small u, the closed loop system

zt = f(Z,K(Z,/.L))

is asymptotically stable to z.(u). Notice that the lowest degree terms of more general
smooth feedbacks will be like (4.6). We restrict our attention to smooth feedbacks for
practical and mathematical reasons. Smooth feedbacks are easy to implement, and
they allow an analysis of the closed loop system based on the low degree terms.

Clearly the z5 subsystem is stabilizable for all u by the proper choice of K», and
this feedback gain can be chosen independent of p. The question is: Can we find
K (p) which stabilizes the z; coordinate?

Since the linear approximations are stabilizable for p # 0, it is certainly possible
to find a stabilizing feedback at each such p. The linear approximation at g = 0 has
an uncontrollable, unstable mode, so it is not possible to stabilize it. But is it possible
to stabilize the approximations for u # 0 with a feedback that is bounded through
1= 0?7 The answer is no for systems with a fold control bifurcation. For any bounded
feedback, the closed loop system will be unstable in some neighborhood of p = 0.

To see this, note that the closed loop linear approximation

[ 7 ] _ ([ Ai+p (M + BiK1)  p(A+ BiKo) } +O(u)2> [ % }

ZF By Ky Az + Ba Ky

(4.7)

is clearly unstable at p = 0 since it has an eigenvalue A; > 1. Furthermore, if the
feedback v = Ky(p)zo stabilizes the zo subsystem, then A; is a simple root of the
characteristic polynomial of the closed loop system when p = 0. Hence there is a
simple root near A; of the characteristic polynomial for all small |u|.

By using larger and larger gain, it is possible to stabilize the system closer and
closer to p = 0. But if the feedback gain is continuous, at best it will stabilize the
closed loop system for only some small but not too small p > 0 or only some small
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but not too small p < 0. The controllability of z; reverses direction (folds) at u =0,
so a continuous choice of feedback gain cannot stabilize on both sides of p = 0. If a
smooth family of feedbacks (4.6) does stabilize the system for some small 1 > 0, the
parametrized closed loop system generically undergoes a classical fold bifurcation at
some smaller 4 > 0. A classical fold bifurcation is also called a limit point bifurcation,
a saddle-node bifurcation, or a turning point bifurcation.

We illustrate this with a simple example in normal form:

2

2 =22 — 23,
+_
Z5 =U.

The equilibria are 2,1 = p?, 22 = p, ve = p. Under the feedback v = Ky (u)z; +
Ko (p)Zs, the closed loop linear approximation is

2= [l i ]12]

|| Ki(p) Ka(p) Z2 |’

where Z = z—z.(p), © = v—wve(p). If K(p) is bounded, then as p — 0 one eigenvalue
converges to 2, so the system is unstable for small |u|. If we choose K7 = 15/2 and
Ky = —1/2, then the closed loop linear approximation is stable for |u| > 0.1 and
unstable for |u| < 0.1. It undergoes a fold bifurcation at p = 0.1.

To see this, consider the closed loop nonlinear system under this feedback in
coordinates centered at the bifurcation z; = z; — 0.01, Z3 = 20 — 0.1, g =pu — 0.1,

z5 =22 —0.2% — 72,

Zy =17.5% — 0.5%, — T.50°.
It is convenient to reparametrize by v = 7.5112 > 0. The center manifold is given by

Zy = —2u + 5z + 44002 — 60002, + 25022 4+ O(Z,v)3,
and the center manifold dynamics is
zZF =04v + 2 — 9207 + 140vz, — 7522 4+ O(%,v)?
or, in the variables 21 = v/75(Z; — 0.9333v), © = 0.4v — 26.667v2,
=045 -2 4+ 0(%1,0)%,

the familiar form of a discrete time fold bifurcation [9].

4.2. Transcritical control bifurcation. A degenerate form of the above bifur-
cation occurs when the uncontrollable part is one dimensional and neutrally stable,
A; = 1. The equilibria z., v, depend on roots z1, u of the quadratic form

0=B1"2 + 7'z +op’
If this form is positive or negative definite, then there is only an isolated equilibrium
21 =221 ="""22.n, =0 =0.
If this form is indefinite but not degenerate, i.e., if it has a positive and a negative
eigenvalue, then there are two curves of equilibria that cross at 21 = 221 = -+ 22, =
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v = 0. Suppose that z; = cyu, k = 1,2, are the two lines of roots of the quadratic
form; then the equilibria z., v, are given by

21 = Cppb+ O(:u’)27 k= 1723
Zeai = p1+ O(p)?, i=1,...,n9,
Ve = [

Suppose z.(11), ve(p) is one curve of equilibria, and one chooses a parametrized
family of smooth feedbacks (4.6), where Z = z — z.(u), © = v —ve(1t). Notice that the
closed loop system has a single curve of equilibria. The closed loop approximation
(4.7) has A = A; =1 as an eigenvalue at ;= 0. This eigenvalue is a function A = A(p)
and

d\
—=(0) =~v{* + B1 K1 (0
d,u( ) T + 1 1( )7
so generically the eigenvalues pass through the unit circle at ¢ = 0, and the closed
loop system goes from stable to unstable through a classical fold bifurcation.

Suppose one chooses a parametrized family of smooth feedbacks that preserves
both curves of equilibria,

v = (2, )
b= Ki(u)(z1 — crpp + O(1)?) (21 — capp + O(p)?) + Ka(p)Za.

Then generically the closed loop system undergoes a classical transcritical bifurcation.
If the quadratic form is degenerate, then the locus or loci of equilibria may depend
on cubic and higher terms.

4.3. Flip control bifurcation. The next simplest control bifurcation of a dis-
crete time system is the flip. The uncontrollable part is again one dimensional and
unstable, but now A; < —1. The equilibria z.,v. are conveniently parametrized by
i = ve. The equilibria z.(u),v.(p) are given by (4.1), and the local linearizations
are given by (4.4). If the transversality condition (4.5) is satisfied, then these are
controllable when p # 0 but unstabilizable when p = 0.

One can find a parametrized family of smooth feedbacks (4.6) which will stabilize
the zo modes for all u and the z; mode for some range of pu # 0. If A; < —1, then as
p — 0 it requires larger and larger gain to stabilize the latter. To see this, note that
the closed loop linear approximation (4.7) is clearly unstable at ;4 = 0 since 4; < —1.
Furthermore, if the feedback v = Ka(u)zo stabilizes the zo subsystem, then A; is a
simple root of the characteristic polynomial of the closed loop system when p = 0.
Hence there is a simple root near A; of the characteristic polynomial for all small |p|.

By using larger and larger gain, it is possible to stabilize the system closer and
closer to = 0. But if the feedback gain is bounded, at best it will stabilize the closed
loop system only for some small but not too small x> 0 and/or only some small but
not too small g < 0. If a smooth family of feedbacks (4.6) does stabilize the system
for some small p > 0, the parametrized closed loop system generically undergoes a
classical flip bifurcation at some smaller 1 > 0.

We illustrate this with an example:

2
2z = =2z + 23,

+_
2y = .
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The equilibria are z. 1 = %uQ, Ze2 = ft, Ve = p. Under the feedback v = Ky (u)z +
Ko(p)Zs, the closed loop linear approximation is

=L sl ]12]

zy || Ki(p) Ka(p) || 22 |

where Z = z—z.(p), © = v—wve(p). If K(p) is bounded, then as p — 0 one eigenvalue
converges to —2, so the system is unstable for small |u|. If we choose K7 = —15/2
and Ko = 1/2, then the closed loop linear approximation is stable for |u| > 0.1 and
unstable for |u] < 0.1. It undergoes a classical flip bifurcation at p = 0.1.

To see this, consider the closed loop nonlinear system under this feedback in
coordinates centered at the the bifurcation z; = z; — 1/300, Zo = 2o — 1/10, g =

1= 1/10,

7 =22 +0.2% + 73,

Zy = —7.52 +0.5% + i + 2.50°.
It is convenient to reparametrize by v = i + 2.57%. The center manifold is given by

Zy = 0.67v + 52, — 10.37v2 + 111.11vz, — 83.332% + O(z1,v)?,
and the center manifold dynamics is
z =0.13v — z; — 1.63v° + 2.89v7; + 8.33%%
—123.120% + 1763.00%2; — 11111057 — 1944.4%% + O(%,v)*,
or, in the variables
» = 3v+ 172.5002,

2 = —2.87v +43.307; — 8.02v% + 24.06vz; — 180.42%7
+48.111% — 360.841%2, + 2706.3v71,

the parametrized closed loop system is

vt =1,

5 = —a 402 - 2+ 00, 21)",
a familiar form of a discrete time flip bifurcation [9].

4.4. Neimark—Sacker control bifurcation. The discrete time analogue of a
classical Hopf bifurcation is called a Neimark-Sacker bifurcation. We present the
control analogue of this bifurcation. The uncontrollable modes are a nonzero complex
conjugate pair,

A0
Al:[o Z\}’

where A\ = pe®®, X\ = pe= 0 # 0,7/2,7,31/2. The equilibria z. (1), v. () are given

5 Ny
(1) o e 8 ] s ow
(49) Ze2,i :M+O(M)2’ i= 1,...,712,

(4.10) Ve = W,
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where

na+1

b= 61"

k=1

The local linearization around z., v, is

~+ ~
21 o Al —|— /JF /LA 2 Al
(e [row) [

uBy 2\ ~

(4.11) + B +0(pn)° | o,

2
where Z = 2z — z.(u), ? = v — ve(p), and

ro11 21
_ T M
I'= 121 o

L Y2
P T S ST
T S48l sz L s |0

r 1,n2+1
61

Bl = i 65,n2+1 :|

If the transversality condition

< 11 12 L,no+1
(4.12) [gi%l]+A1{§§2]+~~~+A?2[g;n2+1}#0

is satisfied, then the system is linearly controllable and hence stabilizable about any
equilibrium except p = 0. Consider a parametrized family of feedbacks (4.6).

If p < 1, then the system is stabilizable about any equilibrium, but if p > 1, then
the system is not stabilizable when p = 0. The case p > 1 is called a Neimark—Sacker
control bifurcation. We distinguish two subcases, p > 1 and p = 1.

If p > 1, then it requires larger and larger gain to stabilize the system closer and
closer to p = 0. Since the feedback (4.6) is smooth, it will stabilize only for some small
1 > 0 or for some small u < 0 but not both. At u = 0, the poles of the closed loop
system are A, A and the poles of A;+ BoK5(0). The latter can be made stable, but the
former are unstable. Since the feedback is bounded, as ; — 0 the poles converge to
these. The system is controllable for p # 0, so the poles can be placed arbitrarily by
feedback. The poles associated primarily with the zo subsystem can be kept stable,
but the two poles associated primarily with the z; subsystem will leave the unit disk at
some small value(s) of u. Depending on the choice of feedback, they will leave one at a
time as real poles, leave together through 41, or leave together as a nonzero complex
conjugate pair. If they leave separately as real poles, then generically the closed loop
system undergoes a fold or flip bifurcation as the first pole leaves through +1. If they
leave together as a complex conjugate pair that is neither real nor imaginary, then
generically the system undergoes a Neimark—Sacker bifurcation. If they leave together
through +1, the situation can be quite complicated and will not be discussed here.

If p =1 and the feedback (4.6) is continuous, then generically the system under-
goes a Neimark-Sacker bifurcation at = 0 provided that e**? £ 1 for k = 1,2,3,4.
We illustrate this with an example:

+ i /4

2
Zip=¢ 211+ 235,
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—im/4 2
z+72 =/ z1,2 + 23,
T2 = U
The equilibria are
2
Zel,l = CH,
~ 2
Zel,2 = CH—,
Te2 = [,
Ue = 4,

where ¢ = (1 — e"”/4)71. The linear approximations are

1+ = €m/421 1+ 2uz,
ZB = ”/421 2+ 2uzs,
73 =1,
where Z11 = 211 — cp?, Zip = 212 — cu?, T, = 20—, % = u — p. The linear

approximations are controllable except at u = 0.
The feedback

u=p+0.5(z11 —cp®) +0.5(z12 — ep?) + 0.5(x — p)

places the poles of the closed loop system inside the open unit disk at 0.7953 +
0.5743i, 0.3957 at = 0.1. A pair of poles leaves the unit disk at e=7/* when p = 0.

The closed loop dynamics undergoes a Neimark—Sacker classical bifurcation at p =
0. The discrete time analogue of the first Lyapunov coefficient is found in Kuznetsov
[9, p. 186, formula (5.74)]. For this example, its value is 46.8, which indicates that the
system undergoes a subcritical Neimark—Sacker bifurcation at 4 = 0. For small p > 0,
the equilibrium is exponentially stable, but there is an unstable invariant closed curve
nearby. For small pu < 0, the equilibrium is unstable as is the bifurcation equilibrium
w=0.

5. Proof of the quadratic normal form. We can expand the change of coor-
dinates and feedback as follows:

RREES
05N (@13 22)
o1 (@1 22) ¢1 (:171;362)
Fl (@15 20) oY (w1 w0) |
v=u— a? (x1;22,u)
—altl] (x1;22,u) — al0?] (21522, u).
These do not change the linear part of the dynamics. The quadratic part of the

dynamics is changed to

f_[dl;dz]( f_[dl;dz]<

215 22,0)
*(ﬁgdl;dz](AlZl' A222)
—l—Alqb[d1 dQ](z 5 22)

_Bia[dl’dﬂ (zla 22, U)7

21;22,71):
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where B = 0, so the proof splits into six cases, i = 1,2; d; = 0,1,2; do =2 — d;.

The normal form of fQ[O;Q](zl; z2,v). We start by showing that f2[0;2] (21; 22, v) can
be brought into the above form. There are two basic operations, pull up and push
down, which are used to achieve this. Consider a part of the dynamics

z;r,i—l =205+,
Z;:Z = 22,i4+1 + C22 22k + -,
23 = Z2it2 o,
where 1 <7 <no, 1 <j <k <ng+ 1; recall that 29,41 = v.
If 1 < j, we can pull up the quadratic term by defining

22,4 = 225 — C22 j—122 k—1,

)

and then the dynamics becomes

Z;_,i—l =Z2;tc22 12281+,
>+
Roi = R2,i+1 +y
+ —
R9i+1 = R2,i+2 +ee
and all the other quadratic terms remain the same. Notice that if i = 1, we can still

pull up, and the term disappears. By pulling up all the quadratic terms until 7 = 1,
we obtain

(5.1) z;l =241+ C2a120 K+ .
The other operation on the dynamics is push down. If k < no, define
22,i+1 = 22,441 + €22 522k
yielding

+
Zyi-1 =2t
+ _ =
Zyi = Z2i+1t

s+
Zoi41 = A2ji42 T C22 54122 k41 T,

and all the other quadratic terms remain unchanged. Notice that if ¢ + 1 = no, then
we can absorb the quadratic term into the control using feedback. From (5.1) we push
down every term where k < i+ 1. These terms can be pushed all the way down and
absorbed in the control. The result is (2.8).

Next we show that the number €} (2.13) is an invariant. Clearly €}* is potentially
changed only by ¢>[20;2] (x1;72) and a[20;2](
coordinate changes of the form

x1;x2,u). Therefore, we need only consider

To,p = T2, + CT2s%2,r,
where 1 < p < ngy, 1 <o <7 < no, and feedbacks of the form

u=u-+ Cr2,0T2, 1,
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where 1 < o < 7 < ny + 1 with x5 ,11 = u. More general coordinate changes and
feedbacks are just compositions of these. The coordinate change affects only a piece
of the dynamics (2.3),
2
x;,p—l = T2, + f2[,/]J—1(x17 L2, u) + O(xlv T2, u)3>

x;p =To o1+ fz[i])(xl,xg,u) + O(z1, x2,u)?

is transformed to

_ 2
x;p,l = T2, + fg[,]pfl(xh To,U) = CTa,o T2 r + O(x1,T2,1)°,

T [2] 3
T3, = 2241 + f3,(T1, T2, u) + T2 54172 741 + O(71, 22, u)°,

and €!* is unchanged. The feedback affects only

2
iy = 0t filn (@122, 0) + Oy, @, u)’,
transforming it into

_ 2
‘T;nz =u+ f2[7»112 (1'13 Z2, u) - C$2,ax2,‘r + O($17 X2, U)3,

1k

and again €;" is unchanged because ¢ +1 < ng — 1.

The normal form of fQ[M](zl; 29,v). The two basic operations, pull up and push
down, are slightly different. Consider a part of the dynamics

Zyi-1 = R2it
z3; = 2o+ ez 2+,
ZLH =242+,
where 1 <i<ns, 1 <j<n;, 1 <k<ny+1.
If A\; # 0 and 1 < k, we can pull up the quadratic term by defining

i c
224 T 22 T 3 ALjE2 k-1
J
then the dynamics becomes
L _ c
Zyi1 = %2+ Yzl,jzqu + -
J

o+
Zg i = 2241

+ —
R9i+1 = R2,i+2 +oee

and all the other quadratic terms remain the same. Again, if i = 1, we can still pull
up, and the term disappears. So by pulling up all quadratic terms where A; # 0 until
k = 1, we obtain

2 =zt oz o
Repeated pushing down eliminates this term. Define

Z2,i+1 = Z2,i+1 T C21,5%2,1,
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yielding

+
Zyi-1 =225 T,
+ _ =
Zyi = Z2i+1t 0
=+
Zyip1 = 2242 T CAj 215220 + 0

and all the other quadratic terms remain unchanged. If A; = 0, then the term drops
out. If A; # 0, then we can continue to push down until i +1 = ny and the quadratic

term can be absorbed into the control using feedback. The result is fQ[M] (z1; 22,v) = 0.
The normal form of f2[2;0](zl; 22,v). Consider a part of the dynamics

Z+ =z > >
271' 2,i+1+c l,j 1,]€+"'7
Z+ =z

277]+ 2,1-‘,—2 + Ty

where 1 <i<ngy, 1 <j<k<ng.
Pushing down one or more times eliminates this term. Define

Z22,i+1 = Z2,4+1 + 21,521k,
yielding

Zg i1 = 225+,
+ _ =
R = #2,i+1 +oy

,+ _
Zg i1 = 2242 T CAjARZ1 21 0,

and all the other quadratic terms remain unchanged. If A;A\; = 0, then the term
drops out. Otherwise, the quadratic term can be pushed down repeatedly until it is

absorbed in the control. The result is ];:2[2;0] (215 22,v) = 0.
The normal form of fF"’O] (215 22,v). This is just the quadratic normal form of

Poincaré as described in the introduction, and 37 ¥ are the invariants. See [1], [5], [9],
r [13]. Consider a part of the dynamics

+

2 =Nz tengze+ o,

where 1 <i<np, 1 <j<k<n;.
If A; # AjAk, then define

so that
Zii:)\iél,i—&—u-

Next we show that the numbers ﬂf k (2.9) are invariants. Clearly ﬂg Fis potentially

changed only by (b[f;m (z1;22). Therefore, we need only consider coordinate changes
of the form

-i'l,p =T1,p + CT1,6%1,7,
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where 1 < p < njy, 1 <o <7 < nj, because more general ones are just compositions
of these. This coordinate change affects only a piece of the dynamics (2.3), and

Itp = ApT1, + fl[i];(l’l,xzvu) + O(z1, 22, u)?

is transformed to

IIP = Al’jlvp + fl[?;])(xlv ‘7:2’“) + C(Aa/\”r - /\p)xl,al'lﬂ— + 0(58171‘2, u)d

Clearly, if A, = A;A;, then ﬁfk (2.9) is unchanged.

The normal form of fl[l;l](zl; z2,v). Consider a part of the dynamics

+
21, =Nzt ezizon + o,

where 1 <i<mp,1<j<n;, 1<k<ng+1.
If A\; # 0 and k > 1, then we can pull up by defining
_ c

214 = %1, — Yzl,jzqu
J

so that

s

7+ _ — 7

Z ;= )\izl,i + TZ]}jZQ’kfl + e
J

If A\; = 0, then the term disappears; otherwise, we can continue to pull up until £ = 1.

If A; # 0, then we can push down by defining

)

_ c

21,4 = 214+ T 21,5%2,k;
Ai

then

cA;j
+ .z i,
Z; = )\izl,i + Tzl,jzwﬁ + -
1

If A; =0, then the term disappears.

If \; = A\; =0, then we cannot pull up or push down. The result is (2.7).

Next we show that the numbers fyfk (2.10)—(2.11) are invariants. Clearly %?k is
[1;1]
1

potentially changed only by ¢ x1;x2). Therefore, we need only consider coordinate

changes of the form
j1,p = T1,p + CcT1,6%2,7,

where 1 < p,0 < nj, 1 <7 < ngy, because more general ones are just compositions of
these. This coordinate change affects only a piece of the dynamics (2.3), and

2 3
xfp = A\pT1,p + f1[7l])(.171,$2,u) + O(x1,x9,u)
is transformed to
=M1, + 2 (21, 20,u) 4 X — A +0( )
1,p — MTlp 1,p\%1, T2, U CAGT1,6X2,741 — CApT1,0T2,7 T1,T2,U) .

Clearly, if A, = A; = 0, then Wf k (2.10) is unchanged. A simple calculation shows
that if A\ A\, # 0, then A7 (2.11) is unchanged.
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The normal form of f1[0;2](zl; 22,v). Consider a part of the dynamics
7= Nzt ez t+ e,

where 1 <i<mp, 1 <j<k<ns.
If 5 > 1, then we can pull up by defining

214 = 214 — CZ2,j—1%2 k—1;
then
7+—)\,74+ i 2o + ..
21,5 = ARl T CAZ2,j-122 k-1 .

If A; = 0, then the term disappears; otherwise, we can continue to pull up until j = 1.
The result is (2.7).
Finally, we show that the numbers 6}* (2.12) are invariants. Clearly, 61% is po-

tentially changed only by ¢[10;2] (21;x2). Therefore, we need only consider coordinate
changes of the form

-i‘l,p =T1,p + CT2,6T2,7,

where 1 < p < nj, 1 <o <7 < ng, because more general ones are just compositions
of these. This change of coordinates affects only a piece of the dynamics (2.3), and

xip = )\pxl,p + fl{?/])(x17x27u) + O({El, (EQ,U)S

is transformed to
= \7 +f[2] (21,2, u) + cx x — AT ooy + Oz, T2, u)?
1,p — “\ptlp 1,p\F15 425 2,04+14L2,7+1 pr2,0L2,1 1,42, .

Clearly, if A, # 0, then 6% (2.12) is unchanged.

6. Proof of the cubic normal form. Cubic changes of coordinates and cubic
feedbacks do not change the linear and quadratic parts of the system. Their effect
on the cubic part of the system splits into cases, this time eight cases, i = 1,2; d; =
0,1,2,3; d2 =3 —dl.

The normal form of ];2[0;3] (21; 22,v). We again use the two basic operations pull
up and push down. Consider a part of the dynamics

+ [2]
Zyi-1 = %20t f2,i—1(217 22,0) 41,
2=z + [ ) +cza + -
2,i — 22,i+1 2,i\%1, 22,V CZ2,j22 k22,1 ,
+ [2]
29 441 = 22,42 + f2,i+1(217 22,V) -+,

where 1 <7 <no, 1 <j <k <1< ng+1;recall that 2o ,11 = .
If 1 < j, we can pull up the cubic term by defining

Zoi = 29, — CZ2,j—122,k—172,1-1;
then the dynamics becomes
z;iﬂ =Zo;+ ff},l(zl, 20,0) + 22120 k17201 +
Zy, = Zoiq1 + fQ[i]-(zl,zg,v) +e

+ (2]
2341 = 22,42 + fo i1 (21, 22,0) + -,
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and all the other cubic terms remain the same. Notice that if ¢ = 1, we can still pull
up, and the term disappears. By pulling up all cubic terms until j = 1, we obtain
that

(6.1) 23 = 20001+ fz[i]'(zla 29,V) + c2o122 k%2, + .
The other operation on the dynamics is push down. If [ < no, define
Z2,i4+1 = 22,41 T C22,j22 k22,1,
yielding
Z;r,i—1 =Zo4+ f2[?g—1(zla227’0) +oee
ZL = Z2,i+1 T fQ[?z]‘(zhz%U) +y
ZLH = 29,42 t+ fz[i]url(zl’ Z9,V) + €22 j4122 k4172041 T

and all the other cubic terms remain unchanged. Notice that if ¢ + 1 = ny, then we
can absorb the cubic term into the control. From (6.1) we push down every term
where [ < 4+ 1. These terms can be pushed all the way down and absorbed in the
control. The result is (3.8).

1kl

Next we show that the number n;

(3.16) is an invariant. Clearly n!*!

tentially changed only by q5[20;3] (21;x2) and a[20;3] (z1;x2,u). Therefore, we need only

consider coordinate changes of the form

is po-

To,p = X2,p + CT2,6%2 7 T2 v,
where 1 < p <ng, 1 <o <7 < v < ny, and feedbacks of the form
u=1u-+ CL2,0X2,7L2,05

where 1 < p <ny,1 <o <7 < v < ng+ 1 with z3,41 = u because more general
ones are just compositions of these. The coordinate change affects only a piece of the
dynamics (3.1),
2 3
m;p—l = T2, + f2[,;]J—1($17 T2, u) + f2[,]p—1($1’ L2, u)7
2 3
&3, = T2p41 + Foo (@1, 2, 0) + fY (21, 22, )

is transformed to

_ 2 3
l’;p71 = T2,p + f2[,;])—1(‘r17 T2, u) + f2[,;])71($17 €2, ’LL) —CT2,65T2,7T2,0,
_ 2 3
T3, = Tapp1 + Fip(@1, 32, 0) + f5 (21,72, U) + CT2,04172 7 11T2,041,

and k!

?

is unchanged. The feedback affects only

x;nQ =u+ fQ[Qle (x1,22,u) + f2[3112 (z1,T2,u),

transforming it into

_ 2 3
x2+,n2 =u+ f2[7’112 (xlu Z2, ’LL) + f2[’»112 (xla T2, u) — CT2,672,7T2,0,

and again nz-lkl is unchanged because i + 7 < ng — 1.
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The normal form of f2[1;2](21; 22,v). The two basic operations, pull up and push
down, are slightly different. Consider a part of the dynamics
+ (2] .

o1 =22+ fo,1(21,22,0) + -,

2
z3; = z0011 + f2[,1]'(21a 29,0) + €21 522 k220 s

2

Z;:H_l = 22,i+2 + f2[7g(213 2527’0) +--- 9

where 1 <i<mo, 1 <j<ny, 1<k<I<ny+1
If A; #0 and 1 < k, we can pull up the cubic term by defining

_ c
224 = 224 — N R1,jR2,k—122,1—1;

Aj
then the dynamics becomes
n _ c
2941 = 22, + N PLiF2 k172,01 +y
J
s+ _
Zoq = F2i41 0,

+
29441 = 2242+,

and all the other cubic terms remain the same. Again, if 1 = 1, we can still pull up,
and the term disappears. So by pulling up all cubic terms where A; # 0 until k£ = 1,
we obtain

2
o = i1+ fya(21, 22,0) + c21 gz zeg oo
If | < no, we can also push down by defining

Z2,i+1 = Z2,i+1 + C21,j22,1%2,1,
yielding
2]

Z;r,i—l =722, t+ f2[,i—1(217227v) Ty
_ 2
Z;_,z = 22,i+1 + f2[,z](zl7 Zvi) + - 3

>+ _ (2]
Zy i1 = 22042 + foi11(21, 22,0) + eXjz1 22020041 +

and all the other cubic terms remain unchanged. If A; = 0, then the term drops out.
If A\; # 0 and I < ¢+ 1, then the cubic term can be pushed down repeatedly and
absorbed in the control. The result is (3.7).

Next we show that the number Ciju (3.15) is an invariant. Clearly Cij” is po-
tentially changed only by qb[;m (21;22) and a[21;2] (z1;x2,u). Therefore, we need only
consider coordinate changes of the form

To,p = T2, + CT1,6T2 T2,
where 1 < p<mno, 1 <o <nj, 1 <7 <wv < ny and feedbacks of the form

u=1u- Cl1,0X2,7L2,0;5
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where 1 <o <n;, 1 <7< v <np+1 with 22,41 = u because more general ones are
just compositions of these. The coordinate change affects only a piece of the dynamics
(3.1),

2 3
x;p—l = T2, + f2[,,])_1(371,a:2,u) + f2[,]p—l(x1’x27u)7
2 3
&3, = T2p41 + Foo (@1, 2, 0) + fY (21, 22, )
is transformed to

_ 2 3
.’L';p71 = T2,p + f2[,]p—1(x17x27u) + fz[)]pfl(xhx%u) — CT1,602,7T2,v,

T3, =1T2p11+ fz[?]p(ﬂh, To,u) + fg[?})(xlv T2,u) + CAoT1 0 T2 74120415
and Cij g unchanged. The feedback affects only

2 3
x;nz =u-+ f2[,312 (ZZ?1,132,U) + f2[,112 (171,582,’&),

transforming it into
+  _ = [2 (3]
Lop, =U + f2,n2 (l‘1, L2, u) + f2,n2 (I1, T2, u) — CT1,6T2,7T2,v,

and again ¢ is unchanged.
#1251 . .
The normal form of f2[ ' ](zl; 29,v). Consider a part of the dynamics

+ (2]

Zg i1 = 224t f2,7:—1(217 22,0) + o
2
Z;—z = 22,i+1 + fg[,g(zl, 29,V) 4+ cz1 521 k%20 + -,

+ (2]

29 441 = 2,42 + f2,i+1(217 22,V) -+,

where 1 <i<ng, 1 <j<k<n;,1<1<ny+1.
If Aj A # 0 and 1 <[, we can pull up the cubic term by defining

_ Cc

22 = 22 — T %1,j%1,k%2,l—1;
7 i )\j>\k J )

then the dynamics becomes

_ 2 C 2
Z;:i_l = 22, + f2[72_1(2172270) + mzl,‘jzl,kzllfl + f2[77];(2«'1,227’(}) + - 3
J
_ 2
Z;:l = 22,i+1 —+ f2[7z](zl, ZQ,’U) + .- ,
2
Z;_,i+1 = 22,i+2 + f2[,11+1(21’ Z27U) + - )

and all the other cubic terms remain the same. Again, if i = 1, we can still pull up,
and the term disappears. So by pulling up all cubic terms where A; A # 0 until [ = 1,
we obtain

Z;_z = 22,41 + C21,j21,k%2,1 + .
Pushing down eliminates this term and any term with A; A = 0. Define

Z2,i41 = Z2,i+1 T C21,j21,k%2,1,
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yielding
+ [2]
Zg i1 = 224 T fz,iﬂ('zl’ 22,0) + 1,
+ _ 3 [2]
23 = Z2t1 + f3,(21,22,0) + -,
s+ [2]
Z9i+1 T R2,i42 + f2,1+1(217 22,0) + CAjAR21 521 k2,2 + 0

and all the other cubic terms remain unchanged. If AjA; = 0, then the term drops

out. If AjAx # 0, then we can push down repeatedly until the cubic term is absorbed

in the control. The result is f2[2;1](z1; z9,v) = 0.

The normal form of f2[3;0](zl; 22,v). Consider a part of the dynamics
2
z;r,i = 2241 T fQ[,Z](zl, 22,0) + cz1 521 k210 +
2
Z;r,i+1 = 22,i42 + f2[’7]:+1(21,2,’27’[)) —

where 1 <i<mny, 1 <j<k<I1<n;.
Pushing down one or more times eliminates this term. Define

22,i4+1 = 22,441 T C21,j21,k21,1,

yielding

+ _ 3 2]
Zy ;= Zoiv1 t f3(21,22,0) +
>+ (2]
Zyir1 = 2242t fa 10121, 22,0) + eAjAk Nz i kzi

and all the other cubic terms remain unchanged. If A\;A;\; = 0, then the term drops
out. Otherwise, the term can be pushed down repeatedly until it is absorbed in the

control. The result is f~2[3;0](zl; 29,v) = 0.
The normal form of fl[g;o](zu z2,v). This is just the cubic normal form and in-
variants of Poincaré (see [1], [5], [9], and [13]). Consider a part of the dynamics

+ _ (2]
21 = Nizni + f1(21,22,0) + ez gz oo,

where 1 <i<mp, 1 <j<k<I<n;.
If A; # AjArA, then define

C
Z1i =21, — e 41,21,k %1,
! ! (NjArA — A) J

so that
Z =Nz + fl[i]-(zhzmv) + -

Next we show that the numbers ﬂgkl (3.9) are invariants. Clearly, ngl is po-

tentially changed only by ¢[13;0] (21;x2). Therefore, we need only consider coordinate
changes of the form

jl,p =T1,p + Cr1,6T1,7T1,v;

where 1 < p < nj, 1 < 0 <7 < v < n; because more general ones are just
compositions of these. This coordinate change affects only a piece of the dynamics
(3.1), and

af, = N1y + fl[?})(:cl,w%u) + fl[i])(xl, To,u) + O(zy, T2, u)?
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is transformed to

T, = N1+ fl[?]p(acl, To,u) + fl[i])(xl,xg,u) + Ao Ay = Ap)T1,071 7 + O(21, T2, 1),

Clearly, if A, = Ao A+ Ay, then ,Bfkl (3.9) is unchanged.

The normal form of fl[z;l](zl; 29,v). Consider a part of the dynamics

+ _ (2]
21 = Nizni + f1,(21,22,0) + ez jzipzen + 0,

where 1 <i<np, 1 <j<k<n;, 1 <1< no.
If AjAr # 0 and [ > 1, we can pull up by defining

_ c
214 = 21,4 — ¥ *1,j”1,k?2,1—1

’ )\j AL
so that

<+ _ 2] CA
Z1; = Xz + (21, 22,0) + g LiFLEZ2,1-1 RERRRE
J

If \; = 0, then the term disappears; otherwise, we can continue to pull up until [ = 1.
If A; # 0 and A\jA; = 0, then the term disappears by pushing down

_ c
215 =215+ rzl,jZLk:Zz,l
1

so that

C)\‘/\k

J +

2173'217]622 1 + - s
)\i ’

=Nz + fl[i]-(ZhZQaU) +--

Z =Nz + fl[?g(zlv 22,0) +

If Ai = A\jAr =0, then we cannot pull up or push down. The result is (3.4).
Next we show that the numbers 47" (3.10)-(3.11) are invariants. Clearly, v/*" is

potentially changed only by ¢[12;1] (21;x2). Therefore, we need only consider coordinate
changes of the form

:fl,p =T1,p + Cl1,6T1,7T2,v;

where 1 < p <nj, 1 <o <7< n3, 1< v < ny because more general ones are just
compositions of these. This coordinate change affects only a piece of the dynamics
(3.1), and

af = Aot + fl[?i,($1,$27u) + f1[i],(171, T, u) + O(21, T2, u)?

is transformed to

+ _\ & (2] [3]
Ti, = NT1p + fi (w1, 22,u) + fi (71, 22, 1)
4
FCA A L1, 0 Z1 7 T2, 041 — CAPT1,0Z1 7820 + O(21, T2, u)".

Clearly, if A, = AsA; = 0, then ’yj M (3.10) is unchanged. A simple calculation shows

K2

that if A\,A\;A; # 0, then k1 (3.11) is unchanged.

2
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The normal form of f1[1;2](21; 22,v). Consider a part of the dynamics

2
Z;':i = /\1‘21,,‘ + fl[’g(zl, ZQ,U) +cz1 529 k220 + 0

where 1 <i<mnp, 1 <j<ny, 1<k << no.
If A\; # 0 and k > 1, then we can pull up by defining

_ Cc

214 = 214 — Yzl.jz2,k—lz2,l—1§
J

then

_ _ 2 CA;
ZIZ' = AiZ1,i + fl[,l]»(zl, 22,0) + T_zzl,jZQ,k—IZQ,l—l +ooe
j
If A\; = 0, then the term disappears; otherwise, we can continue to pull up until £ = 1.
If A; # 0 and A; = 0, then the term disappears by pushing down

B c
21 =215+ yzl,jZQ,kZQ,l;
7

then

s+ _ \.» (2] CAj + L+
Z ;= Nz + f1,i(21v 22,v) + N 21,521 2o T
3
— \F 2]
= zzl,l+f1,i(zluz27v)+ .

If A; = A; =0, then we cannot pull up or push down. The result is (3.5).
Next we show that the numbers 6?“ (3.12)—(3.13) are invariants. Clearly, 6?“ is

(1;2]
1

potentially changed only by ¢}~ (x1; x2). Therefore, we need only consider coordinate

changes of the form
fil,p =T1,p + CT1,6T2,7L2 v,

where 1 < p,0 < nj, 1 <7 < v < ny because more general ones are just compositions
of these. This coordinate change affects only a piece of the dynamics (3.1), and

xi’:ﬂ - )\pxl,p + fl[?,])(xthvu) + fl[:?g;(xla (EQ,’LL) + O(mlvaa 'LL)4

is transformed to

_ 2 3
xiﬁ = )\pxl,p + f1[7]p(x17x27u) + fl[,;];(wlvx% U)

4
+C)\UAT‘T17UI17T‘T2,U+1 - C)\pzl,axl,fxlu + O(‘Tla €2, U) .

Clearly, if A, = AsA; =0, then 6{ H (3.12) is unchanged. A simple calculation shows
that if A\,A, A, # 0, then 67 (3.13) is unchanged.

The normal form of fl[ogg](zl; 29,v). Consider a part of the dynamics

+ _ (2]
21, = Aiz1,i + fl,i(Zl»Zzyv) +czo 29 k%20 + -,

where 1 <i<mp, 1 <j<k<Il<ns.
If 5 > 1, we can pull up by defining

214 = 21, — C22,j—122,k—1%2,1—1;
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then

Zfi =Nz + f1[21](217 29,V) + CAiZo j_1Z2 p—1%2,0-1 + - -
If A\; = 0, then the term disappears; otherwise, we can continue to pull up until j = 1.
The result is (3.6).

Finally, we show that the numbers €
Tl

1kl

1kl
i .

(3.14) are invariants. Clearly, ;" is

potentially changed only by ¢ x1;x2). Therefore, we need only consider coordinate

changes of the form
-fl,p = T1,p + CT2, 62,72 v

where 1 < p < nj, 1 < 0 < 7 < v < ny because more general ones are just
compositions of these. This change of coordinates affects only a piece of the dynamics
(2.3), and

:Eii:p - )\pxl,p + f][_?/])(xth?u) + fl[?]p(xla $27u)

is transformed to

T, = AT, + fl[?l)(:r’lvx%u) + fﬁ,])(i?hxmu)

+CT2, 54127 +1T2,041 — CApT2,5T2,7T2,0-

Clearly, if A, # 0, then €% (3.14) is unchanged.

7. Conclusion. We have developed a theory of quadratic and cubic normal
forms for discrete time control systems. To avoid notational difficulties, we have
restricted our attention to scalar input systems whose uncontrollable part is diago-
nalizable. But the basic operations of pull up and push down extend to more general
systems. We have also shown the uniqueness of the normal forms.

We have introduced the concept of control bifurcation and have exhibited some
simple examples.
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