Writing With Mathematics
Part II: Words and Statements

Cherney

The most basic thing to understand about writing with math is that
math is not some collection of symbols unrelated to the tools you write with
(roman letters and punctuation) but rather part of that language. Exces-
sive emphasis on scratch-work style calculations leads many people to believe
otherwise, but go back and look at any textbook you have used, wikipedia
articles, scholarly writing etc, and you will see that this is erroneous think-
ing. If you wish to communicate in written form about the math you have
learned you must learn to treat mathematical symbols as an extension of
your language, not as a disjoint language.

1 Expressions are Nouns.
Equations are Statements.

The string of words “2+3” is a noun. It can be used as the subject of a
sentence such as “2+ 3 = 5.” Compare this to the noun “Josh and Liz” and
the sentence “Josh and Liz are friends.” Algebraic expressions are also nouns.
For example “3x+2y” is a noun. An algebraic equation such as “3x+2y=>5."
is a sentence.

Complex sentences can be built by using equations, inequalities, etc as
clauses. The following sentence does so. “If 3v — 2 = 7 then 3z = 9 and
therefore ©z = 3.”

1.1 Diagrams are not words

The following is a writing mistake that comes from not recognizing this fact.

The graph \ - ( has a vertical asymptote at 3. § €1




To remedy this, simply construct a sentence that makes reference to your
diagram as in the following.

The graph drawn below has a vertical asymptote at 3.

Certainly diagrams play an important role in communication, but when
writing one ought to be clear about what is verbal and what is diagrammatic.
Notice, in particular, that mathematical shorthand like “f : A — B is not”
diagrammatic but rather shorthand.

1.2 Math Notation is shorthand, and then some
The string of symbols “3(2 4 1) = 9” is shorthand for “three times two plus

one is equal to nine.” The old Arabic symbols “07,“1”,... and “9” have be-
come a standard shorthand for the words “zero”, “one” et cetera. Likewise,
the symbol “=" has become shorthand for the words “is equal to”.

Unfortunately the string of words “three times two plus one” is ambigu-
ous; it can be interpreted as 3-2+1 or 3(2+1). The ambiguity can be cleared
up by elongating the string of words to “the result of first summing two and
one and then multiplying the result by three”. This is tedious to read or
write. The parentheses in “3(2 4+ 1)” serve as a shorthand for specifying
which operations are to be performed first. One can only imagine how much
paper has been saved by using arabic numerals and parentheses (along with
shorthand for the operations addition, subtraction, multiplication, division,
exponentiation, et alia) as shorthand. Our society has benefitted tremen-
dously from the development of these notations, and you are expected to
learn to read and write them accurately. You can invent your own notations
(legend has it Einstein said that his greatest contribution to science was good
notation, and yours could be better than his!) but if you are using anything
other than standard notations, you need to tell your audience exactly how



to read it!

Probably the most misused notation is the arrow symbol. In the most
widespread convention, “—” is shorthand for “goes to” (a common phrase
in calculus and analysis) while “ = 7 is shorthand for “implies”. A good
example of using the latter symbol is the following sentence.

r+1=2 — z=1. Iééu

You just read shorthand for “The algebraic equation z plus one is equal to
two implies the algebraic equation x is equal to one.”

It is important to note that the terms “implies” and “is equal to” are
very different! The following exemplifies a common mistake that comes from
not recognizing this distinction.

r+1=2=ax=1. I @[l

Read as written this says “x plus one is equal to two which is equal to x
which is equal to one.” Part of what is being said in the sentence is 1 = 2.
It is rare that someone wishes to communicate this idea.

Many texts and instructors use “—” as shorthand for “implies”, but in
this class we will follow the more common convention. To be clear look at
this awkward example; we will read “x +1 =2 — z = 1.7 as “x plus 1 is
equal to two goes to x is equal to one.” If you wish to convey this idea you
need to specify the process by which one equation becomes the other.

The symbol < is shorthand for “is equivalent to” and can be used when
modifying algebraic equalities or inequalities. An example of correct use of
this term is the following sentence.

r+1=2<x=1. Iéiﬂ

An incorrect use of this term is the next sentence.

r>2& x> 1. I@ﬂ

The reason this is incorrect is that while £ > 2 = x > 1 it is not the case
that x > 1 — = > 2.




2 Technical Vocabulary Facilitates Concision

The idea of a definition of a word should perhaps be split into two ideas.

Consider the word ‘gross’ and all of its various meanings. The word has
thousands of years of history and for most of that time no one learned the
word by looking up a definition in a dictionary. The meaning of the word
developed organically from prehistory to today through millions of uses and
perceived misuses. Each of us have been exposed to some of those uses and
that is how we learned the word. To write the entire history of the word, each
of its uses throughout history and all of the connotations and connections
involved, would be impracticable. Dictionary entries for the word ‘gross’ aim
to consolidate descriptions of all of those uses. This is the kind of definition
one encounters most often: definitions that are descriptive.

Prescriptive definitions, by contrast, are often given in mathematics (and
other technical fields). An example is given below.

Definition: An algebraic equation is trivial (or tautological) if substitu-
tion of any number(s) for its variable(s) yields a true arithmetic statement.

This definition does not aim to summarize how the word has been used
in the past. It is a declaration that the word will be used to convey this
meaning and nothing more. (At least in the particular book, paper, course
etc in which the definition is given.) These prescriptive definitions are not
organic. They are intentionally created and intentionally presented to achieve
a specific purpose. That purpose is typically to facilitate concise statements
of fact. Take for example the following statement.

If a function is differentiable on the interval (a,b) then it is con-
tinuous on the interval (a,b).

This is surely more concise than the following equivalent statement that
does not use the technical terms differentiable and continuous but rather
their prescribed meanings.

If a function f has the property that the two sided limit
fle+h) = f(e)
h

lim
h—0




exists for all numbers ¢ in the interval (a,b) then it also has the
property that the two sided limit

lim f(z)

Tr—cC

exists for all values of ¢ in the interval (a,b).

Professional mathematicians build prescriptive definitions such that many
relationships between the defined objects can be deductively proven. This
building of definitions and proving of statements happens in small commu-
nities, and only a few people (math PhDs) witness the process. When a
community builds a powerful and useful collection of definitions and proofs,
relevant communities of non-mathematicians are made aware.

You, dear student, are in one of those relevant communities of non-
mathematics: the community of engineering, physics, chemistry, etc majors.
But the difference in kinds of definitions (descriptive and prescriptive) is
rarely made clear to students. The result is often confused (and confusing)
use of technical terms. I've collected some below. For the prescriptive defi-
nitions of terms used see the handout Terminology from Elementary Algebra.

Consider the curve y = 2*. § £

Consider the solution set to the algebraic equation y = z2. Iéﬁ]

The solution set to that equation is a parabola.

The function f is y = 3z. | e
The function f assigns the number 3z to any x in the domain of f. I N

Functions are not equations.

The equation 3z + 1 is linear. I@ﬂ




The function 3z is linear. I%EEI
The equation y = 3x + 1 is linear. Iéﬁﬂ

Algebraic expressions are not algebraic equations.

If f(z) = x + 1 then the function f(1) =2. § £

If f(x) = x + 1 for all numbers z then f(1) =2. | 21

If a function is named f then neither the expression f(z) nor f(1) is a func-
tion. They are the value assigned to x and the value assigned to 1 by f,
respectively.

If the domain of f is [0,3) then the function f(4) is not defined. 71

If the domain of f is [0,3) then f(4) is not defined. =1

Again if f is a function then f(4) is not a function.

When one derives 2 one obtains 2. I e
The derivative of z2 is 2z. I 27

The verb meaning ‘to calculate the derivative of’ is differentiate, not derive.

2.1 Category Errors

These uses can often be described as category errors. A category error is
assigning a property to an object that can not possibly have that property.
For example, my computer is not angry despite the evidence; it crashes every



time I play my favorite video game. Computers can not have the property
of anger. They are not in the category of things that can be angry.

If f(z) = 2* then (2,4) is solution to the function. [ £1

If f(x) = 2* then (2,4) is in the graph of f. 2]

Functions do not have solutions and algebraic equations do not have graphs.

To find a solution to the system of equations
y=2x—1

y=x+1

set the equations equal to each other.

To find a solution to the system of equations
y=2x—1

y=x+1

one may substitute the right hand side of the first for y in the second
to obtain

2r —1=x+ 1.

A pair of functions can not have the property that the equations are equal,;
(y=2x—1)=(y=2+1) is a meaningless statement.

These examples may seem pedantic to you, and you could probably find
textbooks that make many of these mistakes that you have been able to read
comfortably. There is good reason for so-called abuse of notation; you prob-
ably noticed that some of the thumb up examples above were considerably
longer than the corresponding thumb down examples. However, the author of
this note has found these points of confusion to be the most common causes
of incomprehensible writing with mathematics. It is hoped that explicitly



pointing these things out once will help the reader make better informed
choices for her writing in the future.

3 Pronoun Ambiguity and Overuse

When one is not yet fluent in a technical language one has a tendency to
recall technical terms too slowly to incorporate them into what is being said.
This leads one to use pronouns instead of nouns.

If you subtract it from it you get it. I@[I

Remember, every time you use a pronoun you are expecting your reader to
read your mind; the meaning of pronouns needs to be clear from the context.
In particular, using the same pronoun (like “it”) for several different nouns
in the same sentence is almost always confusing.

4 Say what your symbols mean

The following statement is false if n = %

For all n the number 2n is even. |<§[l

When you use a symbol to stand for any element of a collection of object,
let your reader know what collection of objects you have in mind.

For any integers n the number 2n is even. Iéﬁl

This becomes especially important in higher level math classes where set of
objects besides real numbers or integers are common; a symbol may stand
for a function, vector, linear operator, matrix, etc.




4.1 Particular, Arbitrary, or General?

In mathematics writing you commonly encounter these three words, and it
can be difficult to sort out their meanings.
The word “particular” points out just one object

The sum > n? = w for a particular n.
k=0

While the statement is true since the equality is try with n replaced by 1,
it is likely that the author of this statement intended to convey that the
equality with n replaced by any natural number. (I only wrote “the sum” at
the beginning of this sentence to avoid beginning a sentence with shorthand
notation. Doing so is considered bad form.)

n
The sum Y n? = w for an arbitrary natural number n.
k=0

The word “arbitrary” is used to point out that a statement is true if a
symbol within it is replaced with any particular member of a set.

The equality 3x + 1 = 4 is true for a particular real number z. Iéjl

The word “general” is used outside of mathematics to say that a statement
is true more often then not. But it is not used that way in mathematics.

If you are being rained upon, then there is generally a cloud above you. I e

Sometimes the sky is blue just above you, but wind blows rain onto you. In
mathematics, the word “general” conveys that a statement is always true.

The numbers 12 and 14 can be expressed as 3-2 -2 and 2 -7,
respectively. In general, if n is a natural number then n can be
expressed as the product of prime numbers.
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Recap
Mathematics is not a separate written language.
Expressions and equations are grammatical structures.

Mathematics utilizes considerable shorthand notation, but the symbols
used are not diagrams.

Diagrams and pictures are not words.

Math uses prescriptive definitions. The resulting technical vocabulary
is a central part of what you are meant to learn in a math course.
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