
Written Exercise part I
Vectors and Vector Spaces

1 Instructions:

Invent a unique applications style exercise and response. Use the exam-
ple provided below as an indicator of the mathematical ideas your example
should cover, but your presentation should be self contained and original; it
should not refer to this document.

Your work must be typed. While it can be difficult to get started typ-
ing mathematics, the idea of taking years of college level math and being
unable to type about it should strike you as absurd. Most word processing
software has the capacity to insert matrices, subscripts, etc. Use of LaTeX
is recommended. Consult the internet for getting started with LaTeX.

Note that the example provided contains considerable detail. You should
not expect to be able to sit down and immediately write an exercise and
response with the same level of detail; you will need to go through your
presentation and add detail several times. There is no length requirement
for this assignment; a perfunctory job will be easy to spot.

If your example involves complicated calculations (involving difficult frac-
tions etc) then you may run your calculations on software and report the
results in your work, but you might benefit from playing with the numbers
until you obtain an easy calculation.

2 Purpose

Feel out the boundaries of the applicability of the mathematical objects from
linear algebra. If you find that your initial choice of exercise makes difficult
the process of utilizing such objects, then you are doing the right thing:
getting a feel for when use of these objects is natural, and less than natural.

Think about how the simple set structure of vector spaces and the idea of
bases facilitate the organization of information using n-vectors and matrices.
Also think about how one must compromise between 1) the desire to work
with vectors spaces and linear functions so that calculations may be done is a
systematic way and 2) the naturalness of modeling with these mathematical
structures.



3 Prerequisites

Before you begin this project you should have a good understanding of

1. functions as three things (domain, codomain, rule of correspondence)

2. n-vectors and vectors that are not n-vectors

3. the two part characterization of vector spaces (closure under scalar
multiplication and closure under addition)

4. vector spaces of the form RS for finite sets S.

5. how choice of basis for a vector space facilitates notation of non-n-
vectors as n-vectors.

6. subspaces
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Example

A door factory can buy supplies in two kinds of packages, f and g.
The package f contains 3 slabs of wood, 4 fasteners, and 6 brackets.
The package g contains 5 fasteners, 3 brackets, and 7 slabs of wood.

(a) Model f and g as functions with codomain R; explicitly give the
domain codomain, and rule of correspondence of these functions.

(b) Identify the range of f and the range of g and verify that they are
subsets of the codomains for these functions.

(c) Interpret 1
π
f . Identify it’s codomain of in terms of the codomain

of f .

(d) Model the set of ways that supplies can be purchased as a vector
space.

(e) Discuss the shortcomings of the model; what physical interpreta-
tion can be given to the properties i) closure under addition and
ii) closure under scalar multiplication.

(f) Identify your model vector space as a (proper) subspace of a vector
space.

(g) Choose a basis for the vector larger vector space and use that basis
to write i) a particular vector in the larger vector space that is not
in the subspace and ii) an arbitrary supply order as a n-vector.

(h) Choose a basis for the subspace space and use that basis to write
i) a particular and ii) an arbitrary supply order as a n-vector.

Response:

(a) The supply package f can be modeled as the function that as-
signs to each type of supply item (slabs, fasters, and brackets) the
number of items that come in that package. That is

f : {slabs, fasters, brackets} → R

with rule of correspondence explicitly given by

f(slabs) = 3, f(fasters) = 4, f(brackets) = 6.

3



Similarly
g : {slabs, fasters, brackets} → R

with rule of correspondence

g(slabs) = 7, g(fasters) = 5, g(brackets) = 3.

(b) The range of f is {f(x) | x ∈ dom(f)} = {3, 4, 6}} while the range
of g is {g(a) | a ∈ dom(g)} = {7, 5, 3}}. These are both subsets
of the codomain R;

{3, 4, 6} ⊆ R

and
{7, 5, 3} ⊆ R.

(c) By the usual scalar multiplication of functions

1

π
f : {slabs, fasters, brackets} → R

with rule of correspondence explicitly given by

1

π
f(slabs) =

1

π
3 , f(fasters) =

1

π
4 , f(brackets) =

1

π
6.

That is 1
π
f has the same domain as f . This is the case because the

codomain of f is a set that is closed under scalar multiplication;
if the codomain of f had been chosen to be {1, 2, 3, 4, 5, 6, 7} then
in order to give 1

π
f meaning the codomain of 1

π
f would need to

be different from that of f .

The function 1
π
f has no interpretation in terms of supply packages

for the door shop; a fraction of items such as a hinge might in
some cases have an interpretation (such as when two halves are
held together my a pin) but this fraction is of a supply package is
a purely mathematical entity with no obvious interpretation. The
same is true for most multiples of f .

(d) If a door factory can only buy supplies in two kinds of packages,
f and g then a natural model of ways in which supplies can be
purchased that builds off the functions f and g defined above is
the set of sums of integer multiples of the supply packages:

P := {mf + ng |m,n ∈ N}.
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This is natural since, presumably, only integer quantities of the
sully packages can be purchased. However, P is not a vector space;
a vector space is a set that is closed under scalar multiplication
and under addition. The set P is closed under addition– if m1f +
n1g, m2f + n2g ∈ P then their sum

(m1f + n1g) + (m2f + n2g) = (m1 +m2)f + (n1 + n2)g ∈ P.

The set P is not closed under scalar multiplication since f is in P
but 1

2
f is not.

For this reason, the set

V := {af + bg | a, b ∈ R}

is needed to model the ways supplies can be purchased as a vec-
tor space, even though most of the elements of this set have no
interpretation.

(e) i) The model V has the property of closure under addition. This
property can be roughly interpreted as follows: any two orders
can be combined into one order. This is not always realistic as
sometimes suppliers put restrictions on the size of orders.
ii) The model V has the property of closure under scalar multipli-
cation. This property can be interpreted as follows: any ordered
can be doubled, tripled, halved, π-thed, etc. This is not realis-
tic in that, for example, halving an order with an odd number of
fasteners has no obvious meaning. Nor do multiples of orders by
irrational numbers.

(f) The model vector space is a subspace of space of all functions with
a particular domain and a codomain:

W := {F : {slabs, fasters, brackets} → R}.

In particular, f and g and any sum of multiples of them are in W .
However, some elements of W , such as

h : {slabs, fasters, brackets} → R

h(slabs) = 1, f(fasters) = 0, f(brackets) = 0

are not. This claim, that h /∈ V , can be backed up with a brief
calculation after a basis for V or W is chosen.
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(g) A choice of basis for W will induce n-vector notation for vectors
in V and W . Let

B := (es, ef , eb)

be a basis for V defined by

es(x) =

{
1 if x = slabs
0 else

, ef (x) =

{
1 if x = fasteners
0 else

,

eb(x) =

{
1 if x = brackets
0 else

.

i) The function h ∈ W with the property h /∈ V can be written in
this basis as follows.

h = 1es + 0ef + 0eb

 1
0
0


B

.

We can now verify that h /∈ V . Since

f = 3eS + 4ef + 6eb =

 3
4
6

 , g = 7es + 5ef + 3eb =

 7
5
3


B

if h is a sum of multiples of h and g then there are number a, b ∈ R
such that

af + bg = h⇔ a

 3
4
6


B

+ b

 7
5
3


B

=

 1
0
0


B

⇔

 3 7
4 5
6 3

( a
b

)
B

=

 1
0
0


B

This equation has no solution since 3 7 1
4 5 0
6 3 0

 ∼
 12 28 4

12 15 0
0 −11 0

 ∼
 12 28 4

0 −13 −4
0 1 0

 ∼
 12 0 4

0 0 −4
0 1 0


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encodes an inconsistent system of equations.

ii) An arbitrary supply package, meaning an arbitrary element of
V , is of the form af + bg with a, b ∈ R. Since

f = 3eS + 4ef + 6eb =

 3
4
6

 , g = 7es + 5ef + 3eb =

 7
5
3


B

we can write

af + bg = a

 3
4
6


B

+ b

 7
5
3


B

=

 3 7
4 5
6 3

( a
b

)
B

.

(h) The ordered set A = (f, g) forms a basis for V .

i) Thus f = 1f + 0g =

(
1
0

)
A

.

ii) With this choice of basis, an arbitrary element of V can be

written as af + bg =

(
a
b

)
A

.
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