Analysis of Loops
Solutions to Exercises

1. The inner loop iterates (2i[logs(i)| — 7+ 1) times and takes ci|log, ()] time.

n2

Running time is T'(n Z ci|logy (i)
=3
712
Z cillogy(i)] < ch [logy(n?) | = n?cn?logy(n?) = 2cn*logy(n) € O(n*logy(n)).
=3
n2 n2 n2
= ZCZ log, (1) = Z ci(logy(i) — 1) = Z c(n?/2)(logy(n?/2) = 1)
i=[n?/2] i=[n? /2]

> (n* — (n?/2))e(n?/2)(logy (n?) — logy(2) — 1) = ¢(n?/2)(n?/2)(21ogy(n) — 2)
ntlog,(n)/2 — en?/2 € Q(ntlogy(n)).
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Since T'(n) € O(n*logy(n)) and T'(n) € Q(n*logy(n)), we conclude that T'(n) € ©(nlogy(n)).

2. Inner while loop (steps 3-7) iterates (i® — i)/4 times and takes ci® time for some ¢ > 0.

Lvn]
Runing time is T'(n Z ci®
Lvn] Lvn]
Zcz <Z Vnen'® < en? € O(n?).
Lvn] Lvn] Lvn]
Tn)= Y c®> > e®> > e(Wn/2)’ > (Vn—vn/2en'?/2° > c(n?)/2" € Q(n).
=3 i=[vn/2] i=[v/n/2]

Since T'(n) € O(n?) and T'(n) € Q(n?), we conclude that T'(n) € O(n?).

3. Inner for loop (steps 4-6) iterates (6¢ + 21 — 6i 4+ 1) = 22 times or takes time c.

Running time is T'(n) = Z Zc = Z c(n? —i+1).
i=2n j=i i=2n
T(n)= Z c(n*—i+1)< Zc(nQ) =n’c(n?) = en* € O(n).
i=2n i=1
n? [n?/2] [n?/2]
T(n)= Y em®—i+1)> Y e’ —i+1)> > en®—|n"/2]+1)
i=2n i=2n i=2n
[n2/2]
> Z c(n?/2) > (n?/2 — 2n)c(n?/2) = c(n*)/4 — en® € Q(n*).
i=2n

Since T'(n) € O(n*) and T'(n) € Q(n*), we conclude that T'(n) € O(n?).



4. Running time is:

l4nvn] & 4 [4nvn]

T(n) = Z ZZCZ Z Z(i—j—i—l)c.

i=ln/2) =8 k=3 i=ln/2] i=3
lnyi] i lny] i 4n )
T(n) = Z Z(z —j+1e< Z Zc(4n\/ﬁ) = Z c(4ny/n)i
i=(n/2] i=3 i=(n/2] i=1 i=[n/2)

l4ny)
< Z c(4ny/n)? < (4ny/n)16en® = 64cn*® € O(n*?).
i=1

Di—j+De> Y (i—j+1le> > (i—[i/2])ec
Jj=3 J=[i/2] J=[i/2]
> (i~ [i/20)(i — [i/2])e > (i/2)% = ci*/4.
lanvE] i L4n /7] |4n/7] |4n/7]
T(n) = Z Z(i—j—i—l)cz Z ci’/4 > Z ci’/4 > Z c(2nv/n)?
i=ln/2) =5 i= /2] i=(2my/7) i=[2ny/m]

= ([4nv/n] — [2nvn] + De(2nyvn)? > c(2nv/n)? = 8en® € Q(n*5).

Since T'(n) € O(n*5) and T'(n) € Q(n*®), we conclude that T'(n) € ©(n5).

5. Inner while loop (steps 5-8) iterates |(n — 8)/[logy(n)]] times and takes cin/logy(n) time.
Outer while loop iterates |(n? —4)/[v/n]] times or about con3/? times for some constant cy.
Total running time is con®/2c1n/ logy(n) = c1can®?/logy(n) € O(n5/2/logy(n)).

6. Inner while loop (steps 5-8) iterates |(i® — 6)/i| times and takes ci? time.

Outer while loop iterates |(n®/? —4)/n| ~ \/n times.
5+ e(54+n)? +e(542n)% + ...+ c(n®?)?
e(n®)? 4 e(n®?)? + ..+ c(n®?)? < ey/n(n®?)? = en/2,

\/H
T(n) =5 + (5 +n)% +¢(542n)% + ... + ¢(n/?)?
e(n32)2)2 + ¢ )2+ n)? + c(n®? )2 + 2n)* + ... + ¢(n®/?)?
c(n®/%)2)% 4 ¢(n®?)2)% + ... + c(n®/?/2)?

/2

= (V/n/2)e(n®?)? /4 = en/?/8.

Since en’/?/8 < T(n) < en™/?, we conclude that T'(n) € ©(n7/?).
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7. Inner for loop takes ci time.
Running time is:
T(n)=c+Tc+ e+ e+ ...+ [60°2|c/T? + 6032 /T + | 6n°/%]c
= |6n%/2]c + [6n%/2|c/T + |60%/%]c/T> + ... T2+ Tc+ ¢
= 6n*2)c(1+1/7T+ 1/ +1)73 + ... +1/|6n°?])
<6321+ 1/T+1/TP+1/73+..)

= 6n°/2%c = (7/6)6n%/%c € O(n®/?).

1-1/7
T(n) = [6n2|c(1 +1/T+1/T> +1/73 + ...+ 1/[6n%/%]) > [6n%/%|c € Q(n®/?).
Therefore T'(n) € O(n*/?).



8. At the end of the k’th iteration of the inner while loop (steps 4-7), variable j equals 7 * 3*. While
loop terminates when:

7%3% =3i, or
3% =3i/7, or
k =log(3i/7) = logs (i) + logs(3/7).

Thus the inner while loop takes clog,(i) times for some constant c.

2n?
Running time is T'(n) = Z clog, (i).
2n? 2n?
T(n) = clog,(i) < Y clog,(2n?) = 2n’c(2log,(n) + log,(2)) = 4en*logy(n) + cn? € O(n*logy(n)).

i=n =1

2n? 2n? 2n?

T(n) = chog2(i) > Z clogy (i) > Z clogy(n?)
=n i=n2 i=n2

= (2n® — n® + 1)2clogy(n) > 2en?logy(n) € Q(n?logy(n)).

Since T'(n) € O(n?logy(n)) and T'(n) € Q(n?logy(n)), we conclude that T'(n) € ©(n?logy(n)).

9. At the end of the k’th iteration of the inner while loop (steps 4-8), variable j equals 3n3/4F. Inner
while loop terminates when:
3n%/4% = 18, or
3n3/18 = 4%, or
k =log,(3n3/18) = 3log,(n) + log,(3/18).

Thus the inner while loop takes clog,(n) times for some constant c.
At the end of the k’th iteration of the outer while loop, variable i equals n4*. Outer while loop
terminates when:
nd® =503, or
4% = 5n3 /n = 5n?, or

k= 10g4(5n2) = 2log,(n) + log,(5).

Thus the outer while loop takes ¢z log,(n) times for some constant cs.

Since the running time of the inner while loop does not depend upon the running time of the outer
while loop, the total running time is (clogy(n) * c2 logs(n)) € O((logy(n))?).



10. At the end of the k’th iteration of the inner while loop (steps 4-8), variable j equals 9 * 3*. Inner
while loop terminates when:
9% 38 =42 or
3% =42/9, or
k = log;(i%/9) = 2log (i) — logs(9).
Thus the inner while loop takes clog,(n) times for some constant c.

Total running time is T'(n) = clogy(n) + clogy(n + 4) + clogy(n + 8) + ... + clogy ([ nlogs(n)|).

logy(|nlogs(n)]) < logy(nlogs(n)) = logy(n) + logy(logs(n)) < 2logy(n).

T(n) = clogy(n) + clogy(n + 4) 4 clogy(n + 8) + ... + clogy(|nlogs(n)])
(Lnlogs(n)] —n) /4
< c(2logy(n) 4+ 2logy(n) + ... + 2logy(n))
(Ln logs(n)|—n)/4
< ¢(nlogs(n)/4)2log,y(n) = (c¢/2)n(logy(n)/logy(5))logy(n)
= (¢/2)(1/logy(5))n(logy(n))* € O(n(logy(n))?).

T(n) = clogy(n) + clogy(n + 4) + clogy(n + 8) + ... + clogy(|nlogs(n)])
(L logs (m) | —n) /4
> clogy(n) + clogy(n) + clogy(n) + ... + clogy(n)
(Ln logs(n)|—n)/4
= (Inlogs(n)] —n)/4)clogy(n) = (nlogs(n)/8)clog,(n)
= (cn/8)(logy(n)/ log,(5)) logy(n) = (cn/8)(1/logy(5))(logy(n))* € Q(n(logy(n))?).

Since T'(n) € O(n(logy(n))?) and T'(n) € Q(n(logy(n))?), we conclude that T'(n) € O(n(logy(n))?).
11. Inner while loop iterates (n? — 5)/i times and takes cn?/i time.

T(n) = cen® +cn?/2.5 + en?/(2.5)* + en?/(2.5)° + ... + en?/3n
=cn?(1+1/25+(1/2.5)% +(1/2.5)> + ...+ 1/3n)
<en?(141/2.5+(1/2.5)* + (1/2.5)% +...)
= cn2m = cen?(2.5/1.5) € O(n?).

T(n) = cn® 4+ cn?/2.5 4+ cn?/(2.5)% + ... 4+ cn?/3n > en? € Q(n?).

Therefore, T'(n) € ©(n?).
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12. Inner while loop iterates (2n® — n)/3 times and takes cn? time.

At the end of the k’th iteration of the outer while loop, variable i equals n?

terminates when:

. Outer while loop
4% =2, or

k =log,(n?) = 2log,(n).

Thus the outer while loop takes cslog,(n) times for some constant cz.

Since the running time of the inner while loop does not depend upon the outer while loop, the total
running time is (cn®cz logy(n)) € O(n?logy(n)).



