
Probabilistic Analysis
Solutions to Exercises

1. Steps 3-9 take ck log2(k) time.

(a) In the worst case, k = n, so T (n) ∈ Θ(n log2(n)).

(b) Prob(k = j) = 1/n for 1 ≤ j ≤ n.

ET (n) =

n∑

j=1

Prob(k = j)Time(k = j) =

n∑

j=1

(1/n)ck log2(k) = (1/n)

n∑

j=1

ck log2(k)

≤ (c/n)
n∑

j=1

n log2(n) = (c/n)n(n log2(n)) = cn log2(n) ∈ O(n log2(n)).

ET (n) = (1/n)

n∑

j=1

ck log2(k) ≥ (c/n)

n∑

j=n/2

k log2(k) ≥ (c/n)

n∑

j=n/2

(n/2) log2(n/2)

= (c/n)(n/2)(n/2)(log2(n) − 1) = cn log2(n)/4 − cn/4 ∈ Ω(n log2(n)).

Thus, ET (n) ∈ Θ(n log2(n)).

2. Steps 4-10 take cn log2(n) time.

(a) In the worst case, k < log2(n), so T (n) ∈ Θ(n log2(n)).

(b) Prob(k < log2(n)) = ⌊log2(n)⌋/n ≈ log2(n)/n.

ET (n) = Prob(k < log2(n))Time(k < log2(n)) + Prob(k ≥ log2(n))Time(k ≥ log2(n))

=
log2(n)

n
(cn log2(n)) +

(

1 − 1

log2(n)

)

c ≈ (c(log2(n))2 + c) ∈ Θ((log2(n))2).

So ET (n) ∈ Θ((log2(n))2).

3. Steps 2-4 take c
√

n time.

(a) In the worst case, k is less than 2n/3.

T (n) = c
√

n + T (n − 5) = c
√

n + c
√

n − 5 + c
√

n − 10 + . . . + c

≤ c
√

n + c
√

n + . . . + c
√

n
︸ ︷︷ ︸

n/5

= c
√

n(n/5) ∈ O(n1.5).

T (n) = c
√

n + c
√

n − 5 + c
√

n − 10 + . . . + c

≥ c
√

n + c
√

n − 5 + c
√

n − 10 + . . . + c
√

n/2 ≥ c
√

n/2 + c
√

n/2 + . . . + c
√

n/2
︸ ︷︷ ︸

n/10

= c
√

n/2(n/10) = cn1.5/(10
√

2) ∈ Ω(n1.5).

So T (n) ∈ Θ(n1.5).

(b) Prob(k < 2n/3) = (2n/3)/n = 2/3.

ET (n) = Prob(k < 2n/3)ET (k < 2n/3) + Prob(k ≥ 2n/3)ET (k < 2n/3)

= (2/3)(c
√

n + ET (n − 5)) + (1/3)c
√

n = c
√

n + (2/3)ET (n− 5) ≥ c
√

n.

ET (n) = c
√

n + (2/3)ET (n− 5)

= c
√

n + (2/3)c
√

n − 5 + (2/3)2c
√

n − 10 + (2/3)3c
√

n − 15 + . . . + (2/3)n/5c

≤ c
√

n + (2/3)c
√

n + (2/3)2c
√

n + (2/3)3c
√

n + . . . + (2/3)n/5c
√

n

≤ c
√

n(1 + 2/3 + (2/3)2 + (2/3)3 + . . .) = c
√

n
1

1 − (2/3)
= 3c

√
n.

Thus c
√

n ≤ ET (n) ≤ 3c
√

n and ET (n) ∈ Θ(
√

n).
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4. Steps 2-4 take c time.

(a) In the worst case c1 = c2 so statement 6 is executed.

T (n) = c + T (n− 4) + T (n− 7) ≥ T (n− 4) + T (n− 7) ≥ 2T (n− 7)

≥ 2 ∗ 2T (n− 14) ≥ 2 ∗ 2 ∗ 2T (n− 21) ≥ 2 ∗ 2 ∗ 2 ∗ . . . ∗ 2
︸ ︷︷ ︸

n/7

∗T (1)

≥ 2n/7c ∈ Ω(2n/7).

Since T (n) ∈ Ω(2n/7), T (n) has an exponential lower bound.

(b) Prob(c1 = c2) is 1/2.

ET (n) = Prob(c1 = c2)ET (c1 = c2) + Prob(c1 6= c2)ET (c1 6= c2)

= (1/2)(c + T (n− 4) + T (n − 7)) + (1/2)c

= c + (1/2)T (n− 4) + (1/2)T (n− 7).

ET (n) = c + (1/2)T (n− 4) + (1/2)T (n− 7)

≤ c + (1/2)T (n− 4) + (1/2)T (n− 4) = c + T (n− 4) = c + c + T (n− 8)

= c + c + . . . + T (1)
︸ ︷︷ ︸

n/4

= c + c + . . . + c
︸ ︷︷ ︸

n/4

= cn/4.

ET (n) = c + (1/2)T (n− 4) + (1/2)T (n− 7)

≥ c + (1/2)T (n− 7) + (1/2)T (n− 7) = c + T (n− 7) = c + c + T (n− 14)

= c + c + . . . + T (1)
︸ ︷︷ ︸

n/7

= c + c + . . . + c
︸ ︷︷ ︸

n/7

= cn/7.

Since cn/7 ≤ ET (n) ≤ cn/4, ET (n) ∈ Θ(n).

5. Steps 1-6 take cn time.

(a) In the worst case c is always heads.

T (n) = cn + 4T (n/4) = cn + 4(cn/4 + 4T (n/42)) = cn + cn + 42T (n/42)

= cn + cn + cn + . . . + cn + 4log
4
(n)T (1)

︸ ︷︷ ︸

log
4
(n)

= cn + cn + cn + . . . + cn + cn
︸ ︷︷ ︸

log
4
(n)

= cn log4(n).

Thus, T (n) ∈ Θ(n log2(n)).

(b)

ET (n) = cn + 4 ∗ ET (steps 8 − 11) = cn + 4((1/2)ET (n/4)) = cn + 2ET (n/4)

= cn + 2(cn/4 + 2ET (n/42)) = cn + cn/2 + 22ET (n/42)

= cn + cn/2 + cn/4 + cn/8 + . . . + 2log
4
(n)ET (1)

︸ ︷︷ ︸

log
4
(n)

= cn + cn/2 + cn/4 + cn/8 + . . . + c
√

n
︸ ︷︷ ︸

log
4
(n)

= cn + cn/2 + cn/4 + cn/8 + . . . + cn/
√

n
︸ ︷︷ ︸

log
4
(n)

≤ cn + cn/2 + cn/4 + cn/8 + . . . ≤ cn(1 + 1/2 + 1/4 + 1/8 + . . .)

≤ cn
1

1 − (1/2)
= 2cn.

ET (n) = cn + 2ET (n/4) ≥ cn.

Since cn ≤ ET (n) ≤ 2cn, ET (n) ∈ Θ(n).
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