Probabilistic Analysis
Solutions to Exercises

1. Steps 3-9 take cklog,y (k) time.

(a) In the worst case, k =n, so T'(n) € O(nlogy(n)).
(b) Prob(k=j)=1/nfor 1 <j<n.

ET(n) = ZProb j)Time(k Z 1/n)cklog, (k (1/n)chlog2(k)
< (¢/n) Zn10g2 = (¢/n)n(nlogy(n)) = cnlogy(n) € O(nlogy(n)).
ET(n) = (1/n)Y  cklogy(k) > (c/n) Z klogy(k) > (¢c/n) Y (n/2)log,(n/2)
j=1 j=n/2 j=n/2

= (c¢/n)(n/2)(n/2)(logy(n) — 1) = cnlogy(n)/4 — cn/4 € Q(nlogy(n)).
Thus, ET(n) € ©(nlogy(n)).
2. Steps 4-10 take cnlogy(n) time.
(a) In the worst case, k < log,(n), so T'(n) € ©(nlogy(n)).
(b) Prob(k < logy(n)) = [log,(n) | /n = logy(n)/n.
ET(n) = Prob(k < logy(n))Time(k < logy(n)) + Prob(k > log,(n))Time(k > log,(n))

= 22 gy ) + (1 ot ) o~ (ellogy()? + ) € O((loy (m)?)
So ET(n) € ©((log,(n))?).

3. Steps 2-4 take cy/n time.

(a) In the worst case, k is less than 2n/3.

T(n) = cvn+Tn—-5)=cyn+cvn—>5+cvyn—10+...+
< evnteyn+.. 4 ceyn=cyn(n/s) € O(nt?).
n/5
T(n) = c/n+evn—>5+cyn—10+...+
> eov/ntevn—5+cvn—10+...+c\/n/2 > c\/n/2+c\/n/2+ ... +c/n/2

n/10
= ¢/n/2(n/10) = en/(10V2) € Q(n'®).

So T'(n) € ©(n'").
(b) Prob(k < 2n/3) = (2n/3)/n =2/3.

ET(n) Prob(k < 2n/3)ET(k < 2n/3) + Prob(k > 2n/3)ET (k < 2n/3)
(2/3)(ev/n+ ET(n—5))+ (1/3)ev/n = cv/n+ (2/3)ET(n — 5) > cy/n.
ET(n) = ¢vn+(2/3)ET(n—5)

evn + (2/3)evn — 5+ (2/3)%evn — 10 + (2/3)%cv/n — 15 + ... + (2/3)"°¢c

C\/ﬁ"' (2/3)0\/ﬁ+ (2/3)26\/54— (2/3) C\/_—|- (2/3)71/50\/5
V(L +2/3+ (2/3)° + (2/3)" +...) = ey = BcV.

IN A

(2/3)
Thus ¢y/n < ET(n) < 3cy/n and ET(n) € ©(y/n).



4. Steps 2-4 take ¢ time.

(a) In the worst case ¢; = ¢z so statement 6 is executed.

Tn) = ¢c+Tn—-4)+Tn-T7)>Tn—4)+T(n-7)>2T(n—T1)
> 2427 (n—14)>2%2%2T(n—21) > 2% 2% 2x ... % 2xT(1)
n)7
> 2V7Tce Q@2V).

Since T'(n) € Q(2"/7), T'(n) has an exponential lower bound.
(b) Prob(cy = ¢2) is 1/2.
ET(n) = Prob(c; = c2)ET(c1 = ca) + Prob(c; # ¢2)ET(c1 # ¢2)
(1/2)(c+T(n—4)+T(n—-7))+ (1/2)c
= e+ (1T (n—4) + (1/2T(n - 7).
)

ET() = et (/2)T(n—4)+ (1/2)T(n—7
< e+ (1/2)T ( -4+ (1/2)T(n—4)=c+Tn—4)=c+c+T(n-238)
= c¢c+c+...+T(Q)=c+c+...+c=cn/4.
_v—/
n/4 n/4
ET(n) = c+(1/2)T(n—4)4+1/2)T(n—17)
> c+1/2)Tn—-7)+1/2)T(n—=T)=c+T(n—T)=c+c+T(n—14)

c+c+...+T(N)=c+c+...+c=cn/7.
~—_———
n/7 n/7

Since en/7 < ET(n) < en/4, ET(n) € O(n).

5. Steps 1-6 take cn time.
(a) In the worst case c¢ is always heads.

T(n) = en+4T(n/4) = cn+4(cn/4 + 4T (n/42)) = cn + en + 4%T (n/4?)
= cen+en+en+ .. +en+4°807(1)

logy (n)
= en+en+en+...+cen+cen = cnlogy(n).

log, (n)
Thus, T'(n) € O(nlogy(n)).
(b)
ET(n) = cn+4xET(steps 8 —11) =en+4((1/2)ET(n/4)) = ecn + 2ET(n/4)
cn +2(en/4 4+ 2ET(n/4%)) = en 4 cn/2 + 22ET (n/4?)
= cn+4cen/2+cen/d+en/8+ ... + 208 ET(1)

log,(n)
= cn+en/2+cen/d+en/8+...+cevn

log, (n)
= cn+cen/2+cen/d+cen/8+...+cen/vn

log, (n)
en+en/2+enfd+en/8+...<en(l1+1/2+1/44+1/84...)

1
< cn—— = 2en.

1-(1/2)
ET(n) = cn+2ET(n/4) > cn.

IN

Since cn < ET(n) < 2cn, ET(n) € O(n).



