Analysis of Recursive Algorithms
Solutions to Exercises

1. Steps 3-5 iterate 8 times and so take constant time.

Recurrence relation: T'(n) = ¢+ T'(3n/4).

T(n) =c+TBn/4) =c+c+T((3/4)*n) = c+c+c+T((3/4)%n)
=ctect...+tc+T(1l)=c+c+...+c+c=logys(n)c € O(logy(n)).

log, /3(n) logy3(n)
Therefore, T'(n) € O(logy(n)).
2. Steps 2-8 take 3 1"/ ZJLZSJ cn = cen? time.
Recurrence relation: T'(n) = cn® + T'(n — 5).
T(n)=cn®+T(n—5)=cn®+c(n —5)° + T(n — 10)
=cn®+c(n—5>°%+c(n—107°+c(n—15)3 +... +T(1)

n/5
=cn®+en—5°%+e(n—102+c(n—15)°+... +¢

n/5
<enPend+end +end + ..+ en® = en®(n/5) = ent € O(nt).

n/5
T(n) =cn®+T(n—5) = cn®+ c(n — 5)% + T(n — 10)
>cen® 4 c(n—5)°%+c(n—10)° +c(n —15)% + ...+ ¢(n/2)?
n/10
> c(n/2)® 4+ c¢(n/2) + c(n/2)® + c(n/2)> + ... + c(n/2)?
n/10
= ¢(n®/8)(n/10) = cn*/80 € Q(n?).
Therefore, T'(n) € ©(n?).

3. Steps 2-4 take cn time.
Recurrence relation:
T(n) =cn+4T(n/4)
=cn +4(cn/4 + 4T (n/42)) = en + cn + 4°T(n/4?)
=cn+ cn +4%(en /4% + 4T (n/4%)) = en + cn + en + 43T (n/43)
=cen+en+...+en+4°%TA) =cn+en+ ... 4 en+ne

logy(n) log,(n)

= cnlog,(n) € O(nlogy(n)).

4. Steps 2-6 take Y., ¢(n/3) = cn?® time.
Recurrence relation:
T(n) = cn® +T(2n/3)
= cn? + ¢(2n/3)* + T((2/3)*n) = en® + c¢(2n/3)* + ¢((2/3)*n)* + T((2/3)%n)
= en® + ¢(2n/3)% + ¢((2/3)%n)% + ¢((2/3)%n)? + . .. + ¢((2/3)°%2(M"1p)2 L T (1)
= en?(1+ (2/3)% 4 (2/3)* + (2/4)% + ... + (2/3)l8s/2(M~1) 4 ¢
~en?(14(2/3)% + (2/3)* + (2/4)° +...)
=en?(1/(1 = (2/3)%)) = en?(9/5) € O(n?).



5. Steps 3-7 take 12 |n/2| = cn? time.
Recurrence relation: T'(n) = cn? + T(n — 5) 4+ T(n — 8).
T(n)=cn*>+Tn—5)+T(n—8) >T(n—5)+T(n—8)>T(n—8)+T(n—3)
= 2T (n —8) > 22T (n — 16) > 25T (n — 24) > 2"/3T(1) = 2"/8 € Q(2"/%).

Since T'(n) € Q(2™/#), running time 7'(n) has an exponential lower bound.

6. While loop (steps 3-6) iterates n/y/n = y/n times.

Recurrence relation: T'(n) = cv/n + T(n — 3).

Tn)=cyn+T(n—-3)=cyn++vn—3+T(n—06)
=cy/n+vVn—-3+vVn—6+...+c<evn+vn+vn+...+vn
n/3 n/3

= cy/n(n/3) € O(n*®).

T(n)=cyn+T(n—3)=cyn++vVn—-3+T(n-6)
=cvn+vVn—-3+vVn—6+...+c>cyn+vn—-3+vVn—6+...+/n/2

n/3 n/6
> e/n/2+ /24 \/nj2+ ...+ /nj2 = c\/nj2(n)6) = en'®/(6V2) € Q(n').
n/6

Therefore T'(n) € O(n'-5).
7. Recurrence relation:
Tn)=cn+Tmn—-3)+Tn—-7)+Tn—-11)+...+T(1)
>Tn=-3)+Tn—-7>Tn-7)+T(n-"7)
=2T(n—7) > 22T (n — 14) > 2°T(n — 21) > 2V/7T(1) € Q(2"/7).
Since T'(n) € Q(2™/7), running time T'(n) has an exponential lower bound.

8. While loop (steps 3-6) takes clogy(n) time.

Recurrence relation: T'(n) = clogy(n) + T'(n — 6).

(n) +T(n — 6) = clogy(n) + clogy(n — 6) + T'(n — 12)
= clogy(n) + clogy(n — 6) + clogy(n — 12) 4+ ... + T'(1)

(n) + clogy(n — 6) + clogy(n —12) + ...+ ¢

(n) + clogy(n) 4 clogy(n) + ... + clogy(n)

n/6
= (n/6)clogy(n) € O(nlogy(n)).

T(n) = clogy(n) + clogy(n — 6) + clogy(n —12) + ...+ ¢
> clogy(n) 4 clogy(n — 6) + ... + clogy(n/2)
> clogy(n/2) + clogy(n/2) + ...+ clogy(n/2)
n/12
= ¢(n/12)logy(n/2) € Q(nlogy(n)).

Therefore, T'(n) € ©(nlog,(n)).



9. Recurrence relation:

T(n) = cn + 2T (n/4) = cn + 2(c(n/4) + 2T (n/4?)) = cn + en(2/4) + 22T (n/4?)
= cn +en(2/4) + en(2/4)? + en(2/4) + ... + 28T (n/4%) where k = log,(n)
= cn+ en(2/4) 4+ en(2/4) + en(2/4)% + ..+ 28
= en+ en(2/4) + en(2/4)% + en(2/4)° + ...+ (2/4)1°83(Men since n /408 = 1
=cen(1+ (1/2) + (1/2)% + ... + (1/2)08s(™))
~ cn(2) € O(n).

10. Steps 3-7 take 31_, Z;:f d(n/2) = cn?.

Recurrence relation:

T(n) = cn® +4(T(n/2) = cn® + 4(c(n/2)* + 4T (n/2%))
=cn® 4 en? + 47T (n)2%) = en? 4 cn? + 4%(c(n/22)? 4+ 4T (n/2%))
=cn® 4 en® + en® 4+ 43T (n/2%)
=en®+en®+en? 4.+ en? 4 4le(1)

log,(n)

=cen?+en?+en®+ ...+ cn® + en? since 4198:(") — 92loga(n) _ 2

log, (n)
= cn?logy(n) € ©(n?logy(n)).

11. Recurrence relation:

T(n)=Tn—2)+T(n—6)+T(n—18)+T(n—54)+ ...+ T(n—2x3F) + ...
>Tn—2)+Tn—-6)>T(n—-6)+T(n—06)=2T(n—06).
T(n)>2T(n—6)>2x2xT(n—12)>2x2x 2 x T(n — 18)
>2x2x2x---x2xT(1) =25 e Q2"/).
n/6

Since T'(n) € Q(2™/9), running time 7'(n) has an exponential lower bound.



