
Analysis of Recursive Algorithms
Solutions to Exercises

1. Steps 3-5 iterate 8 times and so take constant time.

Recurrence relation: T (n) = c + T (3n/4).

T (n) = c + T (3n/4) = c + c + T ((3/4)2n) = c + c + c + T ((3/4)3n)

= c + c + . . . + c + T (1)
︸ ︷︷ ︸

log
4/3

(n)

= c + c + . . . + c + c
︸ ︷︷ ︸

log
4/3

(n)

= log4/3(n)c ∈ Θ(log2(n)).

Therefore, T (n) ∈ Θ(log2(n)).

2. Steps 2-8 take
∑⌊n/2⌋

i=1

∑⌊n/3⌋
j=1 c′n = cn3 time.

Recurrence relation: T (n) = cn3 + T (n− 5).

T (n) = cn3 + T (n− 5) = cn3 + c(n − 5)3 + T (n− 10)

= cn3 + c(n − 5)3 + c(n − 10)3 + c(n − 15)3 + . . . + T (1)
︸ ︷︷ ︸

n/5

= cn3 + c(n − 5)3 + c(n − 10)3 + c(n − 15)3 + . . . + c
︸ ︷︷ ︸

n/5

≤ cn3 + cn3 + cn3 + cn3 + . . . + cn3

︸ ︷︷ ︸

n/5

= cn3(n/5) = cn4 ∈ O(n4).

T (n) = cn3 + T (n− 5) = cn3 + c(n − 5)3 + T (n − 10)

≥ cn3 + c(n − 5)3 + c(n − 10)3 + c(n − 15)3 + . . . + c(n/2)3
︸ ︷︷ ︸

n/10

≥ c(n/2)3 + c(n/2)3 + c(n/2)3 + c(n/2)3 + . . . + c(n/2)3
︸ ︷︷ ︸

n/10

= c(n3/8)(n/10) = cn4/80 ∈ Ω(n4).

Therefore, T (n) ∈ Θ(n4).

3. Steps 2-4 take cn time.

Recurrence relation:

T (n) = cn + 4T (n/4)

= cn + 4(cn/4 + 4T (n/42)) = cn + cn + 42T (n/42)

= cn + cn + 42(cn/42 + 4T (n/43)) = cn + cn + cn + 43T (n/43)

= cn + cn + . . . + cn + 4log
4
(n)T (1)

︸ ︷︷ ︸

log
4
(n)

= cn + cn + . . . + cn + nc
︸ ︷︷ ︸

log
4
(n)

= cn log4(n) ∈ Θ(n log2(n)).

4. Steps 2-6 take
∑n

i=1 c′(n/3) = cn2 time.

Recurrence relation:

T (n) = cn2 + T (2n/3)

= cn2 + c(2n/3)2 + T ((2/3)2n) = cn2 + c(2n/3)2 + c((2/3)2n)2 + T ((2/3)3n)

= cn2 + c(2n/3)2 + c((2/3)2n)2 + c((2/3)3n)2 + . . . + c((2/3)log3/2
(n)−1n)2 + T (1)

= cn2(1 + (2/3)2 + (2/3)4 + (2/4)6 + . . . + (2/3)log3/2
(n)−1) + c

≈ cn2(1 + (2/3)2 + (2/3)4 + (2/4)6 + . . .)

= cn2(1/(1 − (2/3)2)) = cn2(9/5) ∈ Θ(n2).
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5. Steps 3-7 take
∑⌊n/2⌋

i=1 ⌊n/2⌋ = cn2 time.

Recurrence relation: T (n) = cn2 + T (n− 5) + T (n− 8).

T (n) = cn2 + T (n − 5) + T (n − 8) ≥ T (n − 5) + T (n − 8) ≥ T (n − 8) + T (n − 8)

= 2T (n− 8) ≥ 22T (n − 16) ≥ 23T (n− 24) ≥ 2n/8T (1) = c2n/8 ∈ Ω(2n/8).

Since T (n) ∈ Ω(2n/8), running time T (n) has an exponential lower bound.

6. While loop (steps 3-6) iterates n/
√

n =
√

n times.

Recurrence relation: T (n) = c
√

n + T (n− 3).

T (n) = c
√

n + T (n − 3) = c
√

n +
√

n − 3 + T (n − 6)

= c
√

n +
√

n − 3 +
√

n − 6 + . . . + c
︸ ︷︷ ︸

n/3

≤ c
√

n +
√

n +
√

n + . . . +
√

n
︸ ︷︷ ︸

n/3

= c
√

n(n/3) ∈ O(n1.5).

T (n) = c
√

n + T (n− 3) = c
√

n +
√

n − 3 + T (n− 6)

= c
√

n +
√

n − 3 +
√

n − 6 + . . . + c
︸ ︷︷ ︸

n/3

≥ c
√

n +
√

n − 3 +
√

n − 6 + . . . +
√

n/2
︸ ︷︷ ︸

n/6

≥ c
√

n/2 +
√

n/2 +
√

n/2 + . . . +
√

n/2
︸ ︷︷ ︸

n/6

= c
√

n/2(n/6) = cn1.5/(6
√

2) ∈ Ω(n1.5).

Therefore T (n) ∈ Θ(n1.5).

7. Recurrence relation:

T (n) = cn + T (n − 3) + T (n− 7) + T (n− 11) + . . . + T (1)

≥ T (n− 3) + T (n− 7) ≥ T (n− 7) + T (n− 7)

= 2T (n− 7) ≥ 22T (n − 14) ≥ 23T (n− 21) ≥ 2n/7T (1) ∈ Ω(2n/7).

Since T (n) ∈ Ω(2n/7), running time T (n) has an exponential lower bound.

8. While loop (steps 3-6) takes c log2(n) time.

Recurrence relation: T (n) = c log2(n) + T (n − 6).

T (n) = c log2(n) + T (n − 6) = c log2(n) + c log2(n − 6) + T (n− 12)

= c log2(n) + c log2(n − 6) + c log2(n − 12) + . . . + T (1)

= c log2(n) + c log2(n − 6) + c log2(n − 12) + . . . + c

≤ c log2(n) + c log2(n) + c log2(n) + . . . + c log2(n)
︸ ︷︷ ︸

n/6

= (n/6)c log2(n) ∈ O(n log2(n)).

T (n) = c log2(n) + c log2(n − 6) + c log2(n − 12) + . . . + c

≥ c log2(n) + c log2(n − 6) + . . . + c log2(n/2)

≥ c log2(n/2) + c log2(n/2) + . . . + c log2(n/2)
︸ ︷︷ ︸

n/12

= c(n/12) log2(n/2) ∈ Ω(n log2(n)).

Therefore, T (n) ∈ Θ(n log2(n)).
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9. Recurrence relation:

T (n) = cn + 2T (n/4) = cn + 2(c(n/4) + 2T (n/42)) = cn + cn(2/4) + 22T (n/42)

= cn + cn(2/4) + cn(2/4)2 + cn(2/4)3 + . . . + 2kT (n/4k) where k = log4(n)

= cn + cn(2/4) + cn(2/4)2 + cn(2/4)3 + . . . + 2log
4
(n)c

= cn + cn(2/4) + cn(2/4)2 + cn(2/4)3 + . . . + (2/4)log4
(n)cn since n/4log

4
(n) = 1

= cn(1 + (1/2) + (1/2)2 + . . . + (1/2)log4
(n))

≈ cn(2) ∈ Θ(n).

10. Steps 3-7 take
∑4

1=1

∑n−i
j=1 c′(n/2) = cn2.

Recurrence relation:

T (n) = cn2 + 4(T (n/2) = cn2 + 4(c(n/2)2 + 4T (n/22))

= cn2 + cn2 + 42T (n/22) = cn2 + cn2 + 42(c(n/22)2 + 4T (n/23))

= cn2 + cn2 + cn2 + 43T (n/23)

= cn2 + cn2 + cn2 + . . . + cn2 + 4log
2
(n)T (1)

︸ ︷︷ ︸

log
2
(n)

= cn2 + cn2 + cn2 + . . . + cn2 + cn2

︸ ︷︷ ︸

log
2
(n)

since 4log
2
(n) = 22 log

2
(n) = n2

= cn2 log2(n) ∈ Θ(n2 log2(n)).

11. Recurrence relation:

T (n) = T (n − 2) + T (n − 6) + T (n− 18) + T (n − 54) + . . . + T (n − 2 × 3k) + . . .

≥ T (n − 2) + T (n − 6) ≥ T (n − 6) + T (n − 6) = 2T (n− 6).

T (n) ≥ 2T (n− 6) ≥ 2 × 2 × T (n− 12) ≥ 2 × 2 × 2 × T (n − 18)

≥ 2 × 2 × 2 × · · · × 2
︸ ︷︷ ︸

n/6

×T (1) = 2n/6c ∈ Ω(2n/6).

Since T (n) ∈ Ω(2n/6), running time T (n) has an exponential lower bound.
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